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1. INTRODUCTION

Closely related to the foregoing first-order ordinary differential operators is the
following result of Bellman [4]: If the functions g(t) and u(t) are nonnegative for
t >0, and if ¢ > 0, then the inequality

u(t) < c+/0 g(s)u(s)ds, t>0,

implies that
t
u(t) < cexp </ g(s) ds), for t>0.
0

This result may be established either directly or by means of the technique of
first-order linear differential equations (please, see Gronwall [8] and Guiliano [9]).
Various applications of this result to the study of stability of the solution of lin-
ear and nonlinear differential equations may be found in Bellman [3]. Numerous
applications to existence and uniqueness theory of differential equations may be
found in Nemyckii-Stepanov [13], Bihari [5], and Langenhop [10]. Several authors
generalized inequalities of Bellman type (sometimes, inequalities of this type were
called “Gronwall-Bellman inequalities” or “Inequalities of Gronwall type”) to the
case of functions of two or more variables. Of course, such results have application
in the theory of partial differential equations and Volterra integral equations. In
the book by Beckenbach and Bellman [2] the following unpublished Wendroff result
was given: If

(1.1) u(z,y) < alx) +b(y) + /Ol’ /Oy v(r, s)u(r, s) drds,

where a(x),b(y) > 0,a'(x),V (y) > 0,u(z,y),v(x,y) > 0, then

(a(0) + b(y))(a(z) 4 b(0)) Y
u(z,y) < 2(0) + B(0) exp (/0 /0 v(r,s) drds).

The Wendroff inequality (1.1) was generalized by Bainov and Simeonov [1]: Let
u(z,y),a(z,y), k(x,y) be nonnegative continuous functions for x > xo,y > yo, and
let a(x,y) be nondecreasing in each of the variables for x > xg,y > yo. Suppose that

T ry
(12)  u(e,y) < a(e.y) + / / k(s, (s, t) dtds, = > 70,9 > vo.
o Yo
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Then S
U(IL‘,y) S a(x,y) €xp </ / ]{?(S,t) dtds)? x 2 Zo,Y Z Yo-
To Y Yo

In a recent paper [14] Pachpatte has given some useful integral inequalities in-
volving functions of two independent variables and presented some of its applica-
tions. Our main objective here is to obtain a bound on the nonlinear version of
(1.2) and also establish some new nonlinear integral inequalities involving functions
of two independent variables which can be used in the analysis of the behavior of
the solutions of some terminal value problem for the hyperbolic partial differential
equation.

2. RESULTS

In this section we state and prove some new nonlinear integral inequalities in
two independent variables. Throughout the paper, all the functions which appear
in the inequalities are assumed to be realvalued and all the integrals are involved
in existence on the domains of their definitions. We shall introduce some notation:
R denotes the set of real numbers and R4 = [0,00), J; = [20,X) and J2 = [y0,Y)
are the given subsets of R. The first order partial derivatives of a functions z(z,y)
defined for =,y € R with respect to  and y are denoted by z,(x,y) and zy(z,y)
respectively.

Theorem 2.1. Let u(z,y),a(z,y), k(x,y) be nonnegative continuous functions for
x > xo,Y > Yo, and let a(x,y) be nondecreasing in each of the variables for © >
o,y > Yo. Suppose that

T ry
21) ey < alz,y) + / / k(s, )P (s,8) dtds, @ > 70,9 > vo.

Zo Y Yo

where p > 0,p # 1, is a constants. Then

(2.2) u(z,y) < [aq(:z:,y) + q/; /y k(s,t) dtds} v

o Y Yo

for x € [x9,X),y € [yo,Y), where ¢ = 1 —p, X and Y are chosen so that the
expression between [...] is positive in the subintervals [xg, X) and [yo,Y).

Proof. Let X > xg and Y > yg be fixed. Then for ¢ <z < X,yg <y <Y we have

(2.3) u(z,y) < a(X,Y) +/(

Zo

/ " (s, )P (5, 1) dt) ds.

Yo
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Define a function v(x,y) by the right-hand side of (2.3). Then the function v(z,y)
is nondecreasing in each variable z,y, and v(zg,y) = a(X,Y),

9 Y y
(2.4) D,y) = / k(z, t)uP (z, ) dt < / k(z,t) dtvP (z, y),
Ox Yo Yo
since u(x,t) < v(z,t) < v(z,y). According to (2.4), the function z(z,y) = v(x,y)/q
satisfies

0z ov

(2.5) ) = v ) o) < [ Rty

Yo

Integrating (2.5) over s from xg to x, and the change of variable yields

z(x,y) < —vq (o,y / / (s,t)dtds,
Yo

T ry
Ve Sa(XY) v [ [ bl deds,
o Yo

where < (respectively, > ) holds for ¢ > 0 (respectively, ¢ < 0). In both cases this

estimate implies
Ty 1/q
v(z,y) < {aq(X,Y)Jrq/ / k:(s,t)dtds}
xo Yo

for g <z < X,yo <y <Y. Setting x = X and y = Y and changing notation we
arrive at (2.2). O

or

Corollary 2.1. Let u(z,y),k(x,y) be nonnegative continuous functions for x >
xo,Y > Yo, and let a(x) be nondecreasing in x,x > xg, and b(y) be nondecreasing in
Y,y > yo. Suppose that

u(z,y) < () + by) + / / ks, )P (s, ) dids, @ > 20,y > yo.
0 Jy

where p > 0,p # 1, is a constants. Then

u(z,y) < [<a<x> +b(y))? +q / / " ks, ) dtds] e

0

for z € [xo,X),y € [yo,Y), where ¢ = 1 —p, X and Y are chosen so that the
expression between [...] is positive in the subintervals [xg, X) and [yo,Y).



On nonlinear integral inequalities of Gronwall type in two variables 5

Theorem 2.2. Let u(x,y),a(z,y), k(x,y) be nonnegative continuous functions in
Ri, and let a(x,y) be nonincreasing in each of the variables x,y. Suppose that

u(z,y) < a(z,y) +/ / k(s,t)uP(s,t)dtds, x>0,y >0,
e Jy

where p > 0,p # 1, is a constants and

/ / k(s,t)dtds < oo, x>0,y > 0.
z Jy

Then
[e%} 00 1/q
u(z,y) < {aq(x,y) +q/ / k(s,t) dtds}
z Jy
forx €1]0,X),y €[0,Y), whereq=1—p, X andY are chosen so that the expression
between [...] is positive in the subintervals [0, X) and [0,Y).

Proof. The details of the proof of Theorem 2.2 follows by an argument similar to
that in the proofs of Theorem 2.1 with suitable changes. We omit the details. [J

By a reasoning similar to the proof of Theorem 2.1 we also can prove the following
assertions.

Theorem 2.3. Let u(x,y),a(x,y), k(x,y) be nonnegative continuous functions in
Ri, and let a(x,y) be nondecreasing in x and nonincreasing in y. Suppose that

mstwaw+/°/ k(s 0P (s, 8) dids, x>0,y >0,
0 Jy

where p > 0,p # 1, is a constants and

// k(s,t)dtds < oo, x>0,y > 0.
0 Jy

Then
1/q

o) < |ate) o [ [T ko) s
0 Jy

forx €]0,X),y €[0,Y), whereq=1—p, X andY are chosen so that the expression
between [...] is positive in the subintervals [0, X) and [0,Y).

Our next theorems deal with some generalizations of Theorem 2.1, Theorem 2.2
and Theorem 2.3.
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Theorem 2.4. Let u(x,y),a(x,y),b(x,y), k(x,y) be nonnegative continuous func-
tions for x > xo,y > Yo, and let a(x,y) be nondecreasing in each of the variables
for x > xg,y > yo. Suppose that

xT

(26)  ulz,y) < ale,y) + /

Zo

x Yy
b(s, y)u(s,y) ds + / / (s, t)uP (s, 1) dids
o Yo

for x > xg,y > yo, where p > 0,p # 1, is a constants. Then

u(z,y) <exp (/ﬂj b(T,y) dr)

27 <[ewnra [ [ s exo( [ sy i) ] v

for x € [x9,X),y € [yo,Y), where ¢ = 1 —p, X and Y are chosen so that the
expression between [...] is positive in the subintervals [zo, X) and [yo,Y).

Proof. Define a function z(z,y) by

2z, y) :a(x,y)—f—/m: /yjk(s,t)up(s,t) dtds.

Then z(x,y) is nondecreasing in each variables z,y, and (2.6) can be restated as

x

(2.8) u(z,y) < =(z,y) + / (s, y)u(s, ) ds.

Zo

Further define a function v(z, y) by v(x,y) = ffo b(s,y)u(s,y)ds. Then v(zg,y) =0,
we have

ov

(29) %(xay) < b(xvy)z(xvy) + b(x,y)v(w,y),

since u(x,y) < z(x,y) + v(z,y). The inequality (2.9) imply that

[%(s, y) — (s,y)v(s, y)] exp (/m b(7,y) dT) < b(s,y)z(s,y) exp (/x b(7,y) dT)

for s > xg, or

% |:U(S,y) exp (/: b(t,vy) dr)} < b(s,y)z(s,y) exp (/: b(r,y) dr).
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Integration over s from x( to x gives

v(z,y) < /j b(s,y)z(s, y) exp (/x b(1,y) dT) ds,

0

which implies

(2.10) v(z,y) < z(z,y) /x b(s,y)exp (/j b(t,y) d7> ds,

Zo

since v(xp,y) = 0. From (2.8) and (2.10), we get

xT

(2.11) u(z,y) < z(z,y) exp (/m b(T,y) dr).

0

Using the definition of z(z,y) and (2.11) we find the estimate

2(m,y) < a(x,y)—k/xj /yjk:(s,t) exp(p/x: b(r 1) dT)zp(s,t) dt ds.

Now Theorem 2.1 implies

(212)  2(z,y) < [aQ(x,qu/: /yk(s,t) exp(p/: b(r, 1) dT) dtds] l/q,

o Y Yo 0

for x € [x9,X),y € [yo,Y), where ¢ = 1 — p, X and Y are chosen so that the
expression between [...] is positive in the subintervals [z, X) and [yo,Y). The
desired inequality in (2.7) follows by using (2.12) in (2.11). O

Theorem 2.5. Let u(x,y),a(x,y),b(x,y), k(x,y) be nonnegative continuous func-
tions in R%_, and let a(x,y) be nonincreasing in each of the variables for x,y. Sup-
pose that

ule.y) <aley) + [

€T

h b(s,y)u(s,y)ds + /OO /OO k(s,t)uP(s,t)dtds

for x>0,y >0, where p > 0,p # 1, is a constants, and

/ b(s,y)ds < o0, / / k(s,t)dtds < oo
T T y
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forx >0,y > 0. Then

w(w,y) <exp ( /m T biry) d7>

fornva [ [ ks ool [ bty ar ) ] v

forx €1]0,X),y €[0,Y), whereq=1—p, X andY are chosen so that the expression
between [...] is positive in the subintervals [0, X) and [0,Y).

Proof. The details of the proof of Theorem 2.5 follows by an argument similar to
that in the proofs of Theorem 2.4 with suitable changes. We omit the details. U

By a reasoning similar to the proof of Theorem 2.4 we also can prove the following
assertions.

Theorem 2.6. Let u(x,y),a(z,y),b(x,y), k(x,y) be nonnegative continuous func-
tions in Ri, and let a(x,y) be nondecreasing in x and nonincreasing in y. Suppose
that

uw(z,y) <alz,y)+ /033 b(s,y)u(s,y)ds+ /Of” /OO k(s,t)uP(s,t)dtds

forx >0,y >0, where p > 0,p # 1, is a constants, and

// k(s,t)dtds < oo
0 Jy
for x >0,y > 0. Then

(@, ) <exp (/Ox b(r,y) d7>

X [aq(x,y) + q/ox /yoo k(s,t)exp (/08 b(T,y) dT) dtds} v

forx €1]0,X),y €[0,Y), whereq=1—p, X andY are chosen so that the expression
between [...] is positive in the subintervals [0, X) and [0,Y).

3. FURTHER INEQUALITIES

In this section we consider further nonlinear integral inequalities for functions of
two independent variables.
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Theorem 3.1. Let u(x,y),a(x,y),b(x,y), k(x,y) be nonnegative continuous func-
tions for x > xo,y > Yo, and let a(x,y) be nondecreasing in each of the variables
for x > xq,y > yo. Suppose that

T

(31 u(wy) < alzy) + /

Zo

z pry
b(s,y)uP(s,y) ds + / / k(s,t)uP(s,t) dtds
o Yo

for x > xg,y > yo, where p > 1 is a constants and f;; b(s,y)uP(s,y)ds be nonde-
creasing in y. Then

(32) ulz,y) < {alp(ﬂc,y) +(1-p) </3: b(s,y) ds + /xj /yj k(s t) dtds)}(p_l)

fO’f’ x > Zo,Y > Yo, and (ZIZ‘,y) € D7 where D = Sup{(xay)’(l _p)(fggmo b(87y) ds +
ffo fy‘yo k(s,t)dtds) < a'=P(x,y)}.
Proof. Define a function v(z,y) by
T z Yy
vwg) = [ syt [ [ ks dids,
o To Y Yo

Then v(zg,y) = 0, we have

%(w, y) < b(x,y)uP(x,y) + /yj k(z,t)uP(x,t)dt
< (b<x, 0+ [k dt) ae,y) + v, y)P
33 < (b<w, o+ [ e dt) a(e,y) + v(@, )" Dla(e,y) + v(z, y)

since u(z,y) < a(z,y) + v(x,y). The inequality (3.3) imply that

ov

(34) %(xay) < R(:U,y)[a(x,y) +U($,y)],

where R(z,y) = (b(z,y) + f;:) k(z,t)dt)[a(z,y) + v(z,y)]P~Y. Inequality (3.4) im-
plies

%0 (5,)~ Rl o, y>] exp ( | R df) < R(s,p)a(s,y) exp( | R dT>
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for s > xg, or

o [t men( [ rewar)| < re s es( [ R i)

Integration over s from x( to = gives

U@w)SA:R@QM@WNH(LéMﬂMJQd&

which implies
x

(3.5) o(z,y) < alz,y) /

Zo

R(s,y) exp < / " R(ry) dT) ds,

since v(xp,y) = 0. From (3.5), we get

€T

(3.6) v(z,y) +a(z,y) < a(z,y) exp </x R(7,y) dT).

0

From (3.6) we successively obtain

[v(z,y) + alz,y)]P~Y < aPV(z,y) exp< LQRT Y dT)

Rep) < o)+ [ ket Ve (-1 [ Repar).

Yo

Z(x,y) = (p— DR(z,y)
<(p-1) {b(:p,y) + /y k(1) dt] D (2 ) exp (/: Z(r.y) dT).

Yo 0
Consequently

Z(z,y) exp(— /:Z(T, Y) dT) < (p— 1){b(x,y) —I—/yk:(x,t) dt]a(p_l)(x,y),

Yo

or

(p—1) [b(s, y) + / " k(s ) dt} a® (s, ).

Yo

Pl

|

@

4

o
/I\\
%e\
o w

N
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Integrating this from x( to = yields

l—exp(— /; Z(r.y) dT) < /Ij(p—l){b(s,y)—k/yj k(s, ) dt] o™ (s,y) ds.

from which we conclude that

(3.7)

x x Yy (p—1)
exp(/ R(7,y) dT) < {1—(p—1)a(p_1)(x,y)/ (b(s,y)—i—/ k(s,t) dt) ds]

xo xo Yo
for z > :1:0 Yy > yo, and (z,y) € D, where D = sup{(z,y)|(1 — f;b s,y)ds +

f Sy Y k(s,t)dt) < a'7P(x,y)}. The desired inequality in (3.2) follows by using
(3. 6) (3 7) and the fact that u(z,y) < a(z,y) +v(z,y). O

By a reasoning similar to the proof of Theorem 3.1 we also can prove the following
assertions.

Theorem 3.2. Let u(x,y),a(x,y),b(x,y), k(x,y) be nonnegative continuous func-
tions in Ri, and let a(z,y) be nonincreasing in each of the variables in x > 0,y > 0.
Suppose that

o0

u(e.y) < aleg) + [

x

b(s,y)u”(s,y) ds + / / k(s,t)uP(s,t)dtds
z Jy
for x >0,y >0, where p > 1 is a constants,

/ b(s,y)ds < oo, / / k(s,t)dtds < oo,

and [ b(s,y)uP(s,y) ds be nonincreasing in y. Then

) = {al_p(x’ =) (/:O b(s,y) ds + /:0 /yoo k(s, 1) dtds)} .

for x > 0,y > 0, and (z,y) € D where D = sup{(z,y)|(1 — p)( [ b(s,y) ds +
[ fy k(s,t)dtds) < a'=P(z,y)}.
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Theorem 3.3. Let u(x,y),a(x,y),b(x,y), k(x,y) be nonnegative continuous func-
tions in Ri, and let a(x,y) be nondecreasing in x,x > 0, and nonincreasing in
y,y > 0. Suppose that

u(z,y) < a(z,y) + /Ox b(s,y)uP(s,y)ds + /01’ /OO k(s,t)uP(s,t)dtds

forx >0,y > 0, where p > 1 is a constants,

// k(s,t)dtds < oo,
0 Jy

and fox b(s,y)uP(s,y)ds be nonincreasing in y. Then

u(z, y) < [al—P(x,y) +(1-p) (/O‘” oy ds + /Ox /yoo .t dtds)} (p—1)

for x > 0,y > 0, and (z,y) € D where D = sup{(z,y)|(1 — p)([f; b(s,y)ds +
Iy fyoo k(s,t)dtds) < a'"P(z,y)}.
4. APPLICATIONS

In this section we present some immediate applications of Theorem 2.5 to study
certain properties of solutions of the following terminal value problem for the hy-
perbolic partial differential equation

(4.1) Uy (2, y) = Wz, y, u(z, ) +7(2,9),
(4.2) u(x,00) = 000 (), u(00, y) = Too (y), u(00, 00) = k,

where h: R2 X R — R,7: RY — R, 00,7 (y) : R4 — R are continuous functions
and k is a real constant.

The following example deals with the estimate on the solution of the partial
differential equation (4.1) with the conditions (4.2).

Example 1. Suppose that the function h in (4.1) satisfies the condition
(4.3) | A,y u) < k(z,y) [u P,

and

(4.4) |00o(z) + To(y) — k + /OO /OO r(s,t)dtds

& 9]
x

< a(,y) + / b(s, y)u(s, ) ds.
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where a(x,y),b(x,y), k(z,y) are as defined in Theorem 2.5. If u(z,y) be a solution
of (4.1) with the conditions (4.2), then it can be written as (see [1, p. 80])

(4.5) w(x,y) = 000 () + Too (y) — k + /00 /OO (h(s,t,u(s,t)) 4+ r(s,t)) dtds

for z,y € R. From (4.3), (4.4), (4.5) we get

oo

(46)  lu(e.y)| < alz,y) + / b(s. y) ] ds + /

x x

/ k(s, £)]ul? dtds.
)

Now, a suitable application of Theorem 2.5 to (4.6) yields the required estimate
following

ot <es( [ b ar)

) fonva [ [ ks oo [ bty ) ] v

forz € [0,X),y €10,Y), where ¢ = 1—p, X and Y are chosen so that the expression
between [...] is positive in the subintervals [0, X') and [0,Y). The right-hand side of
(4.7) gives us the bound on the solution u(z,y) of (4.1)-(4.2) in terms of the known
functions. Thus, if the right-hand side of (4.7) is bounded, then we assert that the
solution of (4.1)-(4.2) is bounded for = € [0, X),y € [0,Y).
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