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CERTAIN BOUNDS FOR THE DIFFERENCES OF MEANS

PENG GAO

ABSTRACT. Let P, (x) be the generalized weighted power means. We consider bounds for the
differences of means in the following forms(5 # 0):
Cuwp Cuvp Pr — P in Cuwp Cuvp

28—a’ 28—« }Un,w/,ﬁ 2 28—a’ 28—« }Un,w,ﬂ
x3 x5 z] i

maz{

where op¢,8(x) =Y 1, wilz? Pﬁ (X)) and Cyup = %57 - Similar inequalities are also considered

and the results are applied to 1nequalities of Ky Fan’s type.

1. INTRODUCTION

Let P,,(x) be the generalized weighted power means: P,,(x) = (i, w;x! )%, where w; >
0,1 <i<nwith > ,w; =1and x = (21,22, -+ ,2,). Here P, o(x) denotes the limit of P, ,(x)
as r — O+ In this paper, we always assume 0 < z1 < x9 < -0 < xp, and write oy, (%) =

Yoy wz[ PB (x)]? and denote o, + as oy 1.1

We let A n(x ) = Py 1(x),Gn(x) = Ppo(x), Hy(x) = P,,—1(x) and we shall write P, , for P, ,(x),
A, for A, (x) and similarly for other means when there is no risk of confusion.

We consider upper and lower bounds for the differences of the generalized weighted means in the

following forms(3 # 0):

C C P, — Py C C
(1.1) maa{ S5 55 onars 2 T 2 min{ gl
T Q €Ty Tn
where Cy 3 = % If we set 1 = -+ = x,_1 # xn, then we conclude from Lim (Pfj‘u -

@1 —Tn
P2)/(aopwp) = (u— v)/(252x2[6_0‘) that Cy g is best possible. Here we define (P, — Py ,)/0 =
(P u/Pny), the limit of (P, — P,)/a as a — 0.

In what follows we will refer to (1.1) as (u,v, @, 3, w,w’). D.I. Cartwright and M.J. Field[8] first
proved the case (1,0,1,1,1,1). H. Alzer[4] proved (1,0,1,1,1,0) and[5] (1,0,,1,1,1) with o < 1.
A.M. Mercer[13] proved the right-hand side inequality with smaller constants for o« = f = u =
l,bv=—-1,w==+£l1.

There is a close relation between (1.1) and the following Ky Fan’s inequality, first published in the
monograph Inequalities by Beckenbach and Bellman [7](In this section, we set A, =1— A,,, G}, =
[T, (1 — z;)“. For general definitions, see the beginning of section 3):

Theorem For x; € [0,1/2],

Al A
(1.2) <2
n n
with equality holding if and only if x1 = -+ = x,.
Observed by P. Mercer[15], the validity of (1,0,1,1,1,1) leads to the following refinement of the

additive Ky Fan’s inequality:
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Theorem Let 0 <a<z; <b<1(1<i<n;n>2),a#b,
a <A'n—G’n< b
l1-a A,—-G, 1-b

(1.3)

Thus by a result of P. Gao[9], it provides the following refinement of Ky Fan’s inequality, first
proved by Alzer[6]:

(A, /Gy, )(a/(1 a))? < A /G < (An)Gn )(b/ (1-b))?

For an account of Ky Fan’s inequality, we refer the reader to the survey article[2] and the
references therein.

Since additive Ky Fan’s inequality for generalized weighted means is a consequence of (1.1) and
it doesn’t always hold(see [9]), it follows that (1.1) does not hold for arbitrarily (u, v, «, 3, w,w").

Our main result in this paper will be a theorem that shows the validity of (1.1) for some
a, B,u,v,w,w’ and we will apply the result in section 3 to get further refinements and general-
izations of inequalities of Ky Fan’s type.

One can obtain further refinements of (1.1) and recently, A.M. Mercer proved the following
theorem[14]:
Theorem If x1 # x,,n > 2, then

Gn— 11

(1‘4) 2.7}1(An — .%'1)

g >A, -G, >—F———0
n,l n n 2$n<$n_An) n,1

We will give a generalization of the above theorem in section 2.

2. THE MAIN THEOREM

Theorem 2.1. (1,%,1,%,%,%) r# s,7 #£0,v # 0 holds for the following three cases: 1. %S%S

2,1 >4 t’zﬁzf—l,Q. £22,5—1>S>7—>1 3. £§§§77<1 with equality
7=y v &l T =y T =y =y

holding if and only if x1 = --- = x, for all the cases.

Proof. Let v = 1,r # s and we will show (1.1) holds for the following three cases:
l.s<r<2,1>tt/>s>r—1;2.r>2r—1>s>t,t' >1;3. r<s<tt' <l
For case 1, consider the right-hand side inequality of (1.1) and let

n
r(r—s 1
(2.1) Du(x) = Ay — Py s — !Zw@'(fﬂf _phy
We want to show D,, > 0 here. We can assume x1 < x2 < --- < x, and prove by induction, the

case n = 1 is clear so we will start with n > 1 variables assuming the inequality holds for n — 1
variables. Then

1 8D 'PTLé 1 Pni 1
2.2 — 1= RS — (r— 8) (1 — (—2e YTy g
(22) G = I (R =91 = () +
where
1—t
n P
2—r)(r—-s) 1 1 n,t 1 1
5= 00 el BP9 (], L)
2wna:n i=1 o Tn” o o
Thus when s <r <2,t<1,5>0.
Now by the mean value theorem
Pn?é Lo r—s— n, r Pn’s r
L= [(Z20)5)7 = (r = sy =N (L= (F20)Y) 2 (= ) (1 — (=) V)

Tn Tn Ln
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for r > s > r — 1 with min{1, ( % Wy < n < maz{l, ( % )1/}, which implies

n,¥ |1 Pni Pni 1 P,s
L= (R = (= )= (5 2 (= s)[(5)} - (25)})

which is positive if s < t.

Thus for s < r < 2,1 >t >s>r—1, aD" > 0 and by letting z,, tend to x,_1, we have
D,, > D,,_1(with weights wy, - ,wp—2,wn—1 + wn) and thus the right-hand side inequality of (1.1)
holds by induction. It is also easy to see the equality holds if and only if z; = --- = x,,.

Now consider the left-hand side inequality of (1.1) and write

n
r(r—s L 1
(2.3) En(x) = Ay — Py s — (71) > wile] —PT,)
™ = — n, =
27 i=1 "
w%%% has an expression similar to (2.2) with z, < z1,w, < wi,t < t'. Tt is then easy to see
under the same condition, %ﬁ‘ > 0. Thus the left-hand side inequality of (1.1) holds by a similar
induction process with the equality holding if and only if z; = -+ = x,,.

Similarly, we can show D, (x) < 0, E,(x) > 0 for case 2 and 3 with equality holding if and only
if xt1 =+ = x, for all the cases.

Now for an arbitrary «, a change of variables y — y/v for y = r,s,t,t' in the above cases leads
to the desired conclusion. g

In what follows our results often include the cases r = 0 or s = 0 and we will leave the proofs of
these special cases to the reader since they are similar to what we give in the paper.
Corollary 2.1. Forr > s,min{l,r — 1} < s < maz{l,r — 1} and min{1,s} < t,t’ < maz{l, s},
(r,s,r,1,t,t") holds. For s <r <t it <1, (rs,s,1,t,t') holds, with equality holding if and only if
Ty =--- =z, for all the cases.

Proof. This follows from taking v = 1 in theorem 2.1 and another change of variables: z; —
min{xy, z),}, xp — maz{z], 2}, } and xz; = z] for 2 <i <n —1if n > 3 and exchanging r and s for
the case s > r. O

We remark here since 0,y = 0yt + (245 — Ppt — Poy)(Pnt — Poy), we have 0y, 1 < 0y, for t # 1
and oy < opp fort! <t <1,0n4> 0,y for t > ¢ > 1. Thus the optimal choices for the set {¢,t'}
will be {1, s} for the case (r,s,r,1,t,t') and {1,7} for the case (r,s,s,1,t,t').

Our next two propositions give relations between differences of means with different powers:
Proposition 2.1. Forl—r>t—s>0,l #t,z; € [a,b],a > 0,

i i 1 P T

(=0 a2 @ =P = =y o

except the trivial cases: r = s or (I,t) = (r,s), the equality holds if and only if vt1 = -+ = x,, where
we define 0/0 = :L‘Z_l for any 1.

(2.4) |

Proof. This is a generalization of a result A.M. Mercer[12]. We may assume z; = a,x, = b and
consider

r(r—s) .
Dx)=P . — P’ P - P,
() = Pl = B = i o (Pha = P
r(r—s) )
B) = Pl = Pl = it (Pl = Pl
We will show D,, - B, < 0 and we suppose r — s > 0 here, the case r — s < 0 is similar. We have
1 " oD, P, r—s P,

-t
1_ r—s __ 1_ ONT—S) s
o D () ) + 8
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where

(r=s)(l=7) !
S=——"0=(P—Pny) 20
Il —t)xy “wy
Now by the mean value theorem
Pt gzt L=t 4 Pty
1_ ZbNr=s) s — r+51_ sL\NT—8
(S8 = = Eyftre — (S)
where % <n<1and
1—r
In 00 g (Droyr—s - (Dutyrsy 5
rw, OTn Tn Tn
since t > s. X
Similarly, we have "7,';421 %f;’ > 0 and by a similar induction process as the one in the proof of
theorem 2.1, we have D, - F,, < 0 and this completes the proof. (]

By taking [ = 2,t =0,r = 1,s = —1 in the corollary, we get the following inequality:
1
21,
and the right-hand side inequality above gives a refinement of a result of A.M. Mercer|[13].

Proposition 2.2. Forr > s,a > (3,

1
(25) (P2 = G2) 2 Ay — Ho 2 5 (P, — G2)

(26) 1'6_a > Pﬂfa > (PgT — Pgs)/ﬁ
! - _(Pﬁ,'r_PTCLY,s)/O[

> Pire > ol
with equality holding if and only if x1 = -+ - = x,,, where we define 0/0 = aziﬁ_a for any 1.
Proof. By the mean value theorem,
PR, — B, = (o)l — (Pl = Dypecpe, — P
b b b b a b b
where P, s <n < P,, and (2.6) follows. O

Apply (2.6) to the case (1,0,1,1,1,1), we see (1,0, , 1,1,1) holds with o < 1, a result of Alzer[5].
At the end of this section, we give the following generalization of (1.4) and we leave to the reader
for other similar refinements.

Theorem 2.2. If x1 # x,,n > 2, then for 1 > s>0
Pl—s _ xlfs xl—s _ Pl—s
17Ei ! On,1 > Ay, — Pn,s > 1715 L
201 %(Ap — 1) 2xn (2 — Ap)
Proof. We will prove the right-hand inequality and the left-hand side inequality is similar. let

1—s 1-s
Ly = — Pn,s

(2.7)

On,1

Dp(x) = (v — Ap)(An — Pps) — 1—s  9n,1
2%y
We want to show by induction that D, > 0. We have
oD 1-s P T
t o= 1— nAn_Pns_ 7%51751_ = sn n
Gt = (=)A= Pug) = 52 () (1= (5w

1—s
> (1_wn)(An_Pn,s_ o Un,l)ZO

n

where the last inequality holds by theorem 2.1. Thus by a similar induction process as the one
in the proof of theorem 2.1, we have D,, > 0. Since not all the z;’s are equal, we get the desired
result. O
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Corollary 2.2. For 1> s >0,
1—5sP,s 1—s

(28) 201 A;L On,1 = Ap — Pn,s > Ean,s
with equality holding if and only if x1 = -+ = x,.
1—s 1-s
Proof. By theorem 2.2, we only need to show % < 127—18121: and this is easily verified by
using the mean value theorem. O

3. APPLICATIONS TO INEQUALITIES OF KY FAN’S TYPE

Let f(x,y) be a real function, we regard y as an implicit function defined by f(z,y) = 0 and
for y = (y1,--+ ,yn), let f(xi,yi) = 0,1 <i <n. We write P, . = P, ,(y) with A, = PT’LJ,G; =
AO,H P, . Furthermore, we denote r1 = a > 0,7, = b so that z; € [a,b] with y; €
[d',b],a" >0 and require fas 1) exist for x; € [a,b], y; € [a',V].
To simplify expressions, we define:

P’r?,r(Y) - Pna,s(Y)

(5-1) Arse = Pa (= Pe(x)

with Ay 50 = (In IIZZ Zg; )/(In I;Z :Exg) and in order to include the case of equality for various inequal-

ities in our discussion, we define 0/0 = 1 from now on.

In this section, we apply our results above to inequalities of Ky Fan’s type. Let f(x,y) be an
arbitrary function satisfying those conditions in the first paragraph of this section and we show
how to get inequalities of Ky Fan’s type in general:

Suppose (1.1) holds for some a > 0,r > 5,8 = 1,t = t' = 1, write 0y,,1(y) = 0},; and apply
(1.1) to sequences x,y and then take their quotients, we get:

Since 0}, ; = ity wi(3j—; wk(yi — yx))?,by the mean value theorem

i — g = 9@ y(€))(as — 1)
for some ¢ € (a,b). Thus min |ji—”lf|2

on1 <oy, 1 < max |f’ |2 on,1, which implies
a<z<b 'y

a<x<b
b I
Ao < — 2
7 rsa S maz| f,l
Now, we apply the above argument to a special case and get

Corollary 3.1. Let f(z,y) =caP +dy? — 1,0 < c < d,p > 1,x; € |0, (c+d)_%]. Fors€0,2],a =
max{s, 1}

a . fl|2

Va <z <b|

(3.2) Ajsa<1
with equality holding if and only if x1 = -+ = x,.
Proof. This follows from corollary 2.1 by choosing proper r, s there. ([l

From now on we will concentrate on the case f(z,y) = = +y — 1 and all the discussions below
can be applied to an arbitrary function f(x,y) by using the argument above and we will leave it
to the reader for those generalizations.
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Corollary 3.2. Let f(z,y) =z+y—1,0<a<b<landz; €abl(i=1,---,n),n>2. Then
forr>s,min{l,r —1} <s <maz{l,r — 1}

b o a 9_ b o a 9_
: PR " " Arsr T, Pa— "
(33) mar (12 (T > A > min{ () ()
Fors <r <1,
b a b a
4 Y \2—s (¥ \2-s Arss 2—s 2—3
Proof. Apply corollary 2.1 to sequences x,y with ¢t = ¢/ = 1 and take their quotients, by noticing
Un,l(x) = Jn,l(y)' O
As a special case of the above corollary, by taking r = 0,s = —1, we get the following refinement
of the Wang-Wang inequality[17]:
(3.5) (Gn/H,) @/ (0= a)? < ' JH, < (G n/Hn)(b/(lfb))Q

We can use corollary 2.2 to get further refinements of inequalities of Ky Fan’s type. Since
Ons =0n1+ (An — Pn75)2, we can rewrite the right-hand side inequality in (2.8) as

1—3s 1—s

(36) (Paa() — Pas()(1 =+ (P () = Prsl0))) = o
Apply (2.8) to y and taking the quotient with (3.6), we get
Pnl(Y)_Pns(Y) < bO—;L,l P/z,s:ﬁpfz,s
(Pri (%) = Pos(x)(1 = 552 (Br1 (%) = Prs(x))) ~ dony A, df A
Similarly,
(Pn,l(Y) - Pn,s(Y))(l - 12;/8 (Pn,l(}’) - Pn,s(Y))) > a Ay
P i(x) — Py 5(x) TV Py
Combining these with a result in [9], we obtain the following refinement of Ky Fan’s inequality:
Corollary 3.3. Let0<a<b<1 and x; € [a,b](i =1,--- ,n),n>2. Then fora <1,0<s <1
/
(3.7) () ZZSB > Apsa > (7o) ;:;A

where A = (1 — 1TIS(PH,I(Y) - Pn,s(}’)))_17 B=1- 1gi_z,s(Pn,l(X) - Pn,S(X))

We note here when o = 1,5 =0,b < %, the left-hand side inequality of (3.7) yields
A -G < b G,
A, -G, 1-bA,
a refinement of the following two results of H. Alzer[1]: A/ /G! < (1 — G,)/(1 — A,), which is
equivalent to (A), — G1)/(An, — Gp) < G, /A, and [3]: Al — G, < (A — Gn)(Al, + Gp).

Next, we give a result that relates to Levinson’s generahzamon of Ky Fan’s inequality, first we
generalize of a lemma of A.M.Mercer[12]:

Lemma 3.1. Let J(x) be the smallest closed interval that contains all of x; and let y € J(z) and
f(z),g(x) € C%(J(x)) be two twice continuously differentiable functions, then

S i (@) = F() — (S wi — ) () _ £1(©)

2imwig(wi) = gy) — i wirs —y)g'(y) - 9"(€)

for some & € J(x), provided that the denominator of the left-hand side is nonzero.

(3.8) —2(A], + Gy)

(3.9)
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Proof. The proof is very similar to the one given in [12], we write
Zw@f (tzi + (1= t)y) — fy) = t(A—y)f'(y)

and consider W (t) = (Qf)(t) — (Qg)( ) where K is the left-hand side expression in (3.9). Then
following the same argument as in [12], we see the lemma holds. O

By taking g(z) = 2%,y = P, in the lemma, we get:

Corollary 3.4. Let f(z) € C?[a,b] with m = ngbf”( x), M = Tgagbf”( x). Then

(310) %Unt > szf xz sz x;) — (Ap Pn,t)f,(Pn,t) >

m.,
2 On,t

If moreover f"(x) exists for x € [a,b] with f’”(w) >0 or f"(xz) <0 for x € [a,b] then the equality
holds if and only if x1 = --- = x,.

The case t = 1 in the above corollary was treated by A.M.Mercer[11]. Note for an arbitrary f(z),
equality can hold even if the condition z; = --- = x,, is not satisfied, for example, for f(z) = 22,
we have the following identity: > i wiz? — (10 wizi)? = Y0 wilw — Y p_; wezk)?.

Corollary 3.4 can be regarded as a refinement of Jensen’s inequality and it leads to the following
well-known Levinson’s inequality for 3-convex functions [10]:

Corollary 3.5. Let x; € (0,a]. If f"'(x) >0 in (0,2a), then

(3.11) szf (x;) szxl < szf 2a — x;) — sz 2a — x;))

If () >0 on (0, 2a) then equalzty holds zf and only if 11 = -+ = xp,.

Proof. Take t =1 in (3.10) and apply corollary 3.4 to (z1,- - ,zy) and (2a—x1,- -+ ,2a—x,). Since
f"(x) > 0in (0,2a), it follows [nag f'(z) < Qu<n2 f"(z) and the corollary is proved. O
sxrsa a<zr<2a

Now we establish an inequality relating different A, ; ,’s:

Corollary 3.6. Forl—r>t—s>0,l#t,r#s,(l,t) # (r,s),z; € [a,b],y; € [a,b],n > 2,
b 1— Arsr a l—
3.12 — r ot ha T
(312) G > 132> ()
Proof. Apply (2.4) to both x and y and take their quotients. O

Notice by this corollary, one can give another proof of inequality (3.5), namely, using the above
corollary for [ =1,t =0,s = —-1,r = 0.

4. A FEW COMMENTS

A variant of (1.1) is the following conjecture by A.M. Mercer[13] (1" > s, t,t =1, s):
r—s r—s B, -
(4.1) max{?%_raﬁ}o—n,t’ > P%J”r 2277 25T r} n,t

The conjecture presented here has been reformulated(one can compare it with the original one
n [13]), since here (r — s)/2 is best possible constant by the same argument as above.

Note when r =1, (4.1) coincides with (1.1) and thus the conjecture in general is false.

There are many other kinds of expressions of the bounds for the difference between the arithmetic
and geometric means, we refer the reader to Chapter II of the book Classical and new inequalities
in analysis [16].

5> mm{
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In [12], A.M.Mercer showed

Pra =G PRy =G
(4.2) 1o > Ay —Gp 2 1z
He also pointed out the above inequality is not comparable to either of the inequalities in (1.1)
witha =0 =u=1,v=0,t =t =0,1. We note (4.2) can be obtained from (1.1) by averaging
the case « = B =u =1t =1t =1,v = 0 with the following trivial bound:
2 2 2 2
=Gy g, gy > Cn
2z 2z,
Thus the incomparability of (4.2) and (4.1) with r = 1, s = 0,¢ = 1 reflects the fact Pﬁg — A2 and
A% — G2 are in general not comparable.
We also note when replacing C,, , 3 by a smaller constant, we sometimes can get trivial bound.
For example, for s < 1/2, the following inequality holds:

1< 1/2
Ap— Py > 5 ;wk(%/ — A711/2)2 > _— Zwk(xk — An)2

where the first inequality is equivalent to Pi/f/QAi/ 2 > P, s and for the second inequality we apply

the mean value theorem to (m/,t/2 —A}/Q)Q = (%g;l/z(a:k —Ap))? > ﬁ(mk — A)? with & in between
zp and A,,.
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