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INTEGRAL EXPRESSION AND INEQUALITIES OF MATHIEU
TYPE SERIES

FENG QI

ABSTRACT. Let r > 0 be a positive real number and a = (a1, az2,...,ak,...) a
positive sequence such that the series g(x) = > 72, e~ *k* converges for > 0,
1 ~ .
then Y372 ax/(af +7%) = 5= [¢° zg(x) sin(ra) dw.
If a = (a1,a2,...,ak,...) is a positive arithmetic sequence with difference
d > 0, then several inequalities of Mathieu type series Y3, aj/(a} + r?)? are
obtained for r > 0 under some conditions on a.

1. INTRODUCTION

In 1890, Mathieu defined S(r) in [12] as

o0

2k
S(T): 713 1 o2 7">07 (].)
; (k2 412)

and conjectured that S(r) < 5. We call formula (1) Mathieu’s series.
In [2, 11], Berg and Makai proved

1 1
m < S(’I") < 7“72 (2)
H. Alzer, J. L. Brenner and O. G. Ruehr in [1] obtained
1 1
—— < S(r) < —— (3)
1 i
7’2 + T(?’) 7’2 + 5
where ¢ denotes the zeta function and the number ((3) is the best possible.
The integral form of Mathieu’s series (1) was given in [6, 7] by
1 oo
S(r) =~ /O ex”‘"_ - sin(rz) da. (4)

Recently, the following results were obtained in [14, 15]:

(1) Let ®; and ®3 be two integrable functions sush that %5 — ®;(x) and
®y(x) — %5 are increasing. Then, for any positive number r, we have

1> , 1> )
7/0 Dy () sin(rz) de < S(r) < 7/0 @ (z) sin(rz) dz. (5)

r r
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2 F. QI

(2) For any positive number r, we have

1
> -
5(r) > 8r(l+1r2)3

(3) For positive number r > 0, we have

[16r(r2 —3) + 722 + 1)3 sech® (%) tanh (%)} . (6)

41 +72) (e e /) —4r? — 1
(6*“/’“ — 1) (1+72) (14 4r2)

< (1 + 41"2) (e”r/r — e”r/(%)) —4 (1 + r2)

D (e=m/m —1) (L +72) (1 +4r2)

(4) For any positive number r > 0, we have

<S(r)

(7)

< o 1 [ 1+ exp(—g;)
s < — i de < ——— 22, 8
; T2 7 /0 1 sin(rz) dz Y i (8)
(5) Suppose r is a positive number, then, for any positive real number «, we

have
1 = 2k 1
— < s < 5. 9
r2 +% ; (k2o 4+ r2)2 2 9)
In [9, 14, 15], the following open problem was proposed by B.-N. Guo and F. Qi
respectively: Let
e 2no¢/2

S(r,t,a) = ; (o 4 )i (10)

for t > 0, 7 > 0 and « > 0. Can one obtain an integral expression of S(r,t,a)?
Give some sharp inequalities for the series S(r,t, a).

In [17], the open problem stated above was considered and an integral expression
of S(r,t,2) was obtained: Let a > 0 and p € N, then

dt

> 2n 2 {2 cos(BF — at)
S(a.p,2) = - :
@n2) =3 G Gy e

P (k= 1)(2a)5 21 (—(p+1)\ [ thcos[Z(2p—k+ 1) — at]
_2; Kl(p—k+1) ( p—k >/0 et —1

dt. (11)

Using the quadrature formulas, some new inequalities of Mathieu series (1) were
established in [8]. By the help of Laplace transform, the open problem mentioned
above was partially solved, for example, among other things, an integral expression
for S (r L 2) was given as follows:

39
1 2 [ tJy(rt)
Z9)=2 12

S(r,2, ) r/o et—ldt’ (12)

where Jy is Bessel function of order zero.
There has been a much rich literature on the study of Mathieu’s series, for

example, [4, 5, 11, 16, 18, 19, 20], also see [3, 10,
In this paper, we are about to investigate the following Mathieu type series
> a
k
S(r,a) = —, 13
(r,a) Z(a%+r2)2 (13)

k=1
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where a = (a1, as,...,a,...) is a positive sequence satisfying limy_. . ar = 0o, and
obtain an integral expression and some inequalities of S(r,a) under some suitable

conditons. At last, two open problems are proposed.

2. INTEGRAL EXPRESSION OF MATHIEU TYPE SERIES (13)

Let a = (a1,a2,...,ak,...) be a positive sequence satisfying limy_, . ar = o0,
let
ag
bp(r,a) = ———== 14
k( ) ) (ai+r2)2 ( )
and

S(r,a) = bi(r,a). (15)
k=1

Theorem 1. Let r > 0 and a = (a1,a2,...,ax,...) be a positive sequence such
that the series

o0
g(z) = Z e Uk (16)

k=1
converges for x > 0. Then we have
1

S(r,a) = o

/OO zg(x)sin(rz) da. (17)
0

Proof. By direct computation, we have

1 1 1
b = — - 18
k(1) 4r [(ak +ir)2  (ag —ir)? ]’ (18)
where 2 = —1.
From the definition of gamma function, it is easy to see that
N e
—(t) = / i lem v da. (19)
u 0
Set u = ay, & ir in formula (19), then
I'(t) %41 —(aptir)
— a wr)x d 20
(ap £ir)t /0 voe x, (20)

I'(t) [(ak Jlrir)t e iir)t} = -2 /00C i lem % sin(ry) da, (21)
Lo [(ak iir)t e iir)t} - _2"/0

g(x)z' ! sin(rz) da. (22)
k=1
Since I'(2) = 1, we have

S(r; f) = > /Ooog(x)x sin(rz) dz. (23)

The proof is complete. O
Remark 1. If let a, = k in (17), then we can easily obtain the formula (4) in [7].

Note that the proof of Theorem 1 uses the technique which was used by O. E.
Emersleben in [7].
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Corollary 1. If a = (a1,a2,...,ak,...) is a positive arithmetic sequence with
difference d > 0, then for any positive real number r > 0, we have

1 [ geld—a)z
S(r, a) = Z /0 m Sin(rx) dx. (24)
Proof. Since a = (a1, as,...,ax,...) is an arithmetic sequence with difference d >

0, then {e~®2} 7 | is a geometric sequence with constant ratio e~% < 1, thus

e (d—aq)z
—zap __ €
g(x)z;e e T
Then formula (24) follows from (17). O

3. INEQUALITIES OF MATHIEU TYPE SERIES (24)

Now we give a general estimate of Mathieu type series (24) as follows.

Theorem 2. Let a = (ai,asz,...,a,...) be a positive arithmetic sequence with
difference d > 0. Let ®1 and ®o be two integrable functions such that LS

edr —1

(d—ay)z . . .
@1 (x) and ®2(z) — *S7z—— are increasing. Then for any positive number r,

1 [ 1 [
— Oy (z) sin(rz) de < S(r,a) < —/ @4 (x) sin(rz) da. (25)
2r 0 2r 0

Proof. The function ¢(z) = sin(rz) has a period 2%, and ¥(z) = —¢ (z + Z).

Since f(z) = zefrove &4 (z) is increasing, for any « > 0, we have f(z + «a) >

edr —1
f(z). Therefore, from Lemma 1 or Corollary 1 in [14, 15], we obtain
2(k+1)m/r xe(d—al)m
2km /7
2k+ D)7 /1 4o (d—a1)w 2(k+1)m/r
/Zk T — sin(rz) dz < / @, (x) sin(rz) dz. (27)
w/r 2km /T

Then, from formula (13), we have

1 s 2(k+1)m/r (d—aq)z
S(r,a) = — / re
2

o sin(rz) dz

dr _
k—o 2km/r €

1 0 2(k+1)m/r
— / Oy (x) sin(rz) da (28)
2r k—o 2km/r

i oo
2r 0

N

&4 (z) sin(rz) dz.

The right hand side of inequality (25) follows.
Similar arguments yield the left hand side of inequality (25). O

For x > 0, we have

1 <% 1
er et —1  er/?

(29)
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Theorem 3. Let a = (a; ., Qk,-..) be a positive arithmetic sequence with
difference d > 0 and aq > % For posztwe number r > 0, we have

1 (1 + e—wal/r) z[e—ﬂ(Qal—d)/r + e—w(2a1—d)/(2r)]
> - X S(Tv a)
d|2(a?+r?) (1—e2ma/r)  [(2a) — d)? + 4r?][1 — e~ Ra-d)/7]
211 —m(2a1—d)/(2r) —2may /T —may /T
< 1 [1+e ] B (e +e ) . 30)
d| [2a1 — d)? + 4r2][1 — e mRar=d)/r]  2(a? +12) (1 — e=270/7)

Proof. For r > 0, using (24), by direct calculation, we have

_1 i /(%H)ﬂ/r /(2k+2)”/r zel@=)% gin(rz) dz (31)
na 2r 2 ( edx -1 ’

k=0 km/r 2k+1)7/r

The inequality (29) gives us

T (1 + e‘ml/r) B > /(Qkﬂ)"/r sin(rz)
da}+r?) (1—e" 27“11/7”) 9

) (2k+1 /T e(d—al)x sin(rx)
g d

km/r dem”

2k /1
00 (2k+1)7 /7 sm( ) 4r[1 4+ e—7(2a1—d)/(27)
< Z/ d al—i) dz = d[(Q —d[)2+4 2} [1 _ —W(Q]al—d)/r] (32)
k=0 2km/T (& 2 ai T €
and
4T[€_W(2a1_d)/T+€_ﬂ(2a1_d)/(2r)] 00 /2(k+1)ﬂ-/r sin(rx)
d[(2ay — d)? + 4r2] [1 — e~ (a1=d)/7] B o/ @k+1)m/r delai—%)z
< = /Q(kﬂ)”/r :I:e(d_‘z)’” sin(ra) da
=5 Ckt)yn/r et —1
0 2(k+1)m/r _: —27ay /T —may /T
= J 2kt 1)m/r de d(a +1r2) (1 — e=2ma/r)
Substituting (32) and (33) into (31) yields (30). The proof is complete. O
Theorem 4. Let a = (ay,as,...,a%,...) be a positive arithmetic sequence with
difference d > 0 and a; > %. For any positive number r > 0, we have
1 [T/ peld—a)z g 21 m(d—2a1)/(2r)
S(r,a) < —/ e sin(re) dz < [1+e ] . (34)
2r Jo edr —1 d[(d — 2a1)? + 4r2?]
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Proof. Straightforward computation yields

/°° xe(d_‘“:x sin(ra) do — /”/T xeld—a)z sin(ra) d
0 0

1 e — 1 v

(k+1)m/r (d—a1)z o
/ xe . sin(ra) d
km/r e —1

X

HNgEIRS

k=1

M

+
d
i /T (2i—1)m/r r—1

(2im + x) exp w N
(/ »/7r> p 9Cirta) _ sin(2im + z) dv

ng/

i=1

(2i4+1)m/r 2im /7 (d—a1)z o
/ > xe sin(rz) du
2

M‘H

(2im + x) exp 7(‘{ a1)£2’77+$)

d(217r+m) -1

2% _ 1 (d=a1)[(2i=1)7+a]
B [( i—m +a]exp r sinzdz. (35)

d[(2i—1)m+4az] 1

exp =

For = > 0, we have

4 (atoney _ alar+ 1(e - ] .
T\ w1 )= L , (36)
411 df 1 _1- 2ed” + g2z — d2x2e‘“’ 37
dz [z \ed® —1 22(edr — 1)2
dr __ 1 dr
1—-2 dx 2dx d2 2 dx _2d2 1 0 38
[ e +e z?e] Te e 5| >0 (38)
1 dzr d

li - —1 = —— 39
zli%|:x(edx1 >:| 92’ ( )
then L[ (%5 —1)] > 0and (%5 — 1) > —4. From a; > £, it follows that
< (%) < 0, the function “’ee(jlil decreases, and then for z >0 and i € N
(2im 4 ) exp LT [(9i — )7 4 af exp (elB b
exp 42intz) exp d@izbrta] 4 ’ (40)

T T

thus, from inequality (29), we have

[e%S) (d—a1)z w/r (d—ar)z
/ Sk sin(ra) dr < / xeil sin(rz) dz
0 0

edz _ 1 edr _
- /”/7' sin(ra) dp = 4r[1 4 em(d=2a)/ (2] a1)
o de—9e T Td[(d— 2a7)2 + 47
Inequality (34) follows from combination of (41) with (24). O
Remark 2. The proof of Theorem 4 can be shortened by observing that
el wexp(§ — a1)a] (42)

edr —1 2smh(d§)

and % and exp[(al — %)m] are both increasing with > 0 for a; > g.
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This observation was given by Professor Lothar Berg at FB Mathematik der
Universitat, Universitatspl. 1, D-18055 Rostock, Germany, through an e-mail to
the author on May 19, 2003.

By exploiting a technique presented by E. Makai in [11] and used by the author
in [14], we obtain the following inequalities of Mathieu type series (13).

Theorem 5. Suppose 1 is a positive number, then for a positive sequence a =

(a1,a2,...,a,...) and a positive real number o > 0 satisfying a;:fl - azm =1, we
have
1 = @ 1
— < — < —. (43)
2r2 +1 ; (a2 + r2)? o 2r2
Proof. By standard argument, we obtain
1 1
/2 2 (/2 132 1
(@"=3)"+r2 =3 (& +3) +r—3
/2
_ Zag
(ag + 12— ag/2) (ad + 72+ ag/z)
/2
S Zag
a 2 2
(ag +72)
9 a/2
> a’;
(o +72)° 4124 3
B 1 1
@D et @ et
summing for k = 1,2, ... yields inequalities in (43). O

4. TWO OPEN PROBLEMS

Now we will propose two open problems for interesting readers to discuss.

Open Problem 1. Letr >0,t >0, a >0, 8>0 and a = (ay,az,...,ak,...) be
a positive sequence, define

S(r,t,a,B,a) = Z —r
k

(1) Under what conditions does the sequence S(r,t,«, 3,a) converge?
(2) Can one obtain an integral expression for the series S(r,t, o, 3,a)?
(3) Can one establish a sharp double inequality for the series S(r,t,a, 3,a)?

Open Problem 2. Forr > 0, we have

*° zsin(rzx) 2 o [ 22f(z)
|:/O 71 dfl?:| > 2r /O 6T2I dSC, (45)

e.L_

where f(x) = Y220 ke *®.
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