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SUPERADDITIVITY OF SOME FUNCTIONALS ASSOCIATED
TO JENSEN’S INEQUALITY FOR CONVEX FUNCTIONS ON
LINEAR SPACES WITH APPLICATIONS

S.S. DRAGOMIR

ABSTRACT. Some new results related to Jensen’s celebrated inequality for con-
vex functions defined on convex sets in linear spaces are given. Applications
for norm inequalities in normed linear spaces and f-divergences in Information
Theory are provided as well.

1. INTRODUCTION

The Jensen inequality for convex functions plays a crucial role in the Theory of
Inequalities due to the fact that other inequalities such as the generalised triangle
inequality, the arithmetic mean-geometric mean inequality, Holder and Minkowski
inequalities, Ky Fan’s inequality etc. can be obtained as particular cases of it.

Let C be a convex subset of the linear space X and f a convex function on C.
If I denotes a finite subset of the set N of natural numbers, x; € C,p; > 0 fori € I
and Py := ), ;pi > 0, then

(1.1) f (13;1 Zpixi) < Pi] szf (i),

iel i€l

is well known in the literature as Jensen’s inequality.
We introduce the following notations (see also [16]):

F(C,R) : = the linear space of all real functions on C,
FT(C,R) : ={feF(C,R): f(z)>0forallzecC},
P (N) = {I C N: I is finite},
J(R) : ={p={pi}icn pi € R are such that P; # 0 for all I € Py (N)},
and
JTMR) : ={peJR):p, >0 foralliecN},
J(C) + ={z={xi}jey @i € C foralli € N}
and
Conv (C,R) := the cone of all convex functions defined on C,
respectively.
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2 S.S. DRAGOMIR

In [I6] the authors considered the following functional associated with the Jensen
inequality:

(12) f7I b, sz xz - Prf ( sz$z>

el el

where f € F(C,R),I € Pf(N),p € J*(R),z € J,(C). They established some
quasi-linearity and monotonicity properties and applied the obtained results for
norm and means inequalities.

The following result concerning the properties of the functional J (f,I,-,z) as a
function of weights holds (see [16], Theorem 2.4]):

Theorem 1. Let f € Conv (C,R),I € P¢(N) and z € J, (C).
(i) If p,q € J* (R) then
(1.3) J(fiI,p+q,x) > J(f, I,p,x) + J(f,I,q,x)(>0)
J(f,1,-,z) is superadditive on JT (R);
(it) If p,q € JT (R) with p > q, meaning that p; > q; for each i € N, then
(1.4) J(f 1,px) 2 J(f,1,q,2)(=0)
J(f,1,-,x) is monotonic nondecreasing on J* (R).

The behavior of this functional as an index set function is incorporated in the
following (see |16l Theorem 2.1]):

Theorem 2. Let f € Conv (C,R),pe JT (R) and z € J, (C).
(1) If I, H € Py (N) with IN H = &, then

(1.5) J(f,TUH,p,x) > J(f,I,p,z)+ J(f, Hp,x)(>0)

J (f,-,p,x) is superadditive as an index set function on Py (N);
(i1) If I, H € Py (N) with H C I, then

J(f,-,p,x) is monotonic nondecreasing as an index set function on Py (N).

As pointed out in [I6], the above Theorem [2| is a generalisation of the Vasic¢-
Mijalkovié result for convex functions of a real variable obtained in [26] and therefore
creates the possibility to obtain vectorial inequalities as well.

For applications of the above results to logarithmic convex functions, to norm
inequalities, in relation with the arithmetic mean-geometric mean inequality and
with other classical results, see [16].

Motivated by the above results, we introduce in the present paper a more general
functional, establish its main properties and use it for some particular cases that
provide inequalities of interest. Applications for norm inequalities in normed linear
spaces and f-divergences in Information Theory are provided as well.

2. SOME SUPERADDITIVITY PROPERTIES FOR THE WEIGHTS

We consider the more general functional

o]

zGI el

(2.1) D (f,I,p,x;®)
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where f € Conv(C,R),I € Pf(N),p € J"(R),z € J,(C) and @ : [0,00) — R
is a function whose properties will determine the behavior of the functional D as
follows. Obviously, for ® (¢) = ¢t we recapture from D the functional J considered
in [16].

First of all we observe that, by Jensen’s inequality, the functional D is well
defined and positive homogeneous in the third variable, i.e.,

D (f,I,ap,z;®) = oD (f,1,p,r;®),

for any « > 0 and p € J* (R).
The following result concerning the superadditivity and monotonicity of the func-
tional D as a function of weights holds:

Theorem 3. Let f € Conv(C,R),I € P;(N) and z € J.(C). Assume that
® : [0,00) — R is monotonic nondecreasing and concave where is defined.
(i) If p,q € J* (R) then

(2.2) D(f,1,p+q,z;®) > D(f,I,p,x;®) + D (f, I,q,2;®)
i.e., D is superadditive as a function of weights;
(i1) If p,q € JT(R) with p > q, meaning that p; > q; for each i € N and
®:[0,00) — [0,00) then
(2.3) D(f, I,p,z;®) > D(f,1,q,2;®) (> 0)
i.e., D is monotonic nondecreasing as a function of weights.
Proof. (i). Let p,q € J* (R). By the convexity of the function f on C we have

1 1
(2.4) P+ 0, Z (pi + ) f(zi) = f (P]+QI Z (pi +ai) xz)

i€l i€l

Pr (& Sierwif (00) + Q1 (& Sier aif (1))
- Pr+Q;
Py (P% D icr pixi) +Qr (& D icr Qizi)
Pr+Qr

P (E St @) + @ (F S af ()
- Pr+Q;
Prf (P% Zigl%:m:) +Qrf (& el qixi)
. Pr+Q;
Pi [ Siernid (@) = £ (3 s i)
Pr+Q;
@ | Sy ] (2) = £ (g Tierams)|
’ Pr+Qrp :
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Since ® is monotonic nondecreasing and concave, then by (2.4)) we have

1 1
m;(m +qi) f(x:) = f (M;(pi+qi)xi>]

Pro [p% dierpif (i) — f (p% Dicr pixi)}
- Pr+Qr
Q[ Sieraif (@) — f (G Tier i)
N Pr+Qr ’

which, by multiplication with P; + @ > 0 produces the desired result ([2.2).
(ii). If p > g, then by (i) we have

D(f,I,p,z;®) = D(f,I,(p—q)+qz;P)
> D(f,I,p—qxz;9)+D(f,I,p,z;®)
> D(f,I,p,z;®)
since D (f,I,p —q,x;®) > 0. O

Corollary 1. Let f € Conv(C,R),I € P;(N) and = € J,(C). Assume that
® : [0,00) — [0,00) is monotonic nondecreasing and concave where is defined.
If there exists the numbers M > m > 0 such that Mq > p > mgq, then we have

1 1
(2.5) MQ® or ;qz‘f (i) = f (QI ; qz'wi)]
1 1
> Pr® B, iezlpif (x3) — f (PI lezlpz%)]
1 1
> mQrd or ;%'f (x:) — f (Q[ ; qm)] .

In particular

M 1 1
(2.6) — [Ql D oaif (@)~ f (Ql Z%%)]

m icl icl
> % > pif(zi)—f (; ZI%%)]
I er Ier
m 1 1
ZM@ @;Q¢f($i)—f<®;Qixi>] .

Now, if we denote by
SA):={peJt(R):p; <1foralliecN},
then we can state the following result as well:

Corollary 2. Let f € Conv(C,R),I € P;(N) and z € J,(C). Assume that
® : [0,00) — [0,00) is monotonic nondecreasing and concave where is defined.
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Then we have the bound

(2.7)  sup {

peS(1)

o) ( s}
card Zf (card Zm)}

where card(I) denotes the cardinal of the ﬁmte set I.

= card(l)

Remark 1. If we consider the concave and monotonic increasing function ® (t) =
Int and assume that f € Conv(C,R) and x € J,(C) are selected such that

P%Zielpif(xi) > f (P% Zielpi:m) for any I € Py (N) with card(I) > 2 and
p € JT(R) (notice that is enough to assume that f is strictly convex and x is not
constant) then by the superadditivity of the functional

D(f,],p,a:;ln) : =PFPrln sz mz ( Z%%)]
ZEI el
= an (f7 I’p? )
where
Pr
(2.8) K(f.I,p,x sz ;) ( Zplan)]
ZEI ZEI

we deduce that K (f,1,-,x) is supermultiplicative, i.e., it satisfies the property
(2.9) K(f.ILp+aqx) = K(f1,px)K(f 1 qx)

for any p,q € J* (R).

The proof is obvious by the monotonicity and the positive homogeneity of the
functional D (f,I,-,x;1n).

Notice that the inequality (@ has been obtain in a different way by Agarwal &
Dragomir in [IJ.

Another important example of concave and monotonic increasing function is
® (t) = t° with s € (0,1]. In this situation the functional

P 1Zpl ;) — ( szxz>‘|’>0

el 16]

(2.10) D (f,1,p,x) :=

s superadditive and monotonic nondecreasing as a function of the weights p.
It might be useful for applications to observe that the superadditivity property is
translated into the following version of the Jensen’s inequality

s—1 ) ) — s o 2ier (Pi + @) @i ’
(211) (PI+QI) iezl(pz‘}’%)f( z) (PI+Q1) f< PI+QI >]
P St 7i5 (5 Yo )
i€l 16[

i_l Z%f (xl) ( qurz>‘| > O

el zEI
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where p,q € J*T (R).

The property of monotonicity provides the following double inequality for p,q €
JT (R) such that Mq>p>mq and M >m >0:

(2.12) M lQ;l > aif (z:) - ( > qxﬂ

iel zeI
P;_lzptf(xz)_PISf ( szx1>‘|
i€l zeI
?71 Zqu (xz) - ( Z%%)] .
el 7€I

This inequality has the following equivalent form

(2.13) M*Ys [Qi_l Zqif(xi) ( qua:z)]

i€l ZGI

> Pfqil Zpif (33%) ( szx1>

el ’LEI

1/s [ iilzqu (xl) ( Zqle)‘| .
i€l ZEI

Finally, from the Corollary[q we also have the bound

(2.14) sup {Ps 1Zpl x;) ( szxl>}

peS(1) el zeI

= [card(I)]*~ 1Zf x;) — [card(D)]’ (card Z >

i€l el

For a function ¥ : (0,00) — (0, 00) we consider now the functional

(2.15) D (f,1,p,=; <I>7\If)

::Z\I/(pi)fl) Z Z\Ij pz z f( Z\IIPZ Z>‘|
LEI 7 zEI z

el el

where f € Conv (C,R),I € P;(N),pe J"(R),z € J,.(C). Now, if we denote by

VU (p) the sequence {W¥ (p;)},cy, then we observe that

D(f,1,p,z;®,¥) = D (f, 1,V (p),;P) .
The following result may be stated:

Corollary 3. Let f € Conv(C,R),I € Pf(N) and z € J, (C). Assume that ® :
[0,00) — [0,00) is monotonic nondecreasing and concave. If ¥ : (0,00) — (0,00)
is concave, then D (f,1,-,z;®,¥) is also concave on JT (R).
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Proof. Utilising the properties of monotonicity, superadditivity and positive homo-
geneity of the functional D (f, 1, -, z; ®) we have successively

D(f,I,tp+ (1 —t)q,z; D, D) D(f, I,V (tp+ (1 —1t)q),z;P)

> D(f,1,t¥(p)+(1—1)¥(q),z; )

> D(f,[,t\:[/(p),:L',@)-I—D(f,[,(l—t)\I/(q),:L',(D)

= tD(f,I,p,x,CI),\I/)+(1—t)D(f,I,p,x,<I>,\I/)
for any p,q € JT (R) and ¢ € [0,1], which proves the statement. O

3. SOME SUPERADDITIVITY PROPERTIES FOR THE INDEX

The following result concerning the superadditivity and monotonicity of the func-
tional D as an index set function holds:

Theorem 4. Let f € Conv(C,R),p € Jt(R) and = € J.(C). Assume that
® : [0,00) — R is monotonic nondecreasing and concave where is defined.
(i) If I, H € Py (N) with IN H = @, then

(3.1) D(f,IUH,p,x;®) > D (f,1,p,z;®)+ D (f, H,p,z;®)

i.e., D(f,-,p,x; ®) is superadditive as an index set function on Py (N);
(it) If I, H € Py (N) with H C I and ® : [0,00) — [0,00), then

i.e., D(f,-,p,z; ®) is monotonic nondecreasing as an indez set function on Py (N).

Proof. (i). Let I, H € Py (N) with I N H = @. By the convexity of the function f
on C' we have

(3.3) DD pkfm)—f( DD pk%)

IUH L eT0n kelUH

_ P (P%I Eie[pif (l‘ﬂ) + Pu (i Zjerjf(xj))
N Pr+ Py
Py (p% Zie[pixi) + Py (i Zjerjmj)

Pr+ Py

Py (P% Sicrpif (m)) + Pu (i jenif (x-j))
> Pr+ Py

P Sernn) 03 )
- Pr+ Py

P, [P% Dicrpif (xi) = f (P% Ziefpimi)}
= P; + Py

i St 1 )

P] + PH .

—-f

_|_
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Since @ is monotonic nondecreasing and concave, then by (3.3) we have

! > pkf(évk)—f< ! > Pk$k>]

Pron | S5y Pron S5y
P S wif @)~ (3 ierpini)]

- Pr+ Py

Py {i Yjenbif (i) — f (% Zjerjxj)]
Pr+ Py ’

o

+

which, by multiplication with Py + Py > 0 produces the desired result (3.2]).
(ii). If I, H € Py (N) with H C I, then

D(fvjvpax;q)) :D(f,(I\H)UH,p,JI,(D)
> D(f, I\ H,p,x;®)+ D (f,H,p,z;®) > D (f, H,p,z;®) (= 0)

since D (f, I\ H,p,x;®) > 0. |

For the special case I = I, := {1,...,n} we write D,, (f,p,z;®) instead of
D (f, In,p,2; @), ie.,

(3-4) Dy (f,p,2; @) = Py ®

1 « 1 &
E;pif(*fi) - f (Pn ;pmﬂ

where P, = P, = >, p; > 0.
The following particular case is of interest:

Corollary 4. Let f € Conv(C,R),p € JT(R) and z € J.(C). Assume that
® : [0,00) — [0,00) is monotonic nondecreasing and concave where is defined.
Then

(35) maXD(fv-[vpax;(I)):Dn(fvpax;q))207

ICI,

(3.6) Dy (f,p,z;®)

> max {(pi py) @ [pz‘f(mi) +p;f (%)) _y (Wﬂ} >0
1<i<j<n Pi +Dj pi +p;

and
(37) Dn (f,pvxvq)) > anl (f?pax;@) > 2> D2 (fvpaxaq)) > 0.

The proof is obvious by the monotonicity property of the functional D (f, -, p, z; ®)
as an index set function.

If we use the superadditivity property, then we can state the following result as
well:
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Corollary 5. Let f € Conv(C,R),p € JT(R) and z € J.(C). Assume that
® : [0,00) — R is monotonic nondecreasing and concave where is defined. Then

2n 1 2n
anZ:pz'f(wi) - f <P2n ZPN%)]
Z p2z [ Z p2z x?z - ( Z p2zx2z> ]
i=1 =1P2i ;5 =1P2i i
ZPQz 1f (z2i-1) f( me 1T2i— 1)1

1p22 lz 1

(3.8) P, ®

n

+ZP21'71<I>

i=1 1p21 1

and

(3.9) Popi1®

2n+1 2n+1
Z pz 5[51 ( Z Pz%)]

P
2n+1 i—1

> Z:pm’q’ lzn—lﬂhv ;pm’f (w25) — ( ZPQJ&) ]

t lp 72' 1
+ZP21+1<I’l Zp2z+1f (Z2i41) — f< Zp2z+1$27,+1>‘| :

Remark 2. If we consider the functional defined in , namely

g o35

zeI zEI

z 1p21+1 ,L 1p21+1

(.fa-[pa =

then by Theorem[f] we have that

(310) K(f,IUH,p,ZL‘)ZK(f,I,p,l’)'K(f,H,p,l')

for any I, H € Py (N) with I N H = @ meaning that the functional K (f,-,p,x) is
supermultiplicative as an index set mapping.
This fact obviously imply the following multiplicative inequalities of interest:

2n 1 2n Payp
(3.11) [ sz x;) <P2n ;pz%)]
[ mef m?z ( Zp%x?z)

1121i1 112'Li1

X p2i—1f (T2i-1) — f P2i—1T2i—1
ltﬂ?zylzl - (111221121 L>

and where f € Conv (C,R),p € JT (R) and z € J, (C).
Moreover, if we consider the functional defined in by

s e

el 16[

Z?:l Pp2i

271 P2ica

D, (f,I,p,x
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where s € (0,1] and introduce the associated functional
Z 1 Z
(312) Fs (f,I7p7x) L PI — plf (171) P].f (PI — p1x1> )

then by denoting
B 1=
(3.13)  Fou(fip, @) := Fs(f,In,p,x) = Py 'Y pif (w:) — P f (P me)
i=1

where I, = {1, ...,n} , we have that the sequence {Fs ., (f,p,x)},~o is nondecreasing
and the following bounds are valid a

(314) ?&anFs(f717pam):Fs,n(f7p)$)
and
(315) Fs,n (.fap7 ZL')

2 Imax pif (2 +pj1{§zj) —(pi +p5)° f (pimi +pjxj> >0
Isi<jsn (pi +pj) pi +p;

4. APPLICATIONS FOR NORM INEQUALITIES

Let (X,||-]]) be a real or complex normed linear space. It is well known that
the function f, : X — R, f,(z) = [|z||”,p > 1 is convex on X. Assume that
p=(p1,...,pn) and g = (g1, ..., gn) are probability distributions with all g; nonzero.
In [1I1] we obtained the following refinements of the generalised triangle inequality:

p p

n n n n
N
a0 {24 as ol ~ S| | 2wl - [Swa
- Jj=1 j=1 Jj=1 Jj=1

qi

P
n n
: Di »
> i T . -
= 11212“{ } Zl% ||:cy|| g 1 q;T; (>0)
Jj= =

qi

and

p P
n n n n
(42)  max {p:} | Y llall" = nt P> i) | 2 Y wilall” — D v
- Jj=1 Jj=1 j=1 j=1
p

[ n n
> mi , AP —pt-P ; >
> min {p;} Z‘; [EAE z;% (20)
J= J=

for all p > 1.

We remark that, for p = 1 one may get out of the previous results the following
inequalities that are intimately related with the generalised triangle inequality in
normed spaces:
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n

n n n
bi
09 s {25 w el =[S || 2 3w leal— | S

n
> min {2} Z sl - lejH (z0).

n n n n
(4.4) Jmax i} (D Mzl = (Dol | =D psllasll = ||> pies
j=1 j=1 j=1 j=1
Z min {pi} le%ll Z (=0).

j=1

If in (4.4) we take
1

Y
7 Tyl

/Z” ”Wlthxj;éOforalle{l ,n},
Tk

then, by rearranging the inequality, we get the result:

(45)  max {la;])} |n ZH DR P
== = 1% j=1 j=1

>

We note that the inequality has been obtained in a different way by M.
Kato. K.-S. Saito & T. Tamura in [I7] where an analysis of the equality case for
strictly convex spaces has been performed as well.

We can state the following result that provides a generalization of the inequality

(4.1) above:

Proposition 1. Let (X, ||]|) be a normed linear space, x = (1, ..., ) an n-tuple
of vectors in X, p = (p1,...,Pn) and ¢ = (q1, ..., qn) are probability distributions with
all gj nonzero. Ift > 1 and ® : [0,00) — [0,00) is monotonic nondecreasing and
concave where is defined, then we have

(4.6) 1rga<xn{ } Zqz |l —

i Li

n n t
> Zpi [ER Zpil‘i
i=1 i=1

> 1r<nzl£1n{ } ZQZH-'LEH - qu
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and, in particular,

t

. —1 it -t
(47 nmax {pi}@ 07> ol —n

i=1

n
D i
i=1
t

n
> Y pillwll -
=1

n
E qiT;
i=1

t

n
> . ) 712 it -t
Znmin {p @ |07 3 el =
1=

n
D> i
i=1

The proof follows from Corollary [I] and the details are omitted.
Now, if p = (p1,...,pn) are positive weights with P, = > ;p; > 0 and z =
(1, ...,25) 18 an n-tuple of vectors in X, then by defining the functional

n
E Pi;
i=1

n t
(4.8) Dy (|9, 25 ®) = Pu® | P>y [l — P

i=1

we can state the following result as well:

Proposition 2. Ift > 1 and @ : [0,00) — [0,00) is monotonic nondecreasing and
concave where is defined, then we have

¢
and

|zl +pj 25"
pi + Dy

DiTi + Pjx;
pi +Dj

T 1<i<j<n

>  max {(pi—i—pj)@llm|

The proof follows from Corollary [f] and the details are omitted.

5. APPLICATIONS FOR f-DIVERGENCES

Given a convex function f : [0,00) — R, the f—divergence functional

(5.1) Iy (p,q) = g%‘f (g) ;

was introduced by Csiszér [3]-[4] as a generalized measure of information, a “dis-
tance function” on the set of probability distribution P™. The restriction here to
discrete distributions is only for convenience, similar results hold for general distri-
butions. As in Csiszar [3]-[] , we interpret undefined expressions by

F(0) = lim f(t), 0f(5) =0,

— 1 — o Iim L&

0f(8) = lim =/ (2) =a Jim L2, a>0.

The following results were essentially given by Csiszar and Kérner [5].

Proposition 3. (Joint Convexity) If f :[0,00) — R is convez, then Iy (p,q) is
jointly convex in p and q.
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Proposition 4. (Jensen’s inequality) Let f :[0,00) — R be convex. Then for any
n n

p,q € [0,00)™ with P, := > p; >0, Q := Z g; > 0, we have the inequality
i=1 ;

i=1
P,
(52) 10z (5 )
If f is strictly convex, equality holds in iff
pi_P2_  _Pn
R

It is natural to consider the following corollary.

Corollary 6. (Nonnegativity) Let f : [0,00) — R be convex and normalized, i.e.,

(5.3) fy=o.
Then for any p,q € [0,00)™ with P, = Q, we have the inequality
(5.4) Iy (p,q) > 0.

If f is strictly convex, equality holds in iff
pi=q; forall ie{l,..,n}.

In particular, if p,q are probability vectors, then Corollary [6] shows that, for
strictly convex and normalized f : [0,00) — R that

(5.5) It (p,q) >0 and Iy (p,q) =0 iff p=gq.

We now give some examples of divergence measures in Information Theory which
are particular cases of f—divergences.
Kullback-Leibler distance ([20]). The Kullback-Leibler distance D (-,-) is

defined by
n
D(p.q) =Y pilog (2’) :
If we choose f (t) =tlnt, ¢t > 0, then oi)zvliously
15 (p,a) = D (p,q).

Variational distance (I; —distance). The variational distance V (-,-) is defined
by

V(pa) =Y Ipi—al.
=1

If we choose f (t) = |t — 1|, ¢t € [0,00), then we have
Iy (pyq) =V (p.q).

Hellinger discrimination ([2]). The Hellinger discrimination is defined by
\/2h2 (-,-), where h? (-,-) is given by
1 n 9
h2 = = i i .
(p.9) = ; (Vi = Vai)
It is obvious that if f (¢) = % (\/i — 1)2, then
Iy (p.q) =h*(p.q)-
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Triangular discrimination ([24]). We define triangular discrimination be-
tween p and ¢ by

Z |pz - Qz
~ pita

It is obvious that if f (¢) = (ttlll) , t € (0,00), then

It (p,q) = A(p,q)-

Note that /A (p, q) is known in the literature as the Le Cam distance.
x?—distance. We define the x2—distance (chi-square distance) by

2 (pa) =) o= a) ;iQi) :

i=1

It is clear that if f (£) = (t — 1)?, ¢ € [0,00), then

It (p,q) = Dy (p,q) -

Rényi’s divergences ([23]). For o € R\ {0,1}, consider

= Zp‘i‘%l ”.
It is obvious that if f (¢) =t* (¢t € (0,00)), then

I (p,q) = po (P, q) -

Rényi’s divergences R, (p,q) := ﬁ In[p,, (p,q)] have been introduced for all

real orders « # 0, & # 1 (and continuously extended for « = 0 and « = 1) in [21],
where the reader may find many inequalities valid for these divergences, without,
as well as with, some restrictions for p and q.

For other examples of divergence measures, see the paper [18] and the books [21]
and [25], where further references are given.

For a function f : (0,00) — R we denote by f# the function defined on (0, c0)
by the equation f# (z) := f (1) . With this notation we have

(5.6) T4 (pq) }:%f#<“> ;:% < ).

By the use of Corollary [I] we can state the following result for the f-divergences.

Proposition 5. Let f : [0,00) — R be convex and normalized and p, q two probabil-
ity distributions such that R := maX;c(1,.. n} { } < oo andr :=min;cqy,. p) {pl}

0. If ® : [0,00) — [0,00) is monotonic nondecreasing and concave where is defined,
then we have

(5.7) R®[I# (p,q) — f (Dy2 (q,p) +1)] = ®[If (q,p)]
>r® [I# (p,q) — f (Dy2 (¢,p) +1)] .
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Proof. Utilising the inequality (2.5) we have
n qZ n q2 n q1

(5.8) R®|> qf (p) YD) 2e |[Sns (p) — )
i=1 ¢ =1 ’

im P
> o Zqif(%)—f &
i=1 pi iz Pi

Since

> L =D, (g.p) +1,
- Pi

then by (5.8)) we deduce the desired result (5.7). O

Finally, by the use of Corollary [4] we also have the following lower bound for the
f-divergence:

Proposition 6. Let f : [0,00) — R be convex and normalized and p,q two proba-
bility distributions. If ® : [0,00) — [0,00) is monotonic nondecreasing and concave
where is defined, then we have:

(5.9) @ [If(g,p)]

> ; ) D
- 1§rzn<§jxin (p + p]) pi + Dy

Pif(fvi)+pjf(g)_f<Qi+qj) > 0.

pi +pj a

Remark 3. If one chooses different examples of convex functions generating the
particular divergences mentioned at the beginning of the section, that one can obtain
various inequalities of interest. However the details are not presented here.
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