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THREE INEQUALITIES INVOLVING HYPERBOLICALLY
TRIGONOMETRIC FUNCTIONS

CHAO-PING CHEN, JIAN-WEI ZHAO, AND FENG QI

ABSTRACT. In the short note, by using mathematical induction and infinite
product representations of the cosine function, hyperbolic sine function and
hyperbolic cosine function, three inequalities for the cosine function, hyperbolic
sine function and hyperbolic cosine function are established.

1. INTRODUCTION

It is well-known that the following

2 sinx ™
Z< <1, (0.2]; 1
2 o el (0.7 )
is called Jordan’s inequality [3, p. 42].

Kober’s inequality is given in [5] and [6, p. 317] as follows:

2 T
>1- 2y, e[o,f] 2
cosx > —z, T 5 (2)

T
For 5 < z < 7, inequality (2) reverses.

These two inequalities are basic inequalities in calculus and in trigonometry.
In [12], R. Redheffer established that

sinx w2 — x?

The inequality (3) and Jordan’s inequality (1) do not imply each other.

The study of Jordan’s and Kober’s inequality and inequalities of trigonometric
functions has a rich literature, for example, [1, 2, 4, 6, 7, 8, 9, 10, 11] and references
therein. There are many refinements, extensions, and variants of them, each based
on a different principle, or at least using a different device. A much complete list
of references in recent years can be found in [2].

In this note, by using mathematical induction and infinite product representa-
tions of cosz, sinhx and cosh z, three inequalities for the cosine function, hyper-
bolic sine function and hyperbolic cosine function, which are similar to Redheffer’s
inequality (3), are established.
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Theorem 1. If x| < 5, then

1
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1 — 422
14 422’
1+ 422
1— 422"

cos(mzx) >

cosh(mz) <

If0 < |z| < 1, then

sinh(rz) 1+ 22
< .
mx  — 1—22

2. PROOF OF THEOREM 1

Proof of inequality (4). It is sufficient to prove inequality (4) for 0 < z < %

In [3, p. 193], the following product representation is given

cos(nz) 11 ( ann )

Set

FTL (1 ) nene

k=2
Then we have

1 — 422 o\ .
cos(mz) = 1542 [(1 + 4z )7}520 F,
and
422
Fopr=F(1—-—— ), n=23,....
" ( (2n+ 1)2> b
Using mathematical indunction, we can prove the following
422
1+42®)F > 14+ ——— =2,3,....
(14 4z%) >1to—, n .3,

In fact, for n = 2, we have

4
1+ 422)F — (14 =22
3

(1 + 4x?) (1 - g#) - (1 + §x2>

20 16
R
>0,

that is

4
(1+42*)Fy > 1+ §x2.
Therefore, inequality (11) holds for n = 2.

Suppose inequality (11) holds for some m > 2, that is

422
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Then we have

4 2
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By induction, inequality (11) follows.
Further, since
lim (14 42)F, > 1, (17)
combining (9) with (17) yields (4). The proof is complete. |
Proof of inequality (5). It suffices to prove inequality (5) holds for 0 < z < 3.
It is well-known [3, p. 193] that
il 422
cosh(mz) = };[1 (1 + (2”—1)2> . (18)
Let
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and
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Using mathematical induction, we can prove the following
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In fact, for n = 2, we have
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that is,
4
(1-42%)Q2 < 1 - §x2. (24)

Therefore, inequality (22) holds for n = 2.
Suppose inequality (22) holds for some m > 2, that is

(1—42)Qy < 1— 22 (25)
Z m om—1
Then we have
422
1—422)Qumy1 — (1 -
( %) Qm+1 < om o+ 1)
422 422
= (1-42%)Qm (1+ — ) = (1 -
(1-427)Q ( +(2m+1)2) ( 2m+1)
4 2 4 2 2
(1o % 14 x (1 4z (26)
2m — 1 (2m+1)2 2m+1
. 2 1 ) 1622
B (2m—-1)2m+1) (2m+1)? (2m —1)(2m + 1)2
<0,
that is
422
1 —42%)Qy, 1- : 2
(1= 4) Qs <1 5 (21)
By induction, inequality (22) follows.
It is easy to see that
lim (1 —42?)Q, < 1. (28)
Combining (20) with (28) yields inequality (5). The proof is complete. |
Proof of inequality (6). It is sufficient to prove that inequality (6) holds for 0 <
x < 1.
It is well-known [3, p. 193] that
sinh(mz) 14 x?
= 1+— ). 29
T J;[l ( * n2> (29)
Setting
n $2
P":H<1+2), n=23,..., (30)

then we have

inh 1 2
T = g [o -t Jm p] @1
and
$2
Pn+1:Pn|:]-+(n_'_1)2:|, n:2,3,.... (32)

Using mathematical induction, it is easy to prove that

2

(17:52)Pn<17? n=23.... (33)
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In fact, for n = 2, we have

2

oo (-3) - 1)
4

TR
<0,

that is,
2

(1-2%)Py<1-— %

Therefore, inequality (33) holds for n = 2.
Suppose inequality (33) holds for some m > 2, that is

2
(1—x2)Pm<1—x—.
m
Then we have
2 z?
1-— Poi1— 11—
R (ry)

IE2 33‘2
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2 2
(-5 () - (-
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1 4
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<0,
that is,
2P T
(1—2°)Pphi1 < pbeet

By induction, inequality (33) holds.
Further, since
lim (1 —2*)P, <1,

n—oo

from (31), inequality (6) follows.

REFERENCES

)

(35)

(37)

[1] Ch.-P. Chen and F. Qi, A double inequality for remainder of power series of tangent function,
Tamkang J. Math. 34 (2003), no. 3, accepted. RGMIA Res. Rep. Coll. 5 (2002), suppl., Art. 2.

Available online at http://rgmia.vu.edu.au/v5(E) .html.

[2] Ch.-P. Chen and F. Qi, Inequalities of some trigonometric functions, RGMIA Res. Rep. Coll.

6 (2003). Available online at http://rgmia.vu.edu.au.

[3] Group of compilation, Shuzué Shoucé (Handbook of Mathematics), The People’s Education

Press, Beijing, China, 1979. (Chinese)

[4] G. Klambauer, Problems and Propositions in Analysis, Marcel Dekker, New York and Basel,

1979.

[5] H. Kober, Approzimation by integral functions in the complex domain, Trans. Amer. Math.

Soc. 56 (1944), 7-31.

[6] J.-Ch. Kuang, Chdngyong Budéngshi (Applied Inequalities), 2nd ed., Hunan Education Press,

Changsha, China, 1993. (Chinese)

[7] A. McD. Mercer, Ulrich and Donald Caccia, A sharpening of Jordan’s inequality, Amer.

Math. Monthly 93 (1986), 568-569.


http://rgmia.vu.edu.au/v5(E).html
http://rgmia.vu.edu.au

6 CH.-P. CHEN, J.-W. ZHAO, AND F. QI

[8] D.S. Mitrinovié, Translated by X.-P. Zhang and L. Wang, Jiézi Budéngshi (Analytic Inequal-
ities), Chinese Ed., Science Press, Beijing, China, 1987. English Ed., Springer, New York,
1970.

9] F. Qi, Eztensions and sharpenings of Jordan’s and Kober’s inequality, Gongke Shuxué (J.
Math. Tech.) 12 (1996), no. 4, 98-102. (Chinese)

[10] F. Qi, L.-H. Cui and S.-L. Xu, Some inequalities constructed by Tchebysheff’s integral in-
equality, Math. Inequal. Appl. 2 (1999), no. 4, 517-528.

[11] F. Qi and Q.-D. Hao, Refinements and sharpenings of Jordan’s and Kober’s inequality, Math.
Inform. Quart. 8 (1998), no. 3, 116-120.

[12] R. Redheffer, Problem 5642, Amer. Math. Monthy 76 (1969), 422.

(Ch.-P. Chen) DEPARTMENT OF APPLIED MATHEMATICS AND INFORMATICS, JIAOZUO INSTITUTE
OF TECHNOLOGY, Jia0zuo CiTy, HENAN 454000, CHINA

(J.-W. Zhao) INFORMATION CENTER, EDUCATION DEPARTMENT OF HENAN PROVINCE, ZHENGZHOU
CriTy, HENAN 450003, CHINA

(F. Qi) DEPARTMENT OF APPLIED MATHEMATICS AND INFORMATICS, JIAOZUO INSTITUTE OF
TECHNOLOGY, Jiaozuo CiTty, HENAN 454000, CHINA

E-mail address: qifeng@jzit.edu.cn, fengqi618@member.ams.org

URL: http://rgmia.vu.edu.au/qi.html



	1. Introduction
	2. Proof of Theorem 1
	References

