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APPROXIMATION OF THE STIELTJES INTEGRAL AND
APPLICATIONS IN NUMERICAL INTEGRATION

P. CERONE AND S.S. DRAGOMIR

ABSTRACT. Some inequalities for the Stieltjes integral and applications in nu-
merical integration are given. The Stieltjes integral is approximated by the
product of the divided difference of the integrator and the Lebesgue integral of
the integrand. Bounds on the approximation error are provided. Applications
for the Fourier Sine and Cosine transforms on finite intervals are mentioned as
well.

1. INTRODUCTION

The following definitions will be required subsequently.
A function w : [a,b] — R is said to be of r — H—Holder type if for z,y € [a, ] it
satisfies the conditions

lw(z)—w(y)| <H|lr—y|", e (0,1 and H > 0.

A 1 — L—Holder type function is also said to be L—Lipschitzian. A function w is
said to be of bounded variation if for any division I, of [a,b],

Ina=xp<x1<...<xp, =0

the variation of w on I,, is finite, this means that
n—1
D w (@ig1) —w ()] < oo
i=0
The total variation of w on [a, ] is denoted by \/Z (w) , where

b n—1
\/ (w) := sup {Z |w (zi41) — w (x;)], I, is a division of [a, b}} .
a =0

In [4, 5], the authors considered the following functional

b b
1) D= [ @) - ) - @) [ 1o

provided that the involved integrals exist.

It is the approximation of the functional D (f;u) that forms the basis of this
paper and for the sake of clarity, will be dealt with here.

The following result in estimating the above functional D (f;u) has been ob-
tained in [4].
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2 P. CERONE AND S.S. DRAGOMIR

Theorem 1. Let f,u : [a,b] — R be such that u is L— Lipschitzian on [a,b], and
f is Riemann integrable on [a,b]. If m, M € R are such that
(1.2) m< f(z) <M foranyx € [a,b],

then we have the inequality
1
(1.3) D (f5)| < 5L (M = m) (b~ a).

The constant % 18 sharp in the sense that it cannot be replaced by a smaller constant.
Applications for special means were also provided in [4].
In [5], the following result complementing those above was obtained.

Theorem 2. Let f,u: [a,b] — R be such that u : [a,b] — R is of bounded variation
on [a,b] and f : [a,b] — R is L—Lipschitzian (L > 0). Then we have the inequality

b
(1.4) |D (f;u)] < L a)\/ (u)

The constant % s sharp in the above sense.

Applications for approximating the Stieltjes integral were also provided in both
[4] and [5]. In [2] general results for three-point approximations of the Stieltjes
integral were investigated.

In this paper we point out other similar inequalities in an effort to complete
the picture and apply them in the numerical approximation of the Stieltjes integral
f f(z ) . Approximations for the Fourier Sine and Cosine transforms on finite
1ntervals w1th an application for electrical circuits are mentioned as well.

2. THE CASE OF LIPSCHITZIAN INTEGRATORS

Throughout this section, the integrator u : [a,b] — R in the Stieltjes integral

f ft ) is assumed to be Lipschitzian with the constant L.
The followmg theorem holds.

Theorem 3. Assume that u: [a,b] — R is as above.
(¢) If f : [a,b] — R is of bounded variation, then
b

(21) D(fu) < SLo-a)\ (7).
(i¢) If f : [a,b] — R is of r — H—Hélder type, then
2HL (b—a)"™

(2.2) D)l < TR
(i) If f : [a,b] — R is absolutely continuous, then

2L (b—a)s || f]

(2.3) |D (f;u)] < .
(g+1)7(g+2)s

Loif ffeLylab],
1 1 _ 1.
p>1,5+5—1,

Q=

SLo-a)lf,
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Proof. Firstly, let us observe that D (f,u) defined in (1.1) satisfies the identity

b b
(2.4) D)= [ (f(x)—bla / f(t)dt> du (z).

It is well known that if p : [¢,d] — R is Riemann integrable and v : [¢,d] — R is
L—Lipschitzian, then the Stieltjes integral fcdp (t) dv (t) exists and

d d
(2.5) [ rao| <L [ pole

Taking the modulus in (2.4) and using (2.5) we get

b b
(2.6) Dl <L [ |- [ s

(7) In [3], the author proved the following Ostrowski type inequality for func-
tions of bounded variation

(2) ‘f(x)—bla/:f(t)dt < [§<b—a>+\x—”;bu\?<f>

for any « € [a,b] . Then, by (2.6), we may state that

pus = [ o=+ 45 dx\z/(f)

and the inequality (2.1) is proved.
(74) In [1], the following inequality of Ostrowski type for r — H—Holder type
functions, f has been pointed out

b
(28) ‘f@:)—bia/ o

H

<
—r+1

b—a r+1 T —a r+1 .
(=) +(=2) Je-o
for any x € [a,b]. Then, by (2.6), we have

D (f;u)]

H 7‘ 1 ’ r+1 ’ r+1
Sr+1(b—a) {(b—ct)7+1 l/a (b—x) da:—l—/a (x —a) dx]}

2HL (b—a) ™
(r+1)(r+2)

and the inequality (2.2) is proved.
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(#i7) Using the following set of inequalities of Ostrowski type for absolutely con-
tinuous functions [1]

b
(29) ’f(w) S =l AL

[4 + ()} b—a) /']l

if f'€Lyla,b];
1
< . q+1 —a +17 49 1
- (q+11)% [(l’;—“> + (b—a) ] (b—a)s ||f/||p
lf fleLP[a’7b];
o atb
[5+ === [ 171

for any z € [a,b], we have from (2.6)
(2.10) 1D (f;w)
b r— atb 2
L-0-alfl S} |3+ (52) ] an

S\ -t () () e
LIS 3| ]

Since

2
b a+b
- de — = (b —
/a 4*( b—a ) v=3b-a,
then the first part of (2.3) is proved.
Using Holder’s integral inequality, we have

[y =)
() (I =)

(b—a)27

(q+2)7

and by (2.10) and (2.6) we deduce the second part of (2.3).
The last part of (2.3) is obvious and we omit the details.

q
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3. THE CASE OF INTEGRATORS OF BOUNDED VARIATION

Throughout this section, the integrator u : [a,b] — R in the Stieltjes integral
f: f(t) du (t) is assumed to be of bounded variation. The following result holds.

Theorem 4. Let u: [a,b] — R be a function of bounded variation.

(¢) If f : [a,b] — R is continuous and of bounded variation, then

b b
(3.1) 1D (f;u)] <\ (HV W)

(i7) If f :[a,b] — R is of r — H—Holder type with r € (0,1] and H > 0, then

b

—a)"\/ ()

a

(32) D)l <

(#i3) If f : [a,b] — R is absolutely continuous, then

b
SO0 lFLV (W), i f € Luolab]:
L b
(33)  ID(fuwl<{ —— G-t FI,V@, p>1 i+1=1
(¢+1)* @
b
1712V (w).

Proof. Tt is well known that if p : [¢,d] — R is continuous and v : [a,b] — R of
bounded variation, then the Riemann-Stieltjes integral f p(t) dv (t) exists and

/C "p (@) av

Using the identity (2.4) and taking the modulus, we get, via (3.4)

(x) —a/f dt\:/

(i) Using the Ostrowski type inequality (2.7), we may state that

(3.4) < sup |p(t \\/

te(e,d]

(3.5) |D (f;u)] < sup
we[a,b]

b
sup L/ f(t)dt
z€[a,b] —aJq
) 1 [1 a+b[]\
Szzl[lfb}{b_a{Z(b—a)Jr T = — H\a/(f)}

b
=\ ()

a

proving the inequality (3.1).
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(#4) By making use of the inequality (2.8) for Holder continuous functions, we
may state that

1 b
sup xT) — t)dt
7@ = | 1o

H b—ax\" z—a\ ! r
< - g _
_le[lal,)b]{r+l (ba> +(ba) (b a)
_H((b-a)

r+1
proving the inequality.

(#i7) Finally, by the use of the inequality (2.9) for absolutely continuous func-
tions, we may write that

sup
z€[a,b]

b
f@) -5 [ o

r—afb 2
sup {[h( ) ](ba) ||f'||oo},
z€a,b]
1
g+l g+174 L
s
xe[aI.,)b]{(qul)}l (*a) (bfa) ( Yol f ||p

sup { (3 [55={] 1r }

o atb
z€la,b

b
S 0-a) ..

IN

=

b—a

1 1
={ ———= -1,
@+ (b—a)s [If'll,

11y
and then, by (3.5), we deduce (3.3).

Q=

4. A QUADRATURE FORMULA

Consider the partition of the interval [a, b] given by

(4.1) In:a=xp<1 < - <zp_1<2, =0
Denote h; := z;4+1 —2; (1 =0,...,n — 1) and define the quadrature
n—1 .
u(@ip1) — u () /I"+1
4.2 A, (fyus L) = _— t) dt.
(4.2) (fsu; 1) ; ) B A0

In [5] (see also [7, p. 468]), the authors pointed out the following result in approx-

imating the Riemann-Stieltjes integral ff f(z)du(z) in terms of the quadrature
rules defined by (4.2).
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Theorem 5. Let f,u : [a,b] — R be such that u is of bounded variation on [a,b]
and f is L—Lipschitzian on [a,b]. Then we have

b
(4.3) / F(@)du (@) = Ay (fu: 1) + R (fu 1),

where Ay, (f,w; I,) is the quadrature formula defined by (4.2), and the remainder
R, (f,u;I,) satisfies the bound

b
(1.4) R (Frs 1)] < 5L, () (u

where
vy, (h) =max{h;, i=0,...,n—1}.
Another result for more general integrators f, is also valid [5] (see also [7, p.
471]).

Theorem 6. Assume that u is of bounded variation and f is continuous on [a,b] .
If I, is a division such that vy, (k) < J, then we have the representation (4.3). The
remainder satisfies the estimate

b
(4.5) R (f,u5 1)) < w (£,6) \/ (w)

where w (f, d) is the continuity modulus given by
w (f,9) = |f (z) = F (1)
z—t|<
Now, for a given division I,,, denote
M; = sup f(t)a mg = inf f(t)a
telws,miti] t€[wi,miqa]
and h; (f):=M; —m;,i=0,...,n— 1.
The following result may be stated as well.

Theorem 7. Assume that u is L— Lipschitzian on [a,b] and f is Riemann integrable
on [a,b]. If I, is a division of the interval [a,b] as defined by (4.1), then we have
the representation (4.3). The remainder Ry, (f,u;I,) satisfies the estimate

1
(46) R (s 1)| < 5L (b —a) o {hi (1))
Proof. If we apply Theorem 1 on the interval [x;,2;41] (¢ =0,...,n — 1) we have
Tif1 . _ . Tit1
an [ @ - M T gl
x; Lit+1 — Ly x;

1
S §L (Mz — ml) (.’Ei+1 — {EZ) .

Summing (4.7) over ¢ from 0 to n— 1, and using the generalised triangle inequality,
we deduce the estimate (4.6). I

The following result for Lipschitzian integrators holds.

Theorem 8. Assume that I, is a division of the interval [a,b] as defined in (4.1)
and u : [a,b] — R is Lipschitzian with the constant L.
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(2) If f : [a,b] — R is of bounded variation, then the remainder in the repre-
sentation (4.3) satisfies the estimate

b
(18) R (fos L)) < $Lvn, ()] ()

(#i) If f : [a,b] — R is of r — H—Hélder type, then we have the estimate

. 2HL =,
(4.9) | R, (f,u; 1n)| < ) ; h;

_ 2HL(b—a) (v1, ()"
(r+1)(r+2)

(#32) If f : [a,b] — R is absolutely continuous, then

(4.10) Ry (f,u; 1)
LIIfH abZh if f'€ Lo la,b];

IN

2‘1L||f ||p,ab] (Z h1+Q>q Zf f/ ELp [G,b],

(q+1) q+2
p>1, s +.=1

3
v, PN g -

The proof follows by Theorem 3 and we omit the details.
Finally, by the use of Theorem 4, we may point out the following result for
integrators of bounded variation.

Theorem 9. Assume that I, is a division of the interval [a,b] as defined by (4.1)
and u : [a,b] — R is of bounded variation on [a,b].

(2) If f : [a,b] — R is continuous and of bounded variation on [a,b], then the
remainder in (4.3) satisfies the estimate

=0,...,n—1

Tit1 b
(4.11) (R (fruT)| < _ma {\/ <f>}\/<u>

T4 a

(i¢) If f : [a,b] — R is of r — H—Hélder type with r € (0,1], H > 0, then we
have the estimate

b
(1.12) R (5 1) < =2 o, (0] )

r
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(#i2) If f : [a,b] — R is absolutely continuous, then

(4.13) | B (f, u; 1)
1 b
S )1 oy V () # € Lufod];
1 1 b
< m o, (W] 1Ll o) \/ (w) p>1, s +5=1
Tit1 b
L 3 [V w.

T a

5. APPROXIMATING FOURIER SINE AND COSINE TRANSFORMS

For a function f : [0,00) — R and 0 < a < b < o0, consider the Fourier Sine
and Cosine transforms on the finite interval [a, b] :

b
(5.1) Fs (s) := / f(x)sin(sz)dx, s€][0,00),

b
(5.2) Feo(s) = / f(x)cos(sx)dzx, se€][0,00).
To point out the dependence on the interval, if necessary, we may write
Fs(s;a,b):=Fs(s) and Fg(s;a,b):=Fo(s).

We also need the following trigonometric means, for p,q € R,

sinp —sing .

—, i p#q
(5.3) SIN (p,q) == b=

cos q, if p=gq
and

cosSp —cosq

—, if p#
(5.4) COS (p.q) = L

—sing, if p=gq.

For s # 0, observe that

b
Fs (s;a,b) = f%/ f(z)d(cos(sx)),

and ,
Folsiab) = [ f(@)d(sin(sn)),

and thus (5.1) and (5.2) may be viewed as Stieltjes integrals with continuous in-
tegrators u (x) := cos (sz) and u(x) = sin(sz), respectively. Here x € [a,b] and
s> 0.

If we consider the division (see (4.1))

Ina=xpg<x1 < <xp_1<xy="0,
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then the quadrature formula (4.2) may be written for these particular choices as

n—1 )
1 i+1) — i) [T
(5.5) As, (fiLns) = -+ cos (sx;41) — cos (sx;) / () dt
5 = Tip1 — T .
n—-1 Tit1
=— Z COS (sxi41, sxz)/ f)dt
=0 i
and
n—1 . . )
1 i+1) — D) [
(5.6) Ae (fils) = - sin (sx;41) — sin (sx;) / £ () dt
S i=0 Tit1 — X4 T;
n—1 Tit1
= Z SIN (swiy1, sxl)/ f(t)dt.
=0 i

The following proposition holds.

Proposition 1. Let f : [0,00) — R be a continuous function on [0,00) and
L—Lipschitzian on [a,b]. Then for any I, a division of the interval [a,b], we have

(57) FS (s;avb):ASn (f,[n,S)+RSn (fa-[rws)a 5>0
and
(5.8) Feo (s;a,0) = Ac, (f, In,s) + Re, (f,In,s), s>0,

where Ag,, (f, In,s) and Ac, (f, I, s) are the quadrature rules provided in (5.5) and
(5.6). The remainders Rgs, (f,In,s) and Re, (f,In,s) satisfy the estimates

1 b 1
(5.9) |Rs, (f,In, )| < §L1/1n (h)/ sin (sz)| dz < ZSLZ/[” (h) (b* — a?)
a
and
1 b 1
(.10) IR, (0o) < yLva, () [ eos (sl do < S Lv, (1) (b a).
where vy, (h) == max{h;|i =0,...,n—1} and h; == xj41 —x;, 1 =0,...,n— 1L

Proof. We use Theorem 5, for which

b b b p2 _ g2
\/(u):s/ \sin(saz)|dw§s/ |sz|dx = 52 - )
a a a 2

and
b b
\/(u) = s/ |cos (sz)|dx < s(b—a)

respectively.
‘We omit the details. I

Consider now w : [a,b] C (0,00) — R, u(x) = cos (sz), s > 0. Obviously
lu' ()| = s |sin (sz)| < 5% |z
giving
1oy = 50l ()] < 5 (b— ).
z€Ja,b]
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Consequently, for a given s, u as defined above, is Lipschitzian on [a,b] with the
constant L = 52 (b—a).
Ifu:la,b) C (0,00) = R, u(z) =sin(sz), s > 0, then

[’ (z)| = s|cos (sx)| < s
giving

1/ oo fay = sup, o' ()] < s.

Using Theorem 8, we may state the following result in approximating the Sine
and Cosine transforms.

Proposition 2. Let I, be a division of the interval [a,b] .

(¢) If f : [a,b] — R is of bounded variation, then we have (5.7) and (5.8). The
remainders Rg, (f, In,s) and Re,, (f,In,s) satisfy the estimates:

b
(5.11) (R, (F, 1, )] < 535 (0= a)vr, ()] (£)
and
b
(5.12) Re, (1) < Svr, N ()
(i) If f : [a,b] — R is of r — H—Hélder type, then the remainders satisfy the
bounds
2Hs (b—a) -
(5.13) [Bs, (I 9)| < gy Zh "
2Hs (b— a)? r
< m v, (h)]
and
2H = r+1
(5.14) |Re, (f, In,s)| < ) ; hi
2O, )]

T (r+1)(r+2)
(#it) If f : [a,b] — R is absolutely continuous, then

(5.15)  |Rs, (f.In,9)|

1 n—1 )
gs(b_a) ||f/||oo,[a,b] ;)}137 Zf f/ELOO [a’7b]7

IN

245 (b—a) [1'll, jap) <”§ hq+1>q if f' € Lyla,b]
. - Z s p ) b
(q+1)7 (g +2)d

=0
p>1, % +1i=1
3s(b—a)vy, (h) 1111 a0 -

q
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and
1 , n—1 9 ) ,
g ||f ||oo,[a,b] Z:O h‘i? Zf f S L(X) [a’7 b} )
(5.16) |Re, (f, I, s)| < 29 1 Ml fa.n

("f hf“)q, if f'eLylab,

=0

Q=

(q+1)7 (g +2)
p>1, 11;+é:1;

v, (W) [1F]

Similar bounds may be obtained from Theorem 9, but we omit the details.

1,[a,b]

6. AN APPLICATION FOR ELECTRICAL CIRCUITS

Consider the electrical oscillation in a circuit containing a resistance R, an in-
ductance L, a condenser of capacity C, and a source of electromotive force EgP (t),
where Fjy is a constant and P (t) is a known function of the time ¢.

If the charge on the plates of the condenser is ¢, then the potential difference

across the plates is 4 Similarly, if ¢ is the current flowing through the resistance and
c

the inductance, the differences of potential between their ends are Ri and L (%) ,
respectively. By the equation of continuity
dq

6.1 | = —
(6.1) =
so that these potential differences may be written as R% and L% respectively.
Thus we obtain the ordinary differential equation [8, p. 93]

d*q dq  q
6.2 L— +R— + = =EyP(t
(6.2) g Tl T = Bl )

for the determination of the charge ¢ which accumulates on the plates of the con-
denser.

If we assume that initially this charge is @) and that a current I is flowing in the
circuit, then we obtain the initial conditions

q(0) =@,

dg (0) _
dt
It is well known that if the resistance of the circuit is zero, i.e., R = 0, then the

solution of (1.2) with the initial conditions (6.3) is given by (see for example [8, p.
95])

(6.3)

(6.4) q(t) = Qcos (wt) + ésin (wt) + %/0 P (s)sin|w (t — s)]ds,

2 _ 1
where w® = IC-

Consequently, there is a practical need in computing the following quasi Fourier
Sine Transform:

A(0,t; Pw,t) :== /0 P (s)sin|w (t — s)]ds,
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which may be a difficult task if P is complicated enough. In this case, a numerical
approach would satisfy the user if the accuracy is good.

In [6], by the use of pre-Griiss type inequalities, some numerical approximations

for A(0,t; P,w,t) were given. Here we show how the transforms Fs and F¢ defined
in Section 5 may be used to produce different approximations.

Since
sin [w (t — s)] = sin (wt) cos (ws) — cos (wt) sin (ws)

we have

A(0,t; P,w,t) = sin (wt) /0 P (s) cos (ws) ds — cos (wt) /0 P (s)sin (ws) ds
= sin (wt) Fo (P) (w;0,t) — cos (wt) Fs (P) (w;0,t)

where, as in Section 5,

b
Fs (f) (s;a,b) := Fs (s;a,b) = Fs (s) := / f (x)sin (sx) dz,

is the Fourier Sine transform and

b
Fo (f) (s;a,b) := Feo (s;a,b) = Fo (8) := / 1 (x) cos (sx) dx

is the Cosine transform.

Consequently, by the use of approximations provided in Section 5, we may pro-

duce the corresponding results for A (0,¢; P,w,t). We omit the details.
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