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A GENERALIZATION OF f-DIVERGENCE MEASURE TO
CONVEX FUNCTIONS DEFINED ON LINEAR SPACES

S.S. DRAGOMIR

ABSTRACT. In this paper we generalise the concept of f-divergence to a convex
function defined on a convex cone in a linear space. Some fundamental results
are established.

1. INTRODUCTION

Given a convex function f : [0,00) — R, the f—divergence functional

(1) Iﬂnq%:§¥J<@>,

qi

was introduced by Csiszér [3]-[4] as a generalized measure of information, a “dis-
tance function” on the set of probability distribution P™. The restriction here to
discrete distributions is only for convenience, similar results hold for general distri-
butions. As in Csiszar [3]-[4] , we interpret undefined expressions by

F0) = lim f(t), 0f(5) =0,
R — o T L)
0f(5) = lim f (¢) =a lim 5=, a>0.
The following results were essentially given by Csiszar and Korner [5].

Proposition 1. (Joint Convezity) If f :[0,00) — R is convex, then Iy (p,q) is
jointly convex in p and q.

Proposition 2. (Jensen’s inequality) Let f :[0,00) — R be convex. Then for any
n n

pP,q € [0,00)™ with Py, := > p; >0, Qn := > ¢; > 0, we have the inequality
i=1 i=1

7

P,
(1) 1)z Quf (7).
If f is strictly convex, equality holds in (1.2) iff
pr _P2_ _Pn
q1 q2 dn

It is natural to consider the following corollary.

Corollary 1. (Nonnegativity) Let f : [0,00) — R be convex and normalised, i.e.,
(1.3) fy=o.
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2 S.S. DRAGOMIR

Then for any p,q € [0,00)™ with P, = Q,, we have the inequality
(1.4) I (p.q) 2 0.
If f is strictly convex, equality holds in (1.4) iff

pi=gq; forall i€{l,...,n}.

In particular, if p,q are probability vectors, then Corollary 1 shows that, for
strictly convex and normalized f : [0,00) — R that

(1.5) Ir(p,q) >0 and If (p,q) =0 iff p=gq.

We now give some examples of divergence measures in Information Theory which
are particular cases of f—divergences.
Kullback-Leibler distance ([14]). The Kullback-Leibler distance D (-,-) is

defined by
D(p,q):= ) pilog <z) :

If we choose f (t) =tlnt, t > 0, then ol:/ilously

Iy (p,a) = D(p,q).

Variational distance (I; —distance). The variational distance V (-,-) is defined
by
V(p,a) =Y Ipi—al.

If we choose f (t) = |t — 1], t € [0, 00), thgllwe have

Iy (p,a) =V (p,q).

Hellinger discrimination ([1]). The Hellinger discrimination is defined by

\/2h2 (-, -), where h? (-,-) is given by
W () = 5 > (Vi — V@)

i=1
It is obvious that if f () = 3 (vt — 1)2, then

Iy (p,q) = h* (p,q) .

Triangular discrimination ([17]). We define triangular discrimination be-
tween p and q by

S Ipi — qi|2
Ap,q) =)y ———.
— Pita

It is obvious that if f (¢) = (ttz_ll)z, t € (0,00), then

It (p,a) = A(p,q).

Note that /A (p, q) is known in the literature as the Le Cam distance.
x?—distance. We define the y?—distance (chi-square distance) by

n

Dy (p,q) := Z M

- ¢
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It is clear that if f (¢) = (t — 1)*, t € [0, 00), then

I; (P,q) = Dyz (p,q)-
Rényi’s divergences ([16]). For o € R\ {0,1}, consider

) = Zp?qf “.
It is obvious that if f () =t* (¢t € (0,00)), then

It (p,a) = p, (P, Q) -

Rényi’s divergences R, (p,q) := ﬁ In[p,, (p,q)] have been introduced for all
real orders a # 0, a # 1 (and continuously extended for « = 0 and a = 1) in [15],
where the reader may find many inequalities valid for these divergences, without,
as well as with, some restrictions for p and q.

For other examples of divergence measures, see the paper [12] and the books [15]
and [18], where further references are given.

In this paper we generalize the concept of f-divergence to a convex function de-
fined on a convex cone in a linear space. Some fundamental results are established.

2. THE f-DIVERGENCE OF AN n-TUPLE OF VECTORS

Firstly, we recall that the subset K in a linear space X is a cone if the following
two conditions are satisfied:

(1) for any z,y € K we have x +y € K;

(#) for any z € K and any o > 0 we have ax € K.

For a given n-tuple of vectors z = (21, ..., 2,) € K™ and a probability distribution
a=1(q1,...,qn) € P with all values nonzero, we can define, for the convex function
f: K — R, the following f-divergence of z with the distribution q (see [8]):

(2.1) Iy (5q) = iqu (q) |

It is obvious that if X = R, K = [0,00) and x = p €P™ then we obtain the usual
concept of the f-divergence associated with a function f : [0,00) — R.
The following result concerning the mutual convexity of the f-divergence holds.

Theorem 1. Let f : K — R be a convex function on the cone K. Then the function
I (-,-) is convex on the convex set K™ x P™.

Plroof' Let Z = (217 A Zn/) 7V = (Ul7 ) UTL) 6 K7L7 p = (p1? "'7p7l) 9 q = (q17 e qTL) 6
P™ two probability distributions with all values nonzero and «, 5 > 0 with a+5 = 1.
Then we have

(2.2) Ifla(v,p)+B(z,9)] =If (v + Bz, ap + 5q)

- av; + Bz;
= (opi+Bai) f ()
i=1

ap; + Bq;

- ap; v Bqi 2
e[ (525) 3 (250 3]
; ap; + B4 ) pi api +84) @
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Due to the convexity of f, we have

ap; v B 2
23) Kapi +5Qi> Pj - (O‘pi Jrﬂ%‘) . Qz]
api Vi Bai ) Zi
Sapi"'/BQi f<pi>+@pi+ﬁqz' f(%:)
for each i € {1,...,n}.

Now, on multiplying (2.3) with ap; + S¢; > 0, summing over ¢ from 1 to n and
utilising (2.2) we get that
Ipla(v,p) + B (z,q)] < aly (v,p) + Bl (2,q)
proving the desired result. O
Now, for a given n-tuple of vectors x = (z1,...,z,) € K™, a probability distrib-

ution q € P™ with all values nonzero and for any nonempty subset J of {1,...,n}
we have

as = (Qs,Qs) €P?
where Q; := Zjequ7QJ :=1-Q; and

Xy = (XJ,XJ) e K?
where, as above,

XJ::in, and Xj:=Xj.
e

Iy (x7,97) =Qsf (gj) +Qsf ()Q(j) .

The following inequality for the f-divergence of an n-tuple of vectors in a linear
space holds [8]:

It is obvious that

Theorem 2. Let f : K — R be a convex function on the cone K. Then for any
n-tuple of vectors x = (x1,...,Tn) € K™, a probability distribution q € P" with all
values nonzero and for any nonempty subset J of {1,...,n} we have

(24) Iy(x,q) >  max Iy(xj,q7) > If (x5,97)

0#£JC{1,...,n}
> mi Ir(x5,q95) > X,
@#Jc{llr,l...,n} f ( 7 J> f( )

where X, ==Y, @

We observe that, for a given n-tuple of vectors x = (z1,...,x,) € K™, a sufficient
condition for the positivity of Iy (x,q) for any probability distribution q € P" with
all values nonzero is that f(X,) > 0. In the scalar case and if x = p €P", then a
sufficient condition for the positivity of the f-divergence Iy (p,q) is that f (1) > 0.

The case of functions of a real variable that is of interest for applications is
incorporated in [8]:

Corollary 2. Let f : [0,00) — R be a normalized convex function. Then for any
P,q € P we have

Py 1-P;
25 Irpa)z  max [Q,If <QJ> +(1-Qu)f (1 — QJ>:| (>0).




A GENERALIZATION OF f-DIVERGENCE MEASURE 5

Remark 1. For various applications of the inequality (2.5) to particular divergence
measures of interest in applications, see [8]. In order to give an example, we point
out the following result

(1-P)Qys "™
(2.6) J(p,q) >In <®¢J?{?§__,n} { {(I—QJ)PJ

Qs — PJ)2
Pr+Qr—2P;Q;

>

> ax >0,
0#£JC{1,...,n}

where the Jeffreys divergence is defined as
@1 Tma =g (pj - ) In (p) =3 (p— g)In <p> 7
=1 qj q; = q;

which is an f-divergence for f(t) = (t —1)Int, t > 0.

3. SOME UPPER AND LOWER BOUNDS

Let K be a convex subset of the real linear space X and let f : K — R be
a convex mapping. Here we consider the following well-known form of Jensen’s
discrete inequality:

1 1
f <Pz Zpil‘i) < i Zpif(xi),
el el
where I denotes a finite subset of the set N of natural numbers, z; € K, p; > 0 for
ic€land Pr:=),;p; >0.
Let us fix I € Py (N) (the class of finite parts of N) and z; € K (i € I). Now
consider the functional J : Sy (I) — R given by

Ji (p) = Zpif (zi) — Prf (;} ZPz%) >0

iel i€l

where S (I) := {p = (pi)iel|pi >0,iel and P;> 0} and f is convex on K.
We observe that S (I) is a cone and the functional J; is nonnegative, superad-
ditive [10] and positive homogeneous on Sy (I).
We have the following inequalities that are of interest in their turn as well (see

[9)):

Lemma 1. If p,q € Sy (I) and M > m > 0 such that Mp > q > mp, i.e.,
Mp; > q; > mp; for each i € I, then:

31 M [Zpif () — Prf (;I Z}%‘%)]

iel el

2 Z%‘f(mi) - Qrf (QlI qu)

i€l i€l

>m lszf(IEz) - Prf <[1)1 ZPJ&)} (=0).

i€l iel
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and
1 1 e
(3.2) [H > opif (@)~ f (PI pr&)]
iel il
Qr
1 1
> [QI ;Qif (zi) = f (QJ ;qzxz)]
mPr
1 1
= FI ;pif (zi) — f (PI ;pﬂz)] .
respectively.

We may state the following result:

Theorem 3. Let f : K — R be a convex function on the cone K. Consider an
n-tuple of vectors z = (z1,...,z,) € K™ and two probability distribution p,q € P"
with all values nonzero and satisfying the condition

(3.3) Rp; > q; > rp; for each i € {1,...,n},

where R >1>1r > 0.
If we define the vector

y = (plzh s pnzn> e K",
q1 dn

then we have the inequalities

B4) Ry (y,p) = f(Yu)] 2 I (z,9) = f(Zn) 27 [If (y,p) = [ (Yn)] (= 0)

and the inequalities

(35) [y (v,p) = f (V)" = Iy (z.@) = f (Za) > [If (v,p) = f (V)] (2 0)

respectively, where Z, == iz and Y, ==Y 1 yi = Y iy % -z € K.

The proof follows from Lemma 1 applied for M = R,m = r and z; = ? where
ie{l,..,n}.

Corollary 3. Let f :[0,00) — R be a normalized convex function. For two prob-
ability distributions p,q € P™ with all values nonzero assume that there exists the
constants R > 1> r > 0 satisfying the condition (3.3).

If s = (s1, ..., $n) € P™ is such that the vector

P1 Pn
3.6 =|(=s1,..., —sn | €RY
( ) y (q1 1 q n) +

n

is a probability distribution, then we have the inequalities

(3.7) RIf (y,p) > Iy (s,q) >l (y,p)

and the inequalities

(3.8) s (v 2 15 (z,0) 2 [I; (v, P)]"-
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Remark 2. It is natural to ask if we can find probability distributions p,q,s € P
such that 'y defined by (3.6) is a probability distribution as well.

Let consider the simplest example, namely for n = 2. In this case for, say
p=(0.1,0.9), g =(0.2,0.8) and s =(s1,s2) € P* we have y = (1s1,2s2) which
should satisfy the condition that %31 + %sz = 1 for some s1,s2 € [0,1] with
s1 + so = 1. We observe that this system of equations has the unique solution

1 4

51 = & and sy = =, showing that (s1,s2) € P2.

4. OTHER BOUNDS IN TERMS OF GATEAU DERIVATIVES

Assume that f: X — R is a convex function on the real linear space X. Since
for any vectors z,y € X the function g, , : R = R, g, (¢) := f (2 +ty) is convex
it follows that the following limits exist

. flatty) - f(=z)
4.1 Vi = 1
(4.1) +(o)f (@) (¥) ,Mm, n
and they are called the right(left) Gateaux derivatives of the function f in the point
x over the direction y.
It is obvious that for any ¢ > 0 > s we have

[z +ty) - f(x) [z +ty) - f(x)
t

(4.2) -

>V, f (@) () = inf [

t>0
s o [ @+ )~ (2)
<0 S

f(z+sy)— f(x)

S

|=v-r@w=
for any x,y € X and, in particular,

(4.3) Vo f(u)(u—v)=f(u) = f(v) 2 Vif(v)(u—v)

for any u,v € X. We call this the gradient inequality for the convex function f. It
will be used frequently in the sequel in order to obtain various results related to
Jensen’s inequality.

The following properties are also of importance:

(4.4) Vif@)(—y)=-V_f(z)(y),
and
(4.5) Vi f (@) (ay) = aVi)f(z) (y)

for any z,y € X and a > 0.
The right Gateaux derivative is subadditive while the left one is superadditive,
ie.,

(4.6) Vif@)(y+2) <Vif(2)(y)+Vif(2)(z)
and
(4.7) V_f(@)(y+2z)=2V_f(z)(y) +V_f(z)(2)

for any z,y,z € X .

Some natural examples can be provided by the use of normed spaces.

Assume that (X, ||-||) is a real normed linear space. The function f : X — R,
f(z):=1 |]|? is a convex function which generates the superior and the inferior
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semi-inmer products

2 2
o+ tyl]” — [l
).y = lim .
W20 t—0+(—) t
For a comprehensive study of the properties of these mappings in the Geometry of
Banach Spaces see the monograph [7].
For the convex function f, : X — R, f, (z) := ||z||” with p > 1, we have

o (@) (y) =
0 ifz=0

for any y € X.
If p =1, then we have

|zl ™" (g @)y i@ £ 0
Vi fi(@)(y) =
() llyl - ifz=0
for any y € X.
This class of functions will be used to illustrate the inequalities obtained in the
general case of convex functions defined on an entire linear space.
The following result holds:

Lemma 2. Let f : X — R be a convexr function. Then for any z,y € X and
t € [0,1] we have

(4.8) t(A—=t)[V_f(y)(y—x)—Vif(z)(y—2)]
>tf(x)+ (1=t f(y)—fltz+(1-1t)y)
>t(1=t)[Vifte+(1—t)y) (y—x) = V_f(te+ (1 —t)y) (y —x)] > 0.

Proof. Utilising the gradient inequality (4.3) we have

(4.9) flz+ 1@ =)y)—f(2) =1 -)Vif(z)(y—2x)
and
(4.10) flz+ A =)y) = fy) > -tV_f(y)(y—z).

If we multiply (4.9) with ¢ and (4.10) with 1 — ¢ and add the resultant inequalities
we obtain

flte+ A =t)y) —tf(x) = (1-1)f(y)
21 =)tV f(@)(y—2) -t =) V_[f(y)(y — =)

which is clearly equivalent with the first part of (4.8).
By the gradient inequality we also have

I-V_fltz+1-t)y)(y—=) = flte+ (1 -1)y) - f(z)
and
-tV ftz+(1-t)y)(y—a) = flle+1-t)y) - f(y)
which by the same procedure as above yields the second part of (4.8). (I
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Theorem 4. Let f : K — R be a convex function on the cone K. If z = (21, ..., zn) ,
v = (V1,.,0,) € K™, P=(D1,sDn), A=(q1,---,qn) € P™ are two probability
distributions with all values nonzero and o, f > 0 with o + f = 1, then we have

o wg oo (2)(2-2)e(2) (22

> alp (v,p) + Bl (z,q) — Iy [a(v,p) + B (2,q)]

avi + Bz \ (= v avi + Bz \ [z v
A\ - o) vy = e
X{ +f<0‘pi+ﬂqz') <Qi p7:> f(OépHrﬁqz‘) (qu p7>}
>0

Proof. If we write the inequality (4.8) for

x:UZ yfﬁandt __api
pi’” a4 ap; + Bgi

then we get

afpiq; zi\ [z v Zi v
ai s v () (5 -5) v () (3]

> __OPi <Uz) n Bai f (%) ! <sz' JF/BZi)
ap; +Bg; © \pi api + Bai” \ai ap; + Bqi
appiq
~ (api + Ba;)’
avi + Bz \ [z v avi + Bz \ (7 v
o (i) G5 (Gm) B3]
{ T \api+Bai) \ai pi api + B¢ ) \¢ pi
>0,
for each 7 € {1,...,n}.
Now, if we multiply (4.12) by ap; + 8g; > 0 and sum over ¢ from 1 to n we derive
the desired result (4.11). O

It is natural now to consider the corresponding result for convex functions of a
real variable.

Corollary 4. Let f : [0,00) — R be a normalized convex function. If z =

(Zla ey Z’n) , V.= (Ula ...,Un), P = (p17 ~-~7pn) y 4= (Qh ey Q’n) € P" are probabzlzty
distributions with all values nonzero and a, 8 > 0 with o+ 3 = 1, then we have

n det[ v
(4.13) aB> &

il nlp ) )

ZOZIf (V7P)+ﬁlf (Zaq)flf [Ol(V,p)ﬁ*ﬁ(Z,Cl)]

_—
g L8 8 sy ()
—~ api+Pag “\api + Bai ~\ap; + By

> 0.
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Remark 3. It is obvious that for differentiable convex functions on (0,00) the lower
bound vanishes and the inequality (4.13) becomes:

(4.14) 0<alf(v,p)+ By (z,q) — Iy [a(v,p) + B (2,q)]

n det

-
[ qi  Pi :| N AT
<aﬁ; ap; + By {f (%) / (piﬂ

that can be used for particular divergence measures.
Indeed, if we consider the normalised convex function f (t) = (t —1)*, t € [0, 00),
then

It (p,a) = Dy2 (p,q)
where, as in the introduction, the x>—distance (chi-square distance) is defined by

n 2
pi —aq;
D,: (p,q) == Z (q)
i=1 v

It is clear that the inequality (4.14) becomes then
(415) 0<aDy (v.p) + ADy: (2.a) — Dz [a (v,p) + 3 (2.0
n det? { Z vz ]
<2002 oo+ o)
The Kullback-Leibler distance D (-,-) is defined by

)= pilog <pl> -
i=1 di
If we choose f (t) =tlnt, t >0, then obviously
I; (p,q) = D(p,q)

and the inequality (4.14) becomes then

(4.16) 0<aD(v,p)+BD(z,q) - D[a(v,p)+ B(zq)

PiZi—AdiV

n 0.\ apiTBd;
Saﬁln H (Zzpz)

Vs
i—1 qiV;

Similar results could be obtained for other particular instances of divergence mea-
sures, however the details are omitted.

In what follows we provide some lower and upper bounds for the nonnegative
difference Iy (x,q) — Iy (x.7,qs) where J is a nonempty subset of {1,...,n} and

Iy (x5,q7) = QJf<Q )+QJf<Q )

For a nonempty subset K of {1,...,n} we also use the notation

Itk (x,q): th < >
ieK
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Theorem 5. Let f : K — R be a convex function on the cone K. Then for any

n-tuple of vectors x = (x1,...,x,) € K™, a probability distribution q € P™ with all
values nonzero and for any nonempty subset J of {1,...,n} we have

(417) IV,f(-)('*giJ),J (X7 q) +Iv_f()( 7 X q) > If (X q) If (XquJ)
> % % _ >
=1 (3) (<30 PV (@) ()0 B0 20
Proof. Utilising the gradient inequality we have, for a given nonempty set J of

{1,...,n} with J # {1,...,n}, that
ZT; Z; XJ Ty XJ
(4.18) V-1 (q) <q - QJ) = (q> 7 (cz)
X\ (2 o Xs
>vr(50) (5 -22)

for any ¢ € J. If we multiply (4.18) with ¢; > 0 and sum over i € J, we get

5)
,q

/;1\ @\‘ )

(4.19 )( ) Xq)>IfJ(X q) QJf<QJ>

= Ivs(E) (-3 =0

From the gradient inequality we also have

a0 v () (2-3) 20 (2) -1 (3)

%XJ>
>V+f<QJ) <q] a,

for any j € J. If we multiply (4.18) with ¢; > 0 and sum over j € J, we get

- X,
. ¢\ - > =J
420 To (s s 000 > T ()~ Qo (52
>1 % -(x,q 0.
v (3) (-850 D2
Now, if we sum the inequalities (4.19) with (4.21) and take into account that

IfJ (qu) + If,j (Xa q) = If (X)q)

and

Quf (Q ) +Quf (QJ> = Iy (xs,97)
then we get the desired result (4.17). O

The case of functions of a real variable that is of interest for applications is
incorporated in :
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Corollary 5. Let f : [0,00) — R be a normalized convex function. Then for any
pP,q P and 0 # J C {1,...,n} we have

(4.22) Ty (mz0),y @) 1 (o aray 5 ()
> Iy (p,q) — Qs f <g‘]]> —(1=Q))f (11_6};;)
2 Ly () ()0 P D T L (g () g () 20

Remark 4. If one chooses different convex functions generating particular diver-
gence measures such as the Kullback-Leibler, Jeffreys or Hellinger divergences, that
one can obtain some particular results of interest. However the details are not
presented here.
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