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NEW INEQUALITIES OF GRUSS TYPE FOR THE STIELTJES
INTEGRAL AND APPLICATIONS

S.S. DRAGOMIR

ABSTRACT. Sharp bounds of two Cebysev functionals for the Stieltjes integrals
and applications for quadrature rules are given.

1. INTRODUCTION

Consider the weighted Cebysev functional

b
(1) T (frg) = — /uﬁﬁwg@ﬂ

S, w(t)dt
1 1

b b
- Fega ) r0s0a e [enswa

where f,g,w : [a,b] — R and w (t) > 0 for a.e. t € [a,b] are measurable functions
such that the involved integrals exist and f: w (t) dt > 0.
In [2], the authors obtained, among others, the following inequalities:

(1.2)  [Tw (f,9)|

1 b 1 b
SQanwﬁwmﬁ[}mwgmﬁw@M&Lw@mwMSﬁ
1 1 b
< 5(M—m) [f;w(t)dt/a w ()
1 b P
X g(t)f;w(s)ds/a w (s)g(s)ds dt] (p>1)
1 1 b
gﬂme%E%g@>Jbu$ﬁlw@M@Ms
provided
(1.3) —co<m< f(t) <M < oo forae. te€la,b]

and the corresponding integrals are finite. The constant % is sharp in all the in-

equalities in ((1.2) in the sense that it cannot be replaced by a smaller constant.
In addition, if

(1.4) —c0o<n<g(t)<N<oo forae. te]a,l],
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2 S.S. DRAGOMIR

then the following refinement of the celebrated Griiss inequality is obtained:

(1.5)  |Tw (f,9)|
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Here, the constants % and i are also sharp in the sense mentioned above.

In this paper, we extend the above results for Riemann-Stieltjes integrals. A
quadrature formula is also considered.

For this purpose, we introduce the following Cebysev functional for the Stieltjes
integral

b
(16) T(f.g:u) =m / £ () g () du (1)

b b
‘m/ f(t)du(t)-u(b)iu(a)/ g(t)du(t),

where f,g € CJa,b] (are continuous on [a,b]) and v € BV [a,b] (is of bounded
variation on [a,b]) with u (b) # u (a).
For some recent inequalities for Stieltjes integral see [3]-[6].

2. SOME INEQUALITIES BY GENERALISED CEBYSEV FUNCTIONAL
The following result holds [9].

Theorem 1. Let f,g : [a,b] — R be continuous on [a,b] and u : [a,b] — R with
u(a) # u(b). Assume also that there exists the real constants m, M such that

(2.1) m< f(t) <M foreacht € |a,b].

If w is of bounded variation on [a,b], then we have the inequality
-

|u(b) = u(a)]

b
g—m/ g(s)du(s)

where \/z (u) denotes the total variation of u in [a,b]. The constant 3 is sharp, in
the sense that it cannot be replaced by a smaller constant.

(22) |T(f,g;u)] <5 (M —m)

b
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GRUSS TYPE INEQUALITIES FOR THE STIELTJES INTEGRAL 3

Proof. 1t is easy to see, by simple computation with the Stieltjes integral, that the
following equality

(23) T(f.giu) 1/; [f(t)— m;M}

holds.
Using the known inequality
< sup |p(t) \\/

b
[ pas
a t€la,b]
provided p € C'[a,b] and v € BV [a,b], we have, by -, that

(2.4)

-2 [gm—M/;g(s)du(s)H

MCEO AR
<since f@) -

M—m
<
- 2

T (f,g;u)] < sup
t€la,b]

m+M‘§Mm

5 for any ¢ € [a, b])

b
9= T [, o

and the inequality (2.2)) is proved.
To prove the sharpness of the constant % in the inequality 1' we assume that
it holds with a constant C' > 0, i.e.,

(o}

v
u(b) = u(a)]
V@)

1 b
e ALLC Y

Let us consider the functions f = g, f : [a,b] — R, f(t) = t, t € [a,b] and
w: [a,b] — R given by

(2.5) |T(f,g;u)] <C(M —m)

b
X

-1 if t=a,
(2.6) u(t)=< 0 if te€(a,b),
1 if t=0.

Then f, g are continuous on [a,b], u is of bounded variation on [a, b] and

b? + a2

b
u(b)_u(a)/m (1) du(t) = 2%,

/f P du (t b+a
) — u(
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1 /b a+b’ b—a
g— —F g (s)du(s = sup |[t— =
w® —u@ J, M) =
and
b
\/(u):27 M=b m=a
Inserting these values in (2.5), we get
a2+b  (a+b)? 1 (b—a)
_ < —a)-=. )
2 o |sCb-ag T2

giving C' > %, and the theorem is thus proved. I

The corresponding result for monotonic function w is incorporated in the follow-
ing theorem [9].

Theorem 2. Assume that f and g are as in Theorem . If u : [a,b] — R is
monotonic nondecreasing on [a,b], then one has the inequality:

1

M =m) o —a(@

N

2.7) T (f,9;u)] <

b
;@éaa/g@mw>

The constant % s sharp in the sense that it cannot be replaced by a smaller constant.

du (t).

Proof. Using the known inequality

b
/pwmw

provided p € C'[a, b] and v is a monotonic nondecreasing function on [a, b] , we have
(by the use of equality ([2.3))) that

b
7 (fg) < s |

b
(2.8) g/Nmmmu»

m+ M
2

f() -

du (t)

1 1 b 1 b
<yt | T [, o)

Now, assume that the inequality lb holds with a constant D > 0, instead of %,
ie.,

g(t) — du (t).

(29) T (f.gu)l < DM = m) Sy




GRUSS TYPE INEQUALITIES FOR THE STIELTJES INTEGRAL 5

If we choose the same function as in the proof of Theorem [I] we observe that f, g are
continuous and u is monotonic nondecreasing on [a,b]. Then, for these functions,
we have
>+ (a+b)?  (b—a)

2 4 4 7

T(f,g;u) =

and then, by (2.9)) we get

(b—a)’
4

1
§D(b—a)§(b—a)
giving D > %, and the theorem is completely proved. i
The case when u is a Lipschitzian function is embodied in the following theorem
[9].

Theorem 3. Assume that f,g : [a,b] — R are Riemann integrable functions on

[a,b] and f satisfies the condition (2.1). If u: (a,b) — R (u(b) # u(a)) is Lips-

chitzian with the constant L, then we have the inequality

(210) T (Fg:0)| < SL(M —m) ot
‘ T2 |u (b) — u(a)]

b
s J, 4O

The constant % cannot be replaced by a smaller constant.

Proof. Tt is well known that if p : [a,b] — R is Riemann integrable on [a,b] and
v : [a,b] — R is Lipschitzian with the constant L, then the Riemann-Stieltjes

integral f; p(t) dv (t) exists and

(2.11)

b b
/p(t)dv(t) SL/ ip (D) dt.

Using this fact and the identity (2.3]), we deduce
I b
rgms b
TS Ly =t J,
1 b
00~ e L 9w

L b 1
=)

b
90) o [ 9()du(s)
@ —u@ J, 1O
and the inequality (2.10)) is proved.

m—+ M
2

ft) -

X dt

< dt

DN | =




6 S.S. DRAGOMIR

Now, assume that ([2.10) holds with a constant E > 0 instead of 1, i.e.,

1

(212) [T (f.g:0)] < BL(M —m) prpemrsy

Consider the function f =g, f: [a,b] — R with

—1 if t€ [a, 2]

f@)=
1 if te (4tb]

and v : [a,b] — R, u(t) = t. Then, obviously, f and g are Riemann integrable on
[a,b] and u is Lipschitzian with the constant L = 1.

Since
b b
M/ f(t)g(t)du(t):bia/ dt =1,
@ 00 = st [ewam =
b b X
/ g(t)M/ g(s)du(s) dt:/ dt=b—a
and
M=1, m=1

then, by 1) we deduce F > %, and the theorem is completely proved. I

The following result holds [10].
Theorem 4. Let f,g : [a,b] — R be such that f is of r — H—Hdlder type on [a,b],
i.e.,
(2.13) [f (&)= f(s)| < H[t=s[" forany t s € [a,b],
and g is continuous on [a,b]. If u: [a,b] — R is of bounded variation on [a,b] with
u(a) # u(b), then we have the inequality
Hb-a) 1

(214) T (f,g:0)] < —=; lu (@) —u(a)|

b
g—m/ g(s)du(s)

where \/Z (u) denotes the total variation of u on |a,b].

X

V@),

Proof. 1t is easy to see, by simple computation with the Stieltjes integral, that the
following equality

(2.15) T (f,g;u) = M/ab [f(t)—f (a—;bﬂ
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holds.
Using the known inequality

b
[ pao

provided p € C'[a,b] and v € BV [a,b], we have, by (2.15)), that

[fu)—f(“;b)} [g(w—M/:g(s)du@H

b

SMCEORAR

(“jb)]Hg o [ s
R Y

(2.16) < sup |p(t |\/

te[a,b]

T (f,g;u)] < sup
t€la,b]

< sup
t€la,b]

[t

1 b
ancEmo AR

and the inequality (2.14)) is proved. I

The following corollary may be useful in applications [10].
Corollary 1. Let f be Lipschitzian with the constant L > 0, i.e.,

(2.17) [f (&) = F(s)| <Lt —s[ forany t s € [ab],
and u, g are as in Theorem[]} Then we have the inequality
1 L(b-
(2.18) |T(f,g;u)| < 2|(b§—1;()a)|
1 b ’
o e A L) IAVACE

The constant % cannot be replaced by a smaller constant.

Proof. The inequality (2.18) follows by (2.14)) for » = 1. It remains to prove only

the sharpness of the constant %

Consider the functions f = g, where f : [a,b] = R, f(¢) =t and v : [a,b] — R,
given by
-1 if t=a,
(2.19) u(ty=¢ 0 if t € (a,b),

1 if t=0.
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Then, f is Lipschitzian with the constant L = 1, g is continuous and u is of bounded

variation.

If we assume that the inequality (2.18) holds with a constant C' > 0, i.e.,

(220)  |T(f,g;w)| < CL(b—a)

b
g—m/ g (s)du(s)

and since

1 /b a+b’ b—a
g— ———— g(s)du(s = sup |t— =
u (b> —u (a) a ( ) ( ) oo t€la,b] 2 2
and \/Z (u) = 2, then, by 1) we have
2 2 2 _ _
b>+a* (a+b SC’(b a)b a'27
2 2 2 2

giving C' > % ]

The following result concerning monotonic function « : [a,b] — R also holds [I0].

Theorem 5. Assume that f and g are as in Theorem . Ifu: [a,b] — R s
monotonic nondecreasing on [a,b] with u (b) > u (a), then we have the inequalities:

T

H b a+b
(2.21) IT(f,g;U)\Sm/a ==
b
x g(t)—m/a 9(s) du(s)| du (t)
H(b—a)

Proof. Using the known inequality

b
/pwmw

b
(2.22) < / lp ()| dv (1),
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provided p € C'[a,b] and v is monotonic nondecreasing on [a, b] , we have, by (2.15]),
the following estimate:

7

which simply provides (2.21)). 1

The particular case of Lipschitzian functions that is relevant for applications is
embodied in the following corollary [10].

Corollary 2. Assume that f is L— Lipschitzian, g is continuous and u is monotonic
nondecreasing on [a,b] with u (b) > u(a). Then we have the inequalities

L "I, a+b
(223) |T(fvg§u)| < u(b)fu(a)/a t— 2 ‘
b
<o) = iy [ 9@ du ()| du

The first inequality is sharp. The constant % in the second inequality cannot be
replaced by a smaller constant.
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Proof. The inequality (2.23) follows by (2.21)) on choosing r = 1. Assume that
(2.23) holds with the constants D, E > 0, i.e.,

(2.24) T (f,9:u)]

LD b
u(b)—u<a>/a !

M-W/a 9.(5) du (s)

LE(b—a) [°
Su(b)w(co/a

Consider the functions f = g, where f : [a,0] — R, f(t) =t and u is as given by
(2.19). Then, obviously, f is Lipschitzian with the constant L = 1, g is continuous
and v is monotonic nondecreasing on [a, b] .

Since, we know, for these functions

IA

_a+b
2

du (t)

du ().

. (b-a)?
T(f?.g?u)i 4 )
and
/b a+b 1 b (b—a)?
o= 5200 - st [ o) aue = C5
b b
Lot [ o )| dut =v-a
then by we deduce
(b—a)2<D (b—a)2<E(b—a)2
4 —2 2 = 2

giving D > 1 and F > % [ |

Another natural possibility to obtain bounds for the functional T (f, g; u) , where
u is Lipschitzian with the constant K > 0, is embodied in the following theorem
[10).

Theorem 6. Assume that f : [a,b] — R is of r — H—Hoélder type on [a,b]. If
g : [a,b] — R is Riemann integrable on [a,b] and u : [a,b] — R is Lipschitzian with
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the constant K > 0 and u (a) # u (b), then one has the inequalities:

(2.25) T (f,9; )I
a+b

—U

g(t) — m/a (s)du(s)

HK(b—a) b .
41w (b) u(a)| Hg a ey Ja 9 (8) du (S)HOO,

X dt

1
HEK(b—a) "4 H

1 b
B ~ u)—a@) ag(S)dU(S)H
2"(qr+1)é|u(b)—u(a)\ (b)—u(a) f »

- 1 1 _ 1.
pr>1,5+6—17

IN

HK(b—a)
2T|u(b) u(a)\ Hg u(b)— u(a)f g du( ) 1

Proof. Using the identity (2.15)), we have successively

(%2)
w@—(MiMQLZ@mw@
a—|—b

K b
(2.26) T (f,g50)| < e —u(a)] /.

dt

and the first inequality in (2.25) is proved.
Since

b a+b7' 1 b
Lt‘ 2 m‘u@fwwlg“”“@“
1 b b a+bl|"
- 9‘u<b>u<a>/a9<8>d“<8>w/a I

B (b _ a)rJrl
D)

b

b
g—m/ g(s)du(s)

o0

then by (2.26]) we deduce the first part in the second inequality in (2.25).
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By Hoélder’s integral inequality we have

b T b
/ t—“‘;b (t)—u(b)iu(a)/g(s)du(s) dt

b qr i b b p b
g(/ t_“;b dt) (/ g(t)—M/ g(s) du(s) dt)

1 b
g—m/a g(s)du(s) .
_ (b—a)ta

1 b
1) g_u(b)—u(a)/a g (s)du(s) )

Using (2.26)), we deduce the second part of the second inequality in (2.25)).

Finally, since
T b— T
< < 2“) , telad],

b
W*W/a 9(5) du (s)

(b—a)
27‘

B (b_a)qr-i-l q
= W

ar (gr 4+ 1)

'ta+b
2

we deduce
/b a+b|"

t—
2

dt

<

and the theorem is completely proved. i

The following particular case is useful in applications [10].

Corollary 3. If f is Lipschitzian with the constant L and g and w are as in
Theorem [, then we have the inequaliti@s:

(2.27) |T(f,g;u)|7 = a—i—b‘
1 b
X g(t)_u(b)—u(a)/a g (s)du(s)|dt
LK(b_a2 _ 1 b .
4|“(b)—U(a)|Hg u (b) — (a)fag(s)dU(S)oo,
LK (b—a)'*a B 1 )
< 2(q+1)é|u(b)_u(a)|Hg u (b) u((})fagi)ldfl) .
if p> s e te=1
b
2|u |‘ e [, 9(s)du(s) -

The first znequalzty in is sharp
The constants = and = in the second branch of the second inequality cannot be
replaced by smaller constants, respectively.



GRUSS TYPE INEQUALITIES FOR THE STIELTJES INTEGRAL 13

Proof. The inequality (2.27) follows obviously from (2.25)) on choosing r = 1.
Now, assume that the following inequalities hold

(2.28) T (f, g5 )]

t —

a—&—b’

DLK (b — a)® 1 b |
|u(b) — u(a)| g u(b) —u(a) /ag(s)dU(s) 007
= ELK b
(g+1)7| a|H a)/ag(s)d“(s)p
if p>1, %4—%:1;

with C, D, E > 0.
Consider the functions f,g,u : [a,b] — R, defined by f(t) =t — %2 w(t) =t

and
{ —1 if t€ [a, 4],

1 if te (=5tp].
Then both f and u are Lipschitzian with the constant L = K = 1 and g is Riemann

integrable on [a, b] .
dt— — / f@)dt- —— /

g(t)=

We obviously have

T (f, g;u)

(b—a)®
4

dt =

b
g(t)—M/a g (s)du (s)

b

1
- u(b)u(a)[g(s)du(s) ~ lgll, =

o0

and
b

1 1
QM[WW(S) — llgll, = (b—a)?.

Consequently, by (2.28)), one has
D(b—a)?
b—a C (b—a) b—a
< <
4 T b—a 4 - E (b _ a)2
(g+1)7 (b—a)

-1
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giving

IA
= Q

< E
(g+1)

B~ =

, ¢g>1.

Q=

1
From the first inequality we obtain C' > 1. Also, we get D > i and E > w.
Letting ¢ — 1+, we deduce E > % and the corollary is proved. i

3. A QUADRATURE FORMULA
Let us consider the partition of the interval [a, b] given by
(3.1) I,:a=xp<a1 < - <xp_1 <z, =0>0

Denote v (I,,) := max {h1|2 =0,n— 1} where h; := x;41 — 23,1 =0,n— 1.
If f: [a,b] — R is continuous on [a, b] and if we define

M;:= sup f(t), m;:= inf f(¢), and
t€[zi,xit] t€[wi,wiq1]
v (fa In) = max (Mz - ml) )
i=0,n—1

then, obviously, by the continuity of f on [a,b], for any e > 0, we may find a
division I,, with norm v (I,,) < § such that v (f, I,,) < e.

Consider now the quadrature rule
52) S (fgud) =S 1 T rwwe- [ gwa
32) S, (hgudn) =y~ [ f@aut- [ g@due
—u(wipr) —u(zi) Jo,

ez
provided f,g € Ca,b], u € BV [a,b] and u (x;41) #u(z;), i =0,...,n— 1.
We may now state the following result in approximating the Stieltjes integral
b
[ tgwan.
Theorem 7. Let f,g € C'la,b] and uw € BV [a,b]. If I, is a division of the interval
[a,b] and u (zi41) #u(x;), 1=0,...,n — 1, then we have:
b
(33) | 1050 du) = 8. (f.g50.1) + Ra (fgi0. 1)

where Sy, (f, g;u, I,) is as defined in and the remainder Ry, (f, g;u, I,) satisfies
the estimate

(34) R (fg70 1| < 50 (1)
b

V(@)

[ziyzi+l]aoo a

X max
1=0,n—1

g- 1/:”19@) du (s)

u(zit1) —u (@) Jo,

The constant % is sharp in in the sense that it cannot be replaced by a smaller
constant.
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Proof. Applying the inequality (2.2]) on the intervals [z;, z;41],¢=10,...,n—1, we
have

(3.5)

/ £ (t)g () dut)
_ 1/:i+1f(t) du (t)-/zmg(t) du (t)’

u (i) — u(w;) T

g - [ g aus)

u(zip1) — u (@)

i
Tit1

\/ (u).

Zq

1
< - (M —m;)  sup
2 telzixit]

i

Summing the inequalities (3.5)) over ¢ from 0 to n — 1, and using the generalised
triangle inequality, we have

(3.6)  [Rn(f,g:u,In)|

1 n—1
< 3 (M; —my;)

\g— e | " g (s) du(s)

u(it1) —u(xi) Jo,

i=0 [@i,@iq1],00
_—
< \/ ()
1 1 N Tit1
<ot s oo [ e S
n—1Ti+1 7 l
i=0 x;
1 1 T
= 5o (1) 20T Hg Cu(@i) —u(w) /ac 9(s) dule) [2s,@i41],00

and the estimate (3.4) is obtained. I

Remark 1. Similar results may be stated for either u monotonic or Lipschitzian.
We omit the details.

We may now state another result in approximating the Stieltjes integral

b
/ f () g(t)dut).

Theorem 8. Let f,g: [a,b] — R be such that f is of r — H—Holder type on [a,b]
(see Theorem[{)), g is continuous on [a,b], I, is as above and u : [a,b] — R is of
bounded variation on [a,b] with u (z;41) # u(z;), 1 =0,...,n — 1. Then we have
the representation

b
(3.7) / F (O g(8)du(t) = S (fg:w, L) + R (g0, )
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where the quadrature Sy, (f, g;u, I,,) is as defined in and the remainder Ry, (f, g;u, I,)
satisfies the estimate

(3-8)  [Rn (frg5u, In)| <

g—illf“gwMu@

u(Tip1) — u (@)

V (),

i [zixir1],00 a

where v (I,) := max {h;|i =0,n — 1} .

Proof. Applying the inequality (2.14) on the interval [z;, 2;11] to get

(3.9)

Af“ﬂww@m@>
_ 1/:M F () du(t) - /W g (t) du (t)‘

u (wip1) — u () s

HA
<
<

k3

g- ! /”“wwmu>

u(ip1) —u(xi) Jq,

Ti+1

V (),

[zi,@it1],00 x;

for each i € {0,...,n —1}.
Summing the inequalities (3.9) over i from 0 to n — 1, and using the generalised
triangle inequality, we have

(3.10) |R, (f.g;u,Ip)|
H

n—1
<5 b
il

Ti+1

V ()

[i,@iq1],00 x;

! /”“wwmu>

I W (@) —u(@)

i

H 1 Tit1 n—1Tit1
< = " -
= or [ (H] i:rf)l,iﬁ g u(Tiq1) —u(xs) /a: g (£)du ?) (25,21 41],00 ; y W
. b
H 1 Tit1
= — n — d
o [v (f)] i:%{ifl g W) —u (@) /m g (s)du(s) il \a/ (u),

and the inequality (3.8)) is obtained. I

Remark 2. Similar results may be stated if one uses Theorem[5 and Theorem [0
We omit the details.

4. SOME PARTICULAR CASES

For f,g,w : [a,b] — R, integrable and with the property that f:w (t)dt # 0,
reconsider the weighted Cebysev functional

b
(41) T (f.g) = /wuwamwm

[P (t) dt
1 1

b b
_&WWLW@WWJMmﬁLMw@M
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1. If f,g,w : [a,b] — R are continuous and there exists the real constants m, M
such that

(4.2) m < f(t) < M for each t € [a,b],
then one has the inequality
1 1
(43) [T (f9)] < 5 (M —m) 15—
‘fa w () ds’

1 b b
gﬁw®®L9@mwMimmAhMQm

The proof follows by Theorem |1 on choosing w (t) = fat w(s)ds.
2. If f,g,w are as in 1 and w (s) > 0 for s € [a,b], then one has the inequality

1 1
(4.4) |Tw(f,9)\S§(M*m)m
b 1 b
x/a g(t)f:w(s)ds/a g(s)w(s)ds|w(s)ds.

The proof follows by Theorem |2/ on choosing w (t) = f; w(s)ds.
3. If f, g are Riemann integrable on [a, b] and f satisfies (4.2, and w is continuous
on [a,b], then one has the inequality

1 1
(45) 1T (1,0)] < 5 [l o0 (M =) 15—
‘fa w (s) ds‘
b 1 b
X g(t)—i/g(s)w(s)ds ds.
/a fab w(s)ds Ja
The proof follows by Theorem |5 on choosing wu (t) = atw (s)ds.

4. If f,g,w : [a,b] — R are continuous and f is of r — H—H®élder type (see Theorem
, then one has the inequality

H|b—al" 1

|Tw (fvg)| S or

1 b
g_ffw(s)ds/a g(s)w(s)ds

The proof follows by Theorem |4| on choosing w (t) = fat w(s)ds.
5. If f,g,w are as in 4 and w (s) > 0 for s € [a,b], then one has the inequality

(4.6) [T (£, 9)]

fm@m&

[a,b],00

H bl atbl” ) )
Sf:w(s)dS/a = g<t)_f;w(s)ds/a9(8)w(s)ds w(s)ds
M ’ _é ' S)w(s)as|w(s)as
Sgrffw(s)ds/a g(t) f;,w(s)ds/ag() (s) ds| w (s) ds.
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The proof follows by Theorem |5 on choosing w (t) = f; w(s)ds.
6. If f is of r — H—Holder type, g are Riemann integrable on [a,b] and w is
continuous on [a, b] , then one has the inequality

4.7)  [Tw (f,9)l

H Hlwllig p),00 1 b
” H b, ‘”b (t)—bi/ g (s)w (s) ds| dt
J, w(s)ds Ja
H||w b—a)
|| [P at IR SPRU
2 (r+1) ‘f ds‘ S, w(s)ds (.,
1
H [|w]] g 41,00 (0 —a) " 1 b
. . - Jlg@ws)ds|
= 27 (qr+1)4 w(s)ds S, w(s)ds [a,b],p
p>1 s+ =1;
H w400 0—a)" 1 b
[l;]’ —bifag(s)w(s)ds
2r faw(s)d8’ J,w(s)ds [a,b],1

The proof follows by Theorem |§| on choosing u (t) = f; w(s)ds.

5. OTHER INEQUALITIES FOR STIELTJES INTEGRAL

In [I1], the authors have considered the following functional

b b
yim [ F@du@) )~ @) = [ s

provided that the involved integrals exist.
In the same paper, the following result in estimating the above functional has
been obtained.

Theorem 9. Let f,u: [a,b] — R be such that u is Lipschitzian on [a,b], i.e.,

(5.1) lu(x) —u(y)| < Lz —y| forany x,y € [a,b] (L >0)
and f is Riemann integrable on [a,b]. If m, M € R are such that
(5.2) m< f(x) <M for any x,y € [a,b],

then we have the inequality
1
(53) D (fiu)] < 5L (M ~m) (b—a).

The constant % 1s sharp in the sense that it cannot be replaced by a smaller constant.
In [12], the following result complementing the above one was obtained.

Theorem 10. Let f,u : [a,b] — R be such that u : [a,b] — R is of bounded
variation in [a,b] and f : [a,b] — R is K— Lipschitzian (K > 0). Then we have the
inequality

b
(5.4) D(fu)l < 5K (b—a)\/ (@)
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The constant % is sharp in the above sense.

In this section further similar results will be pointed out.
The following identity is interesting in itself.

Lemma 1. Let f,u : [a,b] — R be such that the Stieltjes integral ff f(t)du(t) and
the Riemann integral f; f(t)dt exist. Then we have the identity

(5.5)
where
®(t)
T (t)
and

where [u; «, f]

1 b 1 b
:b—aa

b
1t/@—@@—wA@#@m

:b—a

D (f;u)

b—a,

A(t) = u;b,t] — [u;t,a], t € (a,b),
is the divided difference, i.e., we recall it

ula) —u(B)

[u; v, B] := P

Proof. We observe that

b
/@@Mﬂw

[(t—a)u(b)+(b—t)u(a)
b—t

b —a)u —tjula
N RCH[EIUEELI

—t
b i
= [U(b)—u(b)]—[U(a)—u(a)]—/ f(#)

b —ula b
= [r0aun - 0= [ a

and the first identity in (5.5)) is proved.
The second and third identities are obvious. |

D (t)df (1) = I'(t)df (t)

19

Remark 3. If u is an integral, i.c., u(t) = f(fg (s)ds, then from we deduce
Cerone’s result in [1]

(5.6)

b
/wummm
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t—a

b t
\I/(t):b_t/g(s)ds—/g(s)ds (t € [a,b))

b t
:<tfa>/t g(s)ds%bft)/g(s)ds (t € [a,8])

B ftbg(s) ds f;g(s) ds
—(t—a)(b—t)[ bt t—a

1 (t € (a,b)).

If w: [a,b] — R is integrable and f:w (t)dt # 0, then the choice

Jaw(s)g(s)ds
5.7 Ut;:a—’ t a,b,
o O as
will produce
w6 [lu)g@ds 1
= S w(s)ds [P w (s)ds b—a/af(t)dt
=: E(f,g;w).

The following corollary is thus a natural application of the above Lemma [I]

Corollary 4. If w, f,g are Riemann integrable on [a,b] and ffw (t)dt # 0, then

b b
(58) E(fgiw) = [ ou@df )= 5 [ Tu@ar
b
— 2 [ t—a-na. 00,
where
_(t—a .f;w(s)g(s)ds_f;w(s)g(s)ds
(I)w()_<bt> fabw(s)ds f:w(s)ds ’
fbw(s)g(s)ds [Fw(s) g (s)ds
Do (t) = (t —a) 2o I8 pyJa VIR 07
)= ) fabw(s)ds -1 ffw(s)ds
b ¢
Au () = Jiw(s)g(s)ds  [fw(s)g(s)ds

(b—t) [Pw(s)ds (t—a) [ w(s)ds
The following general result in bounding the functional D (f;u) may be stated.
Theorem 11. Let f,u: [a,b] — R.

(i) If f is of bounded variation and u is continuous on [a,b], then

sup |® (1) VY (f),
t€la,b)

(5.9) D(f5w) < wa s [0 Ve (f)
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(i3) If f is L—Lipschitzian and u is Riemann integrable on [a,b], then
L@ (t)dt,
(5.10) |D (f;u)] < f T (¢)] dt,

ﬁff (t—a) (b— 1) |A(8)] dt.

(#i7) If f is monotonic nondecreasing on [a,b] and u is continuous on [a,b] , then

S 1@ ()] df (¢
(5.11) ID(fiw)| <{ 5 [T 1) df (2

ﬁff(tw) (b—t)|A(D)|df (2).

Proof. Follows by Lemma [l] on taking into account that

d
[ p(t) dv (1)

if p is continuous on [¢,d] and v is of bounded variation,

d d
/pof)dv(t) SL/ Ip (t)] dt:

if v is L—Lipschitzian on [¢, d] and p is Riemann integrable on [¢, d] and

d d
/p<t>dv<t> s/ Ip (1)) dt

if p is continuous on [¢,d] and v is monotonic nondecreasing on [c,d] . 1

d

< swp [p(®)\/ (®)

te(a,b) ¢

It is natural to consider the following corollaries, since they provide simpler
bounds for the functional D (f;u) in terms of A defined in Lemma [i}

Corollary 5. If f is of bounded variation and u is continuous on [a,b], then

b
(5.12) D (fiu)| < sup [(t = a) ®1V ()

b—a t€la,b]
b—a b

<2 al Vo).

a
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Corollary 6. If f is L—Lipschitzian and u is Riemann integrable on [a,b], then

(5.13) |D (f;u)]
b
(5.14) < bfa/ (t—a)(b—)|A (1)] dt
1L(b-a)? Al
< L(b—a)”%[B(q+1,q+1)]%|m||p,p>1,;,+§:1;

1L (b—a)[Ally

and

Corollary 7. If f is monotonic nondecreasing and g is continuous, then

.15 D(fw)
b
< [ tmae-niawle
Lo—a) [T IA (1 (1),
<3 s (-0 a-ara )" (f1aord >)

p> 1, P + E =
b
a 1Al [, (¢ = a) (b= t)df (t).
Remark 4. If one chooses in C’omllam’es@ f@ f g (s)ds, then the result
incorporated in Theorems 4 — 6 of [1] are Tecaptured

Finally, the following result on the positivity of the functional D (f;u) holds.

Theorem 12. Let f be a monotonic nondecreasing function on [a,b]. If u is such
that
(5.16) A(t) = A(uya,t,b) == [u;b,t] — [ust,a] >0

for any t € (a,b), then we have the inequality

1 b
(5.17) D(fiu) 2 3 / (t —a) (0= 1)[[[u;0,8]] — |[us ¢, all] df ()| > 0

—a

The proof is similar to the case in Theorem 3 of [2] and we omit the details.

Remark 5. It is easy to see that a sufficient condition for to hold is that
u: [a,b] — R is a convex function on [a,b].

Remark 6. Similar results for composite rules in approzimating the Stieltjes inte-
gral may be stated but we omit the details.

6. SOME RESULTS FOR MONOTONIC INTEGRATORS

The following result holds.
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Theorem 13. Let f : [a,b] — R be L—Lipschitzian on [a,b] and uw monotonic
nondecreasing on [a,b]. Then we have he inequality

(6.1 1D (i)l < 5L~ ) u(b) ~ (@) - K ()]
< SL (b= a) u(6) ~u(a)],
where
*i bU x I'*a—’_b X
62) K (u)= (ba)Q/a ()( - )d

-t (3] (25

The constant % i both inequalities is sharp in the sense that it cannot be replaced
by a smaller constat.

Proof. As u is monotonic nondecreasing on [a, b] , then

b —ula) [P
R e AL

/ <f<x>—b_1a/abf<t>dt> du (@)
<[

Taking into account that f is L—Lipschitzian, we have the following Ostrowski type

inequality (see for example [7])
2
1 x — ofb
<L [4+< b_i ) ] (b—a)

for all € [a,b], from where we deduce

(6.5) / '

(6.3)

b
f@) - 5= [ 1O du(a).

b
(6.4) \f(x) - / £ (1)t

b
f@) -5 [ O dua)

b o ath 2
§L(b—a)/ [i—i—( b—; ) }du(x)

Now, observe that, by the integration by parts formula for the Stieltjes integral, we

have
u () (:c—a;b)zb—z/abu(x) (x—a;b>dx

(540)2 [u(b)u(a)}2/abU(I) <xa;rb>dx

—
o
7 N
8
|
IS
IS
>
N~
[\v]
oW
N
—
&
Il
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and then
2
(6.6) /a 1 + T du (x)

1 2 ’ ( a+b>
=_lu) —u(a) ——5 [ uw()|z-—- dx.
S0 @]~ oL [ (2=
Using (6.3)) — we deduce the first part of (6.1)).

The second part is obvious by ([6.2) which follows by the monotonicity of u on
[a,b].

To prove the sharpness of the constant %, assume that 1} holds with the
constants C, D > 0, i.e.,

(6.7) [D(f;w)] <CL(b—a)fu(b) —u(a) - K (u)] <DL(b—a)lu()—ula).
Consider the functions f,u : [a,b] — R given by f (z) = z — %t and
0 if z¢€la,b)

u(z) =

b

a

1 if x=0b.
Thus f is L—Lipschitzian with the constant L = 1 and « is monotonic nondecreas-
We observe that
W= [ 1w =@
h—
5 (b—a)<D((b-a)

ing.
b
b—a
_ dr =

/a u(z) dx 5
K (u) =0 and u (b) — ()—1 glvmgm
and thus C, D > % proving the sharpness of the constant % in . ]

Another result of this type is the following one.

Theorem 14. Let u : [a,b] — R be monotonic nondecreasing on [a,b] and f :

[a,b] — R be of bounded variation such that the Stieltjes integral f;f(x) du (x)
exists. Then we have the inequality

b
(6.8) D (f3u)] < [u(b) —u(a) = Q] (f)

L[5 oo () e

The first inequality in is sharp in the sense that the constant ¢ = 1 cannot be
replaced by a smaller constant.
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Proof. Since u is monotonic nondecreasing, we have (see (6.3])) that

b

(6.10) (il < [

a

b
f@) -y [ FOadu).

Using the following Ostrowski type inequality obtained by the author in [§]

¥

_ atb
z 2

b—a

b
o Jrer- o [ rwal< [Ls

a+b

2
b—a

for any x € [a,b], we have
o 12

(6.12) /ab du (z) < \:/(f)/

A simple calculation with the Stieltjes integral gives that

(6.13) / b

a+b

_ /aT (a;—b—m>du(l‘)+[jb (x—a;b>du(x)

b
O LG

] du (x).

a+b

T —

= 50-a [u(b)—u(a)]—/absgn <x—a2+b>U(w)dff

and then by ~ (6.13) we deduce the first inequality in (6.8).

The second part of (6.8)) follows by which holds by the monotonicity prop-
erty of u.

Now, assume that the first inequality in holds with a constant E > 0, i.e.,

b
(6.14) 1D (f;u)] < BN () [u(b) —u(a) = Q (u)].

Consider the mappings f,u: [a,b] = R, f(2) =2 — “TM, and
0 if ze€[a, %],
u(x) =
1 if ze (420].

Then we have

D(fiw) = [ r@dute) - O [y a

b
_ /ab <xa;b)du(x) (za;b>u(m)

b—a b—a

= ) +ule)] =

Z/abu(:c)dm
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and

b
V () u®) —ula) - Qw)]

— (b—a) |u®) —u(a) - bia/angnGU—a;b)u(w)dx

1 b
+ P sgn (x—W))u(ac)dx

b— atb 2
2
_ b-a
2
Thus, by (6.14)) we obtain
b—a<E.b—a’
2 = 2

showing that E > 1, and the theorem is proved.

Remark 7. Similar results for composite rules in approximating the Stieltjes inte-
gral may be stated, but we omit the details.

For other inequalities of Griiss type, see [13]-[33].
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