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A GRUSS TYPE INEQUALITY FOR SEQUENCES OF VECTORS
IN NORMED LINEAR SPACES AND APPLICATIONS

S. S. DPRAGOMIR

ABSTRACT. A discrete inequality of Griiss type in normed linear spaces and
applications for the discrete Fourier transform, Mellin transform of sequences,
for polynomials with coefficients in normed spaces and for vector valued Lips-
chitzian mappings are given.

1. INTRODUCTION

In 1935, G. Griiss [9] proved the following integral inequality which gives an
approximation of the integral of the product in terms of the product of the integrals
as follows

b1a/ff<x>g<w>dw—ﬂ[fﬁ@dm%ﬂ/jg(m)dm

1
< Z((I)_d))(r_’y)v
where f, g : [a,b] — R are integrable on [a,b] and satisfy the condition

(1.2) p< fr) <P, y<g(x)<T

(1.1)

for each = € [a,b], where ¢, ®,~,T" are given real constants.

Moreover, the constant i is sharp in the sense that it cannot be replaced by a
smaller one.

For a simple proof of (1.1) as well as for some other integral inequalities of Griiss
type, see Chapter X of the recent book [11] and the papers [1]-[8] and [10].

In 1950, M. Biernacki, H. Pidek and C. Ryll-Nardjewski [11, Chapter X] estab-
lished the following discrete version of Griiss’ inequality:

Theorem 1. Let a = (a1,...,a,), b= (b1,...,b,) be two n—tuples of real numbers
such that r < a; < R and s <b; < S fori=1,...,n. Then one has

(1.3) iiaibi—iiai-;ibi < % [g} (1—711 [Z}) (R—7r)(S—39),

where [x] denotes the integer part of x, x € R.

A weighted version of the discrete Griiss inequality was proved by J. E. Pecarié
in 1979 [11, Chapter X]:
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Theorem 2. Let a and b be two monotonic n—tuples and p a positive one. Then

1 & Ly Ly
1.4 — @iy — —= %P ibi
(1.4) Pn;pa Pn;pa P”;p
Pkkarl
< an — a1 [bp — by 1§rl?§a7)z(—l [ P? ,

where Py, := """ | p;, and Pyy1 = Py — Pyi.

In 1981, A. Lupas, [11, Chapter X] proved some similar results for the first
difference of a as follows.

Theorem 3. Let a,b be two monotonic n—tuples in the same sense and p a positive
n-tuple. Then

2
. : 1 Z” 2 1 Z" :
(1.5) i \Aail, ain 186\ B2 ) P (Pn »_12pi>

" i=1
1 & ) 1 & 1 & b
Fn;piai (A Fn;piai . E;pz i

IN

2
1 & ey
< 1§1}1Sa§71|Aai|1S1}1§a§71|Ab¢\ Fnzll pi — (PTL;ZI%‘ ;
1= 1=

where Aa; := a;41 — a; is the forward first difference. If there exist the numbers
a,ay,r,r1 (rry > 0) such that a, = a + kr and by, = a1 + kr1, then equality holds
in (1.5).

In the recent paper [6], the authors obtained the following related result

Theorem 4. Let (X, |||) be a normed linear space over K, K = R,C, z; € X,
a; €Kandp; >0 (i=1,..,n) such that y ;_ p; = 1.
Then we have the inequality

n n n
E Dit;iTq — E pic; E Dix;
i=1 i=1 i=1

n n 2
.2 .
< dnax |Rag] max A 2P (Z llp’)
<

(1.6)

i=1
The inequality (1.6) is sharp in the sense that the constant ¢ =1 in the right hand
side cannot be replaced by a smaller one.

In this paper we point out another inequality of Griiss type and apply it in
approximating the discrete Fourier transform, the Mellin transform of sequences,
for polynomials with coefficients in normed linear spaces and for vector valued
Lipschitzian mappings.

2. A NEW DISCRETE INEQUALITY OF GRUSS TYPE

The following inequality of Griiss type holds.
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Theorem 5. Let (X, ||]|) be a normed linear space over K, K=R,C, z; € X,
€ Kandp; >0 (i=1,...,n) (n>2) such that >\, p; = 1. Then we have the
inequality

n n n 1 n n—1 n—1
Z;piaixi - leiai lezxz < 3 Z;pi (1—pi) 2; |Aay] 2; Az,
= i= i= = = =

where Aa; == ajp1 —a; (i=1,..,n—1) and Ax; == x4 —xz; (i=1,...,n—1)
are the usual forward differences.
The constant % 18 sharp in the sense that it cannot be replaced by a smaller constant.

(2.1)

Proof. Let us start with the following identity in normed linear spaces which can
be proved by direct computation [6]

n n n n
E E 1
i=1 et P Picxi ;pixi - 92 Z Dbipj (04]‘ — ;) (Z‘j — x;)

ij=1
= > pijlay— ) (w5 — ).
1<i<j<n
As i < j, we can write
j—1 Jj—1
a; —a; = E (Qgt1 — ) = E Aay
k=1 k=1

and
j—1

j—1
Tj — Xy = Z (l'lJrl — .%‘l) = ZAIIJ[.
I=i

=i

Using the generalized triangle inequality, we have successively:

n n n
> picizi— > pici Y pii
i=1 i=1 i=1
j—1 j—1
> pipj Y Aoy Ax
k=i 1=

(2.2)

1<i<j<n
j-1 j-1
< E DiDj E Aay, E Az
1<i<j<n k=i =i

=

j—1 j—1
<Y pip ) Al An| =
k=i =i

1<i<j<n

It is obvious for all 1 <7 < j <n — 1, we have that

j—1 n—1
Z |[Aag| < Z |Aay]
k=i k=1

and
-1

n—1
DollAz] <Y A
=1

=i
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and then

(2.3) A<Z|Aak|Z||A:rl|| > s

1<i<j<n

Now, let us observe that

N | =

(2.4) > opip = > pinj =Y pips
=

1<i<j<n [ i.j=1
1 [ n n n
= ) Zpizpj - pr
i:l Jj=1 =1
1
= % i) .
5 Zp —pi)

Using (2.2) — (2.4), we deduce the desired inequality (2.1).
To prove the sharpness of the constant %, let us assume that (2.1) holds with a
constant ¢ > 0. That is,

n—1 n—1

Zploé T — szazszxl <02p1 1—p;) Z\A%IZIIA%H

for all vy, 24, p; (i =1,...,n) as above and n > 2.
Choose in (2.1) n = 2 and compute

2 2 2
Zpiaixi - Zpiai Zpixi = 5 Z pip; (i — o) (zi — x5)
i=1 i=1 i=1

1,j=1
> i (e —ay) (2 — )
1<i<j<2

p1p2 (a1 — ) (21 — x2) .

(2.5)

Also,

2 1 1
D pi(L=p) Y 1A > |Azi|| = (pip2 + pip2) lor — asl [lo1 — x|

i=1 i=1 i=1
Substituting in (2.5), we obtain
p1p2 a1 — ol ||z1 — 22| < 2ep1pa | — o ||l — 22| -

If we assume that py,ps > 0, a1 # as, 1 # T, then we obtain ¢ > 1

> 5, which proves
the sharpness of the constant % ]

The following corollary holds.

Corollary 1. Under the above assumptions for x;,«; (i =1,....,n), we have the
inequality

(2.6)

n n n
1 1 1
*g aixi—*g Ch"*g T
i i [t

and the constant % s sharp.

n—1 n—1
1 1
<3 (1-2) Tiaal X s,
i=1 i=1
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Considering the case of real or complex numbers is important in practical appli-
cations.

Corollary 2. Let o;, 3; €K, p; >0 (i =1,...,n) with >, p; = 1. Then we have
the inequality

(2.7) Zpiazﬂi - Z]%Oli szﬁz
i=1 i=1 i=1

and the constant % s sharp.

n

n—1 n—1
LD YA I VAT
=1 =1

i=1

N

Remark 1. If in the above inequality we choose 3, = &; (i = 1,...,n), then we get
sz'ai
i=1

1 n n—1
< 3 ;Pi (1—ps) (Z; |Aai>

and the constant % s sharp.

n 2
(2.8) 0 < Y pilel’ -
=1

2
’

3. APPLICATIONS FOR THE DISCRETE FOURIER TRANSFORM

Let (X,]|-]|) be a normed linear space over K, K = C,R, and Z = (21, ..., 2,) be
a sequence of vectors in X.
For a given w € K, define the discrete Fourier transform

(3.1) Fuw (T) (M) = Zxk exp (2wimk), m=1,....,n.

k=1
The following approximation result for the Fourier transform (3.1) holds.
Theorem 6. Let (X, ||-||) and T € X™ be as above. Then we have the inequality

sin (wmn)

(3-2) Fu () (m)

1 n
1) —
i () exp [(n+ 1) im] x - I;xk

n—1

< (n—1)" |sin (wm)| Y Az,

=1

for allm e {1,....,n}.
Proof. Using the inequality (2.6), we can state that
n n 1 n
ST LS i
k=1 k=1 k=1
n—1

n—1
< TS IAad Y A

k=1 k=1

(3.3)
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forallay €K, xp, € X, k=1,...,n
Now, choose in (3.3), ar = exp (2wimk) to obtain

n 1 n
4 T — 2w1 - —
(3.4) ‘.7: (Z) (m) Zexp( wimk) ank
n—1
< (2wim (k + 1)) — exp (2wimk)| Z 1Az,
k=1 k=1

for all m € {1,...,n}.

However,
n - .
2 -1
Z exp (2wimk) = exp (2wim) X exp ( wzmn) ]
P | exp (2wim) — 1

_ exp (2wim) x [cos (2wmn) + i sin (2wmn) — 1]

| cos (2wm) + isin (2wm) — 1

= exp (2wim) X

[ —2sin? (wmn) + 2i sin (wmn) cos (wmn)}

—2sin? (wm) + 2i sin (wm) cos (wm)

(2wim) x sin (wmn) [sin (wmn) — i cos (wmn)
= exp (2wim
P sin ( sin ( — i cos (wm)

) sin (wmn) [ cos (wmn) + isin (wmn)
= exp (qwim) x sin ( cos (wm) + ¢ sin (wm)
_ sin (wmn) % exp (2wim) [exp iwmn ]

sin (wm) exp (twm)
_ sin(wmn) e , ) .
= ————% x exp [2wim + iwmn — jwm)]
sin (wm)
sin (wmn) ;
= — X 1 .
sin (wm) exp [(n + 1) mi]

We observe that

exp (2wim (k + 1)) — exp (2wimk)
= cos(2wm (k+ 1)) +isin (2wm (k 4+ 1)) — cos (2wmk) — isin (2wmk)
= cos(2wm (k+ 1)) — cos (2wmk) + i [sin (2wm (k + 1)) — sin (2wmk)]
_  _9sn {2wm (k+1)+ 2wmk} “in [Zwm (k+1)— mek}

2 2
2um (k+1) + mek} . [2wm (k+1)— 2wmk]

2 2

= —2sin((2k + 1) wm) sin (wm) + 2i cos ((2k 4+ 1) wm) sin (wm)
2i sin (wm) [cos [(2k + 1) mw] + i sin [(2k 4+ 1) mw]]
= 2isin (wm)exp [(2k + 1) mwi],

+12 cos [

and then
lexp (2wim (k + 1)) — exp (2wimk)| = 2 |sin (wm)|
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for all k =1,...,n — 1. Consequently,
n—1
Z lexp (2wim (k + 1)) — exp (2wimk)| = 2 |sin (wm)| (n — 1)
k=1

and by (3.4), we get the desired inequality (3.2). I

4. APPLICATIONS FOR THE DISCRETE MELLIN TRANSFORM

Let (X,]|-]|) be a normed linear space over K, K = C,R, and z = (21, ..., x,) be
a sequence of vectors in X.

Define the Mellin transform

n
(4.1) M (Z) (m) := ka_lxk, m=1,..,n;
k=1

of the sequence T € X".

The following result holds.

Theorem 7. Let (X, ||-||) and T € X™ be as above. Then we have the inequality

(4.2) |

M(@) () = St (n) % -3
k=1

(n—1) (R —1) =
< 5 k; Az,

where S, (n), p € R, n € N is the p—powers sum of the first n natural numbers,
i.e.,

[
N
"ﬁ

Sp (n) =
k=1

Proof. Using the inequality (3.3), we can state that

n n

kaflzk _ ka,1 . %izk
k=1

k=1 k=1

n—1 n—1
n—1 m—1 —1
< ;\ml) k" ‘;Awkll

n—1) (nm=t —1) "=
_ DO S ),
k=1

and the inequality (4.2) is proved. I

Consider the following particular values of the Mellin transform

py (Z) = Z Ky,
k=1
and
o (T) := Z k xy.
k=1

The following corollary holds.
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Corollary 3. Let X and T be as specified above. Then we have the inequalities:

n+1 n 2 n—1
(4.3) i (2) = —; Do < ZHA%H
k=1
and
(@) @ - CFNEED S CZ O ED S
k=1 k=1

Remark 2. If we assume that p = (p1, ..., pn) is a probability distribution, i.e., pp >
0 (k=1,..,n) and Y_}_, pr =1, then, by (4.3) and (4.4) , we get the inequalities

n+1 n—l -
(4.5) kak - Z [Pr+1 — Pr|
and
n+1)(2n+1 n—1)%m+1)2
(4.6) ! )é ) < ( )2( ) Z IPk+1 — P!,
k=1

which have been obtained in [4] and applied for the estimation of the 1 and 2-
moments of a guessing mapping.

5. APPLICATIONS FOR POLYNOMIALS

Let (X, |||]) be a normed linear space over K, K = C,R, and ¢ = (¢, ..
sequence of vectors in X.
Define the polynomial P : C — X with the coeflicients ¢ by

P(z)=co+zc1+ ...+ 2", 2€C, ¢, #0.

. Cn) be a

The following approximation result for the polynomial P holds.
Theorem 8. Let X, ¢ and P be as above. Then we have the inequality:

nlz—
< Ac
. Zn N

2T -1 g+ .4,
z—1 n+1

(5.1) HP(Z) -

forall z € C, |z| # 1.

Proof. Using the inequality (3.3), we can state that

n n n
(5.2) Z 2Py, — Z 2P x Z Ck
k=0 k=0 k:O
n n—1 n—1
< § Z |Zk+1 _ Zk‘ Z ||Ack||
k=0 k=0
n n—1 n—1
= LU Il
k=0 k=

n—1
nlz —1|
= T ZHACklI

kot
- z2-1

and, as ) p_o 2 , z # 1, the inequality (5.1) is proved. I
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The following result for the complex roots of the unity also holds:

Theorem 9. Let z; := cos (nk—fl) + isin (nk—fl), k € {0,....,n} be the complex

(n+ 1) —roots of the unity. Then we have the inequality

(53) 1P o)l <o sn [ 2T S 1l
k=0

forallk € {1,...,n}.

Proof. As in the proof of Theorem 8, we have

2l 1 <
A P(z)—
(54) () = S X T
k=0
n n—1 n—1
< 3 Z |2|™ |z — 1IZ | Ack|| .
m k=0

=0
If we choose z = zj, k € {1,...,n}, we have |2;|™ = 1, 2" = 1 and then, by (5.4)
we deduce

n—1

2
(5.5) 1P @)l < 5l = 1Y 1Ak
k=0
However,
km . km
zp—1 = cos <n+1> + 7sin (n+1> -1
. km . km km
= —2sin? <2(n—|—1)> + 2¢ sin {2@4_1)} cos [Q(n—l—l)]
= 2isin <k7r) [cos {lm} + 4 sin {lm”
2(n+1) 2(n+1) 2(n+1)
and then

zk—1|:2sin[ ] , forall k e {1,...,n}.

km
2(n+1)
Using (5.5), we deduce the desired inequality (5.3). 1
Corollary 4. Let P (2) = >_,_, cxz" be a polynomial with real coefficients satisfy-
ing the condition cg < c1 < ... < ¢,. Then we have the inequality

km
) =)

forall k € {1,...,n}, where zy are as in Theorem 9.

(5.6) |P (z1,)| < n?sin {

6. APPLICATIONS FOR LIPSCHITZIAN MAPPINGS

Let (X, ||-]) be as above and F' : X — Y a mapping defined on the normed linear
space X with values in the normed linear space Y which satisfies the Lipschitzian
condition

(6.1) [F'(x) = F(y)| < Lz —yl| forall 2,y € X,

where | - | denotes the norm on Y.
The following theorem holds.
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Theorem 10. Let F: X — Y be as above and z; € X, p; >0 (i =1,....,n) and
i pi = 1. Then we have the inequality:

n n n n—1
ZPzF(%) - F (ZZH%) SLZPi(l—Pi)Z||A$kH~
=1 i=1 =1 k=1

Proof. As F is Lipschitzian, we have (6.1) for all z,y € X. Choose z = Y ., p;x;
and y =z; (j=1,...,n) to get

=1

for all j € {1,...,n}.
If we multiply (6.3) by p; > 0 and sum over j from 1 to n, we obtain

(6.4) ij F (ZPN%) = F(z))| < szj Zpﬂi -y
j=1 i=1 j=1 i=1

Using the generalized triangle inequality, we have

65w F<zp) Py F(zpixi) Y nF ).
j=1 i=1 =

i=1
By the generalized triangle inequality in the normed space X, we also have

n n n n
(6.6) Do || Dopwi— || = D ops | opi i)
j=1 i=1 j=1 i=1
n
> pipj llwi — i

ij=1

2 > pipjllwi -] =B

1<i<j<n

(6.2)

(6.3) <L

n
E piTi — T
i=1

IN

As in the proof of Theorem 3, we have, for i < j

-1 -1
D Awk| <A
k=i k=i

l2; — ;]| =
and then
Jj—1
B < 2 Y pwy A
1<i<j<n k=i
n—1
< 2 ) pipgy Az,
1<i<j<n k=1
Since

n
> g = %Zpl (1—pi)
=1

1<i<j<n
then we get, by (6.4) — (6.6), the desired inequality (6.2). I

The following corollary is a natural consequence of the above results.
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Corollary 5. Let xz; € X and p; be as above. Then we have the inequality:
n n n n—1
OSZPi |l — Zpia?i SZPi(l—Pi)ZHAﬂka-
i=1 i=1 i=1 k=1
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