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ON A NEW GENERALIZATION OF MARTINS’ INEQUALITY
FENG QI

ABSTRACT. Let n,m € N and {ai}?ilm be an increasing, logarithmically con-
cave, positive, and nonconstant sequence such that the sequence {1[% —

1} }?jlm_l is increasing. Then the following inequality between ratios of the

power means and of the geometic means holds:

1/r
n+m n
Van!
/ al < -
i=1 Y antm!

where 7 is a positive number, a;! denotes the sequence factorial defined by
H?:l a;. The upper bound is the best possible.

1. INTRODUCTION

It is well-known that the following inequality
1/r

n+1 n
n!
S L — 1
S Z i s RV TR W

holds for 7 > 0 and n € N. We call the left-hand side of this inequality Alzer’s
inequality [1], and the right-hand side Martins’s inequality [7].

Alzer’s inequality has invoked the interest of several mathematicians, we refer
the reader to [5, 9, 16, 18] and the references therein.

Recently, F. Qi and L. Debnath in [15] proved that: Let n,m € N and {a;}32,
be an increasing sequence of positive real numbers satisfying

(k+2)aj o — (k+1)aj 4 N "
(k+ 1)“24—1 — kaj,

(2)

Ak41
for a given positive real number r and k € N. Then
n r 1/r
an << (1/n) S, 0 )ﬂ @)
@ntm — \(1/(n+m)) Zn+1m a;
The lower bound of (3) is the best possible.
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2 F. QI

In [12, 13, 14, 19, 20, 21], F. Qi and others proved the following inequalities and
other more general results:

n 1/ ndm 1/(n+m)
ntktl ﬁ’“@ " *H”“z, o o [ ntk n
n+m+k+1 . , “Vn+m+Ek’

i=k+1 i=k+1

a(n+k+ 1)+b < { ?=+k],€+1(ai+b)]; < \/ a(n+k) +b (5)

aln+m+k+1)+0b [H"+m+k(ai+b)}n+ﬁ_ aln+m+k)+b’
i=k+1

where n,m € N| k is a nonnegative integer, a a positive constant, and b a nonegative
constant. The equalities in (4) and (5) is valid for n = 1 and m = 1.

In [17], the following monotonicity results for the gamma function were obtained:
The function

O +y+1)/T(y+ DY~ (©)
r+y+1

is decreasing in x > 1 for fixed y > 0. Then, for positive real numbers z and y, we
have

rry+1_ [C(z+y+1)/T(y+ 1)]/*
r+y+2 7 [[(z+y+2)/Ty+ e

(7)

In [11, 15], F. Qi proved that: Let n and m be natural numbers, k a nonnegative
integer. Then
n4m 1/r
+k 1 n+k 1+m+-k
nik < ( Z Z’r‘ , (8)
n+m+ ol n+m Farwri

where r is a given positive real number. The lower bound is the best possible.
In [4, 18], some more general results for the lower bound of ratio of power means

(LYr ar /s ag)l/r for positive sequence {a;};eny were obtained.
An open problem in [10, 11] asked for the validity of the following inequality:

Ly ) " " YRR o
— ) < , 9

i=k+1 n+m i=k+1 n+n\L/ (n+m+k)'/k'
where r >0, n,m €N, k€ Z™.

Let {a;}ien be a positive sequence. If a;1a;,1 > a? for i > 2, we call {a; }ien
a logarithmically convex sequence; if a;y1a;—1 < af for i > 2, we call {a;}ien a
logarithmically concave sequence. See [3, p. 284].

In [3], the open problem mentioned above was solved and generalized affirma-
tively: Let {ai}?jlm be an increasing, logarithmically concave, positive, and non-
constant sequence satisfying (aes1/a¢)® > (ag/ag_1)*~' for any positive integer

¢>1, then (£ Y7 af [+ S ar) Y Van!/ "%/ apnim!, where r is a posi-
tive number, n,m € N, and a;! denotes the sequence factorial ]!, a;. The upper
bound is best possible.

The purpose of this paper is to give a new generalization of inequality (9) as
follows.

Theorem 1. Let n,m € N and {ai}”“” be an increasing, logarithmically concave,
n+m—1 .
i

positive, and nonconstant sequence such that the sequence { [a‘“ — 1] }izl



ON A NEW GENERALIZATION OF MARTINS’ INEQUALITY 3

increasing. Then the following inequality between ratios of the power means and of
the geometic means holds:

1 n 1 n+m 1/r o/
— ar/ al P il — (10)
(n; Y/ m+m ; ’) " G !

where 1 is a positive number and a;! denotes the sequence factorial [[;—, a;. The
upper bound is the best possible.

As an easy consequence of Theorem 1 by taking {a;}/ 5™ = {(i + k + b)*} 4"
for a positive constant «, we have

Corollary 1. Let a be a positive real number, k a nonnegative integer and b a real
number such that k+b > 0, and m,n € N. If the sequence

{Kl * +11+b) - 1] }jm (11)

is increasing, then for any real number r > 0, we have

( Lyt [+ e )”’Q (I G+ o)
]r

. 12)
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it ikt [(i+ D) P b)e

The upper bound is the best possible.

Remark 1. By letting o = 1 and b = 0 in (12), we recover inequality (9).
Taking o = 2 in Corollary 1 leads to the following

Corollary 2. Let k be a nonnegative integer, and b a real number such that k+b >
L and m,n € N. Then, for any real number r > 0, we have

27
n . 1/r n n+k .
( B Zijkk+1[(z +0)%]" / - Hiik+1(z +b)2
]r

n+m-+kyr, . .
i Ximiir (07 T+ b)?

in Theorem 1 and standard argument gives us

(13)

The upper bound is the best possible.

Considering {a;}ien = {eia}
the following

i€EN

Corollary 3. Let m,n € N. If the constant 0 < a < 1 such that inequality

e(1+m)°‘ _ emo‘

(14a)°
e g > axe (14)

holds with x on [1,00), then, for any real number r > 0, we have

o 1/r
lzn e; r 1 n 1 n+m
n =1 .o .
(1 S~ eidr) < exp[n g & g i ] (15)

n+m =1 i=1 =1

The upper bound is the best possible.
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2. LEMMAS

To prove our main results, the following lemmas are neccessary.

}n+m+1

Lemma 1. Let n,m € N, and {a;}7] a nonconstant positive sequence such

that the sequence {z[% - 1] }?:;n 18 increasing, then the sequence

; ' n+m
;. (16)
dit1 =1

is decreasing. As a simple consequence, we have the following

n |
dn’ o il (17)

)
"+m\'/ an+m! An4+m+1

where ay! denotes the sequence factorial defined by T[]\ a;.

Proof. For 1 < i <mn+m — 1, the monotonicity of the sequence (16) is equivalent

to the following
a a1
a; > Aiy1: 7 (18)

Aiy1 Qg2
i 1/i i1 1/(i+1)
a a
- o) = (1)
el Qi1 Pl 1ai+2

i+1

= fZln

Zz—i—lzn ’
i+1

Aj4-2
ZHZl <§:1

Since Inz is concave on (0, 00), by definition of concaveness, it follows that, for
1<k<i

az+1

<~

(19)

az+2 az+1

k lnakH z—k‘—i—lln ak

1+ 1 ;492 1+ 1 QAi42
k —k+1
] A L (20)
1+1 a0 1+ 1 Ai42
I kag+1 + (i —k + 1)ag
(i +1)ait2 '
Since the sequence {z[ itL 1} }?:1m is increasing, we have, for 1 <i <n+m-—1
and 1 <k <1, the followmg
L+ 1)a; . i .
(i4+1)ajo _i41) > 141 —z,
Aj+1 a;
L+ 1)a; . k
- (i + )a+2—(z+1)2 LSRR
Ai+1 ag
— kapy1 + (Z —k+ 1)ak < (Z + 1)a¢+27
ag Ai41
— kapy1 + (Z —k+1ag < ag

(i + a2 T i1
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Combining the last line above with (20) yields

k —k+1
- In e R - + In il <lIn .
1+ 1 Ai42 1+ 1 Aij42 Ai+1

ag

(21)

Summing up on both sides of (21) with & from 1 to ¢ and simplifying reveals
inequality (19). The monotonicity follows.

Since {ai}?:lmﬂ is a nonconstant positive sequence, there exists at least one
number 1 < 5 < n+ m — 1 such that a;, # a;,+1. The function Inx is strictly
concave on (0,00). Then, for any ¢ such that ig <i <n+m — 1, we have

. 10 o Qip+1 ) — 90+ 1 n aj,
i+ 1 ;42 i1+ 1 Aj+42

<In .Z'O .(Lio+1+i—.l’0+1.aio
it+1 a9 1+ 1 Ai+2
T <i0ai0+1 + (i — i + 1)ai0>
(i + a2

(22)

<In ai
i1
notice that the last line follows from the sequence {z [% — 1] }::fn being increasing.

Therefore, for any ¢ such that ig <4 < n+m—1, inequality (18) is strict. Inequality
(17) is proved.
The proof is complete. U

Lemma 2. Let n > 1 be a positive integer and {a;}_, an increasing nonconstant

n—1
,—p s increasing. Then the sequence

{ <'>/ } - =)

is increasing, and, for any positive integer £ satisfying 1 < f < n,
11/

positive sequence such that { [% — 1]}

ae (ag
a < ni/n’
n (an-)

where ay,! denotes the sequence factorial [\ a;.

Proof. For 1 < £ <n — 1, the monotonicity of the sequence (23) is equivalent to

ay Ar+1
1/ ( )l/ Z—‘rl) )

) (1)

TR
N

| V

ae+1

a£+1
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Since Inz is concave on (0, 00), by definition of concaveness, it follows that, for
1<y <4,

.j aj+1 E_.]—i_ll a;

n n
/+1 ar4+1 /+1 ap41
Jjoajp  L—j+1  a )
<In . + . 26
- <€ +1 a1 {+1 ar4+1 (26)

(e )
L+ 1ags

Straightforward computation gives us

¢ . .
J ajr1  L—j+1
S 1 1
. [€+1 Y i1 ™

o Agy1 Ag41
¢ ¢ J a; ‘ j—1 a;
In JH} - ——In 2
Z ae+1 Z[ﬁ—&-l Qg1 Zf—f—l a1
=t =t (27)
e+1 Iy
z Slthas] X
ae+1 — C+1  apy = C4+1 apy
Z —
From combining of (25), (26) and (27), it suffices to prove for 1 < j < ¢
jaj1+ (¢ —j+1ay <%
(5 + 1)(Lg+1 - ag’
PN jajp + (0 —j+Da; _ (£+Dar ,
a; - ay
{41
PN J95+1 L, it1< ¢+ )ae+17
aj Qyp
— (e+D[2E 1] > [ 1), (28)
Qg aj

Since the sequences {a;}!_; and {i [a’“ —1] }?:_11 are increasing, the inequality
(28) holds.

Moreover, the sequence {a;}?_; is nonconstant positive, then there exists at least
one number 1 < ;3 < n—1 Such that a;, # a;,+1. The function Inx is strictly
concave on (0,00). Then, for any ¢ such that i1 < ¢ <n — 1, we have

11 i1 L—i1+1. ay
In In
C+1  apq f+1 Qo1
<ln< 2] .ai1+1+£—2'1+1. ail)
C+1 ap +1 g1 (29)
- hl(ilail_t,_l + (f - i1 + 1)ai1 )
L+ 1ags+

a
< In =~
ay
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Therefore, for any ¢ such that i1 + 1 < ¢ < n, inequality (25) is strict, and

ay (G’Z!)l/e (30)
ag41 (af-‘,-l!)l/(g-‘rl) ’
and then inequality (24) is strict. The proof is complete. O

Remark 2. Some problems similar to Lemma 1 and Lemma 2 were discussed in [19]
by the author and B.-N. Guo.
The methods proving Lemma 1 and Lemma 2 had been used in [18] and others.

Lemma 3 (Konig’s inequality [2, p. 149] and [7, 22]). Let {a;}?", and {b;}?_, be
decreasing nonnegative n-tuples such that

k k
[T <]Jain 1<k<m, (31)
=1 =1

then, for r > 0, we have

k k
D<), 1<k<n (32)
=1 =1

Remark 3. Lemma 3 is a well-known result due to Konig used to give a proof of
Weyl’s inequality (cf. Corollary 1.b.8 of [6, p. 24]).

3. PROOFS OF THEOREM 1

Inequality (10) holds for n = 1 by the power mean inequality and its case of
equality.
For n > 2, inequality (10) is equivalent to

1 n 1 n+1 i/r “a 1
LR r) oo Ve 33
(z /4 z) el (39

which is equivalent to

1 n @ r 1 n+1 w T
- — ] <— — . (34)
ni 4 ( V an!) n+1 ; ( "/ an+1!>
Set
An41— .
bjn+1 = jn+2:"':bjn+n:w+1+7j'7 0<j<n; (35
) Ap41-
Qn—j .
Cint1)+1 = CGint)42 = 0 = Gtk = o=y 0Sj<m—L (36)
!

Direct calculation yields
n(n+1)

Z b = ZZb§n+k

i=1 §=0 k=1

(37)

Il I
3 3
N 3 <
IZERE
= — o
/N
3 3 S
5 £l
e
3 S |
+ + ||
b —
N—— ~——
=< =3
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and

n(nil)c; - (n+1)i ( naan'> (38)

i=1 =1

. - . 1 1
Since {a;}I]' is increasing, the sequence {bz}'ln:(qri» ) and {c,}?:(le ) are decreas-

ing. Therefore, by Lemma 3, to obtain inequality (34), it is sufficient to prove
inequality
b! > cm! (39)
for 1 <m<n(n+1).
It is easy to see that by, 4+1)! = ¢hn41)! = 1. Thus, inequality (39) is equivalent

to n(n+1) n(n+1)
H b; < H c; (40)

for2<m<n(n+1).
For0</{<nand0<j<n—2 wehave2<(n—On+n—j)=n—-~0(mn+
1)+ (¢ —j) <n(n+1). Then

n(n+1) :
apr1 ) a)™
e ()
i=(n—L)n+(n—j) (ang1!) =1
n(n+1) n—f4j42 Pl
(¢ ag—1. 3
Ci = ( Z) | Zn(+j€+11 ) ;o > (42)
i=(n—£)(n+1)+(¢—3) (ant) 7
n(n+1) n(n+1)
H C; — H C;
i=(n—~0)(n+1)+(L—j) i=(n—€—1)(n+1)+(n+1+L—7) (43)
(aé 1)j7€+1(a€!)n+1 .
= + Tntitl y < J3

(an!)— =
where a¢ = 1.
The last term in (43) is bigger than the right term in (42), so, without loss of
generality, we can assume j < £. Therefore, from formulae (41) and (42), inequality
(40) is reduced to

: L—j—1 .
(ag41)’ " (ae!)™(ans1!) 7T < (ag)"=HHiT2(qp_q )+l ()
(2t T @) eh
that is
. P -
(1) (anga) T _ (ans)(an) 7
(ag!)(ag =+ < @R (45)
: Ay - n
this is further equivalent to
(a£+1)j+1(an+l!)% (an+1)e
j = < a (46)
agl(ae)? =1 (ay!) " (an!)w

which can be rearranged as

i+l

n | £ 2 |
(“M. n: > <L vae ot jH+1<e<n. (47)

— )
Qg ntl an_H! Qy n+\1/ an+1!
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Utilizing Lemma 2 and the logarithmical concaveness of the sequence {a;}"*!

yields
n

|
Ap - Q. Qg
n > n

"apyp1! Onl T Gega

Since % <1and %t . _Yanl V“"" > 1 by (48), thus, to obtain (47), it suffices

ayp ”+1/an,+1

app1 Y an! < aniiv/ ag, (49)
this follows from Lemma 1.

Since the sequence {a;}!%" is nonconstant, the inequality (10) is strict.

By the L’Hospital rule, easy calculation produces

(o) w
im (- ) al al =——"
r—oo\ M n-—+m 4 [k s P

i=1

(48)

to prove

thus, the upper bound is the best possible. The proof is complete.
Remark 4. Recently, some new inequalities for the ratios of the mean values of
functions were established in [23].
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