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ON BESSEL’S AND GRUSS’ INEQUALITIES FOR
ORTHORNORMAL FAMILIES IN 2-INNER PRODUCT SPACES
AND APPLICATIONS

S.S. DRAGOMIR, Y.J. CHO*, S.S. KIM*, AND Y.-H. KIM

ABSTRACT. A new counterpart of Bessel’s inequality for orthornormal families
in real or complex 2-inner product spaces is obtained. Applications for some
Griiss type results with applications for determinantal integral inequalities are
also provided.

1. INTRODUCTION

The concepts of 2-inner products and 2-inner product spaces have been inten-
sively studied by many authors in the last three decades. A systematic presentation
of the recent results related to the theory of 2-inner product spaces as well as an
extensive list of the related references can be found in [1]. Here we give the basic
definitions and the elementary properties of 2-inner product spaces.

Let X be a linear space of dimension greater than 1 over the field K = R of real
numbers or the field K = C of complex numbers. Suppose that (-, |-) is a K-valued
function defined on X x X x X satisfying the following conditions:

(2L) (z,z|z) > 0 and (z,z|z) = 0 if and only if « and z are linearly dependent,
(SL’, CE|Z) = (Zv Z|$)7
(y,:v|z) = ($7y|z)7
(ax,y|z) = a(z, y|z) for any scalar o € K,

Is) (z +2',yl2) = (z,yl2) + (2, y]2).

(+,+]-) is called a 2-inner product on X and (X, (-,-|)) is called a 2-inner product
space (or 2-pre-Hilbert space). Some basic properties of 2-inner product spaces can
be immediately obtained as follows [2]:

(1) If K = R, then (2I3) reduces to

(y,2|2) = (z,y]2).
(2) From (2I3) and (2I4), we have

(Oa y|z) =0, ((t, O|Z) =0

(1.1) (z, ay|z) = a(z,y[2).
(3) Using (212)-(2I5), we have

2000 Mathematics Subject Classification. 46C05, 46C99, 26D15, 26D10.
Key words and phrases. Bessel’s inequality, Griiss’ inequality, 2- Inner product spaces,
Lebesgue integral, Synchronous functions.

1



2 S.S. DRAGOMIR, Y.J. CHO*, S.S. KIM*, AND Y.-H. KIM

(z,zlz £ y) = (x Ly, z L y|z) = (z,z|2) + (y,y|2) & 2Re(z, y|2)

and

(1.2) Re(z,y|2) = i[(zvz|z+y) = (2, 2z —y)].

In the real case K =R, (1.2) reduces to

1
(13) (2,412) = (2, 2l +9) = (5.2l — )
and, using this formula, it is easy to see that, for any a € R,
(1.4) (z,ylaz) = a*(z,yl2).

In the complex case, using (1.1) and (1.2), we have

Im(z,y|z) = Re[—i(z,y|2)] = i[(z, z|lz +iy) — (2, 2|z — iy)],

which, in combination with (1.2), yields

(15)  (@yl) = 712l +9) = (ool = )] + Sl 2l + i) = (22 — i),

Using the above formula and (1.1), we have, for any a € C,

> =

(1.6) (z,ylaz) = |al*(z, y|2).

However, for o € R, (1.6) reduces to (1.4).
Also, from (1.6) it follows that

(,9|0) = 0.
(4) For any three given vectors z,y,z € X, consider the vector u = (y,y|z)x —
(x,y|2)y. By (2I1), we know that (u,u|z) > 0 with the equality if and only if v and
z are linearly dependent. The inequality (u,u|z) > 0 can be rewritten as,

(1.7) (W, yl2)[(z, z[2) (y, y|2) — [(z,y|2)]?] > 0.

For z = z, (1.7) becomes

—(,yl2)|(z,9]2)* = 0,
which implies that

(1.8) (z,9l2) = (y,2]2) = 0

provided y and z are linearly independent. Obviously, when y and z are linearly
dependent, (1.8) holds too. Thus (1.8) is true for any two vectors y, z € X. Now, if
y and z are linearly independent, then (y,y|z) > 0 and, from (1.7), it follows that

(1.9) (@, yl2)” < (2, 2]2)(y, yl2).
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Using (1.8), it is easy to check that (1.9) is trivially fulfilled when y and z are linearly
dependent. Therefore, the inequality (1.9) holds for any three vectors z,y,z € X
and is strict unless the vectors u = (y,y|z)x — (x, y|2z)y and z are linearly dependent.
In fact, we have the equality in (1.9) if and only if the three vectors z,y and z are
linearly dependent.

In any given 2-inner product space (X, (+,-|-)), we can define a function || - | - ||
on X x X by

(1.10) ]zl = v/ (2, 22)
for all z,z € X.

It is easy to see that this function satisfies the following conditions:

(2Ny) ||z|z|| > 0 and ||z|z|| = 0 if and only if « and z are linearly dependent,

(2N3) [l2fe]l = Il

(2N3) |laz|z|| = |a|||z|z|| for any scalar o € K,

(2Na) [l +2'|z|| < [l|z]| + [|2"]2]-

Any function || - |- || defined on X x X and satisfying the conditions (2N1)-(2Ny)
is called a 2-norm on X and (X, -|-|) is called a linear 2-normed space [5].
Whenever a 2-inner product space (X, (+,+|-)) is given, we consider it as a linear
2-normed space (X, | - |- ||) with the 2-norm defined by (1.10).

Let (X;(+,-]-)) be a 2-inner product space over the real or complex number field
K. If (fi);<;<, are linearly independent vectors in the 2-inner product space X,
and, for a given z € X, (fi, filz) = 045 for all i,j € {1,...,n} where §;; is the
Kronecker delta (we say that the family (f;),.,., is z—orthonormal), then the
following inequality is the corresponding Bessel’s inequality (see for example [2])
for the z—orthonormal family (fi),<;<, in the 2-inner product space (X;(-,-|-)):
(1.11) > I, fil2)]* < |z

i=1
for any x € X. For more details on this inequality, see the recent paper [2] and the
references therein.

The following reverse of Bessel’s inequality in 2-inner product spaces has been
obtained in [3]:

Theorem 1. Let {e;},.;, F, ¢;,®;,i € F and x,z € X so that either

(i) Re (X,cr Piei —x, 2 — Y, cp di€i]2) =0
or, equivalently,

1
.t 4+, 2\ 2
(i) ||o ~ Lier 252 eilz] < & (Sicr 100 - o:)
holds. Then we have the inequality:

2 2
0 < Jlalzl® =D Iz, el2)]

icF

1 2
< ZZFI)Z —¢;|” —Re (Z‘Diei -z, T — Z¢iei|z>

i€l ieF i€l

(g Dyt ¢i|2> .

ieF
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The constant i is best possible.

The main aim of the present paper is to establish a different reverse inequality
for (1.11). Some companion results and applications for determinantal integral
inequalities are also given.

2. ANOTHER REVERSE OF BESSEL’S INEQUALITY
The following lemma holds.

Lemma 1. Let {e;},.; be a family of z-orthornormal vectors in X, F' a finite part
of I, ;eK,ieF,r>0andzx e X. If

T — Z)\iei\z

ieF

(2.1) <

then we have the inequality

(2.2) 0 < flalz]* = D l(@el2)* <72 =Y N = (,eil2)|*.
i€l i€EF

Proof. Consider

2
I, = J:—Z/\iei\z = x—Z)\iei,x—Z/\jeﬂz
i€l i€F jEF
= ||z|z|? Z)\ x,e;]z) Z)\ x,e;]z) —1—22)\ Aj (eiyejl2)
1€l 1€l i€F jeF
= ||lz|2|? Z/\ x,ei|z Z)\ (x,e4|2) +Z|)\|
i€EF icF i€l
and
=Y = (@, eil2)? = > i = (@el2) (N - weil?)
i€F i€F
= >[I+ (@ eil2) P =X (@, eil2) - A, eal?)|
i€l
2 2 . T
=Y D M@l =D N (weilz) = Y Al ez).
i€l ieF i€l i€l

If we subtract Iy from I, we deduce an identity that is interesting in its own right:

2 2
x—zximz =S = (@) = Jalzl = 3 (e el2)

i€l i€l i€EF

(2.3)

from which we easily deduce (2.2). I
The following reverse of Bessel’s inequality holds.

Theorem 2. Let {e;},.; be a family of z-orthornormal vectors in X, F' a finite
part of I, ¢;, ®;, i € I real or complex numbers. For x € X, if either

(i) Re (ZiGF Die; —w,x =) ep ¢iei|z) >0,
or, equivalently,

1
. lJrq)l 2\ 2
(i) [|o — Tier 232 eilz] < § (Sier 196 - 0il*)
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holds, then the following reverse of Bessel’s inequality

(2.4) 0 < Jlzlzl* =D Iz, el2)

i€F
1 b, + P, 2
< ZZ |B; — ¢,|° — Z T (z,€il2)
1€EF i€EF
1 2
(S 12@1‘—@“ >’
i€EF

is valid. The constant i is best possible.

Proof. Firstly, we observe that, for y,a, A € X, the following are equivalent

(2.5) Re(A—y,y—alz) >0
and
a+ A 1
(2:6) lv- 252 < 14l
Now, for a =} .. p dsei, A=), p Pie;, we have
2\ 2
A —alzl = | (@i — @) elz|| = | D (®i— o) el
ic€F i€F
1 1
2 2
2 2 2
- (o= ortetar) = (Sio-ar)
i€l icF
which gives, for y = z, the desired equivalence.
Now, if we apply Lemma 1 for \; = ¢i'g@'i and
1
1 2\
T::§ Zlq)l_(bz' )
i€F

then we deduce the first inequality in (2.4).
Let us prove that ; is best possible in the second inequality in (2.4).
Assume that there is a ¢ > 0 such that

2 2 2
(27) 0< falzl® =Y Iz eil2)l* < e 1@ =" =D
ier = i€F
provided that ¢,, ®;,z and F satisfy (i) or (ii).
Now, let FF = {1},e1 = e,|le|z|]| = 1 and m € X so that |m|z|| = 1 and
(m,e|z) =0. For &1 = ®,¢; = ¢, P # ¢, define the vector
B _
T = ﬁe + um
2 2

2

9 (z,eil2)| ,

A simple calculation shows that

o o2
Td) (e—z,x—e|2)=0

and thus the condition (i) of the theorem holds true for F' = {1}.

(Pe — x,x — de|z) =
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Observe also that

O+ —
2
e
_ |exef, |2=0f
2 2

and
(x,e|z) = (2 e+ —5 m,e z) =—

Consequently, by (2.7), we deduce

-9
2

2

<clo—¢,

which gives ¢ > i, and the proof is completed. I

Remark 1. If F = {1}, e; = e, |le|z]| =1 and, for ¢,® € K and x € X, one has
either

(2.8) Re (Pe —z,x — ¢e|z) > 0

or, equivalently,

[0} 1
(29) ‘P—¢;emHs2@—m,
then
(2.10) 0 < [lof2l® = (2, €] 2)]?
1 ¢+ 2
R e

1 2
<S4|(I’¢| )

The constant i is best possible.

3. A REFINEMENT OF THE GRUSS INEQUALITY

The following result holds.

Theorem 3. Let {e;},.; be a family of z-orthornormal vectors in X, F' a finite
part of I, ¢;, P, v;, 15 €K, i € F and z,y € X. If either

(3.1) Re (Z D,e; — v, — Zqﬁieiz) >0,

i€EF i€l

Re <Z Tiei —y,y — Z%ez‘?«’) >0

i€EF i€l
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or, equivalently,

[N

D; + ¢; 1 2
(3.2) Hm—22€i|z < B <Z|‘I>¢—¢i| ;
el ieF
I'i+v 1 2\
||yz 5 eilz §2<Z|F¢%| >
1€F 1EF

hold, then we have the inequalities

(3.3) 0 < |(z,y]z) — Z (z,e;2) (ei,y|2)
i€l
1 3 3
< 1 <Z|®z¢1|2> : (ZH%F)
i€F i€F
(1)7; i Fi i
2| - )| [P - o)
i€l
1 3 3
< 1 <Z|(I)t_¢z|2> : <Z|Fi—%|2>
i€F i€l

The constant % is best possible.
Proof. Using Schwarz’s inequality in the 2-inner product space (X, (-, -|-)), one has

2

(3.4) | (:c — Z (w,ei) e,y — Z (y,€:) eiz>

i€F i€F
2 2
< f‘Z@U,@i)ei\Z y_z<yvei>ei|z
i€F i€l

and, since a simple calculation shows that

(Z‘ - Z (xa ei) €i,Y — Z (y7 ei) €l|2> = ('ra y|2) - Z (Ia €L|Z) (€L7y|z)
1€EF i€EF 1€EF
and

2

2 2
= Jlelzl® = D |, eil)]

icF

T — Z (x,e;)eilz

ieF
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for any z,y € X, then, by (3.4) and the reverse of Bessel’s inequality in Theorem
2, we have

2

(3.5) (@,y]2) = > (@, e5]2) (e, y]2)
i€ F
< (I-/JCZII2 - ZI(%@IZ)F) (IIyIZI2 - Zl(y,ei|2)|2>
el i€eF
1 ®; + ¢, 2
< LZI@WZ AL (@eil) ]
i€F e F
1 T; + 7, 2
X LZ I — % — Z # — (y,eil2) ]
i€l i€EF
=K.

Using Aczél’s inequality for real numbers, i.e., we recall that

(3.6) <a2 - Za3> <b2 - be) < (ab - adu) 2 ,

i€F i€F i€F
provided that a,b,a;,b; > 0, i € F, (originally, Aczél proved it under more re-

strictive assumptions for a,b,a;,b;, i.e., either a®> — >, pa? or b* — 3, b7 are

nonnegative, but those conditions are not necessary), we may state that

(3.7 K< % (Z@Z - QSZ?) . <Z T —’Yi|2>

i€F i€EF

2
P+ ¢ i+
—Z N (x,ez'z)' ‘2 — (y,eil2) ] .
i€F
Using (3.5) and (3.7) we conclude that
2
(3.8) (@,912) = Y (x,ei]2) (ei,y]2)
ieF
1 1
1 2\ 2"
< 1 (Z‘I’i_¢i| ) ) <Z|Fi—%‘| )
iceF ieF
2
D; + (bi r; + Vi
S - )| [P et ] .
icF

Taking the square root in (3.8) and taking into account that the quantity in the
last square brackets is nonnegative (see for example (2.4)), we deduce the second
inequality in (3.3).

The fact that i is the best possible constant follows by Theorem 2 and we omit
the details. 1

The following corollary may be stated.
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Corollary 1. Lete € X, |le|z|| =1, ¢, ®,7,T € K and x,y € X such that either
(3.9) Re (e —z,z — ¢e|z) >0, Re(Te—y,y—yelz) >0
or, equivalently,

o] =

(3.10) Lo M,Hy dH Lip_y.

Then we have the following refinement of Griss’ inequality

(3.11) 0 < |(z,yl2) = (z,¢lz) (e,y[2)]

) Tr
PER el | T - nel)

1
(s 1le-olir—n1).

The constant i 1s best possible.

1
e L
< 71— |I0 — 1)

4. SOME COMPANION INEQUALITIES

The following companion of the Griiss inequality also holds.

Theorem 4. Let {e;},.; be a family of orthornormal vectors in X, F a finite part
of I and ¢;,®;, €K, i € F, x,y € X and X € (0,1) such that either

(4.1) Re (Z@iei—()\x—k(l—)\) y), Az 4 (1 -\ Z¢ez|z> >0

i€l ieF

3 (g-ar)

or, equivalently,

Ax—i—(l—)\)y—zw

i€l

(4.2)

holds. Then we have the inequality

(4.3) Re (x,yIZ)—Z(%eiIZ) (ei,yIZ)]
i€F
<1 1 T P i
’LEF

(=5 sam S m-er).

The constant % is the best possible constant in (4.3) in the sense that it cannot be
replaced by a smaller constant.

Proof. We know, for any z,u,v € X, that one has

1
Re (z,ulv) < 7 |l + ulv]|”.
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Then, for any a,b,z € X and A € (0,1), one has

(4.4) Re (a,b|z) < m\\)\a—&—(l—)\) bz||* .
Since
(mvy‘z) - Z (.’E, 67.|Z) (elvy‘z) = <£L’ - Z (fE, ei) €Y — Z (ya 61') ez"Z) )

for any z,y € X, then, by (4.4), we get

(4.5)  Re |(z,y|z) — Z (z,e;)2) (ei,y|z)1
iEF
= Re (,T — Z <l’,€i> €, Y — Z <y7ei> el|z)]
i€F icF
2
1
< m A <$—;($,€i)€i> +(1=XN (y—;(y,ei)ez) |z
= m /\:E+(1—)\)y—;()\er(l—)\)y,ei)ei\z
= m _IIAI + (1= A ylll” ~ ; [+ (1 - /\)y,ei|z)|2] .

If we apply the reverse of Bessel’s inequality in Theorem 2 for Az + (1 — \)y, we
may state that

(46) e+ =N ylel® = Y 0w+ (1= N y,eil2)
iE€F
1 i+ ¢ 2
D e D e e CUE NP AR
el i€l
1
< 2 l%i-of
i€F

Now, by making use of (4.5) and (4.6), we deduce (4.3).
The fact that % is the best possible constant in (4.3) follows by the fact that if
in (4.1) we choose = = y, then it becomes (i) of Theorem 2, which implies for A = 1

2
the inequality (2.4), and so we have shown that i is the best constant. I

Remark 2. In practical applications, we may use only the inequality between the
first and the last term in (4.3).
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Remark 3. If, in Theorem 4, we choose A = %, then we get

(4.7) Re

(xa y|Z) - Z (ZL’, 62|Z) (elay|z)]

1€F
1 2 Qi+, [Tty 2
Szz@i—(bﬂ _Z 5 —( 9 ,eilz

i€F i€l

1
<§ 1 Z |P; — ¢i2> )
ieF

Re(ZcI% ﬁx+y,x+y Z¢61|Z> >

i€ F i€F

| <5z o)

Corollary 2. With the assumptions of Theorem 4 and if

(4.8) Re (anei — Mz (1=Ny), £ ( Z¢el|z> >

i€l 1€EF

provided

or, equivalently,

N

T+y Qi+ ¢
2 -5 2

icF

or, equivalently,

Az =+ ( Z

er

(4.9)

w\»—‘

Lleilz|| <

\_/
Nl

e

i€F

then we have the inequality

(2.512) = 3 (w,eil2) (euyz)] <= DI

icF ZGF

(4.10) Re

The constant < is best possible in (4.10).

11

Remark 4. If X is a real inner product space and m;, M; € R with the property

(4.11) (Z Mie;— Az £ (1—=Ny), =+ ( Zmlel|z> >0

i€ F ieF

or, equivalently,

[N

M; i
)\x:t(lf)\)yfzﬂ'eﬂz

(4.12) 5

< lZ (M; — mz-)ﬂ

ieF

NN

ieF
then we have the Griiss type inequality

1

(4.13) (2,9]2) = Y (@, eil2) (eiryl2)| <

e F

ieF

Y

1 2
~ 16 mZ(leml) .
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5. APPLICATIONS FOR DETERMINANTAL INTEGRAL INEQUALITIES

Let (2, %, ) be a measure space consisting of a set 2, ¥ a c—algebra of subsets
of Q and p a countably additive and positive measure on ¥ with values in R U {co}.
Denote by L2p (Q2) the Hilbert space of all real-valued functions f defined on 2

that are 2—p—integrable on Q, i.e., [, p(s) |f (s)]? du () < oo, where p : 2 — [0, 00)
is a measurable function on (2.

We can introduce the following 2-inner product on Li (©2) by formula
(5.1)

ORI
(f9lh), / / dpu (3) dpe (8),

where

‘ f(s) 1) ‘

denotes the determinant of the matrix

13 1)

which generates the 2-norm on L2 (Q) expressed by

) 1w

1

62) I, = {5 [ [0 i (5) dp (1)
2/9/QP P hs) ht) K H

A simple calculation with integrals reveals that
Jaorfady — [qpfhdp

(5.3) (f,9lh), =
Jopghdu [ ph*du
and
Jopf?du  fopfhdu |
(5.4) If|Rll, = ,

Jopfhdw [ ph*du

where, for simplicity, instead of [, p (s) f (s) g (s) du(s) , we have written [, pfgdp.

We recall that the pair of functions (¢, p) € L2 (Q2) x L2 (Q) is called synchronous

if
(¢(x) —q) (p(z) —p(y) =0
for a.e. z,y € Q.

We note that, if Q = [a,b], then a sufficient condition for synchronicity is that
the functions are both monotonic increasing or decreasing. This condition is not
necessary.

Now, suppose that h € L2 (Q) is such that h(z) # 0 for 4 — a.e. z € Q. Then,
by the definition of 2-inner product (f,g|h),, we have

(65) (falh),
= 3 Jreor oo (55 -15) (6 - i) o wo
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and thus a sufficient condition for the inequality

(5.6) (f,9lh), =0
to hold, is that, the functions (%, %) are synchronous. It is obvious that, this

condition is not necessary.

Using the representations (5.3), (5.4) and the inequalities for 2-inner products
and 2-norms established in the previous sections, we have some interesting deter-
minantal integral inequalities.

Proposition 1. Let h € LIQJ (Q) be such that h(xz) # 0 for p —a.e. € Q and
(fi)ser @ family of functions in Lf, (Q) with the property that

Jorfifidw — [opfihdu

Jopfihdn — [o ph*du
for any i,j € I, where ;5 is the Kronecker delta.
If we assume that there exists the real numbers M;, m;,i € F, where F is a given
finite part of 1, such that the functions

fi [ f fi
DMy S T Ay

icF i€F

= 0i,

are synchronous on €, then we have the inequalities

JorfPdu  [opfhdp Jopfifdu  [opfihdp
0 < -

Jo pfhdp Jo phPdp ier | [opfhdp Jo ph2dp

1 2
1 > (M; —my)
i€F

M, +m; Jopfifdn o pfihdp
=D | et

iR Jo pfhdp Jo ph2dp

<< i Z (M; — mi)2> .

i€EF

IN

The proof follows by Theorem 2 applied for the 2-inner product (-, [-), and we
omit the details.

Similar determinantal integral inequalities may be stated if one uses the other
results for 2-inner products obtained above, but we do not present them here.

Acknowledgement: S. S. Dragomir and Y. J. Cho greatly acknowledge the finan-
cial support from the Brain Pool Program (2002) of the Korean Federation of Science and
Technology Societies. The research was performed under the "Memorandum of Under-
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