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SOME NEW IYENGAR TYPE INEQUALITIES

FENG QI, PIETRO CERONE, AND SEVER S. DRAGOMIR

ABSTRACT. Some new lyengar type inequalities for an integral are obtained
by using the generalised Taylor formula with integral remainder.

1. INTRODUCTION

Let f(x) be a differentiable function on a closed interval [a, b] such that |f’(x)| <
M, then

’ (b—a)[f(a) + fO)]| _ (b—a)*M  [f(b) - f(a)]?
/a fla)dx — 5 < 1 - i . (1)

In 1938, K. S. K. Iyengar [I5] established inequality by using a geometric
approach. So, we call (1)) the Iyengar inequality.

Using the Rolle and Lagarange mean value theorems, the following inequalities
were obtained naturally and simply in [24], producing a refinement of the Iyengar

inequality .

Theorem A. Let f(x) be continuous on the closed interval [a,b] and differentiable
in the open interval (a,b), and m < f'(x) < M for x € (a,b). If f(x) is not a
constant, then we have

mM(b— a)? +2(b — a) (Mf(a) — mf(b) + (f(a) — f(b))* ’
2 —m) s/a f(z) d
_mM(b—a)® +2(b—a) (mf(a) — MF() + (f(a) = £(b))* @)

- 2(M —m) '

For f’(x) integrable on [a, b], the inequalities in ([2)) were obtained independently
by R.P. Agarwal and S.S. Dragomir in [2] using the Hayashi inequality. They
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expressed the result (2] as

/f par— o ol

[f(b) = fla) = m(b—a)][M(b—a) - f(b) + f(a)] 3)
2(M —m) '

<

In [3], the inequalities in and in were derived in a different manner and
rearranged as

“[1(0) + 0] < s (S - M=) (@)
M-—m{b—a\’
S

where S = 7f(bl)7:£(a)
In the papers [25, [26], using the Taylor formula for functions with a single variable

or several variables, the Iyengar inequality was generalized as follows.

Theorem B. Let f(x) be a differentiable function of C™ ([a,b]) satisfying N <
fY(z) < M for x € (a,b). Denote

n—1 (_1)k w
S (u,0,w) = o uf I )+ (=1 (6)
= : !
oS,
and L5050, ), ")

= ED o (i) [
Z i (Sn+2(a,a,N) Sps bJ),N)) tlg/ flz)x
=0 a
n+2 (_1)1 ) ) )
<> (SUa(a,a,M0) = S, (0,6,00)) ¢ (8)

n+2 o\ ) ) ) b
> S (seam - se0a0) < [ 1w

S

=0

(sf;+2 a,a, M) — S, (b, b, N)) #.(9)

We may deduce both Theorem A and the following result as specialisations of
Theorem B.
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Theorem C. Let f(x) be differentiable on the closed interval [a,b], and N <
f"(z) < M for x € (a,b), then
N(a? —b*))°
Vi) | {1@ - 1) +070) - ap@) + T

6 2@~ N — f{a) 1 )]
’ b2 f'(b) — a®f'(a)
S/a f@)x —=bf(b) +af(a)+ 5 (10)
a — b2 2
M) 1@ FO 070 —ap@) 4 2=
=% 2@ DM — @) 1 0]

In recent years, R.P. Agarwal, P. Cerone, S.S. Dragomir and S. Wang, utilizing
Hayashi inequality or Steffensen inequality, generalized Iyengar’ inequality to those
involving higher derivatives, weighted integral, and so on. See [2]—[6], and [10].

Meanwhile, F. Qi, B.-N. Guo, Y.-J. Zhang and L.-H. Cui, proceeded in an alter-
nate direction. Using the mean value theorems for functions with a single variable
or several variables, generalized Iyengar inequality to involve bounds of higher or-
der derivatives, with norm bounds, for weighted multiple integral, and the like. See
[8) 12] 14] and [24]-[29].

The Iyengar inequality has been researched by many mathematicians, and
there is much literature devoted to it. Please refer to references in this paper.
Before elaborating on the contributions of the current article, it is useful to present
some background notation and definitions.

Definition 1. A sequence of polynomials {P;(t,x)}2, is called harmonic if it
satisfies the following Appell condition
A 8Pi(t, .1?)
ot
and Py(t,z) =1 for all defined (¢,2) and ¢ € N.

It is well-known that Bernoulli polynomials B;(¢) can be defined by the following
expansion

Pl(t)

3

= Pi_1(t,x) = Pioa(t) (11)

tx

xe = Bi(t)
em_lzi; et il <2 teR, (12)

and are uniquely determined by the following formulae
Bi(t) =iB;_1(t), Bo(t) =1; (13)
and  B;(t+1) — B;(t) =it " (14)
Similarly, Euler polynomials can be defined by

2 _SNE)

i a1t x| <7, teR, (15)

=0

and are uniquely determined by the following properties
El(t) =1iE;_1(t), Eo(t) =1, (16)
Ei(t+1)+ Ei(t) = 2t". (17)
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For further details about Bernoulli polynomials and Euler polynomials, please
refer to [I, 23.1.5 and 23.1.6]. Moreover, some new generalizations of Bernoulli
numbers and polynomials can be found in [I3] 17, 27].

There are many examples of harmonic sequences of polynomials. For instance
(B [7, [18]), for i a nonegative integer, ¢,7,6 € R and 7 # 6,

[t— N0+ (1—N)7)]

PiA(t) £ Pa(t;730) = il ) (18)
Pip(t) £ Pip(t;:0) = (T;Q)ZBi (i:(;) ’ (19)
P g(t) £ P p(t;T;0) = (r ;Q)iEi (ii‘:) . (20)

As usual, let B; = B;(0), i € N, denote Bernoulli numbers. From properties

and , and of Bernoulli and Euler polynomials respectively, we
can obtain easily that, for i > 1,

1
Bi41(0) = Biy1(1) = Biy1, Bi(0) = —=B1(1) = 3 (21)
and, for j € N,
2 .
———— (27! —1)B; ;1. 22
It is also a well known fact that Bg; 11 = 0 for all ¢ € N.
In [18], the following generalized Taylor formula was established.

E;(0) = —E;(1) =

Theorem D. Let {P;(x)}2, be a harmonic sequence of polynomials. Further, let
I C R be a closed interval and a € I. If f : I — R is any function such that ) (z)
is absolutely continuous for some n € N, then, for any x € I, we have

f(@) = fla) + Y (=) [Pu(2) [P (@) — Pu(a) [P (@)] + Ra(fra,2),  (23)

k=1

where
xT

Rolfia,s) = (1" [ P f " @) dr (24

If we set in and P,(t) = %, then we obtain directly the classical
Taylor formula with remainder of integral form. Generalised Taylor formulae from
product Appel polynomials was considered in [4] which involves the product of
polynomials satisfying the Appel condition .

In this article, using the generalized Taylor formula , we will derive some new
Iyengar type inequalities for an integral of functions with single variable, which
generalize some related known results obtained in [8] [12], 4], 5], 24], 25] 28], for
example.

2. SOME INTEGRAL IDENTITIES

In this section, we establish two identities involving integrals which form the
basis for the procurement of our main results.
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Theorem 1. Let {P;(x)}52, and {Qi(z)}2, be harmonic sequences of polynomials.
If f : [a,b] — R is a function such that f(™(x) is absolutely continuous for some
n € N, then we have the following generalized Taylor identity

b n n
(n+1) [ fla)do =S alkkib) —a S plh ki)
a k=0 k=0

n k
+ Z[p(i7i—1,a)—Q(i7i_1;b)]
k=11i=1

n

n k
+t ) [plk,ksa) — qlk ks b)) + >0 [q(ii — 1,t) — p(iyi — 1;)]

k=0 k=1 i=1
¢ b
+ / (t—s)p(n,n+1;8)ds + / (t—s)g(n,n+1;8)ds, (25)
a t

where t € [a,b] and
p(t,m;z) = (=1) Py(2) ™) (2), (26)
gt m; @) = (=1) Qu(w) [ () (27)

for any nonnegative integers 0 < £ <mn and 0 <m <n+1 and x € [a,b].

Proof. Let t be a parameter such that a <t < b, then

/abf(x)dxz/:f(as)dx—f—/tbf(x)dx. (28)

From the generalized Taylor formula (23)), for = € [a,b], it follows that

f(x) = fla) + Y (=) [Pu(a) [P (@) = Pi(a) P (@)] + Rop(fia,2),  (29)

f@) =)+ > (D) Qu(x) fF (@) — Q(0) fP(0)] + Ruo(f;b,2).  (30)

By integration by parts we have

/ t Py(x) f®) (z) d
= [Pe(t) f*D (1) = Pe(a) f*V(a)] - / t Py () f* D (@) da.

a

Clearly, we can apply the same procedure to the term fat Py_1(z)f*=V(z)dz. So,
by successive integration by parts we obtain

(~1)* / Py(a) f® () da

k t
=S VRS ) — Pla) D ()] + / f(z)de. (31)
=1 a
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Similarly, we have

b
1)k /t Qu(2)f®) (z) da
k
Z () fD(b) — Qu(t) fU (8 / f(x)de. (32)

Integrating both sides of formula over the interval [a, t] and utilizing identity
(31) yields

n

(n+1) [ fla)de=(t—a) > (~1)*Pi(a) f ¥ (a)

/ k=0
n k
+ 3SR - Pl f D (@) (33)
k=1 1i=1

/ / (s) ") () ds de.

Similarly, integrating both sides of the result over the interval [t, b] and using
the identity gives

(—1)*Q(b) f*)(b)

M:

b
(n—l—l)/t F@)de = (b—1)

£33

k=11i=1

1y / /b Qu(s) ) (s) ds e

Now, combining and and utilising produces

0

D Qi 0) - iV w] B

Mﬂr

n+1/f das—bz B)FP 1) —a > (~1)F Pe(a) f*)(a)

n k
3>V ~ Bl 1Y @)

k
U/P ()£ (s) dsdx—i—//Q (s)f" D (s)dsdz|. (35)

H

.
Il
_
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Further, interchanging the order of integration for the last two terms in leads
to

// FoH( )dsdx/t(ts)Pn(s)f(”“)(s)ds, (36)
b
/t /b Qn(S)f("“)(S)dSm:/t (t = 5)Qn(s) [V (s) ds. (37)

Substituting and into , rearranging and introducing the notation in
and produces the identity . The proof is complete. |

Remark 1. If we set
(s — =)

Pi(s) = Qi(s) = i (38)

for ¢ a nonnegative natural number in and from the very start, then
following the same procedure as in the proof of Theorem [I} we would obtain

f(l) (a) i 1 ! n (n+1)
[ @ <+_)@a)“+(n+1ﬂl(tﬁ”f*(ﬁd& (39)
50

/ f(z)da = Z —p)iHl 4 1 /b(t_ )n+1f(n+1)( )ds, (40)
t x > CESN) s s)ds,

the combination of which, produces

b ne6) (g , nop() .
/a f(.T) dr = ; £+(1))' (t _ a)z+1 _ ‘ f (b)' (t _ b)z+1

1 b
+ — t— )"t (9) ds. (41

oy ) s

The following result is a particularisation of Theorem |1} but because of its in-
trinsic importance is denoted as a theorem in its own right, rather than a corollary.

Theorem 2. Let {P;(x)}32, be a harmonic sequence of polynomials. If f : [a,b] —
R is a function such that ) (x) is absolutely continuous for some n € N, then we
have the following identity

b n n
(n+1)/ f(x)dx :pr(k,k;b) faZp(k,k;a)

k=0

n k
722 (i, —1;b) — (zzfla ftz (k,k;b) — kka)}

k=1 11=1
b
+/ermmm+ngﬁ,um

where t € [a,b] and p(¢,m;x) = (—1) Py(x) f™ (z), x € [a,b], for any nonnegative
integers 0 <L <mand0<m<n-+1.

Proof. This follows from taking Pi(s) = Qs(s) for 0 < i < oo and s € [a,}] in
Theorem [1}
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Remark 2. If we set

Pi(s) = [s — (Ab +i§1 —Na)l Qu(s) = [s — (ub +i§1 — pa)l’ (43)

in identity , then

(n+1) / flayar =y 0o o D [ — 1) 79 ) — ax £ )]

k=0
e (b—a) i p(i—1 i p(i—1

> = )Y E) - N ()]
k=11i=1 :

e P 1y 90 - X )]
k=0 '

+3 D Al = (bt (L= pa)] = [t = b+ (1= Na)] '}

If we set
s—(Ab+ (1= N)a)]
P(s) = Qi) = L0 E U= Na) (45)
in formula , then
(n+1 / flx Z k [B(A = )P B (B) — ak FB)(a)]
k=0
Lo (b — a’)i i p(i—1) i p(i—1)
=2 D =) = A D (a)]
k=11 :

=
! /(tfs)[sf()\b+(lfA)a)]”f("“)(s)ds. (46)

Taking A =0or A =1in yields expansions about b and a respectively.
Namely,

b n a— k n k a— i '
(n+1)/ f(x)dg;:bz(Tb)f(k)(b)_Zz( i!b) FE-D )
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or

n k ; n _ak
(n+1) / f(z = fi= 1)(a)—az%f(k)(a)

k=11i=1 k=0
i (
k=0

Remark 3. If the assumption is made that,

b
O g A N ST

Pi(s) = P, g(s;b;a) = b _i!a)ZBi (Z : Z) (49)

for nonnegative integer i, then from Theorem [2| straightforward calculations and
utilising the properties 7 together with the fact that Bg;11 = 0 for i € N,
produces

(n+1) [ @) do = [b0) - ef(@)] = 50~ D)fas (@) + bF'0)

(b—a)®

+ 2 Ty B[00 - af @)
+ %(b_ a)[ ZZ b 2Z (21 1)( )_ f(2i71)(a)]
k=2 i=1
B
; (b—a)?*
_t{ [f(b) _f(a)] - §(b a) [f ( )+f ( )] +k:1 WB2]€ [f(2k>)(b)_f(2k:)(a)]}
+ (a ;!b)" /b(t s)Bp <Z:Z> f(n+1)(s) ds, (50)

where [z] denotes the Gauss function, whose value is the largest integer not exceed-
ing z.
Remark 4. Suppose that in Theorem [2]

Ps) = Pop(siash) = @', ( - b) (51)

7! a—2b

for nonnegative integer 4, then, by direct calculation and utilising (21)), and
By;11 =0 for ¢ € N, we obtain

n+1/f af(a) + bf(b)

2(1 — 4%) (b — a)?+!

Bog [af ¥V (a) + b *F D (b))

_ Bo; [f(2(i—1))(a) + f(2(i—1))(b)]
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BT b 1y a2
_t{“f(a)+bf(b)+ & 1<)2(2>| ) sz[f@’f‘”(a)+f<2’f‘”<b>]}
k=1 '
—a)” b s —
PO s, (225) 1@ as 62

where [z] also denotes the Gauss function as in Remark

3. SOME NEW IYENGAR TYPE INEQUALITIES

In the work that follows, we adopt the notation:

T, = sup p(n,n+Liz) = sup {(—=1)"Pu(2) " (2)},

z€[a,b] z€la,b]
= inf p(n,n+Liz)= inf {(-1)"P,(x)f" ) (2)},
Y= lof pln,n+1i0) xéﬁ,b]{( )" Py () f T (2) }
z€Ja,b] z€Ja,b]

’YQ = zeu[%zf:b] q(n’n + 1,LE) = xen[g:b]{(fl)nQn(z)f(n+l) (I’)},

I'= sup fU(@), y= inf O (a),
sefab] v€fa.b]

where the definitions and have been used.
Suppose f(z) is a n-times differentiable function on the closed interval [a, b] and
f D (z) exists on (a,b). Let

M=T= sup f"*(s), N=y= inf fOF(s), (54)
s€(a,b) s€(a,b)

then, from , we can deduce Theorem B and Theorem C, the results obtained
in [25] and [26].

Bounds may also be obtained in terms of the traditional Lebesgue norms for
fO+D) ¢ LP(la,b]), 1 < p < co. Specifically, if f(™) () is absolutely continuous on
the closed interval [a, ], then, for any ¢ € [a, b], it follows from , that

b — [ (a) i — f(b) i
/a f(x)dx—; (i+1)!(t—a) +1+i§:% (i—i—l)!(t_b) +1

(t—a)"2+(O—t)"+? [°
= (n+2)! /a

f(n“)(s)( ds. (55)

Also, as a simple consequence of Holder inequality, if f(*+1) € LP([a,b]) for a
positive number p > 1, then, for any ¢ € [a,b], we have

" f)(a . L0 .
fl@)de =" G +(1))! (t —a)*! + ; G +(1)), (t —b)it?

_ ="y b ( /

(n+1)!¥/ng+q+1

FO(s)

3 ds> %, (56)

where ¢ satisfies % +1i=1
Note that inequality has been proved in [12].
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Let {P;(x)}52, and {Q:(z)}2, be two harmonic sequences of polynomials. If
f : [a,b] — R is a function such that f(™(zx) is absolutely continuous for some
n € N, then, from identity , it is easy to obtain the expression

%[(a — )%y, — (b—1)T,]
b
n+1/f dx—f—aZpkka—qukkb)
k=0 k=0
n k
ZZ (i,i —1,a) — q(i,i — 1;b)]
k=11i=1
— Y [plk kya) — q(k, ks b)) = > > " [qliyi = 1,8) — p(i,i — 1;1)]
k=0 k=11:=1

< Sla— 17T, — (b —17y,]. (57)

Let {P;(x)}$2, be a harmonic sequence of polynomials. If f : [a,b] — Ris a
function such that f(™(z) is absolutely continuous for some n € N, then we have
the following inequalities

{bFP - a/}/P - ZZ:O [p(kvk;b) —p(k‘,k};a)] }2
2(7}3 _FP)

b n n
S(n—i—l)/ f(x)dx—pr(k:,k:;b)+aZp(k,k:;a)
a k=0 k=0
n k
+ 3 3 iy — 1:b) — pliyi — 1;a)]

k=1 1=1
{by, —al, — S5 [p(k, k3 b) — p(k, ks a)] )
2(FP - F)/P) .

1
a2y, — £, ] -

< - [a®T, —b*y,] - (58)

N =

In fact, follows from the identity and maximizing or minimizing a
quadratic polynomial in ¢.

Let {P;(x)}$2, be a harmonic sequence of polynomials. If f : [a,b] — Ris a
function such that f(™ (z) is absolutely continuous for some n € N, and defining

U := max |P,(s)], V:= max ‘f(""’l)(s)‘, and W := max |P,(s)f"V(s)|,
s€la,b] s€la,b] s€la,b]
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then, from , maximizing or minimizing a quadratic polynomial in ¢ yields

{(at UV - S0 ook, ki) —plk k)] a? 482,
auy 2

At W =5 o kib) —pk k0] @402
- 4w 2

b n n
<+ 1) [ f@)de by plhkib) +a Y plhksa)

k=0 k=0

n k
+ 3> iy — 1;b) — pliyi — 1;a)]
k=111=1
_ a2+ b {(a+0)W + 5o [p(k, k; b) — p(k, ks a)] }

_QW_ 4W

212 n A . 2
PGk Ly {(a+ UV + 575 [p(k, k3 b) — p(k, K3 a)]}” (50)
2 auy
Remark 5. Now it is clear that, if estimating the following general integral remain-

ders

¢ b
/(t—s)p(nm—l—l;s)ds—f—/t (t—s)q(n,n+1;s)ds, (60)

b
and / (t—s)p(n,n+1;s)ds (61)

that appear in and , then using better and more appropriate techniques
than previously gives rise to more accurate Iyengar type inequalities.
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