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SOME INTEGRAL AND DISCRETE VERSIONS OF THE GRUSS
INEQUALITY FOR REAL AND COMPLEX FUNCTIONS AND
SEQUENCES

S.S. DRAGOMIR AND I. GOMM

ABSTRACT. Some particular cases of a recent result in inner product spaces
generalizing Griiss inequality that have potential for applications are provided.

1. INTRODUCTION

In [7], the author has proved the following Griiss type inequality for real or
complex inner product spaces.

Theorem 1. Let (X;(-,)) be an inner product space over K (K =R, C) ande € X,
llell = 1. If ¢,~,®,T" are real or complex numbers and x,y are vectors in X such
that the condition

(1.1) Re (®Pe —z, 2 — ¢pe) > 0 and Re(Te —x,x—ve) >0

holds, then we have the inequality

(12) (2,9) — (,€) (e,)] < 7 |®— O[T 1.

The constant % is the best possible in the sense that it cannot be replaced by a
smaller constant.

Some application for positive real linear functionals, and in particular for inte-
grals of real functions and real sequences were presented. Two particular results
for complex functions and sequences were also provided.

In this paper we will emphasize some other applications of Theorem [I| both for
the complex and real case that have potential for applications.

For other, both discrete and integral inequalites, related to Griiss result see the
references enclosed.

2. MORE ON INTEGRAL INEQUALITIES

Let (2, %, 1) be a measure space consisting of a set (2, a o—algebra 3 of subsets
of  and a countably additive and positive measure p on ¥ with values in RU{oco}.
Denote Li (Q,K) the Hilbert space of all measurable functions f : Q — K that are

2 — p—integrable on Q, i.e., [, p(s)|f (s)]* dp (s) < oo, where p: Q — [0,00) is a
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2 S.S. DRAGOMIR AND I. GOMM

given measurable function on Q. The inner product (-,-), : L7 (2, K) x L2 (2, K) —
K that generates the norm of L? (€2, K) is

(2.1) (f.9), = / £(5) () (5) dp (s).

The following proposition holds.
Proposition 1. Let ¢,v,®, T € K and h, f,g € Lf) (Q,K) be such that

(2:2) Re [(@h (2) - f (@)) (7 () — 6 ()
Re [(Th(2) = g () (9 @) ~ 3k ()| =

for a.e. x € Q2 and

Y
o

\Y
o

(2:3) Sz%(%ﬂzp@ﬂdu(x)=1-

Then one has the inequality

2 | [ 07 @3 @)

1

=@ —9¢||IT —

< 1o —alr =,
and the constant i is sharp in .

Proof. Follows from Theorem 1| applied for the inner product (2.1)) on taking into
account that

Re (®h — [, f — ¢h),
_ / p () Re [(@h (x) — £ (2)) (F@) — 60 ()] dn () > 0
Q

and

Re(Th —g,9 —h),

The details are omitted. I

The following result may be stated as well:

Corollary 1. If z,Z,t,T € K, p € L(Q,R) with [, p(x)du(z) > 0 and f,g €
L2 (2, K) are such that

(2.5) Re[(Z - f (2)) (F() - 2)]
Re (T =g (@) (9() ~7)]

Y
o

N\

Vv
o
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then
(2.6) M / p (@) f () g @)du (x)
1 1 o
_pr(I)d,LL(:ZJ)/Qp(z)f(x)du(z)M(x)du(x)/ﬂp(x)g(x)d'u(m)
<1z —=T -4

1 - .
The constant 718 best in @

Proof. Follows by Proposition [I] on choosing

N|=

1

N EPEL <I>=[/Qp(:v)du(x)r-2, o=|[r@au) =

ro- [/Qp(x)du(w)rT ad o= | [ p@duta)] e

We omit the details. I

Nl

Remark 1. If 4 () < oo and z,Z,t,T, f, g satisfy (2.5), then

(27) ’u(lm/ﬂf(x)g(fv) o @) s

o LT @)

|Z — 2| [T — .

iO

<

»MH

The constant i s sharp.

In the particular case where Q = [a,b], we may state the following Griiss type
inequality for functions with complex values

(2.8) 4 /f d:z:fi/f )dx - / g (z)dx
< 12— lIr 1)
provided f,g € L ([a,b],C) and
(2.9 Re (@~ (@) (F@) - 9)] 20,
(2.10) Re[(T =g (@) (9(2) —7)] = 0,

for a.e. x € [a,b].

Remark 2. If K =R, and ¢, ®,~,I" € R, then a sufficient condition for to
hold is

(2.11) ¢h(z) < f(x) < DPh(z) and vyh(z) < g(x) <Th(z) for a.e. z€.
In the same manner, a sufficient conditions for to hold is
(2.12) 2<f(x)<Z and t<g(x)<T forae xz€.
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As mentioned in [7 ], ifp: QCR—->Risa probabﬂity density function, i.e.,
fop(t)dt =1, then pz € L? (U, R)
assume that f,g € L? (Q,R) and

= 1. Consequently, if we
2

(2.13) ap% <f< Ap% bp% g < Bp% a.e. on

where a, A, b, B are given real numbers, then by Proposition [l one has the Griiss
type inequality

(2.14)

var- [ 1wt wa [ gt < a-aE-0),

We will point out now some examples of the latest inequality.
Example 1. If f,g € L? (R,R) are such that

a _1(z=m)? A _1({z=m)2
(2.15) i ) < f(x)gme H(=m)7)
b -i(=2) B -i(=zmy

—e i\ © < )< ——— e 3\ ;
Vo 2w - g()_ﬁ-é/%

for a.e. x € R, where a,A,b,B € R, m € R, 0 > 0, then one has the following
“Normal-Griiss” inequality

(2.16) ‘/ F(2) g (2)do — — /Zf(x)e—i(“om>2dm

2ro

x/m g(@) e =) 0| < i(A—a) (B—1b).

—00

Example 2. If f,g € L? (R,R) are such that
A —a

e 155

(2.17) eI < f(2) <

a
V28
b
V20
for a.e. © € R, where a,A,b,B € R, a« € R, 8 > 0, then one has the following
“Laplace-Griiss” inequality

m
@

e|2a|<g() e|2ra|

(2.18) ‘/ f(x)g(x)de — —/ f(x)e 1% g - / g(x)ef|% dx
1
<TA-a)(B-)
Example 3. If f,g € L?([0,00),R) are such that
p—1 z A p—1 x
(2.19) ¢ i < fx) < T e 2,
' (p) I'(p)
b p—1l _x B p—1l _z
xze 2<g(x)< x T e 2,
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for a.e. x € [0,00), where a,A,b,B € R, p > 0, then one has the following
“Gamma-Griss” inequality

e20) |[Tr@edn- o [T @ et [Tywat et
< i(A—a)(B—b).
Example 4. If f,g € L?([0,1],R) are such that
a p—1 g=1 A p—1 q-=1
2.21 ———ux 2 (1—2)? <f(2) ——z 2 (1—2x2) 2 ,
(2.21) NI (I-z) 2 <f(z) < NGITX) (I-x)
g p—1 g1 E p—1 q—1
- 1 2 (1-— 2 < < — x7z (11— p) ,
Bp.a) o= == Bpa) —

for a.e. x € 1]0,1], where a,A,b,BE€R, p,qe [1,00), then one has the following
“Beta-Griiss” inequality

(2.22) /Olf(x)g(x)dx—B(zljm/olf(x)xp?a—x)“zldx
></O g(;v)xp51 (1—x)%1dx gi(A—a)(g—’l;).

3. MORE ON DISCRETE INEQUALITIES

Consider w = (w;),cy & sequence of nonnegative real numbers. Define £2 (K) to

be the Hilbert space of all sequences in K (K = C or K = R) so that »_.° w; |z <
00, i.e.,

(3.1) lo (K) = {X = (i) iem

o0
Zwi |z < oo}.

i=0
The inner product (-,-),, : £, (K) x £2, (K) — K defined by

(3.2) (X,¥)w = szx@
=0

generates the norm of /2 (K).
The following proposition holds.

Proposition 2. Let ¢,®,v,T € K and z,x,y € (% (K) be such that
(3.3) Re [(<I>zl — ;) (a:ﬁ - ézﬁ)}

>0,
Re[(Tz — i) (i — 7)) > 0,

for any i € N and
(3.4) > wilzl =1.
i=0

Then one has the inequality:

oo o o0 o oo o 1
(3.5) Z WL Y; — Z Wi Z; Z w;iziYi| < 1 |® — @] T — 7],
i=0 i=0 i=0
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and the constant % s sharp in .

Proof. Follows by Theorem [l| applied for the inner product (3.2) on taking into
account that:

Re[(®2—x)(x—¢z)] = } wiRe[(®z —a) (@ - ¢7)] 20,
Re[Tz —y)(y —v2)] = Z w; Re [(I'z; — y3) (i — 77)] = 0,
=0

and we omit the details. 1

The following result may be stated as well.

Corollary 2. Ifz,X,y,Y € K, w is such that > .-y w; >0 and x,y € L2 (K) are
such that

(3.6) Re[(X — ;) (7 —7)] > 0,
Re[(Y —vi) Wi —y)] = 0 foreachieN,
then
(3.7) Zwﬂ"zyz - % iwixi . % 3 wiY;
> im0 Wi = Dm0 Wi =2

The constant % is sharp.

Proof. Follows by Proposition [2] on choosing

2 = T 1> d = Wi 'Xv ¢: ( wz) * T,
Citowi)? <zz; ) Z

1 1
I = (Zwi>2.y and 7<Zwi>2
i=0 i=0

The details are omitted.
Remark 3. In the particular case when x,y € K" (n > 1) are such that (@ holds

forie{l,...,n}, we have the weighted discrete Griiss’ inequality
77 i g Y g S < XY
Wi TiY; — Wx; - w;Y; - X -z -y,
— K3 ly’b n Pt (2] o prt Zyl - 4 y

where W, ? 1 w; > 0. In particular, we obtain the unweighted Griiss inequality:

1
(3.9) < X —al|Y —yl.

Ien 1L I~
=1 =1 =1
Remark 4. If K = R and ¢, ®,v,I' € R, then a sufficient condition for (@ to

hold is
(3.10) ¢z < x; < Pz and yz; <y; < Tz
for each i € N.
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In a similar fashion, a sufficient condition for to hold is
(3.11) r<z; <X and y<y, <Y foreachieN.
Now, if p = (pi);cy 18 a discrete probability distribution, i.e., > 72 p; = 1, then
p¥ € 2 (R) and obviously ’

an

pz|| = 1. Consequently, if we assume that x,y € ¢? (R)
2

1 1 1 1
(3.12) ap? <x; < Ap? and bp? <y; < Bp? foreachieN,

where a, A, b, B are given real numbers, then by Proposition [2, one has the Griiss
type inequality

<Lu—amoy.

(3.13) <3

o0 o0 1 o0 1
E TiYi — E DT E DiYi
=0 i=0 i=0

We will now point out some examples of the latest inequality.

Example 5. If x,y are finite sequences of real numbers such that there exists
a,b, A, B € R with

(3.14) a(’;)§ pE(1— )H<xg<A(”)§p§(1_p)”?, s=0,1,2,....n

s 1 s n—s

and p € (0,1), then one has the “Binomial-Griiss” inequality

M\)—A

A

S0 (25) = 500 (25)

gi(A—a)(B—b).

(3.16)

Example 6. If x,y are infinite sequences of real numbers such that there exists
a,b, A, B € R with

efgm% efgm%
(3.17) a- S g <A T 0,12,
Vs! Vs!
(3.18) b-ﬂ<ys§3%, s=0,1,2,...,

then one has the “Poisson-Griiss” inequality
- 1 o= m? 1
(3'19) ;xsys - e?; Z \/>ys E(A_a) (B_b)
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