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ON A RESULT OF CARTLIDGE

PENG GAO

ABSTRACT. We prove a result of J.M.Cartlidge on the I operator norms of weighted mean matrices
by using the method of Redheffer’s “recurrent inequalities”.

Suppose throughout that p # 0, % + % = 1. Let [P be the Banach space of all complex sequences
a = (ap)n>1 with norm

lal] := (D lan[?)"/? < oo.
n=1

The celebrated Hardy’s inequality([5], Theorem 326) asserts that for p > 1,
oo n

1) SISl < CLop S la
n=1 n=1

k=1 p—1

From now on we will assume a,, > 0 for n > 1 and any infinite sum converges. Among the many
papers appeared providing new proofs, generalizations and sharpenings of (1), we refer the reader
to R.Redheffer’s remarkable proof by his method of “recurrent inequalities” [6]. We also note the
following result of E.B.Elliot[4](see also T.A.A. Broadbent[2]).

©) > (o) < I Sy
n=1 k=1 p n=1

where A, =Y ;_, ar/n and p > 1.
Inequality (2) implies (1) since by Hoélder’s inequality, one has

®) S0t < (3 af) (Y A
n=1 n=1 n=1

Hardy’s inequality can be regarded as a special case of the following inequality:

o0 o0 o0
ST enpar” <UD fanl?,
n=1

n=1 k=1

in which C' = (¢, ) and the parameter p are assumed fixed(p > 1), and the estimate is to hold for
all real sequences a. The [P operator norm of C is then defined as the p-th root of the smallest
value of the constant U:

1
ICllpp = U?.

Hardy’s inequality thus asserts that the Cesdro matrix operator C, given by ¢, = 1/n,k < n
and 0 otherwise, is bounded on [? and has norm < p/(p —1). (The norm is in fact p/(p — 1).)
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We say a matrix A is a summability matrix if its entries satisfy: a, ; > 0, a, = 0 for £ > n and
> k1 ank = 1. We say a summability matrix A is a weighted mean matrix if its entries satisfy:

) ank = Ag/Ap, 1<k <mjAy, = Z)\k.
k=1

In an unpublished dissertation[3], J. M. Cartlidge studied weighted mean matrices as operators
on [P spaces and obtained the following result(see also [1], p. 416, Theorem C).

Theorem 1. Let 1 < p < oo be fized. Let A be a weighted mean matriz given by (4). If

An+1 An
L= - —
(5) Sng( o M ) <D,

then || Al < p/(p — L).

Motivated by the work of Redheffer, Elliott and Broadbent, we now present a proof of the above
result of Cartlidge by obtaining a result similar to (2) using Redheffer’s method.

Theorem 2. Let 1 < p < oo be fized. Let A be a weighted mean matriz given by (4). If (5) is
satisfied, then

00 ) D 00 -
(6) nz::lAnS(p_L)nz::lanAn )

where Ay, =Y p_y Awag/Nn. In particular, ||A]lp,p < p/(p —L).

Proof. It suffices to prove the theorem for any finite summation from n =1 to N with N > 1. If
(5) is satisfied then A, > 0 for any n. For n > 2,a,, > 0, let

f(an) = (An/)\n +p— 1)"4:51 - panAﬁ_l'
Then
f,(an) =p(p — 1))‘n/An(Aﬁ_1 - anAﬁ_2)~
Hence f'(ay) = 0 implies a,, = A,—1. It’s easy to check lim,, 0 f(an) < 0 and note also f/(0) > 0.
It follows then
(7) (An/An+p— 1)A£ - panAﬁ_l = flan) < f(An—1) = (An/ M0 — 1)AZ—1'

By defining Ag = 0 the above inequality also holds for n = 1.
Summing (7) from n =1 to N gives

N N
(8) (Ang1/Ans1 = DAR + > (An/An = Ag1/Ang1 +p)AL <p Y an AL
n=1 n=1
By condition (5), Ap/A — Apt1/Ans1 +p > p— L. Hence inequality (6) follows from (8) and this
completes the proof. O
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