VICTORIA UNIVERSITY

MELBOURNE AUSTRALIA

K. Petr's Formula of Double Integral and Estimates of
its Remainder

This is the Published version of the following publication

Luo, Qiu-Ming, Qi, Feng and Guo, Bai-Ni (2003) K. Petr's Formula of Double
Integral and Estimates of its Remainder. RGMIA research report collection, 6

(2).

The publisher’s official version can be found at

Note that access to this version may require subscription.

Downloaded from VU Research Repository https://vuir.vu.edu.au/17828/



K. PETR’S FORMULA OF DOUBLE INTEGRAL AND ESTIMATES OF ITS
REMAINDER

QIU-MING LUO, FENG QI, AND BALNI GUO

ABSTRACT. In the article, K. Petr’s formula of single integral is generalized to that of double integral,
some important special cases and estimates of its remainder are established.

1. INTRODUCTION
In [14, p. 218], K. Petr’s formula for single integral is given, which can be modified slightly as follows.
Theorem A (K. Petr’s formula of single integral). Let f(z) be a function defined on [a,b] C R such

that £~V (z) is absolutely continuous, P, (t) a polynomial of degree n with coefficient a,, of the term t".
Then
_1)k+ _1\n b
[ =3 EO [pon 60 pr s @]+ ED [ R @ ae. 0
nla, J,

nla, W

Remark 1. K. Petr’s formula stated in [14, p.218] is a special case of (1.1) by letting a,, = 1.
Remark 2. If taking P, (t) = (t —a)" in (1.1), then we have

k+1 —1)n b
/ f( 2 - 1,3, (- o s+ / (v = a)" ) (x) da. (1.2)

In this paper, we will generalize K. Petr’s formula (1.1) to the following

Theorem 1 (K. Petr’s formula of double integral). Let D = [a,b] x [¢,d] C R? and f: D — R be such
that £ (x,y) is continuous on D for 0 < j < n and 0 < i < m. Let P,(t) be a polynomial of degree
n with coefficient a,, of the term t™ and Q.,(s) a polynomial of degree m with coefficient by, of the term
t™. Then

b d
/ / F(@,y) dedy = A(f, Pa. Q) + B, Py Q) + R(f, P Qo). (13)

where

A(f, P, Q) = i Z ﬂﬂ“ (a) [Q%T’“ (d)f97 1 (a,d) — Q4= (c) fU 1 (a, c)]
i =1

_zm:zn:(_l)lﬂpn 7)( )[Q(m z)( )f(? 1,i— 1)(b d) Q(m l)(C)f('j_l’i_l)(b,C)}, (1.4)

m i m i b
B(f,Pn,Qm)zz:in!;)n (m=i)( / FOD(g c)dx—Z%Q;T—@(d)/ FOY (g, d) dz

m+n
R(f, Pp,Qm) = m'n'an / / P ( () f™) (2, y) dz dy. (1.6)

Further, some important special cases of K. Petr’s formula (1.3) are given, some estimates of their
remainders are established, and an application is discussed.
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2. PROOF OF THEOREM 1

Integrating by part and using Theorem A yields

/ab /Cd Po(@)Qun(y) f™ (2, y) da dy = /aan(x)[/Cde(y)f("’m>(x,y) dy} dz
= (=" /ab Pn(x){m!bm /Cd F0 (2, y) dy

m

# I Q@ ) = Qs
= (_1)mm!bm/ / Pn(-r)f(mO) (z, y) dz dy

b
+ ) (=1)mHQIM(d) / Po(2) ™V (2, d) da

IR

i=1

b
(=)™ Q4 (e) / Po(2) £V (2, ¢) da

IF

i=1

= (=1)"m!by, /d(—l)"{n!an /bf(rv,y) da

+Z § [P0 17199) = PP @70 )] | ay

¥ Z<—1>m+1'@,&z”—“ @{ 07|, [ " O (0, d)

+Z y [P0 )f(j‘l’i‘l)(b7d)—P,S”‘”(a)f(j‘l’i‘”(a,d)H}
R (T

+Z P[P0 5D ) - P(”j)(a)f(“’“)(a,C)H}

(2.1)

— ()Y SR ) QU =(e) 971D a, ) = QU= (@) 9D (a, d)|

= 1] 1
m+n ZZ H—jp(n J) )[an_i)(d)f(j_l’i_l)(b, d) _ Q%n—i)(c)f(j—l,i—l)(b’ C)}
=1 j=1

— (=1)™* " nla,, Z Q(m R / f(O’ 1) (z,c)dx
m*"n'az )'Q (m—i) /f(” 1):vd

+<—1>m+"m!bmZ(—lvp,s"*”(b) [ s 00ma

— ()™l Z 17 P9 /f(] 10)(a, ) dy

+ (=)™ " m!nla, by, / / f(z,y)dady.
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Rearranging (2.1) leads to

'n'anbm

i=1 j=1
_ m n (_1)1 (n ) (m 7) (j—1,i—1 (m—i G—t,i-1

m l)i b m ( 1)1’ b (2.2)

_ (m—1) (0,i—1) _ ) Alm—i) (0,i—1)

+i:1 m!mem (C)/a f (z,c)dx ;m!mem (d)/ f (z,d)dx

~ (1) g ! (j—1,0) R (—1) (n-3) (b G-10)¢

( m+n

//P )@ () £ (2, ) o dy.

The proof of Theorem 1 is complete.

3. SOME IMPORTANT SPECIAL CASES OF K. PETR’S FORMULA FOR DOUBLE INTEGRAL

Definition 1 ([2]). Let Py(t) be a polynomial satisfying
Pl(t)=P,1(t), P(t)=1, k=1,2,..., (3.1)
then we call Py(t) an Appell polynomial or a harmonic polynomial.

Proposition 1. Let P,(t) be an Appell polynomial of degree n and the coefficient of the term t"™ equal

a,. Then a,, = ni

Theorem 2 (Harmonic K. Petr’s formula of double integral). Let D = [a,b] x [¢,d] CR? and f : D — R
be a function such that fU9(x,y) is continuous on D for 0 < j <n and 0 <i < m. If P,(t) and Q(s)
are two harmonic polynomials, then

b d
/ / f(x7y)dwdy:A(f7Pn7Qm)+B(f7Pn;Qm)+R(f>Pn7Qm)7 (32)

where

A P Qu) = 30 D (D) By (@) | Qi) U a,d) = Qu(e) 9 V(a0

m n (3.3)
=YY DTG QA I (b.d) = Qile)fITH D (b,
i=1 j=1
B(ﬁmem):i( / FO= xc)dx—i( 1)'Qi(d / FO Y (z, d) dz
= = (3.4)
¥ Z(—l)ij<a> / PV = Y1 / FO10(b,y) dy,
R(f. Pa Q) = (~1)"* / / ()7 (2, y) da dy. (35)
Proof. Since P, (t) and Q,,(s) are harmonic polynomials, then
d= b b= U0 = B, QU8 = Quls). (36)

Substituting (3.6) into Theorem 1 yields Theorem 2. O
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Theorem 3. Let D = [a,b] x [¢,d] C R? and f: D — R be such that f99(z,y) is continuous on D for
0<j<nand0<i<m. Then for 0 <A <1 and 0 < u <1, we have

[ [ semavay =303 GO ot g, — 1y a0

19!
=1 j=1 J

iz": N(c—d)(a—b) [ 5D (b, d) — (= 1) fG=1 D (3, 0)]

=1 = "J'
+§(1 H)i!( )/f(ou(“dx_zu /fou)xd (3.7)
+Zn;(1”—“/ £6-10) (g, ) dy — z;”a—b/ FG-10 (1) dy
+ R(f.a,b,c,d)
where
R(f.a,b,c,d) = ml:f”/ / 2 — Oat (1= NB)"ly — (e + (1 — d)]™ f™™ (2, y) dedy. (3.8)
Proof. Letting
Py(z) = [z — (Aa+ (L =MD", Qm(y) = [y — (e + (1 — p)d)]™ (3.9)

in Theorem 1, then a,, = 1 and b,, = 1. Further, by direct computation, we have

! _ _ m!

P (@) = %[m —Qa+ 1 =00, QU (y) = = (pe+ (1= p)d)" (3.10)

Therefore, Theorem 3 follows easily. ]

Definition 2 ([1, 23.1.1]). Bernoulli’s polynomials By (z) for k being nonnegative integers are defined
by

temt tk
= > =Bi(z), |¢[<2m, teR, (3.11)

where By (0) = By, is called Bernoulli’s numbers.

Definition 3 ([1, 23.1.1]). Euler’s polynomials Ej(x) for k being nonnegative integers are defined by

2¢%t & tk
€ =3 T“Eix), lal<m teR, (3.12)

where QkEk(%) = FE}, is called Euler’s numbers.

Remark 3. Notice that Bernoulli’s numbers and polynomials and Euler’s numbers and polynomials have
been generalized by the authors in [4, 5, 6, 7, 9] recently.

Lemma 1 ([1, 23.1.5] and [8]). The following identities hold
B (z) = kBg_1(z), FE(x)=kEx_1(z), k=1,2,.... (3.13)

Lemma 2 ([1, 23.1.6] and [8]). The following identities hold
Bi(t+1) — Bi(t) =it"™', Ei(t+1)+ Ei(t)=2t", i=0,1,.... (3.14)

Lemma 3 ([1, 23.1.20] and [8]). The following identities hold
B(0) = (=1)*B(1) = By, k=0,1,2,..., (3.15)

m(?“ —~1)Bit1, i=1,2,.... (3.16)
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Theorem 4. Let D = [a,b] x [¢,d] C R? and f : D — R be such that f99(z,y) is continuous on D for
0<j<nand0<i<m. Then

2hLl a—>b)(c—d)
//f”dxdy_zz (z)—(i—l)!j!)( !

1=1 j=1

X Bisa By f077 D (a,d) + F97H D a,0) = (<1)7[f97HD(b,d) + fUTH D (0,0

m i 7 b
s 2(1 _(2 +1)1 —d) Bius / |:f(0,i—1)(x7c) + FO (g d)} da (3.17)
i=1 e

(
)
d

+Z L, [ [ 0w+ 1P 0 0]

+ R(f7 an EWL)7

where
R(f, B, By = 2 // (E22) B (4=) £ 2.y (3.18)
Proof. Taking
B T—a B y—c
Pa@) = Bu(5— ). Quy) = En(—) (3.19)
in Theorem 1, then a,, = (b—;a)" and b, = W. Further, considering Lemma 1, Lemma 2, Lemma 3
and
n—j n! j—n r—a m—i m! i—m y—-c
PI@) = 5= B (p=r ), QR == E(T ), (3:20)
Theorem 4 follows. O

Theorem 5. Let D = [a,b] x [¢,d] C R? and f: D — R be such that f99(z,y) is continuous on D for
0<j<nand 0<1i<m. Then

//fxydxdy—zz a—bZ'J' d B;B;

=1 j=1
x [( DI a,d) — fUTHTD (a,¢) = (=17 [(=1) fOTHTE (b, d) — U B, 0))
+§: B/ FOD (@, 0) + (- 1)i+1f(0’i_1)(x7d)} dz
i=1 ‘ (3.21)

+ R(fa Bna Bm)a
where
—b)" _ _
R(f, Bn, Bm) = (@ m,n, / / x a Bm (Z — Z)f("’m)(x, y) dz dy. (3.22)
Proof. Setting
P(z) :Bn(%>, Qm(Y) :Bm(z:z) (3.23)

in Theorem 1, then a, = ﬁ and b, = ﬁ. Further, considering Lemma 1, Lemma 2, Lemma 3

and

n! . (x—a

, ! , ! : —
P = 50—y B (=) @) =T - o B (), B2

Theorem 5 follows. O
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Theorem 6. Let D = [a,b] x [¢,d] C R? and f: D — R be such that f99(z,y) is continuous on D for
0<j<nand0<i<m. Then

i+1 j+1 _ (e — d)*
/ / flz,y)dedy = - ZZ 4 s Via—byle—d) Bit1Bj1

== Z+1)(]+1)

% |:f(]—1,1—1)(b7 d) + fU=Li=D(p ¢) + FULi=D (g, d) + f(j—l,i—l)(a7c)}

" 9(c — d)¥(1 — 2¢+1 b ‘ ‘
+ ; 2( ?)ill) 2 + >Bi+1‘/a [f(o,z—l)(x, C) + f(O,z—l) (éE, d)j| dx (325)

n

(@ —b)i(1—27+1 dr ;
D% DBya [ 1597000 + 597000 dy

= (J + 1)!
+ R(f7 E’ru Em)>
where
(a —b)™ / / x — a y—c
E,. E (7) (nm) (. . 2
R(f, En, Ep) = m'n| b— a En d—c / (z,y)dzdy (3.26)
Proof. Letting
T —a —c
Pa(@) = Ea(3—2), Quly) = Bn(2—) (3.27)
in Theorem 1, then a,, = (b—#)n and b, = (d_%)m Further, considering Lemma 1, Lemma 2, Lemma 3
and | |
P () = 50— 0y By (), Q) = S (d— o B (4= 3.28
C@) = -0 (=) e w = Tra-o T E(Y=E). 6
Theorem 6 follows. O
Remark 4. If taking the following harmonic polynomials
_@-vr _w-dn
(z—a) . (z—a (y—bm  y—c
(z) o T Qm(y) - . (3.30)
_(z—a)” T—a _ (- y—-c¢
Pu(@) = n! Bn(bfa)7 @mly) = m! Bm(d—c)7 (3.31)
(x—a)"  (z—a y—b",. (y—c
Po(z) = E, ). m(y) = En( 32
(z) n! (b—a @m(y) m! d—c) (3.32)
in Theorem 2, then the theorems in this section can be obtained again.
4. ESTIMATES OF REMAINDERS
In this section, we will give some estimates of the remainders mentioned above.
Lemma 4 ([1, 23.1.12]). We have the following
1 In!
m!n!
B, (2)Bp(z)dz = (-1)" ' ———Bpin, mn=12 ..., 4.1
| Bu@Bu@ar = 1y B, (11)
! n(om+n+2 min!
/ En(I)Em(m) dx = 4(—1) (2 — 1)m37n+n+2, m,n = O, 17 PPN (42)
Theorem 7. Under conditions of Theorem 1, the remainder (1.6) can be estimated as follows
1
[ (n, m)
IRU P Quil € o max (IPu(@)]} e Q0 (0)]) / [ s e, (43)
1
R(f,Pp,Qm)| < ————— H(mm) 7 ‘} d / m()dy] 4.4
[R(f, Pr, Q)| < s b (o) el e frm (e, y) ) dx i Qm(y) dy (4.4)
(b—a)(d—o)
R(f, Pay Q)| < S 0B ma {|Pa m e @y (@
RO Py Qu)| < 5 = o (1P (o)} mas {Qmuly | mae {7 @y ), (45)

(z,y) ‘p dz dy] %7 (4.6)

0000 < i [ [ o [t [ [

wherep>1and%+%:1,
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Proof. The estimates (4.3), (4.4) and (4.5) follows from standard arguments. The estimate (4.6) follows
from Holder’s inequality of double integral. O

Theorem 8. Under conditions of Theorem 3, we have the following estimates for remainder (3.8)

b—a)(d - c)™ b d .
b0 ( zn'(m ) / / FUm () da dy| (4.7)
IR(f,a,b,¢)| < (b— @)1 (d — )™ A+ — (1 — AL [t — (1 — p)me]
1@, 0,C)] < (m+1)!(n+1)! s
(n,m)
) (r,y)erﬁﬁb)](x[c,d] { ‘f (a:,y)’ }7
|R(f, Pn,@Qm)| < (b— a)n+a(d — C)m+6 [(Anatl (1 — Nnatd]g [pmatt (1 — p)mati]a

min![(nqg + 1)(mq + 1)]«
d » 5
rem )| dedy)

b
X<
a

wherep>1cmd%+%:1,

Proof. Estimates (4.7) and (4.8) follows from taking P,(z) = [z — (Aa + (1 — A)b)]" and Q. (y) =
[y — (e + (1 — p)d)]™ in (4.3) and (4.4) and using a,, = 1 and b,, = 1. Estimate (4.9) follows from
Holder’s inequality of double integral. O

Theorem 9. Under conditions of Theorem 4, we can estimate (3.18) as

1B B < == () i (=)

min! z€(a,b] a yE[c,d] d—c

(4.10)

b d
/ o) (z,y) da dy|
)

nl(b—a)" ™ (d — )™ [(2n? + 3n + 1) | Bay| 4 (22773 — 2) | Ban o] |
m!(2n + 2)! (4.11)

X max { 'f(n’m)(x,y)‘ }

(z,y)€la,b] X [c,d]

|R(f, Bn, Em)| <

Proof. The estimate (4.10) is straightforward.
Taking m = n in (4.1) and (4.2) of Lemma 4 yields

! n!)? n!)?
/ B?L(x) dz = (_1)7171 E2 ) 'B2n = ) 1 ‘B2n| )
0 n)! 2n)! (4.12)
! 4(=1)" (471 = 1)(n!)? 4(47+1 —1)(n!)? ’
2 _ —
/0 B () do = (2n + 2)! Baniz = =5 ooy [Boneal-
From (4.12), we have
(b—a)"(d—c)™ x — a y—c
< (n,m) ‘
[R(f. Bos En)| . ’Em(d [ @) de dy

(bia / / 2 2 (Y —C ‘ (n,m) ‘
- 2m'n' B —a +E (d—c)] f (w,y)| dzdy

(b _ a)n+1 _ m+1 / 9 / 2 ‘ ( ) ‘
< B:( E;, mm
- 2m!n! z)do + (x, y)gtllag}{ [c,d] { f (@.y) }
- nl(b—a)" T (d — )™ [(2n? + 3n + 1) | Bay| + (22"13 — 2) | Bop 42| | (4.13)
- m!(2n + 2)!

X max {‘f("m xy)‘}

(z,y)€E€la,b] X [c,d]

The proof is complete. O
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Theorem 10. Under conditiions of Theorem 5, the remainder (3.22) can be estimated as

07 < O ([ (22} g {0

)

m!n! z€[a,b]
(4.14)
f(" m) (z,y)dzdyl,
b—a ’L"’ld—cm“'1 n! m!
\R(f,Bn,Bm>|<‘ | 1Bl + o B
2 m!(2n)! 1(2m)! (4.15)
X n,m
(my)EIftllag](X cd]{’f (:E y)’}
Proof. The proof of (4.14) is easy. The proof of (4.15) is similar to that of (4.11). O
Theorem 11. Under conditions of Theorem 6, the remainder (3.26) can be estimated as
(b—a)"*t(d —c)mt! ‘ T —a ‘ ‘ y—-c ’
<
| R(f, Ens Em)| < min! J?[?i]{ En ( —a) }ye[c d]{ Em ( —c) }
d (4.16)
Fom (@, y) de dy|
I(4n+l —1) ml(4mtt — 1)
R(f, En, Ew)| < 4(b— a)"*1(d — o)+ |2~ g — | Bom
A <Al =ay ™ =" Gy B2l ¥ g gy Bame (417)
X max ‘ (rm) (g, ‘ ,
(x,y)e[a,b]x[c,d]{ ! ( y) }
16 2n+2 -1 2m+2 —a n+1 —c m—+1
IR(f, By, )| < 2E D@ - Db (d 0™ s
(n+2)Y(m (4.18)

+2)!
max {‘f("m (z,9) }

(z,y)€la,b] X [c,d]

Proof. The estimate of (4.16) is evident. The proof of (4.17) is similar to (4.11).

Using [} Ey(z) dz = Zet0-Pessl® iy [193.1.11] and (3.16) in Lemma 3, we have
|R(f, En, Ep)|
(b—a)"(d—c)™

<

b _ d -
[ (=) an| | [ B (T2 0] g {0

(b _ a)n-l—l _ m+1 / / ‘ ( ) ‘
= E,(x)d E,.(y)dy m
m!n! o ) (z,y)€ rﬁabxx[cd { Y) }

(b— @)™ (d — &)™ | Epat (1) — Epiq (0) ‘Em“(l) — E4+1(0) max { ‘f(n,m)(x’ y)‘ }

m!n!

- min! n+1 m+1 (2,y)E[a,b] x [e,d]

16(27+2 — 1)(2m+2 — 1)(b — a)" 1 (d — ¢+
_ Byia| B ’W’m) : ‘ o1
D |Buol | +2|](w)é€fg]<x[c’d]{f ()} (4.19)

The proof is complete. O

5. EXAMPLES

Now we apply K. Petr’s formula to the function e**¥.
Ezample 1. If taking [a, b] X [¢,d] = [0,1] x [0,1] and f(z,y) = €*T¥ in Theorem 3, then we have

// e Az dy = — ZZ e—1)[§;+ijﬂ

zl]l

1 1 1
+ —/ (1 —x)"e” dx/ (1—y)™e¥dady.
0

m!n!
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ample 2. If taking [a,b] X [c,d] = [0, 1] x [0, 1] and f(x,y) = €*"¥ in Theorem 4, then we have

1)+ (21 —1)B; 11 B; ;
ery _ i+1D75 _1\Jj+1
/ / dzdy = E E CESA [1+ (—=1)71¢]

-~ 2(—1)1(1— 2B,y
+(62—1); ( )((2‘4_1)!) + -

(671)271:&:3{1“ 1)i+t }dy

m+n
m'n‘ / B, (z)e dx/ E,.(y)eY dy.

By emploiting Theorem 5 and Theorem 6, we can obtain more other expansions of the double integral
fol e Y dx dy.
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