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BOUNDING THE CEBYSEV FUNCTIONAL FOR SEQUENCES
OF VECTORS IN NORMED LINEAR SPACES

S.S. DRAGOMIR

ABSTRACT. Some new bounds for Cebysev functional for sequences of vectors
in normed linear spaces are pointed out.

1. INTRODUCTION

Consider the Cebysev functional defined for p = (p1, ..., pn) € R™, & = (a1, ..., ) €
K" (K =R or C) and x = (21, ...,x,) € X", where X is a linear space over the real
or complex number field K:

n n n
(1.1) T, (p;c,X) := Pu > picuiwi — Y picvi - ¥ _ pidi,
i=1 i=1 i=1
where P, := ", p;.
The following Griiss type inequalities for sequences in normed linear spaces hold.

Theorem 1. Let (X, ||.||) be a normed linear space over the real or complex number
field K, a = (a1, ...,a,) € K", p = (p1,....,0n) € R with " ;p; =1 and x =
(1, ..., xn) € X™. Then one has the inequalities

(12)  [|T% (p; o, x|

. . 2
[0 i = (7 ipa)? | maxs < cnms Aoy mas < <o [|Aay |, [0

n n—1 n—1
5 2y i (1= pi) 307 [Aay | 32571 (| Ayl B3]

IN

1/p 1/q

Srcicgenpipi (=) (S50 18ay”) 7 (S52) 18a,07)

p>17%+%:1’[2]'
The constant 1 in the first branch, % i the second branch and 1 in the third branch

are best possible in the sense that they cannot be replaced by smaller constants.

The following particular inequalities for unweighted means hold as well, where
T, (o, x) is defined as follows:

1 & 1 & 1 &
T, (o, x) ::E;aixi—ﬁgai-ﬁ;xi.
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2 S.S. DRAGOMIR

Corollary 1. With the assumptions of Theorem[]] for X, o and x, we have

(1.3) 1T (e, )

13 (n? = 1) maxi<j<n—1 [Aay| maxi<j<n—1 | Az; ], [1;

(1= ) S0 Ay 0 (1A Bl

IA
N|—

1/q
)

s (5 aal) (S e 1)

p>15+:=1[l

Here the constants 1—12,% and % are best possible in the sense that they cannot be
replaced by smaller constants.

For applications to estimate the p-moments of guessing mappings, see [I]. For
applications in approximating the discrete Fourier transform, the discrete Mellin
transform as well as some applications for polynomials and Lipschitzian mappings,
see [2] and [3].

For classical results related the Cebysev functional, see [4], [5], [6], [7], [8], [10]
and [12]. For more recent results, see [12], [13], [14], [15], [9] and [I1].

2. THE IDENTITIES
The first result is embodied in the following

Theorem 2. Let p = (p1,...,0n),a = (a1,...,a,) be n-tuples of real or complex
numbers and X = (x1,...,2,) an n-tuple of vectors in the linear space X. If we
define

P :Zpkapi::Pn*Piaie{la"'anfl}v
k=1
Ai (p) L= Zpkalmlei (p) = ATL (p) - Al (p) ai € {1a sy = 1}7
k=1

then we have the identity

n—1
(2.1) T, (p;a,x) = Zdet ( Afzip) Af?p) ) - Ay
A

i(P)) Az (if P, #0,i € {1,...,n})

~ Py P
n—1 n
i=1 i ‘

where Ax; = x;41 — 2; (1 € {1,...,n — 1}) is the forward difference.

Proof. We use the following well known summation by parts formula

q—1 qg—1
(22) Z dlAUl = dlvl|g — Z ’UlJrlAdl,
l=p

l=p
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where d; are real or complex numbers, and v; are vectors in a linear space, [ = p, ..., q
(¢ > p; p, q are natural numbers) .

If we choose in , p = 1,9 = n,d; = P,A,(p) — P,A; (p) and v; = x;
(i €{1,...,n—1}), then we get

n—1

Z (BATL (p) - PnAi (p)) ' Aa:i

- n—1
= [PiAn (p) = PuAi (D)) -2l = Y A(PiAy (p) — Pudi (P)) - Tita
=1
= [PhAn(P) — Prdn (P)] 20 — [P1An (P) — PadA1 (P)] - 21

n—1

- Z [Pis1An (P) — PoAit1 (P) — Pidyn (P) + PoAi (P)] - wiga

n—1
= Puprarzy —prd, (p) 21 — Y (piv1An (P) = Papis1@ira) - @i
i=1
n—1 n—1
= Puprairs — p1d, (p)z1 — An (P) Zpi+1$i+1 + P, Zpi+1ai+1$i+1
i=1 i=1
n n n
= P _piaiti— Y pidi- Y pii
i=1 i=1 i=1
= Tn(p;a,x),
which produce the first identity in (2.1]) .
The second and the third identities are obvious and we omit the details. O

Before we prove the second result, we need the following lemma providing an
identity that is interesting in itself as well.

Lemma 1. Let p = (p1,...,pn) and a = (ay,...,a,) be n-tuples of real or complex
numbers. Then we have the equality

n—1

P; P, —
(2'3) det ( ) ; v ) = Z Pmin{i,j}Pmax{i,j} : Aaj,
A; (p) An(p) =

for each i € {1,...,n—1}.

Proof. Define, for i € {1,...,n — 1},

n—1

K (i) = Z Pmin{i,j}Pmax{i,j} - Aay.
j=1



‘We have

(2.4) K (i)
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n—1

= Z Pmin{i,j}Pmax{i,j} -Aaj + Z Pmin{i,j}Pmax{i,j} - Aay

j=1 j=i+1

n—1

= ipjpl . ACL]‘ + Z Pipj . Aaj

j=1 j=it1

n—1

= pZZP]A(Z]—FR Z pj-Aaj.

j=1 j=i+1

Using the summation by parts formula, we have

i i
i+1
(25) ZPj~Aaj = Pj~aj11 —Z(Pj+1—Pj)'aj+1
j=1 j=1
i
= Pip1Gip1 —pian — Y pjt1- a1
j=1
i+1
= Pipi16ip — ij $aj
j=1
and
n—1 n—1
_ _ n _ _
(260 Pi-Aa; = Piogliy,— Y (Pea—Pi) ajn
j=it+1 j=it+1
n—1
= Pnan— i+lai+1_Z(Pn_Pj+1_Pn+Pj>'aj+1
j=i+1
n—1
= —I410i41 T+ Z Dj+1 - Gj41-
j=i+1
Using (2.5) and (2.6) we have
1+1 n—1
K({) = P| Py — ij ca; | + B Z Dij+1 - it1 — Pipia,41
j=1 j=i+1
i1 n—1
= PiPiaiyr — PiPijiaip — B ij ca; + P Z Pj+1-a5+41
=1 j=i+1
= [(Pn—Pi) Pis1 — Py (Py — Pis1)] aiva
n—1 it1

+P1 Z Pj+1 - Q41 _Plzpj s ayj
j=i+1 Jj=1
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n—1 i+1
= Pupivi16iq1 + B Z Pjv1- a1 — b ij "aj
j=it+1 j=1
n—1 i+1
= (Pi + Pi) Pi+10it1 + B Z Pj+1-aje1 — b ij " ay
j=i+1 j=1

n—1 i
= b Z pj'aj_Pinj'aj:PiAi(p)_PiAi(p)
j=1

j=it1
P P,
= det ! " ;
( Ai(p) An(p) >
and the identity is proved. (Il

We are able now to state and prove the second identity for the Cebysev functional

Theorem 3. With the assumptions of Theorem[d, we have the equality
n—1ln—1

(27) Ty (p; a, X) = Z Z Pmin{i,j}pmax{i,j} : Aaj : Axi'

i=1 j=1

The proof is obvious by Theorem [2| and Lemma
Remark 1. The identity (2.7)), for n-tuples of real numbers, was stated without a
proof in paper [12]. It also may be found for the same sequences in [9, p. 281],

again without a proof. In the second place mentioned above there is a misprint for
the index of P which, instead of max{i,j} + 1, should be max {3, j}.

3. SOME NEW INEQUALITIES

The following result holds

Theorem 4. Let (X, ||.||) be a normed linear space over the real or complex number
fieldK, a = (a1,...,a,) € K", p=(p1,....,pn) € R" andx = (z1,...,x,) € X™. Then
one has the inequalities
(3.1) [T (p; a,x)||

Pi Pn n—1 .
A A I vy T

a\ /a 1/p
) (e

maXj<i<n—1

(Z?:f

det( Aﬁip) Af ?p) )

1,1 _ 1.
forp>1,;—|—5—17

Dy det( Aﬁip) Af (») )

All the inequalities in (3.1) are sharp in the sense that the constants 1 cannot be
replaced by smaller constants.

Proof. Using the first identity in (2.1)), we have

n P
1T (P52, %)) <)
i=1

IN

‘maxi<j<n—1 || Az .

e (allo allm )|1051.
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Using Hélder’s inequality, we deduce the desired result .

Let prove, for instance, that the constant 1 in the second inequality is best
possible.

Assume, for C > 0, we have that

1 a4 [p_1 1/p
< < P; P, ) a 5 A ”P
3.2) ||T, (p;a,x)|| < C det ! n T
(3.2) [|Tw (P i ; A;(p) A, (p) jz::l Az
forp>17%+$:1,n22.
If we choose n = 2, then we get
T, (p;a,x) = p1p2 (a2 — a1) (v2 — 1) .
Also, for n = 2,
n—1 1/q
Sl (W WS ) = temelles -
P Ai(p) An(p)
and
el 1/p
dolaz”) = s — @]l
j=1
Then by (3.2), holding for n = 2,p1,p2 > 0,a1 # as,x2 # x1, we deduce C' > 1,
proving that 1 is the best possible constant in that inequality. (I

The following corollary for the uniform distribution of the probability p holds.

Corollary 2. With the assumptions of Theorem []] for a and x, we have the in-
equalities

1T (2, x)]|

maxi<i<n-—1

i n »
det( ko1 Ok Y ohey Gk )‘ 2 1Azl

q 1/‘1 1/p
L) (zm ) (T iaar)

det( 1'71 nn )
D1 Ok Do Ok
forp>1,%+%:1;

7 n
det < S ar Yp_ ax )‘ ‘maxi<j<n-1||Az;]|.
k=1 k=1

The following result may be stated as well.

-1
im
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Theorem 5. With the assumptions of Theorem and if P A0 =1,...,n), then
we have the inequalities

(3-3) 1T (ps a, x|

<ot [ 44— 48| S | A

A, A g\ 1/q 1 1/p
e - ) (S )

1,1 _
forp>1,5+a—1

(i

-1
2t

Anlp) AP maxy <icp || A2 -

All the inequalities in (3.3) are sharp in the sense that the constant 1 cannot be
replaced by a smaller constant.

Proof. Follows by the second identity in (2.1) and taking into account that

1T (32, x)|| <

1
An(p)  Ai(p)
7P, ~ Pi | Pyl | Azl -

Using Holder’s weighted inequality, we easily deduce (3.3) .
The sharpness of the constant may be shown in a similar manner. We omit the
details. (]

The following corollary containing the unweighted inequalities holds.

Corollary 3. With the above assumptions for a and x one, has

(3.4)  ||ITn (a,x)]|

LR e — ] A

maxj<i<n—1

(i E o= i) (i A )

IN
3=

11 _ .
Jorp>1,5+5=1

Zzli

Shoyar— 23 ak‘ ‘maxi<i<n—1 [|Az| .

The inequalities in (3.4) are sharp in the sense mentioned above.

Another type of inequalities may be stated if one uses the third identity in (2.1)).
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Theorem 6. With the assumptions in Theorem and if P;, P; # 0,3 € {1,....,n — 1},
then we have the inequalities

3.5 ITw (psa,x)||

mescicn-1 | 24 — AP 5P| [Py A

|

A(p) _ Ap) 1/p
P;

- T Pi

(Zi 1P [P

N (P a)

IN

1,1 _ .
forp>1,5—|—a—1,

i (p)
P;

— Aip) ‘ ‘maxi<i<n—1 [|Az| .

—1 _—
sy [Pl [Pl
In particular, if p; = %,i € {1,...,n}, then we have

(3.6) T (a,x)|

maxj<i<n—1

. . _
ﬁ ZZ:M ak — % 22:1 ak’ : 21;1 i(n—1) || Az ;

(Zimtitn—1)

: q\ 1/a
1 n 1 7
e - i awl)

_ 1/p
X (Z?:lli(n—i)HAa:in) forp>1,%+%:1;

-1 . . )
Z?:l i(n — 1) ﬁ ZZ:m ak — %22:1 ak‘ ‘maxi<i<n—1 [[Az| .
The inequalities in (3.5) and (3.6) are sharp in the above mentioned sense.

A different approach may be considered if one uses the representation in terms

of double sums for the Cebysev functional provided by the Theorem
The following result holds.

Theorem 7. With the assumptions in Theorem[]], we have the inequalities
37 T (pa,x)]

D n—1 n—1
maxi<i j<n—1 {|Pmin{i,j}} |Pmax{i,j}|} ’ Zi:1 |Aa] Zi:1 | Az ;

n— n— D, 1/q
(Zizll 5550 [Paingiy | [Praxtiy |q>

IA

- 1/p _ 1/p
x (Z?:ll ‘Aai‘p) (Z?:f |A$z‘||p) forp>1, 1% +1=1

q )

Sist 500 Pringig | | Pty

X maXi<;<n—1 |Aal| maxi<;<n—1 ||AJ}1|| .

The inequalities are sharp in the sense mentioned above.

The proof follows by the identity (2.7) on using Holder’s inequality for double
sums and we omit the details.
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Now, define

koo = max {mm{i’j} (1max{i’j})},n>2.

1<i,j<n—1 n n -

Using the elementary inequality
1
ab < Z(a—&-b)z, a,b € R;
we deduce

min i, 7} - (n —max{i,7)) < 5 (n+min{i,j} —max (i, j))?

1
= J—li—j)’ 1<ij<n—1
Consequently, we observe that
1

1 L N2
< — — — = -,
Foo < 4n? 1§’L‘I,I‘]1.2)’I(L71 {(n i =D } 4
We may state now the following corollary of Theorem [7}

Corollary 4. Let (X,|.]) be a normed linear space, a = (ay,...,a,) € K" and
x = (x1, ..., xn) € X" Then we have the inequality

n—1 n—1 n—1 n—1
1
(3.8) T (2, %) < koo > [Aai] > [| Az < 1 Y 18ai] Y [[Az] -
=1 =1 1 =1

=
The constant i cannot be replaced in general by a smaller constant.

Remark 2. The inequality (3.8)) is better than the second inequality in Corollary
Wi}
Consider now, for ¢ > 1, the number

1
n—1ln—1 /a

b= oy [ 303 fmin i} - (n — ma i, )"

i=1 j=1
We observe, by the symmetry of the terms under the sums symbol, we have that
1/q
1 n—1
ko= —5 |2 Yoo =T+ it -]
1<i<j<n—1 i=1

that may be computed exactly if ¢ = 2 or another natural number.
Since, as above,

(min {7, j} - (n = max {i, jH))" < 5 (n =i -l
we deduce
n—1n—1 a
1 L N2
ke = 15 SN tn—li—j)h*
i=1 j=1

1 /g 1
oy [(n - 1)2n2q] =1 (="

Consequently, we may state the following corollary as well.
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Corollary 5. With the assumption in Corollary[f}, we have the inequalities

n—1 1/p n—1 1/p
1T @) < ke (Do 1Aal” ) (D Az
i=1 i=1
1 n—1 p ypq 1/p
2
< =7 1Aal ) (Yo lAn )
i=1 i=1

provided p > 1, %—i—% = 1. The constant i cannot be replaced in general by a smaller
constant.

Finally, if we denote

n—1ln—1
1 o .
kl = ? Z Z [mln{la]} : (TL fmax{z,]})],
=1 j5=1
then we observe, for u = (%, - %) ,e=(1,2,...,n), that
2
1< 1< 1

k1 =T, (u; =— 2 — = | = —=(n?-1
1 (u7eve) n P t n ;7’ 12 (n ) ’

and by Theorem [7} we deduce the inequality

1
< — 2 _ . N
I (2, %)l < 75 (n° = 1) | Jnax [Agj| | max | Aal]

Note that, the above inequality, has been discovered with a different method in [IJ.
The constant 1—12 is best possible.
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