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WEIGHTED f—-GINI MEAN DIFFERENCE FOR CONVEX AND
SYMMETRIC FUNCTIONS IN LINEAR SPACES

S.S. DRAGOMIR

ABSTRACT. The concept of weighted f—Gini mean difference for convex and
symmetric functions in linear spaces is introduced. Some fundamental inequal-
ities and applications for norms are also provided.

1. INTRODUCTION

The Gini mean difference of the sample a = (ay,...,a,) € R™ is defined by

n n

G(@Z#ZZW—%\:% > lai—ay

j=11i=1 1<i<j<n
and
1
R(a) = -G (a)
a

is the Gini index of a, provided the sample mean @ is not zero [7, p. 257].
The Gini index of a equals the Gini mean difference of the “scaled down” sample

d:(%l,...,%") (@+#0)
R(al,...,an)zﬁzz %—%‘.

i=1 j=1
The following elementary properties of the Gini index for an empirical distribution
of nonnegative data hold [7, p. 257
(i) Let (a1,...,a,) € R} with 37" | a; > 0. Then

- 1
0R(a’""’d)SR(a’h"'?an)§R<0""a0’zai> :175<1a
i=1

R(Bas,...,Ba,) = R(ai,...,a,) forevery >0

and

a
a+ A

R(ai+ A, ...,an +A) = R(ay,...,a,) for A>0.

(ii) R is a continuous function on R’} .
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2 S.S. DRAGOMIR

These and other properties have been investigated in [7], [4] and [5].

For a = (ai,...,a,) € R™ and p = (p1,...,pn) a probability sequence, meaning
that p; >0 (i € {1,...,n}) and >, p; = 1, we considered in [1] the weighted Gini
mean difference defined by formula

n n

(L.1) Zzpng jai —ajl = > ppjlai—ayl,
] 1i=1 1<i<j<n
and proved that
12 IKpa)<Gma) <t |[Spla -] <K (p.a)
. 5 p;a) = pb,a _;IellR i:1pz a; — Y| = p,a),

where K (p,a) is the mean absolute deviation, namely

n n
(1.3) K(p,a):=Y pilai— Y pja;].
i=1 =1

We have also shown that if more information on the sampling data a = (a1, ..., ay)
is available, i.e., there exists the real numbers a and A such that a < a; < A for
each i € {1,...,n}, then

1
. < — — < Z _
L) Gras<@-o amx Pa-P) (<iU-a).
where Py := ZjerJ” Also, we have shown that

(15) G (p,a) < Z <g (A~ a)> .

Notice that in general the bounds for the weighted Gini mean difference G (p, a)
provided by (1.4) and (1.5) cannot be compared to conclude that one is always
better than the other [1].

For a = (a1,...,a,) € R™ and p = (p1,...,ps) a probability sequence, meaning
that p; > 0 (i €{1,...,n}) and > ._, p; = 1, define the r—weighted Gini mean
difference, for r € [1,00), by the formula [1, p. 291]:

A+a

n n
(1.6) G, (p,a): ZZplp] la; —a;|" = Z pip; lai —a;|" .

_] 1i=1 1<i<j<n
For r = 1 we have the weighted Gini mean difference G (p,a) of (1.1) which be-
comes, for the uniform probability distribution p = (n, cee %) the Gini mean
difference

QLZZ\%—M:% o lai—ayl.
j=11i=1

1<i<j<n

For the uniform probability distribution p = (%, ceey %) we denote

G, (a):=G,(p,a 2n222|a1—a3| Z la; —a;|".

i=1 j=1 l<i<j§n
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Now, if we define A := {(4,7)¢,5 € {1,...,n}}, then we can simply write from
(1.6)

1 r
(L.7) G (p,a) = ) Z pipj lai —a;l", r>1
(i,)€A

The following result concerning upper and lower bounds for G, (p, a) may be stated
(see [2]):

Theorem 1. For any p; € (0,1), ¢ € {1,...,n} with > ;p; = 1 and a; € R,
i€{l1,...,n}, we have the inequalities

—1
pipy +pipj (1 —pip;)" ,
—1 |a'i - aj'

(1 —pipj)

(18) -
. — maXx
2 (i,j)eA

S GT (pva) S max |ai - aj T,

1
2 (i.j)ea
where r € [1,00).

Remark 1. The case r = 2 is of interest, since

2
1 5 n n

G2 (p,a) = 5 Z pipjla; — a;|” = Zpia? - <Zpiai ’
i=1 i=1

(i,4)en
for which we can obtain from Theorem 1 the following bounds:
1 DiD;j 2 1 2
1.9 — ma ——(a; — a; <G ,a) < — max (a; —a;)”.
(1.9) 2(i7j)€XA{1—pipj( i) psGpa)< 2<i,j)eXA( i)
Remark 2. Since the function
ottt
(1 _ t)T—l

defined for t € [0,1) and r > 1 is strictly increasing on [0,1) from Theorem 1 we
can obtain a coarser but, perhaps, a more useful lower bound for the r—weighted
Gini mean difference, namely (see [2]):

1-r

hy (1) : — 4t (1—1)

-1
1 opor+ 05 (L=ph)" "
5 r—1 © max |a’i - ajl
2 (1—p2) (i,)eA
where p.,, is defined above.

For r = 2, we then have:

(1.10) G, (p,a) >

2

I p
1.11 Gs (p,a) > - - —2— . ma
(L11) 2(P.2) = 5 T2, (e

(ai —aj)*.

For other results related to the above, see the recent paper [2]. For various
inequalities concerning G5 (p, a), see the book [3] and the references therein.

In this paper, motivated by the above results, we introduce the more general
concept of weighted f—Gini mean difference for convex and symmetric functions
in linear spaces. Moreover, we provide some fundamental inequalities for the new
quantity and apply them for norms that naturally extend to vectors the results
obtained for real numbers.
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2. WEIGHTED f—GINI MEAN DIFFERENCE

Consider f : X — R be a convex function on the linear space X. Assume
that f(0) = 0 and f is symmetric, i.e., f(z) = f(—z) for any z € X. In these
circumstances we have

fw) = Lt (_x)2f<x_x>=f(0)=0

2 2
showing that f is nonnegative on the entire space X.

For x = (z1,...,2,) € X™ and p = (p1,...,pn) € P™ we define the weighted
f—Gini mean difference of the n-tuple x with the probability distribution p the
positive quantity

1 n n
(2.1) Gy (px) =5 dovipif(@i—w) = Y pipif (i —a;) > 0.
i,j=1 1<i<j<n

For the uniform distribution u = (%, e %) € P" we have the f—Gini mean
difference defined by

Gy (x) ::21? Zf(m*zj):% Z [z —x5).

i,j=1 1<i<j<n
A natural example of such f— Gini mean difference can be provided by the convex

function f(x) := ||z||"” with » > 1 defined on a normed linear space (X, |-||). We
denote this by

n

1 n
Gr ()= 5 > pipllei—ail" = > ppy s —ay

ij=1 1<i<j<n
Further on, we need to consider another quantity that is naturally related with
f—Gini mean difference. For a convex function f : X — R defined on the linear
space X with the properties that f(0) = 0 define the mean f-deviation of an
n-tuple of vectors x = (z1,...,2,) € X™ with the probability distribution p =
(p1, .-, pn) € P™ by the non-negative quantity

(2.2) Ky (p,x) =Y pif (xi - Zpkl‘k> :
i=1 k=1

The fact that Ky (p,x) is non-negative follows by Jensen’s inequality, namely

Ky(p,x) > f (sz (xz - ZPk%)) = f(0)=0.
1=1 k=1

A natural example of such deviations can be provided by the convex function
f(z) :=||z||” with r > 1 defined on a normed linear space (X, ||-||) . We denote this

by

(2.3) K, (p,x) = p;
i=1

T

n
Z; — E PrTk
k=1

and call it the mean r-absolute deviation of the n-tuple of vectors x = (z1, ..., x,) €
X™ with the probability distribution p = (p1, ..., pn) € P™.

The following connection between the f—Gini mean difference and the mean
f-deviation holds true:
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Theorem 2. If f : X — R is a symmetric convez function with f(0) = 0, then

for any n-tuple of vectors x = (x1,...,x,) € X™ and any probability distribution
p = (p1,-..,pn) € P™ we have the inequalities

(2.0 Gy (px) = 3K (%) = Gy (pgx).

Both inequalities in (2.4) are sharp and the constant % best possible.

Proof. By the Jensen inequality we have

1 n n
Gr(px) =5 D i | D pif (wi =)
i=1 J=1

Y

%Zpif ij (zi —5) | = %sz‘f Ti — ijiﬂj
i=1 j=1 i=1 j=1

1
§Kf (p7 X)

which proves the first part of (2.4).
By the convexity and symmetry of f we also have

1 1 1 1 & 1 & 1
(2.5) f <2$1: - 2%’) =/ (2%‘ 35 > e+ B > ey — 2%‘)
k=1 k=1
f 1 R zn: + 1 Zn: _ .
5 | i DPrTh 5 Pl — T;
k=1 k=1
1 n n
3 [f (fﬂz - ZPk%) +f (%’ - ZPk%)}
k=1 =1
for any i,5 € {1,...,n}.

Multiplying the inequality (2.5) by p;p; and summing over ¢ and j from 1 to n
we get

IA

1 1 n n n
2Gy (P,2X> < 3 Z piDj [f (371‘ = ZPMk) + f (wj - Zpkxkﬂ
i,5=1 k=1 k=1
= Kf (p7x)
which proves the last part of (2.4).
Now, if assume that (X, ||-]|) is a normed space and consider f (z) = ||z||, then

for n =2 and p1,p2 € [0,1] with p; + p2 = 1 we have

G1(p,x) = pip2 |71 — 22| and K (p,x) = 2p1p2 ||z1 — 22|

which shows that the equality can be realized in (2.4) for a nonzero quantity when
x1 # x9 and py1,p2 € (0,1). O

The following particular case for norms is of interest due to its natural general-
ization for the scalar case that is used in applications:
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Corollary 1. Let (X, |-||) be a normed space. Then for any n-tuple of vectors
x = (21,...,x,) € X™ and any probability distribution p = (p1,...,pn) € P" we
have

|~

(2.6) G, (p,x) > ;K (p,x) > —G, (P, X)

r

N =
\]

or, equivalently,

T

1 n
> 5 > pij [l — ;"
ij=1

27) > pwj e — )" =D s
=1

7,j=1

n
Ti — E PETk
k=1

for any r > 1.

3. A LOWER BOUND FOR Gy (p,x)

As in the introduction, consider A := {(7,5)|i,7 € {1,...,n}} and denote by T
a nonempty subset of A, namely I' = I x J where [ and J are nonempty parts of
{1,...,n}. We denote by G,, the set of all nonempty I" as above.

We define, for a given probability distribution p = (p1, ..., pn) € P andT' = I x.J
the following quantities

Pr .= Z pip; = Zpi ij = P;P;, and Pr := Py where I' := A\ T.
(i,5)er el jeJ

Since Pa = Z(i)j)eA pipj = szzl pipj = 1, then obviously Pr € [0,1] and Pr =
l—Pr=1— PPy
We can state the following result:

Theorem 3. If f : X — R is a symmetric convez function with f(0) = 0, then
for any n-tuple of vectors x = (x1,...,z,) € X™ and any probability distribution
p = (p1,-..,pn) € P™ with all terms nonzero we have the inequality

1
. > — >
(3.1) Gr(p,x) 2 5 max Ly (p,x,IxJ)(=0)

where

1 1
(3.2) Lf (p,X,IXJ) = PIPJf E;pixi—E;pjmj

PrP;

1 1
1—- PP _ —E ii——g T
+ ( 1Pr) f 1P | P, igpx P, jEJpij
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Proof. On applying Jensen’s inequality for multiple sums we have for I' = I x J
that

1
(3.3) Gy (p,x) = B Z pipj f (zi — z5)
(i,5)eA

% Z pipjf (xz - ZL’j) + % Z pipjf (.’EZ — {Ej)

(4,5)er (i,j)el
1 > (i j)er Pibj (Ti — ;)
e
(i,j)€T (i.j)er PiPj
1 2 (ijyer Pipj (@i — ;)
+5 > pinif (Jg ——
(i,5)€T (i,5)er PiPj
However
Z pip; = PrPy, Z pip; =1 — PPy
(i,5)€T (i,5)el
dopipjwi—z) = > pipj (i — )
(i,5)€T (i,5)EIxJ
= F; Zpixi — Pr ija:j
i€l jEJ
and
Y oppjlwi—wz) = Y ppj(wi—w))
(i,5)el (i,5)EA\T
= Y pipi@wi—z)— Y pip (@i — )
(i,5)EA (i,4)€ET
= - Z pipj (v —xj) = — PJZPimi - P ijwj
(i,j)eT iel jeJ

Utilising the inequality (3.3) and the symmetry of the function f we get

1 Py Zie]pixi_PIZjerjxj>

>

PrP;f (

N = o

n Py ZielpimiPIZjEJpjmj)

(1—P1PJ)f< 11— PP,

which is equivalent with the desired inequality (3.2). (]
A particular case of interest is for I = {i} and J = {j} giving the following

Corollary 2. If f : X — R is a symmetric convez function with f(0) = 0, then
we have the inequality

1
(3.4) Gr(p,x) 2 5 (nax, Ly (p,x,i,5) (> 0)
where
.. pibj
(3.5) L¢(pyxyi,j) = pip; f (xi — ;) + (1 — pipj) [ | ——— (z; — x;)

1 —pipj
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Remark 3. Let (X, ||-|)) be a normed space. Then for any n-tuple of vectors x =
(T1,...,xn) € X™ and any probability distribution p = (p1,...,pn) € P™ with all
terms nonzero we have from (3.1) that

T

—T pr pr 1 1
[PIPJJF (1- PPy PIPJ] szixi - szpj%'
I ier T jes

(3.6) Gr(p,x) =

|~

forany I xJe€g, .
In particular, we have

1 —Tr T, T r
(3.7) Gr(p,x) 2 5 {pipj + (1= pipj)’ pipj} i — ]l
for any (i,7) € A, which extends and improves the scalar case obtained in [2].

4. ANOTHER LOWER BOUND

Before we provide another lower bound for the weighted f—Gini mean difference
we need to introduce some notations.

For the vector e = (1,2,...,n) € R™ and the probability distribution p =
(p1, -, Pn) € P™ we define the weighted arithmetic mean

J
Aj (pae) = Z kpk

k=1
and, similarly, for the n-tuple x = (21, ...,x,) € X" and the probability distribution
P= <p17 7pn) S | 344 we deﬁne

J
Aj (p,X) = ZPkUUk
k=1

Theorem 4. If f : X — R is a symmetric convez function with f(0) = 0, then
for any n-tuple of vectors x = (x1,...,z,) € X™ and any probability distribution
p = (p1,.,pn) € P™ we have the inequality

(4.0 61 (%) = G o) f (G2 (20

where

G(p,e) = ij [ij - Aj (pve)] >0
j=1
and

G(p,X) = ij [ijj - Aj (p,X)] .

Proof. By the convexity of f and the fact that f(0) = 0 we have that

flte) = fl1=1)-0+t 2] <(1—=1) f(0) +tf (z) =tf (x)
for any t € [0,1] and = € X.
Now, if 1 <i< j<nthent:= ]%Z € [0,1] and writing the above inequality for
this ¢t and for x = x; — x; we get

(42) Floj—a0 2 G-i) (225

j—i
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forany 1 <i < j <n.
Multiplying (4.2) with p;p; > 0, summing over ¢,j with 1 < ¢ < 5 < n and
applying the Jensen inequality for multiple sums we get successively

(4.3)  Gy(p.x) Z pipi f (vi — x5) > Z pip; (J—1) f (xl — mj)

1<i<j<n 1<i<j<n J—t
n [ n Ti— Ts
> > ppiG-i)f| Y pipj(j—z')( /)
1<i<j<n _1§i<j§n J
n [ n
= Z pipj (3 —19) f Z pipj (Ti — x5)
1<i<j<n _1§i<j§n
However
n n J
0<) > ppiG=D)=Y_p; Y pi(i—1
1<i<j<n j=1 =1
n J
=) D (Pj - ZH%) =G (p,e)
j=1 i=1
and
n n J
Yo iy (=) =) p ) pi(wy - )
1<i<j<n j=1 =1
n J
=> p (Pﬂj - Zm) =G (p,x)
j=1 i=1
which together with (4.3) produces the desired result (4.1). O

The case of normed linear spaces is of interest. We have:

Corollary 3. Let (X, |||) be a normed space. Then for any n-tuple of vectors
x = (1,...,&,) € X™ and any probability distribution p = (p1,...,pn) € P" we
have

(4.4) G (p,x) > G (p,e) |G (p,x)|" (> 0)

or, equivalently,

1 & .
(4.5) 5 Z pipj |z — x|
i,j=1

1-r T
n

> (D piliP - Aj (p.e)] > pi [Pz — Aj (p,x)]

J=1 Jj=1

for any r > 1.
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5. SOME UPPER BOUNDS

From the definition of the weighted f—Gini mean difference we have

(5.1) Gy (p,x Z pip;f (xi — ;)

,j=1
< max i — T Zplp 71 fz —x5)
_1§i<j<n i) ) 79 J‘<j§n J
1,j=
and
n n
(52) Gr(p.x)= Z pipif (@i = zj) < | max f (@i - ) Z pip;
1<i<j<n 1<i<j<n
1 1 "
— _ 1— S . (1 = p,
3, Jnax f (v — =) ( Zm) 5, dnax f(z wg);pb( P;)
1=

since, obviously,

n n n
> pipg:% > pipj — sz = (1—2 ) sz Pi) -

1<i<j<n ij=1 i=1

Observe that the second approach provides a better inequality, therefore we can
state the following result:

Proposition 1. If f: X — R is a symmetric convez function with f (0) = 0, then
for any n-tuple of vectors x = (x1,...,x,) € X™ and any probability distribution
p = (p1,-..,pn) € P™ we have the inequality

1
— max
2 1<i<j<n

flei—a) Y pi(1=pi) > Gy (p,x).

i=1

(5.3)

The following particular case for norms holds true:

Corollary 4. Let (X, ||||) be a normed space. Then for any n-tuple of vectors
X = (1,...,x,) € X™ and any probability distribution p = (p1,...,pn) € P" we
have

1
5 o — sz )2 Gr (p,x)
for any r > 1.

For two vectors z,y € X we define the segment [z, y] by {(1 — )z + ty,t € [0,1]}.
If 0 € [z,y], then there exists a unique ¢ with ¢ € [0, 1] such that (1 —t) z 4ty = 0.
The following result may be stated as well:

Theorem 5. Assume that f : X — R is a symmetric convez function with f (0) =
0. If x and y are two vectors and t € [0,1] with (1 —t)x + ty = 0 then for any
n-tuple of vectors x = (21,...,2,) € X" with the property that x; — z; € [x,y] for
alli,j € {1,...,n} we have the inequality

1
5 [L=1) f(2) +1f (y)] = Gy (,x)

for any probability distribution p = (p1,...,Dn) € P™.

(5.4)
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Proof. Since xz; — x; € [z,y] for 4,5 € {1,...,n}, then there exists the numbers
ti; € [0,1] such that z; — z; = (1 — ;) x + t;;y for i,j € {1,...,n}.
Let p = (p1, ..., pn) € P™. Then by the above equality we get that

pipj (i — x5) = (1 — ti5) pipj + tijpip;y
for any i,5 € {1,...,n}. If we sum over 4, j from 1 to n, then we get

(55) 0= Z pipj (Ti — x5) = Z [(1 — i) pipjx + tijpip;y]
ij=1

i,j=1
n n
=|1- Z Lijpip; | © + Z tijpipj | Y-
i,j=1 4,j=1

Now, due to the fact that (1 —¢)x + ty = 0 and the representation is unique, we

get that ¢ = Y"1 ti;pip;.
On the other hand, due to the convexity of the function f we have that

Gy(p,x) = % Z pipj f (i —zj) < % Z pipi f (1 —tij) @ + ;]

i,j=1 1,j=1

pip; (1 —tij) f (z) + tij f (y)]

IN
N |
IMs

1,7=1
1 n n
= 3 [(1 = > tuypips | F@)+ | D typiny | £ ()
i,j=1 i,j=1
1
= Sl0-0) 7 @) +1f )
and the theorem is proved. O

In applications one may be able to provide the ”smallest” symmetric interval
[—z, 2] containing all the differences x; — x;. In that situation we can state the
following particular case of interest:

Corollary 5. Assume that f : X — R is a symmetric convez function with f (0) =
0. If z is a nonzero vector in X then for any n-tuple of vectors x = (x1,...,x,) € X"
with the property that z; —x; € [—z,z2] for alli,j € {1,...,n} we have the inequality

(56) SF ()2 Gy (p.%)

for any probability distribution p = (p1,...,pn) € P™.

Remark 4. If X is a normed linear space and x = (x1,...,2,) € X™ and z satisfy
the condition from Corollary 5, then we have the inequality

Lo
(57) Sz > Gy (0.%)

for each r > 1.
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For an n-tuple of vectors x = (x1,...,x,) € X™ and a probability distribution
p = (p1,-..,pn) € P™ we consider the condition

(5.8) x; — ijxj € [z,y] for any i € {1,...,n}.
j=1

Since the segment [z,y] is a convex set then 0 = )" p; (xl — > pj$j> € [z,y].

Moreover, the fact that z; — x; € [z,y] for all 4,5 € {1,...,n} also imply that the
condition (5.8) holds true.

We can state the following result that provides an upper bound for the mean
f-deviation Ky (p,x) :

Theorem 6. Let f : X — R be a convex function defined on the linear space X with
the properties that f (0) = 0. If, for an n-tuple of vectors x = (x1,...,x,) € X™ and
a probability distribution p = (p1,...,pn) € P™ we have the condition (5.8), then

where t is the unique real number for which we have (1 —t)x +ty = 0.

The argument is similar to that in the proof of Theorem 5 and the details are
omitted.
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