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SUBADDITIVITY OF SOME FUNCTIONALS ASSOCIATED TO
JENSEN’S INEQUALITY WITH APPLICATIONS

S.S. DRAGOMIR, Y.J. CHO*, AND J.K. KIM

ABSTRACT. Some new results related to Jensen’s celebrated inequality for con-
vex functions defined on convex sets in linear spaces are given. Applications
for the arithmetic mean-geometric mean inequality are provided as well.

1. INTRODUCTION

Let C be a convex subset of the linear space X and f a convex function on C.
If I denotes a finite subset of the set N of natural numbers, x; € C,p; > 0 fori € [
and Py := ), ;p; >0, then we have

1.1 x z;)
( ) ( ZGZIp’L 7,) P ZGZIP’L 1)
which is well known in the literature as Jensen’s inequality.

The Jensen inequality for convex functions plays a crucial role in the Theory of
Inequalities due to the fact that other inequalities such as the generalised triangle
inequality, the arithmetic mean-geometric mean inequality, Holder and Minkowski
inequalities, Ky Fan’s inequality etc. can be obtained as particular cases of it.

In order to simplify the presentation, we introduce the following notations (see
also [14]):

F(C,
(

the linear space of all real functions on C,
{feF(C,R): f(z)>0foralxeC},
{I C N: I is finite},

R) :
R) :
):
(R):

Py (N) :=
J(R) :={p={pi},en, Pi € R are such that P; # 0 for all I € Py (N)},
and
JTR):={peJ(R):p; >0 foralliecN},
J (C) := {& ={xi};ey : @i € C for all i € N}
and
Conv (C,R) := the cone of all convex functions defined on C,
respectively.
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In [I4] the authors considered the following functional associated with the Jensen
inequality:

(1.2) J(f,I,p,x) ::Zpif(a:i)—PIf (émeJ,

icl

where f € F(C,R), I € P;(N),p e J"(R), z € J, (C). They established some
quasi-linearity and monotonicity properties and applied the obtained results for
norm and means inequalities.

The following result concerning the properties of the functional J (f,I,-,z) as a
function of weights holds (see [14, Theorem 2.4]):

Theorem 1. Let f € Conv (C,R),I € Py (N) and z € J, (C).
(i) If p,qg € JT (R) then

i.e., J(f,1,-,x) is superadditive on J* (R);
(i) If p,q € J* (R) with p > q, meaning that p; > q; for each i € N, then

i.e., J (f,I,-,x) is monotonic nondecreasing on J* (R).

The behavior of this functional as an index set function is incorporated in the
following (see [14, Theorem 2.1]):

Theorem 2. Let f € Conv(C,R), pe Jt (R) and xz € J. (C).
() If I,H € Py (N) with [0 H = @, then

(1'5) J(f7IUH’p7x) Z J(f7I7p"r)+J(f7H7p’x) (Z 0)7

i.e., J(f,-,p,x) is superadditive as an index set function on Py (N);
(i) If I,H € Py (N) with H C I, then

(1.6) J(f, L,p,x) > J(f, H,p,x)(>0),

i.e., J(f,-,p,x) is monotonic nondecreasing as an index set function on
P;(N).

As pointed out in [I4], the above Theorem [2| is a generalisation of the Vasié-
Mijalkovié result for convex functions of a real variable obtained in [16] and therefore
creates the possibility to obtain vectorial inequalities as well.

For applications of the above results to logarithmic convex functions, to norm
inequalities, in relation with the arithmetic mean-geometric mean inequality and
with other classical results, see [14].

Motivated by the above results, we introduce in the present paper another func-
tional associated to Jensen’s discrete inequality, establish its subadditivity proper-
ties as both a function of weights and an index set function and use it for some
particular cases that provide inequalities of interest. Applications related to the
arithmetic mean - geometric mean celebrated inequality are provided as well.
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2. SOME SUBADDITIVITY PROPERTIES FOR THE WEIGHTS

We consider the more general functional

%Izpif(mi) —f (1[1’1 ZX%%)] :

el iel

(21) D(f,],p7x7\11) :PI\II

where f € Conv(C,R), I € Pf(N),pe Jt(R), z € J.(C) and ¥ : [0,00) — R
is a function whose properties will determine the behavior of the functional D as
follows. Obviously, for ¥ (t) = t we recapture from D the functional J considered
in [T4].

First of all we observe that, by Jensen’s inequality, the functional D is well
defined and positive homogeneous in the third variable, i.e.,

D(f,I,ap,z;V) =aD (f,I,p,z; V),

for any o > 0 and p € JT (R).
The following result concerning the subadditivity of the functional D as a func-
tion of weights holds:

Theorem 3. Let f € Conv(C,R),I € P;(N) and z € J,(C). Assume that
U : [0,00) — R is monotonic nonincreasing and convexr where it is defined. If
p,q € JT (R) then

(2.2) D(f,I,p+q,x;¥) < D(f,1,p,a;¥)+ D (f,1,q,2;¥),
i.e., D is subadditive as a function of weights.

Proof. Let p,q € J* (R). It is easy to see that, by the convexity of the function f
on C, we have

1 1
(2.3) P+ 0, ; (pi +qi) f(xi) — f (P]-i-QI ; (pi + i) $z>

() 00 (St o)

Pr+Qr
Py (1% Dicr piﬂfi) +Qr (& D ier qz‘l‘i)
-1 Pr+Qr
P (F S nid @) + Q1 (g Sier of (@)
- Pr+Qr
P f (1-% D ier pﬂh) +Qrf (& D ier qz'l”z‘)
Pr+Qr
Py [p% Ziezpif (wq) — f (p% Zie]pixi)}
Pr+Qr

Qr [& 2icr @f (i) — f (& 2ier q,»a:iﬂ
+ Pr+Qr .
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Since ¥ is monotonic nonincreasing, then by (2.3]) we have

1 1

Pr | Sierpif @) = f (5 Lierpiai) |

24) ¥

v Pr+Q;
Qr {é duier qif (wi) = f (& Yier qixi)}
+ Pr+Q;

Now, on utilising the convexity property of ¥ we also have

Pr {P% et Pif (@i) = f (P% Dier ple)}
PI + Q[
+QI [é Dierif (@) = f (é Dier QZﬁCz)]
PI + Q[
Prv [P% Dierpif (@) — f (p% Zielpixi)}
<
Pr+Qr
L9 [& Tier 0/ () 1 (d Tier )]
Pr+Qr ’
Finally, on making use of and (2.5), we deduce the desired inequality (2.2)). N

Obviously, there are many examples of functions ¥ : [0, 00) — R that are mono-
tonically decreasing and convex on the interval [0, c0). In what follows we give some
examples that are of interest.

(2.5) ¥

Example 1. Consider the function ¥ : [0,00) — (0,00) defined by ¥ (t) = exp (—t).
Obviously this function is strictly decreasing and strictly conver on the interval
[0,00) and we can consider the functional

Prex f ine i Ly
(26) E(f,],p,.]f) :=D(f,[,p,x;exp(—~))= i p|: (PI Ip 1>:|
{Hie[ exp [pif(xi)]}PI

Since the functional E (f,I,-,x) is subadditive, then we can state the following
interesting inequality for convex functions

(Pr+Qr) exp [f (,:I%Q, >ier (Pi + @) w)}
(T exp[(ps + a0) f ()]} 7597
. Prexp [f (1% Zie[pixil)] N Q1 exp {f (& Dicr qlfflz)}
{ILicrexp [pif (x:)]} 77 {ILicrexplaif (z:)]} 7
for any p,q € J* (R).

2.7)
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Example 2. Now assume that f € Conv (C,R) and x € J, (C) are selected such

that

1 1

P sz’f (xi) > f P szxz

iel el

for any I € Py (N) with card(I) > 2 and p € J* (R) (notice that is enough to
assume that f is strictly convex and x is not constant). If we consider the function
U : (0,00) — (0,00) defined by U (t) =t~ with o > 0, then obviously this function
is strictly decreasing and strictly convex on the interval (0,00) and we can consider
the functional

(2.8) W (f.I,p,x):=D (f’ Lp,; (')_a)
P _
(& St )~ (& Sierma) ]|

Since the functional E (f,1,-,x) is subadditive, we can state the following interesting
inequality for convex functions

Pr+Qrp
(29) — 1 a
oy 2uier (i T @) fzi) — f (F,TQI >ier (Pi + ai) xz)}
Pr
= @
p% Zie[ pif (x:) — f (p% Ziel Pz%)}

+— Qr 1 i}
[@ Zie[ af (xz) —f (@ Zie[ Qi$i>}
for any p,q € JT (R) such that the involved denominators are not zero.

Corollary 1. Let f € Conv(C,R),I € P;(N) and z € J,(C). Assume that
E:1]0,00) — (0,00). We define the new functional

Pr
(2.10) M(f,1,p,x;E) = {5 [;} > opif (@)~ f (;} Zpixiﬂ } :

i€l iel

If 2 :[0,00) — (0,00) is monotonic nonincreasing and logarithmic convez, i.e.

(2.11) M (f,Lp+aq,:E) < M (f, I,p,x;E) - M (f,1,q,%;E),

i.e., the functional is submultiplicative as a function of weights.

Proof. Consider the function ¥ = In (Z) which is convex and, obviously
D(f,I,p,x;¥)=InM (f,I,p,z;2).

The inequality follows now by and the details are omitted. i

Example 3. We consider the Dirichlet series generated by a nonnegative sequence
an,n > 1 namely 0 : (0,00) — (0,00) given by

oo

(2.12) 5(s):=Y n‘j_’;l.

n=1
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An important example of such series is the Zeta function defined by

oo

C(s)::Z% for s> 1.

n=1

It is known that the function 0 is monotonic nondecreasing and logarithmic con-
vex on (0,00) (see for instance [3] ). Therefore, for any Dirichlet series of the form

we have the inequalities

Pr+Qr
1 1
(2.13) {5 P10 ; (pi +a@) f (@) = f (M ; (pi + %’)%)] }
< {5 %}szf(%) - f (;f ZPz%)]}
1€ 1 1€ 1 o
)

for any p,q € JT (R).

3. SOME SUBADDITIVITY PROPERTIES FOR THE INDEX

The following result concerning the superadditivity and monotonicity of the func-
tional D as an index set function holds:

Theorem 4. Let f € Conv(C,R), p € JT(R) and = € J,(C). Assume that
¥ : [0,00) — R is monotonic nonincreasing and convexr where it is defined. If
I,H € Py (N) with INH = @, then

(3.1) D(f,IUH,p,z;¥) < D(f,1,p,x;¥)+D(f H,p,z;¥),
i.e., D(f,-,p,x; ) is subadditive as an index set function on Py (N).

Proof. Let I, H € Py (N) with I N H = @. By the convexity of the function f on
C, we have successively

(32) ! Z pkf(xk)_f< ! Z pkxk>

P, P
TUH 4 cT0n TUH 4 c10n

Py (r% Zielpif(xi)) + P (i Zjerjf(QTj))

- Pr + Py
Py (p% Zie]pixi) + Pu (ﬁ Yjen pjf”j)

Pr+ Py

. Py (,% Y icr pif(fvi)) + Py (i Zjerjf(ﬂUj))

- Pr+ Py
Prf (p% Zierpimi) + Puf (i Zjerjxj)

Pr+ Py
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Py {,%I Sierpif (x) = f (r% Zielpixi)}

Pr+ Py
Py [i ZjGH pif(z;) = f (i Zjerjxj)}
* P; + Pr '

Since ¥ is monotonic nonincreasing, then by (3.2) we have

(33) T

PItH > Pkf($k)—f< ! > pkﬂ%)]

P,
kelUH TUH eTon

Pr [F% Ziej pif ('TZ) —f (F% Ziefpixi>:|
§ v P[ + PH
Py [i djenpif (@) —f (i Zjerjxj)}
+ Pr+ Py

Utilising the convexity of the function ¥ we also have that

Pr [P% i bif (i) — f (}% Zielpixiﬂ
Pr + Py
Py [i Z]‘erjf (zj) = f (i Zjerj:CJ)}
Pr+ Py
1 5 ) N 15 P
< Py [pI Z,ejpzf (w3) — f (PI Zle[pzxz)}
- Pr+ Py
Py {ﬁ Zjerjf (zj) = f (i Zjerjxj>:|
Pr + Py ’
which together with (3.3]) produces the desired result (3.1) I

(3.4) ©

+

+

Example 4. With the assumptions in Eacample and utilising , we have the
inequality
Prym exp {f (ﬁ Y icIuH Pz%)}
{Micrum exp [pif (i)} 77
- Prexp [f (p% Ziejpiéﬂi)] . Py exp {f (i Zq‘,erixi)}
T A{Tleresppif @ {Theneplpif @)

for any I, H € Py (N) with INH = @.

(3.5)
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Example 5. With the assumptions in Example and making use of , we also
have the inequality

Prog
0 oD icrop Pif (i) = f (ﬁ DicIon p“@’)} )
Pr
b St @0~ (& Soerrn)]|
Py
[i ZiEH pif (i) = f (i Zierixiﬂ )

for any I, H € Py (N) with INH = @ and such that the involved denominators are
not zero.

<

+

If we use the superadditivity property, then we can state the following result as
well:

Corollary 2. Let f € Conv(C,R),p € J*(R) and z € J.(C). Assume that
U : [0,00) — R is monotonic nonincreasing and convexr where it is defined. Then

% Zpif (zi) — f (P; ZPM&)]
> me [ szz (w2i) ( ZPsz)]

z 1 2"1‘ 1
+Zp2z I‘IJ

E p2 1 J €24 1 J § p2Z 1T24—1
" - < ’L 1 p22 1 " )
and

(3.7) P50

=1P

, 1]321 1

(3.8) Paupr ¥

2n+1 2n+1
pif (i) bix
P2n+1 ; B <P2n+1 Z ' 2)1

=1
> ZPQz nip szif (w25) — f (Z:nl Zp%@i)]
+ZP21+1\I’

2im1P2i i i=1P2 5
Zp2z+1f (w2i41) — f ( ZP21+1$22+1>] :
n 2n+1
where Py, := Zi:l pi and Pop 1 :=> ;" pi.
The following submultiplicity result also holds:

z 1p2z+1 i=1 z 1p21+1 i1

Corollary 3. Let f € Conv(C,R),I € P;(N) and z € J,(C). Assume that
E:]0,00) — (0,00) is monotonic nonincreasing and logarithmic convex. If I, H €
P; (N) with INH = @, then

i.e., M (f,-,p,x;Z) is submultiplicative as an index set function on Py (N);
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4. APPLICATIONS FOR THE ARITHMETIC MEAN-GEOMETRIC MEAN INEQUALITY

For two sequences of positive numbers p and z, we use the notations

PI
i
A(p,z, 1) P szl‘z and G (p,z,I) (Hx ) ,

iel iel
where I is a finite set of indices and A (p,z,I) is the arithmetic mean while
G (p,x,I) is the geometric mean of the numbers x; with the weights p;, i € I.
It is well known that

(4.1) A(p,x,. 1) =2 G(p,,1),

which is known in the literature as the arithmetic mean-geometric mean inequality.
For various results related to this inequality we recommend the monograph [2] and
the references therein.

For the convex function f : (0,00) — R, f (¢) := —In(¢), consider the functional
7 T) Alp,z, 1)
(42) L(I,p,x,\I/) —D( h’l('),[,p,x,\:[/) = P[\I/ |:1n <C;(p7x’l) .

We can state the following.

Proposition 1. Let f € Conv(C,R),I € P;(N) and € J, (C). Assume that
U : [0,00) — R is monotonic nonincreasing and convex where it is defined.

(i) If p,qg e J*(R), then
(4.3) LI,p+qx;V) < L(Ipx;9)+L(I,qx;9)

i.e., L is subadditive as a function of weights.
(i) If I,H € Py (N) with I N H = @, then

(4.4) L(IUH,p,x;¥)<L(I,px;V)+L(HpaxV),
i.e., L is subadditive as an index set function on Py (N).

Utilising these inequalities, we can state the following results concerning the
arithmetic and geometric means:
Example 6. Consider the function ¥ : [0,00) — (0,00) defined by ¥ (t) = exp (—t).
Obuviously this function is strictly decreasing and strictly convexr on the interval
[0,00) and we can consider the functional
PIG (p7 Zz, I)

(4.5) Le(I,p,x) := L(I,p,x;exp(—-)) = A )

By Proposition [1] above, we have that L. is both additive as a weights and index set
functional.

We can give the following example as well:

Example 7. If we consider the function ¥ : (0, 00) — (0,00) defined by ¥ (t) =t~
with a > 0, then obviously this function is strictly decreasing and strictly convex on
the interval (0,00) and we can consider the functional

(4.6)  Wina (I,p,2) =L (I,p,a:; (-)“’) — P [m (M)] -

By the above Proposition |1l we have that Wi, o is both additive as a weights and
index set functional.
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Now, for positive sequences = we introduce the notation

(4.7) G(p,2”, 1) := <foz> I ,

iel
which is the geometric mean of the sequence having the terms z}*, i € I.
For the convex function f : (0,00) — R, f () :=tln(t), consider the functional

1 G (p7 ij I)
. A ||
A(p,z,1)
We can state the following.

Proposition 2. Let f € Conv(C,R),I € Py (N) and € J, (C). Assume that
U : [0,00) — R is monotonic nonincreasing and convex where it is defined.

(i) Ifp,qg e J* (R), then
(4.9) S(,p+q,x;9)<S,px;¥)+S(I,qz;¥),

i.e., S is subadditive as a function of weights.
(i) If I,H € Py (N) with IN H = @, then

(4.10) SUTUH,p,x;¥) < S(1,p,x; )+ S (H,p,z;¥),
i.e., S is subadditive as an index set function on Py (N).

Remark 1. For the function ¥ : [0,00) — (0,00) defined by ¥ () = exp (—t) we
can consider the functional

(48)  S(Lp.ai¥) =D (ln(),I,p,a; V) = PV

_ PIA (pa Zz, I)A(p,wJ)
G )
By the above Proposition [ we have that S is both additive as a weights and index

set functional.
For the function W : (0,00) — (0,00) defined by ¥ (t) =t~ with a > 0, we can

also consider the functional
G D)\
" Al 1)
A(p 1)

By the above Proposition |4 we have that Z,  is both additive as a weights and
index set functional.

(4.11) Se (I,p,x) =S (I,p,z;exp (—))

(412)  Zina (Lp,2) =S (Lp,ai()7") = Py

The interested reader can consider other examples of functions f and ¥ and
derive functionals that are associated with the Ky Fan, triangle or other inequalities
that can be obtained from the Jensen result. However, the details are not presented
here.
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