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RELATIONSHIPS BETWEEN GENERALIZED BERNOULLI
NUMBERS AND POLYNOMIALS AND GENERALIZED EULER
NUMBERS AND POLYNOMIALS

QIU-MING LUO AND FENG QI

ABSTRACT. In this paper, concepts of the generalized Bernoulli and Euler
numbers and polynomials are introduced, and some relationships between

them are established.

1. INTRODUCTION

It is well-known that the Bernoulli and Euler polynomials are two classes of
special functions. They play important roles and have made many unexpected
appearances in Numbers Theory, Theory of Functions, Theorical Physics, and the
like. There has been much literature about Bernoulli and Euler polynomials, for
some examples, please refer to references in this paper.

The Bernoulli numbers and polynomials and Euler numbers and polynomials
are generalized to the generalized Bernoulli numbers and polynomials and to the
generalized Euler numbers and polynomials in [2, 3, 4] in recent years.

In this article, we first restate the definitions of the generalized Bernoulli and
Euler numbers and polynomials, and then discuss the relationships between the
generalized Bernoulli and Euler numbers and polynomials. These results generalize,

reinforce, and deepen those in [1, 5, 8, 10, 11].
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2. DEFINITIONS OF BERNOULLI AND EULER NUMBERS AND POLYNOMIALS

In this section, we will restate definitions of (generalized) Bernoulli numbers,
(generalized) Bernoulli polynomials, (generalized) Euler numbers, and (generalized)

Euler polynomials as follows. For more details, please see [1, 2, 3, 4, 10].

Definition 2.1 ([1, 10]). The Bernoulli numbers Bj, and Euler numbers Ej, are
defined respectively by

t 2tk
d_1:§:EBh It| < 2m; (2.1)
k=0 """
2et > t’“
k=0

Definition 2.2. [1, 10] The Bernoulli polynomials By (z) and Euler polynomials
Ey(z) are defined respectively by

te®t Otk
et —1 = k|Bk( )7 |t| < 2777 WS R, (23)
k=0
2e%t >tk
ari MEM),IHSm z €R. (2.4)

Note that B]~C = Bk(O), Ek = QkEk(%).
Definition 2.3 ([2, 4]). Let a,b,c be positive numbers, the generalized Bernoulli

numbers By (a,b) and the generalized Euler numbers Ej(a, b, ¢) are defined by

> 21
b), |t|< ———; 2.
—at z:o (a, ||<lnb—lna7 (2.5)
2Ct k
a2 Z k'Ek a,b,c). (2.6)

It is easy to see that By = Bi(1,¢e), Ex = Ex(1,¢,¢).
Definition 2.4 (]2, 4]). The generalized Bernoulli polynomials By (x;a,b,c) and
the generalized Euler polynomials E(z;a,b, c) are defined by

—Eif }:kB .b,c), |ﬂ<——&1—f €R; (2.7)
bt — at RACEL nb—Ina] ~ =

chLt k:

7bt+at—zk'Ekxabc) x eR. (2.8)

It is not difficult to see that Bp(x) = Bi(x;1,e,e), Ex(x) = Eg(x;1,e,¢e),
Bi(a,b) = Bi(0;a,b,¢), and Ey(a,b,c) = 2¥Ey(3;a,b, ¢), where z € R.
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3. RELATIONSHIPS BETWEEN GENERALIZED BERNOULLI AND EULER NUMBERS

In this section, we will discuss some relationships between the generalized Bernoulli

numbers and the generalized Euler numbers.

Theorem 3.1. Let k € N and r € R, then we have
=l g _ 4
e (5 )0t e B
j=0

Z( )223 1[21nb+r1nc)k7jf(2lna+rlnc)k7]‘ Bj(a,b), (3.1)
7=0

where a, b, c are positive numbers.

Proof. From (2.5), Cauchy multiplication, and the power series identity theorem,

we have
2tc"t 2% - .
b2t 1 g2t pit _ gt [(6%c")" = (a*¢")']
S| |3 (e - mne@e)] & (52
- k\a, il n(o“c n(a“c I
k=0 k=0
0o k k ‘ ‘ tk
=50 |2 (5)2 [+ gt - @lna e ] Bien]|
k=0 |j=0 !

From (2.6), Cauchy multiplication, and the power series identity theorem, we have

2tCrt _ QtCt ) C(T,_l)t
b2t + a?t b2t + a2t

k+l | | 20 k
ZEk (a,b,c) tk 1 lz [(r— 1)k(1n0)k] 2;1 (3.3)

k=0
— -1 k—j—1 k—j—1 tr
Z Z (r—1)*=7=1(In¢) Ej(a,b,c)| —.
J k!
7=0
Equating coefficients of the terms Z—k, in (3.2) and (3.3) leads to (3.1). O

Taking r = 1 in (3.1) and defining 0° = 1, we have

Corollary 3.1.1. For nonnegative integer k and positive numbers a,b, c, we have

kE;_1(a,b,c)

k
= Z( )227 ! [ 21nb—|—lnc)k_j — (21na—|—lnc)k_j Bj(a,b). (3.4)

Jj=0
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Furthermore, Setting a = 1 and b = ¢ = e in (3.4), we hve

Corollary 3.1.2. For nonnegative integer k, we have

k

A .
kBp1 =) ( ,)22“(3’” —1)B;. (3.5)
— \J
7=0
Remark 3.1. In [7, p. 943] and [9], the following formulae were given respectively:
b (2%
(14 2%%)(1 — 22 1By, = ]Z;O <2j)B2JE2k2j» (3-6)
"L 2k
2k _ 2i B, . .
(2 — 2%%) By, = ;0 <2j>2 I By Bk ;. (3.7)

Replacing k by 2k in (3.5), we have

Corollary 3.1.3. For nonnegative integer k, we have

2k

3 (2k> 92/-1(32%6~) _ 1)B; = 0. (3.8)

=0 7
Taking » = 2 in (3.1) leads to the following

Corollary 3.1.4. For positive integer k and positive numbers a,b, c, we have

A
k B ne)* 1 g. a,b,c
g( o B

k
= (j) oft+i—1 {(mb +In c)k_j — (Ina+1In c)k_j Bj(a,b).
j=0

Taking a =1 and b = ¢ = e in (3.9) yields
Corollary 3.1.5. For positive integer k, we have

k—1

kZO (k; 1>Ej = 2’%{22 <’;> (28 — 29)B;. (3.10)

j:
Remark 3.2. The result in (3.10) is equivalent to Lemma 2 in [5, p. 6].
Setting @ =1 and b = ¢ = e in (3.1) gives us
Corollary 3.1.6. Let r € R, then we have

k

kjé (k ; 1) (r=1"7E =) (k> 2271 [(24 1)k — b B (3.11)

=0 M
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Theorem 3.2. For positive numbers a,b, c and nonnegative integer k, we have
Ny
E (j)Bj(a,b)Ekj(a,ch)

J=0

—Z( )223 ! lnb—i—lnc)k_j+(lna+1nc)k_j} Bj(a,b). (3.12)

Proof. By (2.5), Cauchy multiplication, and the power series identity theorem, we

have
(bt —at%;t +a?t) b4t2_ta4t [(be)" + (ac)']
o 2k—1 tk e tk
- LX_%Z k Bk(a’b)k!] LZ_O [(in(be))* + (in(ac))"] k'] (3.13)
N 2j—1 c—J —j tk
2% ]Z( )2 b+ 167 — (na+ e 7] By(a,b)| 7.

By (2.6), Cauchy multiplication, and the power series identity theorem, we have

2tct
(b _ at)(b2t +a2t)

ety ]

ZE’“ @b, ¢) 1 (3.14)

Z Z() i(a,b)Ex_;(a,b,c) ik
=0 [Jj=
Equating coefficients of % , in (3.13) and (3.14) leads to (3.12). O

Taking a =1, b= c = e in (3.12), we have
Corollary 3.2.1. For nonnegative integer k, we have
k

zk: (ID BBy = 2 (D (@7 + 297 B;. (3.15)

Jj=0 Jj=0

4. RELATIONS BETWEEN GENERALIZED BERNOULLI AND EULER POLYNOMIALS

In this section, we will discuss some relationships between the generalized Bernoulli

polynomials and the generalized Euler polynomials.
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Theorem 4.1. For positive numbers a, b, c, nonnegative integer k, and x € R, we
have
Mk T
kEy_1(z;a,b,c) = Z ( ‘>23 {(ln b)k_J — (In a)k_j}Bj (§;a,b, c) . (4.1)
. J
7=0
Proof. By (2.7), Cauchy multiplication, and the power series identity theorem, we

have
2tc™t 2Tt — al)

bt +at b —a?
- [ Gosdlg][Slmor-mals]

-3 [ ()2 [mpr - o o) |

By (2.8), Cauchy multiplication, and the power series identity theorem, we have

ATt & k:
bt—|—at_tz Ekxabc) kzo[kEk 1(mabc)]k' (4.3)
Equating coefficients of %! in (4.2) and (4.3) leads to (4.1). O
Letting a =1 and b = ¢ = ¢ in (4.1) and defining 0° = 1, we have
Corollary 4.1.1. For k € N and x € R, we have
BN -
kEj_1(z) = ;O (j)zﬂBj (5) . (4.4)

From (2.3), Cauchy multiplication, and the power series identity theorem, it

follows that

Corollary 4.1.2. For k € N and x € R, we have

k—1

5 (55 ) -8 (3)] - Z()m() (@5)

J=

Combining (4.4) with (4.5), we have

Corollary 4.1.3. For k € N and z € R, we have

kEy_1(z) = 2 [Bk (I;1> — By (;)} . (4.6)

Remark 4.1. The formula (4.6) is the same as Lemma 3 in [5, p. 6].

Using (2.7), (2.8), Cauchy multiplication, and the power series identity theorem,

we obtain
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Theorem 4.2. For positive numbers a, b, ¢, nonnegative integer k, and r € R,

k

QkBk(z;a,b, c) = Z (?) Bj(z;a,b,¢)Ex_;(x;a,b,c). (4.7)

§=0
Taking a =1 and b =c =e in (4.7), we have
Corollary 4.2.1. Let x € R and k be nonnegative integer, then

k

2¥By(z) =Y (’;) Bj(z)Ey_j(z). (4.8)

J=0

Theorem 4.3. For positive numbers a, b, c, nonnegative integer k, and x € R, we

have

kEy;_1(z;a,b,c) = 2By (x;a,b, c —ZZ (l;)QJ (Ina)*B, (2 a,b, c) (4.9)

7=0
Proof. By (2.7), Cauchy multiplication, and the power series identity theorem, we
obtain
2tc"t 2tc"t 4tctal

bt+at:bt_at_b2t_a2t

= 2i ]:'Bk (x;a,b,c) —2{%[2’“&6( ;a, b, c)} 1:'} {i;ﬁ(lna)k} (4.10)

k=0 k=0 k=0

o0

k k
t
2By (z;a,b,c) — 25 ()23 lnaij ( ,a,b,c) i

k=0

By (2.8), Cauchy multiplication, and the power series identity theorem, we have

2tcmt >tk >

Earie t Z EEk(x; a,b,c) = Z [k;Ek_l(x; a,b, c)} o (4.11)
k=0 k=0
Equating coefficients of Z—k, in (4.10) and (4.11) leads to (4.9). O
If having a = 1 and b = ¢ = e in (4.9), then
Corollary 4.3.1. For k € N and x € R, we have
kB =2 [Bk(x) _ 9B, (g)} . (4.12)

Remark 4.2. The formula (4.12) is the same as that in [10, p. 48].
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