VICTORIA UNIVERSITY

MELBOURNE AUSTRALIA

On Some Weighted Integral Inequalities for Convex
Functions Related to Fejer's Result

This is the Published version of the following publication

Tseng, Kuei-Lin, Hwang, Shiow-Ru and Dragomir, Sever S (2009) On Some
Weighted Integral Inequalities for Convex Functions Related to Fejér's Result.
Research report collection, 12 (Supp).

The publisher’s official version can be found at

Note that access to this version may require subscription.

Downloaded from VU Research Repository https://vuir.vu.edu.au/17953/



ON SOME WEIGHTED INTEGRAL INEQUALITIES FOR
CONVEX FUNCTIONS RELATED TO FEJER’S RESULT

K.-L. TSENG, SHIOW-RU HWANG, AND S.S. DRAGOMIR

ABSTRACT. In this paper, we introduce some functionals associated with weighted
integral means for convex functions. Some new Fejér-type inequalities are ob-
tained as well.

1. INTRODUCTION

Throughout this paper, let f : [a,b] — R be convex, ¢ : [a,b] — [0,00) be
integrable and symmetric to “7“’. We define the following mappings on [0, 1] that

are associated with the well known Hermite-Hadamard inequality [1]

(1.1) f(a;b>§1a/bf(w)dx§f(a);f(b)’

namely

G0 =g [r(or -0 ) w1 (-0 )]

Q) = 51/ (ta+ (L= + £ b+ (1 =) )]
b
H(t):ﬁ f<tx—|—(1—t)a;b)dx;

Hg(t):/abf<tx+(1—t)a;_b>g(x)dx;

I(t)/ab; [f(t‘”;“+(1t)“;b)

+ f(tx2+b+(1—t)a_2|_b>}g(x)da:;
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o= () (7)) (5
+f<<l2+t>b+ <l2_t> x>g<$—2|—b)} o
N(t):/ab; {f (ta+(1_t)x;ra> +f<tb+(1_t)$;b>}g(x)dx;

1 b
T | Ve =02+ f b+ (1= o)]de

L(t)=

b
L) =5 [ [flta+(1=0)+ f @b+ (1= a)g () ds

Sg(t):zll/: [f (ta+(1—t)x;ra> +f<ta+(1—t)x;_b>
st (-0 g (w00 2 g

Remark 1. We note that H=H,=1,P=P,=N and L=L, =S, on [0,1] as
9(@) = 5= (@ € [a,b]).

For some results which generalize, improve, and extend the famous Hermite-
Hadamard integral inequality, see [2] — [19].

In [8], Fejér established the following weighted generalization of the Hermite-
Hadamard inequality (1.1) :

Theorem A. Let f,g be defined as above. Then
b
(1.2) f<a+b>/ dm</f dx<w/ g (x)dx.

In [11], Tseng et al. established the following Fejér-type inequalities.
Theorem B. Let f,g be defined as above. Then we have

(1.3) f(@j)/abg(x)dng(?z%)‘f'f(ci%) /abg(m)dx

) (o
(533190 [

< M/ g(:c)dx.

- 2

In [2], Dragomir established the following Hermite-Hadamard-type inequality
which refines the first inequality of (1.1).

Theorem C. Let f, H be defined as above. Then H is convez, increasing on [0,1],
and for all t € [0,1], we have

vy () rosnosaw - [ @
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In [15], Yang and Hong obtained the following Hermite-Hadamard-type inequal-
ity which is a refinement of the second inequality in (1.1).

Theorem D. Let f, P be defined as above. Then P is convex, increasing on [0, 1],
and for all t € [0, 1], we have

b
(1.5) bia/f(x)dx:P(O)gP(t)<P(1):M.

Yang and Tseng [16] and Tseng et al. [11] established the following Fejér-type
inequalities which are weighted generalizations of Theorems C — D.

Theorem E ([16]). Let f,g,H,, P, be defined as above. Then H,, Py are convez,
increasing on [0,1], and for all t € [0,1], we have

b
(1.6 1(57) [ o@rde =, < 1,0 < 1,0

/f
<P()<P()
G 9(93

:f(a)+f ) ey
2

Theorem F ([11]). Let f,g,I, N be defined as above. Then I, N are convez, in-
creasing on [0,1], and for all t € [0,1], we have

an ("5 /abg@c)dx:f(o <

S~—
~
—~
~
N~—
A
~
=

In [7], Dragomir et al. established the following Hermite-Hadamard-type in-
equality.

Theorem G. Let f, H,G, L be defined as above. Then G is convex, increasing on
[0,1], L is convex on [0,1], and for all t € [0,1], we have

(18) HO) <Gt < L _;:2/ Flayde e T@OF f()gf(a);f(b).

In [12] — [13], Tseng et al. obtained the following theorems related to Fejér’s
result which in their turn are weighted generalizations of the inequality (1.8).
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Theorem H ([12]). Let f,9,G,H,, L, be defined as above. Then L, is convez,
increasing on [0,1], and for all t € [0,1], we have

19 HO <G [ gds
< Ly (1)
b a b
<=9 [ f@a@dese KT @i
b
NCLIIUY

Theorem I ([13]). Let f,9,G,I,S, be defined as above. Then Sy is convex, in-
creasing on [0,1], and for all t € [0,1], we have

b
(1.10) 10260 [ 9@ dn<s,

<(1—t)/ab; [f(x;r“)+f(x;rb>]g(x)dw
+t~f(a)+f(b)/bg(w)d$

2
a b
SCESICY RPA

In this paper, we provide some new Fejér-type inequalities related to the map-
pings G,Q,Hy, Py, I, N, Ly, S, defined above. They generalize known results ob-
tained in relation with the Hermite-Hadamard inequality and therefore are useful
in obtaining various results for means when the convex function and the weight
take particular forms.

2. MAIN RESULTS
The following lemmae are needed in the proofs of our main results:

Lemma 2 (see [9]). Let f be defined as above and let a < A< C <D <B<b
with A+ B =C + D. Then

F@)+ (D)< f(A)+f(B).
The assumptions in Lemma 2 can be weakened as in the following lemma:

Lemma 3. Let f be defined as above and let a < A< C < B<banda< A<
D<B<bwithA+ B=C+ D. Then

FC)+ (D)< f(A)+[f(B).

Lemma 4 (see [14]). Let f,G,Q be defined as above. Then Q is symmetric about
%, Q is decreasing on [0, %] and increasing on [%, 1] ,

G(2t) < Q1) (te {oﬂ)

cenzam (c<[LY)).
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Gea-0zq0 (rc33))
2°4
and
GR1—-1)<0® (t e B1D .
Now, we are ready to state and prove our results.

Theorem 5. Let f,g9,G,Hy, Py, Ly, S, be defined as above. Then:
(1) The inequality

3a+b

b . b
@i)/ ﬂ@g@ﬁm§2[/ f@nN%—aMx+ﬁﬁyﬂmy@x—®d4

<[ noa
b b
ginummmwf@gﬂm/gwM]

holds.
(2) The inequalities

22) L) <P, ()
b a b
<(-9 [ J@g@ e LD e
@+70) [

<fa2/a g (z)dx

b b
(2.3) ogN(t)—G(t)/ g(m)dxgw/ g(z)dz — N (t)

and

hold for allt € [0,1].
(3) If f is differentiable on [a,b], then we have the inequalities

b
(2.4) os:elblafa f(x)dx_f(a‘;b> - inf g (@)
b
<Pyt~ [ fl@)g(a)ds
a b
(2.5) ong(t)f( ;b)/ag(:c)dx
") - f'(a —a) [°
<) f4( ) (b )/ o (2) do
"(b) = [ (a —a) [*
(26) 0<L,(t) - H,(t) < (f"(b) f4( )) (b )/ g (2) da
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(2.8) 0<P,(t)—Hy(t) < ) f’4(a)) (b-a) /bg(z) dx;

! "(a —a b
9 0x -1 < LO=L @0 )/ﬂ(””)‘“
and
(2.10) 05, -1 < L0 ] g (@) da

for allt €10,1].

Proof. (1) By using simple integration techniques and the hypothesis of g, we have
the following identities

e [ r@e@d=2 [ [Tr@+ @bl i

- b
(2.12) 2 [/ f(x)g(2x —a)dx + /ﬂ f(x)g(2x —b) dx]

3a+b
4

=2/ @)+ fatb—2)]g (e —a)da

o L) (22

(2.13) /()Pg(t)dt:/T/o f(ta+ (1 —t)z)g(x)dtde
b 1
+/j/o fb+ (1 —1t)z)g(z)dtde

:/fb/Olf(m+(1_t)x)g(x)dtdx

/2/1f th+ (1— 1) (a+b+a)) g (z)dide

// Fltz+(1—t)a)+ f(ta+ (1 —t)2)] g (z) dida

// Fltb+ (-1 (a+b—g))

tla+b—2)+(1—1)b)|g(x)dtd
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and

b b
(2.14) ;l/ f(:c)g(a:)dm—f—W/g(w)dm}

=// [f (@) + £ (@) g (x) dtda

+~/a /0 [f(a+b—z)+ f(b)]g(z)dtdx.

By Lemma 2, the following inequalities hold for all ¢ € [0, %] and z € [a, “7“’]

(2.15) f($)+f(a+b—x)§f(a;$>+f<a+22b_m>

holdswhenA:H%,C’:x,Dza—i—b—xandB:%HinLemmaQ.

(2.16) F(55) = 5l Q=na+ £t (1= 1)a)

holds when A =tz + (1 —t)a, C =D = “3% and B =ta+ (1 —t)z in Lemma 2.

(2.17) f (‘W)

2

g%[f(tb+(1—t)(a+b—x))+f(t(a+b—m)+(1—t)b)]

holds when A=tb+ (1—t)(a+b—2),C=D =222 and B=t(a+b—z)+
(1 —¢)b in Lemma 2.

fla) + f(z)

(2.18) 5

[fz+ (1=t a)+ f(tat+ (1 —t)x)] <

DN | =

holds when A =a, C =tz + (1 —t)a, D =ta+ (1 —t)z and B = z in Lemma 2.
(2.19) b+ -t)(a+b—2)+ f(t(a+b—x)+(1—1)b)]

< f(a+b—2m)+f(b)

DN | =

holdsas A=a+b—z, C=tb+(1—-t)(a+b—2a),D=t(a+b—2)+ (1 —1¢)b
and B = b in Lemma 2. Multiplying the inequalities (2.15) — (2.19) by ¢ (z) and
integrating them over ¢ on [0, 1], over z on |a, GTH)] and using identities (2.11) —
(2.14), we derive (2.1).
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(2) Using substitution rules for integration and the hypothesis of g, we have the
following identities

a+b
2

(2.20) P, (1) = / Flta+ (1—1t)z) g (a)da

a

b
+[l+bf(tb+(l—t)x)g(x)dm

:/ f (ta+ (1—t)2)
(=) (atb—2)g(z)de

(2.21) L, (1) :% [/2f(ta+(1—t)x)g(:c)dx

b
-l-/mf(tb—l—(l—t)w)g(x)dx]
1 T

[ rtar =009 de

2

+/ ’ f(tb—l—(l—t)x)g(x)d:c]

:7Pg(t)+%/ D fta+ (1—1) (a+b—2))
+ ftb+(1—t)x)| g (z)dx

for all t € [0,1].
If we choose A=ta+ (1—t)z,C=ta+(1—t)(a+b—2), D=th+ (1 —t)x
and B=tb+ (1 —1t)(a+b— ) in Lemma 3, then the inequality

(2.22) fta+(1-=-t)(a+b—2)+ f(tb+(1—1t)x)
<fla+{1-t)x)+fb+(1—-t)(a+b—x))

holds for all ¢ € [0,1] and z € [a, “7”’] Multiplying the inequality (2.22) by g (),
integrating both sides over = on [a, “t%] and using identities (2.20) — (2.21), we
derive the first inequality of (2.2). The second and third inequalities of (2.2) can
be obtained by the convexity of f and (1.2). This proves (2.2).

Again, using substitution rules for integration and the hypothesis of g, we have
the following identity

N(t):/ab; [f(ta—k(l—t)x;a)

+f<tb+(1t)a+22bx)]g(z)dx

—
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a+b
2

:/ [f (ta+ (1 —t)x)

(2.23) ' + fb+(1—-t)(a+b—2))]g(2r—a)d

:/ [f(ta+ (1 —1t)x)

s (B2 2)

+f<tb+(1—t) <b_2a+m>>
+ [+ (1 —t)(a+b—2))]g 2z —a)dx

(2.24)

for all ¢t € [0,1]. By Lemma 2, the following inequalities hold for all ¢ € [0,1] and
ve [o,352].

3a+b )
—x

(2.25) f(ta+(1t):1:)+f(ta+(1t)( 5

<f@+f (-0

holds when A = a, C = ta+ (1—t)z, D = ta+ (1—t) (342 —z) and B =

ta+ (1 —t) %t in Lemma 2.

(2.26) f(tb+(1t) (b2a+x>> +f(tb+ (1 —t)(a+b—1x))

gf(tb+(1—t)a2+b>+f(b)-

holds when A = tb+(1 —t) &2, C = th+(1 —t) (5% + ), D = th+(1 —t) (a + b — z)
and B = b in Lemma 2. Multiplying the inequalities (2.25) — (2.26) by g (2z — a)

and integrating them over x on [a, 3“2'17] and using (2.24), we have

b
(2.27) N(#) < % {f(“)";f(b) + G(t)] / g (z)do

for all ¢ € [0,1]. Using (2.27), we derive the second inequality of (2.3).
Again, using Lemma 2, we have

(2.28) f(ta—l—(l—t)a;b) —i—f(tb—i—(l—t)a;b)
<fa+A—-t)z)+ f({tb+(1—t)(a+b—2x))

for all t € [0,1] and = € [a, E2] . Multiplying the inequality (2.28) by g (2z — a),
integrating both sides over = on [a, “;b] and using (2.23), we derive the first in-
equality of (2.3).

This proves (2.3).
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(3) Integrating by parts, we have

+b
1 =

= e f @ e-af arb-a)d

e g (220),

Using substitution rules for integration, we have the following identity

(2.29)

a+b
2

1 [f (z)+ f(a+b—2)]d.

1 b
2. _ dr =
e3) [ ree—
Now, using the convexity of f and g (z) > 0 on [a, b], the inequality

[f(ta+ (1 —t)z) - f(z)]g(x)
+[fb+A—-t)(a+b—2)— fla+b—2x)]g ()
f/

>t(a—z)f (2)g(@)+t(@z—a)f (at+b-=)g(z)
=t@—a)[f (a+b—2z) - f (2)]g(2)
>t(z—a)[f (a+b—2) - f(z)] inf g(z)

z€[a,b]

holds for all ¢t € [0,1] and z € [a, “T“’] Integrating the above inequality over x on
[a, £2], dividing both sides by (b— a) and using (1.1), (2.20), (2.29) and (2.30),
we derive (2.4).

On the other hand, we have

W/ﬂbgmdﬁl@“”) f/(a)/abg(w)dx

-2 2

a —

— L@ [ s@da

and

W/:gwdxg;(b“;b) f/(b)/abg(w)dw

=0 9@

and taking their sum we obtain:

(2.31) {f(“);“f(b) —f (a;bﬂ /abg(x)dx

! — f'(a —a b
IO S @0 )/ag("”)d”

Finally, (2.5) — (2.10) follow from (1.6), (1.7), (1.9), (1.10), (2.2) and (2.31).
This completes the proof. (Il

Let g(z) = 7= (x € [a,b]). Then the following Hermite-Hadamard-type in-

equalities, which are also given in [14], are natural consequences of Theorem 5.

Corollary 6. Let f,G,H, L, P be defined as above. Then:
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(1) The inequality

I 2
d d
b*a/a T w<ba/[a7%“]u[%%,b]f($) ’

/OlP(t)dt

11 /[ f(a)+ f(b)
L[, [ sy L0210

IN

IN

b— 2
holds.
(2) The inequalities
L) <P(t)< ;:SLbf(x)dx+t- f(a);rf(b) < f(a)-;f(b)
and
0<P(t)—G()< f(“);f(b) —P()

hold for allt € [0,1].
(3) If f is differentiable on [a,b], then we have the inequalities

0§tlbia/abf(x)dx_f<a—2&-b)

b
<P(t)- — /f(m)dx;

b—a
O§P(t)—f<a;b> < (f/(b)_f/4(a))(b—a);
o< L) —H(p< S W=F@)b-a)

and

for allt €10,1].

Remark 7. In Theorem 5, the inequality (2.1) gives a new refinement of the Fejér
inequality (1.2).

Remark 8. In Theorem 5, the inequality (2.2) refines the Fejér-type inequality
(1.9).

In the next theorem, we point out some inequalities for the functions G, Q, Hy, Py, Sy
considered above:

Theorem 9. Let f,9,G,Q, Hy, Py, S, be defined as above. Then:
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(1) The inequalities

o IO P (e fod])
and
(48 [swar<an [ owas
(2.33) < P, (1) <t e B1]>

hold for all t € [0,1] .
(2) The inequality

0

IN

b
S, (t)fG(t)/ g () dz

% [f(“)Jff(b)jLQ(t)} /abg(x)dx—sg ()

(2.34) .

IN

holds for all t € ]0,1] .

Proof. (1) We discuss the following two cases.
Case 1. t € [O, %] .
Using substitution rules for integration and the hypothesis of g, we have the
following identity
aT+b

(2.35) H(t):/a [f(tw—k(l—t)a;b)
+f(t(a+b:r) 1ta+b>}g

If we choose A = (1 —t)a+th, C =tz + (1 —t) =2, D=t(a+b—2)+ (1 —t) <
and B =ta+ (1 —t)b in Lemma 2, then the inequality

(2.36) f(tx+(1t) ;rb>+f<t(a+bx)+(1t)a;b)
<f((Q—=t)a+th)+ f(ta+ (1—1¢)b)

holds for all ¢ € [0, %] and z € [a, “'{b]. Multiplying the inequality (2.36) by g (z),

integrating both sides over = on [a, ‘17'“’] and using identity (2.35), we derive the

first inequality of (2.32). From Lemma 4, we have

[(@)+f ()

sup Q1) =

te[0,%]
Then the second inequality of (2.32) can be obtained. This proves (2.32).
Case 2. t € [%,1] .
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If we choose A = ta+ (1—t)z, C =ta+ (1—1t)b, D = (1 —t)a + tb and
B=tb+ (1 —1t)(a+b—x)in Lemma 3, then the inequality

(237) fa+Q—=8)b)+ f({tb+ (1 —t)a)
<fla+(Q-t)x)+ftb+(1—-¢t)(a+b—2x))

holds for all t € [%, 1] and = € [a, “7“7] Multiplying the inequality (2.37) by g (),

integrating both sides over  on [a, “$2] and using identity (2.20), we obtain the

second inequality of (2.33). From Lemma 4, we have

inf Q(t):f(a+b).

te[1.1] 2

Then the first inequality of (2.33) can be obtained. This proves (2.33).

(2) Using substitution rules for integration and the hypothesis of g, we have the
following identity

a+b

(2.38) 2Sg(t):/ i [fla+(1-t)x)+ fb+(1—t)x)]g(2x —a)dx

a

b
+/1+b [f(ta+ (1 —=t)x)+ f{tb+ (1 —t)x)] g (22 —b)dx

:/ T fltat(1—t)z)+ f(th+ (1 b))

+fla+(I—-t)(a+b—2))+ ftb+(1—1t)(a+b—2x))]
x g (2x — a)dx

3a+b

:/a i [f(ta+(1—t)$)+f(ta‘*'(l_t)(?)a;b—x))

+f<ta+(1—t) (b;“+x)> b ftat (-1 (atb—g)

+f(tb+(1—t)ff)+f(tb+(l_t)(3a+b_x>)

2
+f<tb+(1t)<62a+x)>+f(tb+(1t)(aera:))}

x g (2x — a)dx

for all t € [0,1].
By Lemma 2, the following inequalities hold for all ¢ € [0,1] and = € [a, %].

(2.39) f(ta+(1—t)a)+f (ta—l— (1-1) (3“2+b —m))

gf(a)—kf(ta—&—(l—t)a;—b)
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holds when 4 = a, C = ta+ (1—-t)z, D = ta+ (1 —t) (342 —2) and B =
ta+ (1—1t) %2 in Lemma 2.

(2.40) f(ta+(1—t) <b_2a+m>>+f(ta+(1—t)(a+b—x))
gf(ta+(1t)a;rb>+f(ta+(1t)b)

holds when A = ta+(1—t) %2, C = ta+(1 —t) ()52 + ), D = ta+(1 —t) (a + b — )
and B =ta+ (1 —t)b in Lemma 2.

(241) f(th+(1—t)z)+ f (tb+ (1-1) (3a2+b —x))

<f(tb+(1—t)a)+f(tb—&-(l—t)a;b)

holds when A =tb+ (1 —t)a, C=tb+ (1 —t)z, D =tb+ (1 —t) (34 — z) and

B=tb+ (1—1t) %" in Lemma 2.

(2.42) f(tb+(1—t) (b_2“+x>>+f(tb+(1—t)(a+b—x))

a+b

gf(tb+(1—t)2>+f(b)

holds when A = tb+(1 —t) &2, C = th+(1 —t) (552 + ), D = th+(1 —t) (a + b — z)
and B = b in Lemma 2. Multiplying the inequalities (2.39) — (2.42) by g (2z — a),
integrating them over z on [a, 3QT+"] and using identity (2.38), we have

b b
(243) 25,0 <G (1) / g(x)dx+;[f(a);f(b)+Q(t)] / g (@) de

a

for all t € [0,1]. Using (1.10) and (2.43), we derive (2.34). This completes the
proof. ([l

Let g (z) = 71 (z € [a,b]) . Then the following Hermite-Hadamard-type inequal-
ities, which are given in [14], are natural consequences of Theorem 9.

Corollary 10. Let f,G, H, L, P be defined as above. Then:
(1) The inequalities

and

hold for allt € [0,1].
(2) The inequality

0<L(t)—G(t) <

DN =

holds for all t € [0,1].
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The following Fejér-type inequalities are natural consequences of Theorems A —

B, E

Theorem 11. Let f,9,G, H,

-1, 5,9 and Lemma 4 and we shall omit their proofs.

Py, I,Lg4, S, be defined as above.

(5 [s@ar<mw<a [ o <s,o

g<1—t>/j§

(552) (53

b
ICETICY S

+t-

< f@+ 1)

and

5 /abg(x)dx

f(“‘;b> ng<m>dx<f<t><G<t>/:g<x>dx

<L,

17t/f

fla

have

By (#)
b
x)dr+t- M/ g (z)dx

<f/a g (x)dx.

Theorem 12. Let f,g,G,Q, Hy, I be defined as above. Then, for allt € [O, 1

4],’U)€

() [owa<mo <men<aen @

and

b
Q(t)/g(x)dxgw

/abg(ac)dm

f(“?’) /:g(m)dx<l(t) < 1(20) <G(2t)/abg(x)d:c

b b

<@ [ g@ae < IO [ ) a
Theorem 13. Let f,9,G,Q, Hy, Py, Ly, Sy be defined as above. Then, for all t €
[%, %} , we have

(45 [ o <, SQ(t)/abg(w)dxﬁG(Qt)/abg(x)dx

< Ly (2t) <

Py (2t)

(1—2t) / f(x)g(x)de +2t- f(a);—f(b)/bg(x)dax

f(a

<f/a g (x)dzx
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and

(45 [o@ar<mw<en [s@a

a

< G2 /bg(m) do < S, (2t)

s<12t>/ab§ [f(l’;“)w(x;b)}g(z)dx

RFICESICY

2
by [P
SICESICY o
Theorem 14. Let f,9,G,Q,FPy,Lg, Sy be defined as above. Then, for all t €
[%, %} , we have

() [swaseo [ owa

b
G(2t)/ (x)de < L, (2t) < P, (21)
(1—2t) / f(x)g(x)de +2t- f(a);f(b)/bg(m)dm

§f(2/ (@) dz; a

Gt /b 2)de < S, (
o5 (5 o

Lo F@EFO) /bg(x)dx

2
b

@O [y,

and
b b
1(*57) [swar<e [awar<rw<rnen
a b
1—2t/f x)dx + 2t - f();_f(b)/a g (z)dx

<f(2/ g(a) da.
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Theorem 15. Let f,g9,G,Q, Py, Ly, S, be defined as above. Then, for all t €
[% g} , we have

b b ’
f<a;b)/ag(z)dx<Q(t)/a (I)dx<G(2(lit))/a glo)de
<Ly2(1—1) <P, (2(1—1))

(2t —1) / f@)g@)de+2(1-1)- f(a);—f(b)/bg(x)dx

Sf(2/ag(x)dx a

and

(45 [swar<an [ owas
<G<2<1—t>>/abg<x>dx<sg<2<1—t>>
<0 [ [ (52) v (50)] s
+2<1t>~W/:g<z>dx
gf(“’*f(b)/abg@)dx.

2

Theorem 16. Let f,9,G,Q, Hy, Py, Ly, Sy be defined as above. Then, for all t €
[%, ﬂ , we have

() [swe<en [wa

b
sc<2<1—t>>/ g () da
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sut)/ab; ()i (5] swa

ICESTY

b
< W/a g (z) dz.

Theorem 17. Let f,9,G,Q,Hgy, Py, 1,S, be defined as above. Then, for all t €
[%, 1] , we have

(450 [swarsmea-n<aea-n [ @

and

f(“‘;b) Abg<x>dng<2<1—t>>SG<2<1—t>>/abg<x>dx

b
<@ [ @<,
17t/ f@)g@)de+t- f(a);rf(b)/bg(z)d:c

“b—-a o

i )-;f()/a (o) do.

Let g (z) = 2= (= € [a,b]) . Then the following Hermite-Hadamard-type inequal-
ities are natural consequences of Theorems 11 — 17, which are given in [14].

Corollary 18. Let f,Q,G, H, P, L be defined as above. Then we have:
(1) Forallte [0, %] one has the inequality

f(a+b < < fla)+f(b)

i
f(““’) <H@{) <Qt) <G (2) < L(2t) < P(2t)

_1b—_2t/ a2 LSO

@+
- 2
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(3) For allt € [3,%] one has the inequalities

f(‘”b) QU <G <L) <P

2
1—2t/ F@da s OTIO)
fla)+70)

IA

and

f<a+b><Q(t)<P(t)<P(2t)
17215/ F (o) de 42t f()+f()

f(a)
2

(4) For allt € [5,2] one has the inequality
(%5 sewscea-n<srea-n<rea-1)
2t—1/f Vit 2(1— 1) f(a);rf(b)
PG );Lf( )
(5) For allt € [%,3] one has the inequality

f<a;b> <SQU<CGRA-H) <G <L <P

<

1—t fla)+f() _ fla)+ f(b)
_b_a/f o+t UL < RO EIE,

(6) For allt € [3,1] one has the inequality
(5 srea-nscea-nen=ro
I e LSO S0 10,

“b—a

REFERENCES

[1] J. Hadamard, Etude sur les propriétés des fonctions entieres en particulier d’une fonction
considérée par Riemann, J. Math. Pures Appl. 58 (1893), 171-215.

[2] S. S. Dragomir, Two mappings in Connection to Hadamard’s Inequalities, J. Math. Anal.
Appl. 167 (1992), 49-56.

[3] S. S. Dragomir, A Refinement of Hadamard’s Inequality for Isotonic Linear Functionals,
Tamkang. J. Math.

[4] S.S. Dragomir, On the Hadamard’s Inequality for Convex on the Co-ordinates in a Rectangle
from the Plane, Taiwanese J. Math., 5 (4) (2001), 775-788.

[5] S. S. Dragomir, Further Properties of Some Mappings Associated with Hermite-Hadamard
Inequalities, Tamkang. J. Math. 34 (1) (2003), 45-57.



20

(6]
[7]
(8]
(9]
[10]

[11]

[12]

[13]

K.-L. TSENG, SHIOW-RU HWANG, AND S.S. DRAGOMIR

S. S. Dragomir, Y.-J. Cho and S.-S. Kim, Inequalities of Hadamard’s type for Lipschitzian
Mappings and their Applications, J. Math. Anal. Appl. 245 (2000),489-501.

S. S. Dragomir, D. S. Milogevi¢ and Jézsef Séndor, On Some Refinements of Hadamard’s
Inequalities and Applications, Univ. Belgrad. Publ. Elek. Fak. Sci. Math. 4 (1993), 3-10.

L. Fejér, Uber die Fourierreihen, I1, Math. Naturwiss. Anz Ungar. Akad. Wiss. 24 (1906),369-
390.(In Hungarian).

D.-Y. Hwang, K.-L. Tseng and G.-S. Yang, Some Hadamard’s Inequalities for Co-ordinated
Convex Functions in a Rectangle from the Plane, Taiwanese J. Math., 11 (1) (2007), 63-73.
K.-L. Tseng, S.-R. Hwang and S. S. Dragomir, On Some New Inequalities of Hermite-
Hadamard-Fejér Type Involving Convex Functions, Demonstratio Math. XL (1) (2007), 51-64.
K.-L. Tseng, S.-R. Hwang and S. S. Dragomir, Fejér-type Inequalities (I). (Sub-
mitted), Preprint RGMIA Res. Rep. Coll. 12(2009), No.4, Article 5. [Online
http://www.staff.vu.edu.au/RGMIA /v12n4.asp].

K.-L. Tseng, S.-R. Hwang and S. S. Dragomir, Fejér-type Inequalities (II). (Sub-
mitted) Preprint RGMIA Res. Rep. Coll. 12(2009), Supplement, Article 15.[Online
http://www.staff.vu.edu.au/RGMIA /v12(E).asp].

K.-L. Tseng, S.-R. Hwang and S. S. Dragomir, Some Companions of Fejer’s Inequality for Con-
vex Functions. (Submitted) RGMIA Res. Rep. Coll. 12(2009), Supplement, Article 19.[Online
http://www.staff.vu.edu.au/RGMIA /v12(E).asp].

K.-L. Tseng, G.-S. Yang and K.-C. Hsu, On Some Inequalities of Hadamard’s Type and
Applications, Taiwanese J. Math., 13.

G.-S. Yang and M.-C. Hong, A Note on Hadamard’s Inequality, Tamkang. J. Math. 28 (1)
(1997), 33-37.

G.-S. Yang and K.-L. Tseng, On Certain Integral Inequalities Related to Hermite-Hadamard
Inequalities, J. Math. Anal. Appl. 239 (1999), 180-187.

G.-S. Yang and K.-L. Tseng, Inequalities of Hadamard’s Type for Lipschitzian Mappings, J.
Math. Anal. Appl. 260 (2001),230-238.

G.-S. Yang and K.-L. Tseng, On Certain Multiple Integral Inequalities Related to Hermite-
Hadamard Inequalities, Utilitas Math., 62 (2002), 131-142.

G.-S. Yang and K.-L. Tseng, Inequalities of Hermite-Hadamard-Fejér Type for Convex Func-
tions and Lipschitzian Functions, Taiwanese J. Math., 7 (3) (2003), 433-440.

DEPARTMENT OF MATHEMATICS, ALETHEIA UNIVERSITY, TAMSUI, TATWAN 25103.
E-mail address: kltseng@email.au.edu.tw

CHINA UNIVERSITY OF SCIENCE AND TECHNOLOGY, NANKANG, TATPEI, TATWAN 11522
E-mail address: hsru@cc.cust.edu.tw

SCHOOL OF ENGINEERING AND SCIENCE, VICTORIA UNIVERSITY, PO Box 14428, MELBOURNE

City MC, VICTORIA 8001, AUSTRALIA.

E-mail address: sever.dragomir@.vu.edu.au
URL: http://www.staff.vu.edu.au/RGMIA/dragomir/



