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BOUNDS IN TERMS OF GATEAUX DERIVATIVES FOR THE
WEIGHTED f—-GINI MEAN DIFFERENCE IN LINEAR SPACES

S.S. DRAGOMIR

ABSTRACT. Some bounds in terms of Gateaux lateral derivatives for the weighted
f—Gini mean difference generated by convex and symmetric functions in lin-
ear spaces are established. Applications for norms and semi-inner products
are also provided.

1. INTRODUCTION

For a = (a1,...,a,) € R" and p = (p1,...,pn) a probability sequence, meaning
that p;, > 0 (i € {1,...,n}) and > p; = 1, define the r—weighted Gini mean
difference, for r € [1,00), by the formula [1, p. 291]:

1 n n i, .
(1.1) Gr(p,a) == §ZZPin|ai—aj| = Z pipj |a; — ajl

7j=11i=1 1<i<j<n
For the uniform probability distribution p = (%, ey %) we denote
1 n n 1
G.(a) =G, (p,a) = WZZW —a;|" = ) Z la; —aj|".
i=1 j=1 1<i<j<n

For r = 1 we have the weighted Gini mean difference G (p,a), where

1 n n
(1.2) G (p,a):= 5221%‘1?;' lai —ajl = > pipslai —ayl,

j=11i=1 1<i<j<n
which becomes, for the uniform probability distribution p = (%, RN %) the Gini
mean difference
1 n n 1
G(a):= ﬁZZ\ai —al=—5 > lai—ayl.
j=11i=1 1<i<j<n

For various properties of this and the Gini index
R(a) 1G(a) here a 1ia #0
= = w = i )
a ’ n
see the papers [6], [7], [1] and [9)].
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2 S.S. DRAGOMIR

Now, if we define A := {(4,7) 4,5 € {1,...,n}}, then we can simply write from
(1.1) that

1 r
(1.3) G (p,a) = ) Z pipj lai —a;l", r>1
(i,4)EA
The following result concerning upper and lower bounds for G, (p, a) may be stated
(see [2]):

Theorem 1. For any p; € (0,1), ¢ € {1,...,n} with > ;p; = 1 and a; € R,
i€{l1,...,n}, we have the inequalities

-1
pipy +pipj (1 —pip;)" ,
2 (i,5)en ja: = a1

1
4) — max
- { (1—pip)" "

S GT (pva) S max |ai - aj T,

1
2 (i.j)ea
where r € [1,00).

Remark 1. The case r = 2 is of interest, since

2
1 5 n n

G2 (p,a) = 5 Z pipjla; — a;|” = Zpia? - <Zpiai ’
i=1 i=1

(i,4)en
for which we can obtain from Theorem 1 the following bounds:
1 DiD;j 2 1 2
1.5 — ma ——(a; — a; <G ,a) < — max (a; —a;)”.
(1:5) 2(i7j)€XA{1—pipj( i) psGpa)< 2<i,j)eXA( i)
Remark 2. Since the function
ottt
(1 _ t)T—l

defined for t € [0,1) and r > 1 is strictly increasing on [0,1) from Theorem 1 we
can obtain a coarser but, perhaps, a more useful lower bound for the r—weighted
Gini mean difference, namely (see [2]):

hy (1) : —t4+t"(1—t)"

-1
1 opor+ 05 (L=ph)" "
5 r—1 © max |a’i - ajl
2 (1—p2) (i,)eA
where p.,, is defined above.

For r = 2, we then have:

(1.6) G, (p,a) >

2

1 »p 2
1. >- . fm oy i—aj)?.
(L.7) Gz(p,a) 2 5 T2 (i,jf‘éi(“ a;)

For other results related to the above, see the recent paper [2]. For various
inequalities concerning G5 (p, a), see the book [4] and the references therein.

The main purpose of the present paper is to provide some bounds in terms of
Gateaux lateral derivatives for the weighted f— Gini mean difference generated by
convex and symmetric functions in linear spaces that has been introduced in the
recent work [5] and briefly recalled in the next section. Applications for norms and
semi-inner products are also provided.
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2. SOME PRELIMINARY RESULTS

2.1. Weighted f—Gini Mean Difference. Consider f : X — R be a convex
function on the linear space X. Assume that f(0) = 0 and f is symmetric, i.e.,
f(x) = f(—x) for any € X. In these circumstances we have

Py = O 5 p (225) — 0 =0

showing that f is nonnegative on the entire space X.

For x = (z1,...,2,) € X™ and p = (p1,...,pn) € P™ we define the weighted
f—Gini mean difference of the n-tuple x with the probability distribution p the
positive quantity

1 n n
(2.1) Gy (p,x) = 5 Z pip; f (@i — xj) = Z pip; f (zi —x;) > 0.
i,j=1 1<i<j<n

For the uniform distribution u = (%

difference defined by

G (x) :Z#}Z f(xi_xj):% > flai—wy).

,j=1 1<i<j<n

s %) € P" we have the f—Gini mean

A natural example of such f— Gini mean difference can be provided by the convex
function f (x) := ||z||” with r > 1 defined on a normed linear space (X, ||-||). We
denote this by
1 n n
Gr(p,x) =5 dopijllri—zllm = > ppy e -
ij=1 1<i<j<n

Further on, we need to consider another quantity that is naturally related with
f—Gini mean difference. For a convex function f : X — R defined on the linear
space X with the properties that f(0) = 0 define the mean f-deviation of an
n-tuple of vectors x = (z1,...,2,) € X™ with the probability distribution p =
(p1, -, Pn) € P™ by the non-negative quantity

(22) Ky (p,x):=) pnif (zi - Zpk$k> :
=1 k=1

The fact that Ky (p,x) is non-negative follows by Jensen’s inequality, namely

Ky (p,x) = f (sz (Iz - ZPk%)) =f(0)=0.
i=1 k=1

A natural example of such deviations can be provided by the convex function
f(z) :=||z||" with r > 1 defined on a normed linear space (X, ||-||) . We denote this
by

T

(2.3) K, (p,x) := Z D;

n
T — E PrTk
k=1

and call it the mean r-absolute deviation of the n-tuple of vectors x = (z1, ..., x,) €
X™ with the probability distribution p = (p1, ..., pn) € P™.

The following connection between the f—Gini mean difference and the mean
f-deviation holds true:
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Theorem 2. If f : X — [0,00) is a symmetric convex function with f(0) = 0,
then for any n-tuple of vectors x = (x1, ...,x,,) € X™ and any probability distribution
p = (p1,-..,pn) € P™ we have the inequalities

(2.4 Gy (px) > 55 (%) > Gy (pgx).

Both inequalities in (2.4) are sharp and the constant % best possible.

The following particular case for norms is of interest due to its natural general-
ization for the scalar case that is used in applications:

Corollary 1. Let (X, |||) be a normed space. Then for any n-tuple of vectors
X = (1,...,x,) € X™ and any probability distribution p = (p1,...,pn) € P" we
have

|~

(2.5) G, (p,x) > ;K (p,x) > —G, (P, X)

r

N
\]

or, equivalently,

(2.6) > pipj i — )" =D pi
i=1

i,j=1

r

1 n
> 5 > pipj llwi — ]
ij—=1

n
T — E DTk
k=1

for anyr > 1.

Remark 3. By symmetrie reasons we have

n n
S ppillei -zl =2 > pipsllzi— )"

hi=1 1<i<j<n
and since
n (e N N T A R
1S§gﬂpipj—§ i;:lpipj_;pi —2< —;pz) —57;@-( —p)

then we may state from (2.6) the following simpler inequality:

n
T — § PrTk
k=1

T

1<i<j<n

n n
7)Y pi(i—p) max fai -z >3 p
i=1 =1

R . r
2 51 lei (1—pi) | Jnin ll#; — ;" -
=

2.2. The Gateaux Derivatives of Convex Functions. Assume that f: X — R
is a convex function on the real linear space X. Since for any vectors z,y € X the
function g5, : R = R, gz, (¢) :== f(x + ty) is convex it follows that the following
limits exist

_ ) f(x—l—ty)—f(-r)
V+(—)f (LL') (y) . t_}(}_r,:l(_) t

and they are called the right(left) Gateaux derivatives of the function f in the point
x over the direction y.
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It is obvious that for any ¢t > 0 > s we have

> sup f(x+s:l£—f(x)} V() () > f($+51{8)—f($)

for any z,y € X and, in particular,

(2.9) Vo f(w)(u=v) = f(u) = f(v) 2 Vif(v)(u—0)

for any u,v € X. We call this the gradient inequality for the convex function f. It
will be used frequently in the sequel in order to obtain various results related to

Jensen’s inequality.
The following properties are also of importance:

(2.10) Vif(@)(~y)=-V_f(z)(y),
and
(2.11) Vi f (@) (ay) =aVi)f(z)(y)

for any =,y € X and a > 0.
The right Gateaux derivative is subadditive while the left one is superadditive,
i.e.,

(2.12) Vif(@)(y+2) <Vif(2)(y)+Vif(2)(z)
and
(2.13) V_f@)(y+2z)=2V_f(z)(y) +V_f(z)(2)

for any z,y,z € X.

Some natural examples can be provided by the use of normed spaces.

Assume that (X, [-]|) is a real normed linear space. The function f : X — R,
f(z):=1% ||a:H2 is a convex function which generates the superior and the inferior
semi-inmer products

, N 7] el
For a comprehensive study of the properties of these mappings in the Geometry of
Banach Spaces see the monograph [3].
For the convex function f, : X — R, f, (x) := ||z||” with p > 1, we have

p Hm”p72 <y7$>s(z) if 7é 0;
Vi fp (@) (y) =
0 if 2 =0,

for any y € X.
If p =1, then we have

||.’£||71 <y7m>s(1',) if z 7£ 0’
Vi () (y) =
+ Myl ifz=0,
for any y € X.

This class of functions will be used to illustrate the inequalities obtained in the
general case of convex functions defined on an entire linear space.
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The following result for the general case of convex functions holds (see [5]):

Theorem 3. Let f: X — R be a conver function. Then for any z,y € X and
t €10, 1] we have

2.14) t(A=D[V-f ) (y—2)=Vif(2)(y—2)
ztf(x)+ (1=t f(y) = flz+(1-1)y)
2t =) [Vifltz+ A=)y (y—z) - V_fltz+ 1 -1)y)(y—2z)] =0

The following particular case for norms may be stated:

Corollary 2. If x and y are two vectors in the normed linear space (X, ||||) such
that 0 ¢ [x,y] := {(1 — )z + sy,s € [0,1]}, then for any p > 1 we have the in-
equalities
(215) pt(1—1) [Jyl”™ (v — 2 ); = 2" (y — 2, 2),

> tllzl” + @ =) lyll” = [ltz + (1 =) y|”
>pt(1—t) te+ 1=ty [(y — 2.tz + (1= t)y), — (y — @, te+ (1= 1) y),] > 0
for any t € [0,1]. If p > 2 the inequality holds for any x and y.

Remark 4. If the normed space (X, ||-||) is smooth and the norm generated by the
semi-inner product [-,-] : X x X — R, then the inequality (2.15) can be written as

@16) pt(t=0){[y—a.lyl*>y| - [y—a. 2" 2] |
> el + (L= 8) Iyl” = litw + (1= ) y)|”
for any t € [0,1].

Moreover, if (X, (-,-)) is an inner product space, then (2.16) becomes

(217) pt(1 =) {y -yl "y = =" )
> tflo]P + (1= D) lyll” ~ e+ (1 = ) y))”

for any t € [0,1].

3. BOUNDS IN TERMS OF GATEAUX DERIVATIVES

The following result in which we provide some upper and lower bounds for the
nonnegative quantity

1
Gf (p,X) - in (p,X)
considered in Theorem 2 may be stated:

Theorem 4. If f : X — R is a symmetric convez function with f(0) = 0, then
for any n-tuple of vectors x = (x1,...,x,) € X™ and any probability distribution
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p = (p1,-..,pn) € P™ we have the inequalities

1" n
(3'1) §ZZPLPJV f —-Tj) (Zpk.xk. —xj>
j=1i=1 k=1
1

%ZZpiijJrf <Zpk17k - mi) (ll?j - ZPWk) >0
k=1

j=11i=1 k=1

Proof. Utilising the gradient inequality (2.9) we have

(3.2) V_f(x; —x;) (ipkxk — 33])

SR o
>V.f (zi - Zpkzk) (leﬁk - wj)
k=1

k=1
for any i,5 € {1,...,n}.

By the symmetrie of the function f and the subadditivity of the Gateaux deriv-
ative V4 f () (+) in the second variable we also have

(3.3) V.f (xl - me) (Z PRIk — xj)
k=1

k=1

=Vif (Zpkxk - xi) <96j - Zpk$k>
k=1 k=1

>Vif (Zpkﬂﬂk - $i> () = V4 f (Zpkxk - xi) (me)
k=1 k=1

k=1
for any 4,5 € {1,...,n}.
Utilising (3.2) and (3.3) we may state that

(3.4) V_ — ;) (Zpkxk — xj>
> f (2 — ;) (m ZPW)
>V.if (Zpkxk - :m) <96j - Zpk$k>
k=1

k=1

>Vif (prk - mi) () = V4 f (Zpkxk - xi) (me)
k=1 k=1 k=1

for any 4,5 € {1,...,n}.
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Now, if we multiply the inequality with p; > 0 and sum over j from 1 to n we
get

(35) Y piV_f(zi— =) <Zpk$k - xj)
=1 k=1

> ijf($i_$j)_f <ﬂ?i—2pkﬂfk>
j=1 k=1

> > piVif (Z PrTk — ﬂ:z> <xj - me)
j=1 k=1 k=1

> ijv-i-f (Z DkTk — l“z) (xj) = V4f (Zpkxk - $z> (ZP/&%)
j=1 k=1 k=1 k=1

> 0

where the last inequality follows by the subadditivity of the function

Vif <Zpk$k - x7> () with ¢ € {1,...,n}.
k=1

Finally, if we multiply the inequality (3.5) with p; > 0 and sum over 4 from 1 to

n we get the desired result (3.1). O

The following particular case for norm holds:

Corollary 3. Let (X, |||) be a normed space. Then for an n-tuple of vectors
x = (x1, ..., T,) € X" and the probability distribution p = (p1,...,pn) € P™ we have
the inequalities:

n n n
(3.6) rZZplpj || — xj\|r_2 <Zpka:k — T, T — a:j>
k=1

j=11=1

i
r

n n n
> Z i |z — x5 — Zpl T — Zpkxk
l,j=1 =1 k=1
n n n r—2 n n
S s | e < zpkzk,zpkz”l> >0,
j=11=1 k=1 k=1 k=1 s

If r > 2 then we have no restiction for x and p. If r € [1,2) then we need to assume
that ; —x; #0 and Y p_; prar — 1 # 0 for all l,j € {1,...,n}.

Remark 5. The case v = 2 produces the following simpler inequality
(3.7) 23> pip; <Zpk$k — T, Ty —$j>

j=1i=1 k=1

n 2

n
= Z pipj Il — 5| — Zpl
=1

l,j=1

n
r — 5 j
k=1
n n

n n
2 QZZplpj <$j - ZPWmZPMk - fﬂz> > 0.
k=1 k=1

Jj=11=1 s
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that holds for any n-tuple of vectors x = (x1,....,x,) € X™ and any probability
distribution p = (p1,...,0n) € P™.

Remark 6. If the normed space (X, ||||) is smooth and the norm generated by the
semi-inner product [-,-] : X x X — R, then the inequality (3.7) can be written as

(3.8) 2 E E DID; E PrThk — Tj, Ty — le
j=11=1 k=1
2

> 0.

n n
> ol —zlP =D p
l =1

J=1

n
r — E DT
k=1

Further on we provide upper and lower bounds for the nonnegative quantity
considered in the second part of Theorem 2, namely:

1 1
5Ky (p,x) — Gy <p72X> :

Theorem 5. If f : X — R is a symmetric convex function with f(0) = 0, then
for any n-tuple of vectors x = (x1,...,x,) € X" and any probability distribution
p = (p1,-.-,pn) € P™ we have the inequalities

(3.9) %Z Zpipjv—f (Zpkxk - xj) (Zpkwk - mﬁ)
k=1

j=11i=1 k=1
1 1

n

S S (M52 (zmk . ;)
k=1

j=11i=1

v
A~

n n

M oV f (3%;:@) <Zpkl°k - W) > 0.
k=1

j=1i=1

Proof. Consider the inequality (2.14) for ¢ = § to get

for any z,y € X.
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Now, if in (3.10) we choose © = x; — Y ;_, prx) and y = > ;_ | ppxy — x; with
i,7 € {1,...,n} and take into account the symmetrie of the function f, then we have

(3.11) % [Vf (Zpkwk - xj) (Zpkwk - 33142-33]>
k=1

k=1

—-Vif (961 - ZPk%) <Zpkxk _n —; :ch>

k=1 k=1

> % [f (93@ - Zpk%) +f (93]' - ZPW/«)] - f <; (i — xj))
k=1 k=1
L lV+f (wl ; xj) (Zpkwk - xl;%>
k=1
T; — X - T; +x;
(755 (S 2o
k=1

for any i,5 € {1,...,n}.
Further on, if we multiply (3.11) with p;p; > 0 and sum over ¢ and j from 1 to
n we deduce

(3.12) ZZPJDJV f (Zpkfﬂk - 33;) <Zpk37k - W)

Jj=11i=1 k=1

>

|

>0

n n

—Zzpngv+f <33z ZPW%) (Zpkﬂﬁk - W)
k=1 k=1

j=11i=1

%Kf (p,x) ( )

i DO pipiVif <xl ; x]-) (Zpkxk - 3%-;%)
k=1

j=1i=1

v

*ZZM&V f<ml_ ><Zpk$kxz—g%> > 0.

j=11i=1

By the symmetrie of the function and the symmetrie of summation we have

(3.13) ZZplij+f <$1 Zpk$k> (Zpk;xk T —12—37])

Jj=11i=1

= ZZpiij+f <mj — ZPW%) (Zpkl“k Ty —52-36J>
j=11i=1 k=1
= Z plpjv+f <Zpkack — 30]) (361 +z; Zpkxk>
1 k=1

j=11i=
n

= —Zzpngv f(Zpkxk—wg <Zpk$k— i —12—:ch>

j=11i=1
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Finally, on utilising the relations (3.12) and (3.13) we deuce the desired result
(3.9). O

The following particular case for norms can be stated:

Corollary 4. Let (X, |-]|) be a normed space. Then for an n-tuple of vectors
X = (Z1,...,Zn) € X™ and the probability distribution p = (p1,...,pn) € P™ we have
the inequalities:

n

r—2 n
xry+x;
<Zpk:rk— B s Zpkzk—zj>
7

k=1 k=1

(3.14) rZZplpj Zpkzk—xj
j=11=1
n T 1 n
> Zpi Ti — Zpkxk 91 Z pip; llzi — ;"
i=1 k=1 i,j=1
= x
> r 33l )
j=11=1 k=1 s
= x
—<Zp J,xl—xj>120.
k=1 i
If r > 2 then we have no restiction for x and p. If r € [1,2) then we need to
assume that x; —x; #0 and Y p_, prry —x; # 0 for all l,j € {1,...,n}.
Remark 7. The case r = 2 is of interest since produces a much simpler inequality

(3.15) 222;0;1)] <Zpk:ck - xjazpkl'k :z:j>

j=11=1

Zpkxk . Z png ||xz $]||

3,j=1

n n € + oz
DID; Kmek - Loz — mJ>
1 S

=1 1= k=1

1
2

—< pkmk—ml;mj,xl—$j>] >0
k=1 i

that holds for any n-tuple of vectors x = (x1,...,x2,) € X™ and any probability
distribution p = (p1,...,Pn) € P™.

Remark 8. f the normed space (X, ||-||) is smooth and the norm generated by the
semi-inner product [-,-] : X x X — R, then the inequality (3.15) can be written as

(3.16) 23> pip; [Zpkxk - LS —le

j=11=1 k=1 k=1

1o >
—szipj @i — z; ]| = 0.

i,j=1

n n 2
2 Zpi Ti— Zpkzk
i=1 k=1
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4. OTHER BOUNDS

In [5] we also established the following upper bound for the weighted f—Gini
mean difference:

Theorem 6. Assume that f : X — R is a symmetric convex function with f (0) =
0. If © and y are two vectors and t € [0,1] with (1 —t)x + ty = 0 then for any
n-tuple of vectors x = (x1,...,x,) € X" with the property that x; — z; € [x,y] for
alli,j € {1,...,n} we have the inequality

1

(4.1) S (A=) fx) +tf ()] =2 Gy (P %),

for any probability distribution p = (p1,...,pn) € P™.

It is thus natural to ask for an uper bound for the positive quantity
1
S A =0)f(@)+tf (y)] = Gy (p,x).

The following result holds:

Theorem 7. Assume that f : X — R is a symmetric convex function with f (0) =
0. If © and y are two vectors and t € [0,1] with (1 —t)x + ty = 0 then for any
n-tuple of vectors x = (x1,...,x,) € X" with the property that x; — z; € [x,y] for
alli,j € {1,...,n} we have the inequality

(42) 0<[A—-0)f(=)+tf(y)]—-Gr(p,x)

V- f)(y—=2)=-Vif(@)(y—=)],

for any probability distribution p = (p1,...,0n) € P™.

N |

Proof. Since x; — z; € [z,y] for 4,5 € {1,...,n}, then there exists the numbers
tij S [O, 1] such that z; — Tj = (1 — tij) x + tijy for Z,j S {1, 7TL} .
Let p = (p1, ..., pn) € P™. Then by the above equality we get that
pipj (zi — ;) = (1 — tij) pipj® + tijpip;y
for any i, € {1,...,n}. If we sum over 4, j from 1 to n, then we get

n

(4.3) 0= Z pipj (i —xj) = Z [(1 —tij) pipjx + tipip;y]

4,j=1 4,j=1

n n
=11~ Z tijpip; | © + Z tijpipj | Y-
ij=1 ij=1

Now, due to the fact that (1 —t)z + ty = 0 and the representation is unique, we
get that ¢ = Y"1 ti;pip;.
On the other hand we have (see
(44) ti; A=1ti;) [V-f () (y—2) = Vi f(2) (y — z)]
>t f(2) + (L —tiy) f(y) — [tz + (1 — i) y]
=t f (@) + (1= ti;) f (y) = f (@i — ;).
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Now, if we multiply (4.4) by p;p; > 0, sum over ¢ and j from 1 to n and divide
by 2, then we get

(45) V- F W) —2) = Vif (@) -] Y pinytiy (1~ 1)

[(A=8)f (@) +tf ()] - Gr (P, %),

which is an interesting inequality in itself provided that one knows the parameters
t;; for any i, € {1,...,n}.

In the case that these are not known, since t;; (1 —t;;) < i for any ,j €
{1,...,n}, then

>

N | =

. 1
Z pipjtij (1 —tij) < T
ij=1
which together with (4.5) provides the desired result (4.2). O

The following particular case for norms is of interest:

Corollary 5. Let (X, ||-||) be a normed space. If x and y are two nonzero vectors
and t € [0,1] with (1 — t) z+ty = 0 then for any n-tuple of vectors x = (1, ..., Tp) €
X™ with the property that x; — x; € [x,y] for all i,j € {1,...,n} we have the
inequality

(46) 0< [ =t)llzlI" +¢lyll'] = G» (P %)

N

1
8
for any probability distribution p = (p1,...,pn) € P™ and r > 1.

—2 —2
<5 |w—o )yl = = o2, 272

Remark 9. We observe that if (X,(-,-)) is an inner product space, then the in-
equality (4.7) has a simpler form, namely
(4.7) o< [A=t)[lzl"+tlyl] - Gr (p,x)

1 —92 -2
< gr{v—e ol 2y — ol ),

for any probability distribution p = (p1,...,pn) € P™ andr > 1.

N |
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