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SOME INEQUALITIES FOR THE CEBYSEV FUNCTIONAL OF
TWO FUNCTIONS OF SELFADJOINT OPERATORS IN
HILBERT SPACES

S.S. DRAGOMIR

ABSTRACT. Some inequalities for the Cebysev functional of two functions of
selfadjoint linear operators in Hilbert spaces, under suitable assumptions for
the involved functions and operators, are given.

1. INTRODUCTION

Let A be a selfadjoint linear operator on a complex Hilbert space (H;(.,.)).
The Gelfand map establishes a *-isometrically isomorphism ® between the set
C (Sp (A)) of all continuous functions defined on the spectrum of A, denoted Sp (A),
an the C*-algebra C* (A) generated by A and the identity operator 1y on H as
follows (see for instance [5l, p. 3]):

For any f,g € C (Sp(4)) and any «, 8 € C we have

(i) ®(af +pBg) =a®(f)+L2(g);

(i) @(fg)=2(f)®(g) and @ (f) =2 (f)";

(iil) ([ (NIl = [IF1] := supsespcay If ()]

(iv) @ (fo) =1g and ® (f1) = A, where fo (t) = 1and f; (t) = ¢, fort € Sp(A).

With this notation we define

f(A) = (f) forall f e C(Sp(A))

and we call it the continuous functional calculus for a selfadjoint operator A.

If A is a selfadjoint operator and f is a real valued continuous function on Sp (4),
then f(t) > 0 for any ¢t € Sp(A) implies that f(A4) > 0, i.e. f(A) is a positive
operator on H. Moreover, if both f and g are real valued functions on Sp (A) then
the following important property holds:

(P) f(t) > g(t) for any t € Sp(A) implies that f (4) > g (A)

in the operator order of B (H).

For a recent monograph devoted to various inequalities for functions of selfadjoint
operators, see [5] and the references therein.

For other results see [7], [§], [9] and [10].

We say that the functions f, g : [a,b] — R are synchronous (asynchronous) on
the interval [a, b] if they satisfy the following condition:

(f(t) = F(5)(g(t) —g(s)) = (<) 0 for each ¢, s € [a,b] .
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2 S.S. DRAGOMIR

It is obvious that, if f, g are monotonic and have the same monotonicity on
the interval [a,b], then they are synchronous on [a,b] while if they have opposite
monotonicity, they are asynchronous.

For some extensions of the discrete Cebysev inequality for synchronous (asyn-
chronous) sequences of vectors in an inner product space, see [3] and [4].

For a selfadjoint operator A on the Hilbert space A with Sp(A4) C [m, M] for
some real numbers m < M and for f, g : [m, M] — R that are continuous functions
on [m, M], we can define the following Cebysev functional

C(f,g:4;2) = (f(A) g (A) z,z) — (f (A) z,2) - (9 (A) 2, )
where x € H with ||z| = 1.

The following result provides an inequality of Cebysev type for functions of
selfadjoint operators, see [I]:

Theorem 1 (Dragomir, 2008, [I]). Let A be a selfadjoint operator with Sp(A) C
[m, M] for some real numbers m < M. If f,g : [m, M] — R are continuous and
synchronous (asynchronous) on [m, M], then

(1.1) C(f,9:42) = ()0
for any x € H with ||z|| = 1.
The following result of Griiss’ Type can be stated as well, see [2]:

Theorem 2 (Dragomir, 2008, [2]). Let A be a selfadjoint operator on the Hilbert
space (H;(.,.)) and assume that Sp (A) C [m, M| for some scalars m < M. If f and
g are continuous on [m, M] and v = mingpm, a7 f () and T' := max;epm an f (1)
then

1 1
(12) (C(f 452 < 5 (=) [Clongs i) (< (0= ) (2 -0))
for each x € H with ||z|| = 1, where § := mingepm, a1 g (t) and A 1= max,epm, v 9 (1) -
The main aim of this paper is to provide other inequalities for the Cebysev
functional. Applications for particular functions of interest are also given.
2. THE CASE OF LIPSCHITZIAN FUNCTIONS

The following result can be stated:

Theorem 3. Let A be a selfadjoint operator with Sp(A) C [m, M] for some real
numbers m < M. If f : [m, M| — R is Lipschitzian with the constant L > 0 and g :
[m, M] — R is continuous with § := minecp, v g (t) and A = maxic(m a9 (L),
then

|G

(21) 109 Ai)| < 5 (A= 0) L {Lan (A)z,2) < G2 (A= 0) L (e, e: Ara)
for any x € H with ||z| = 1, where
lag (t):=(t -1y — Az, z)

is a continuous function on [m, M], e(t) =t and

(2.2) C (e,e; A;z) = || Az|® — (Az,2)? (> 0).
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Proof. First of all, by the Jensen inequality for convex functions of selfadjoint op-
erators (see for instance [5 p. 5]) applied for the modulus, we can state that

(M) [(h(A) z, 2)| < ([h(A)] @, z)
for any x € H with ||z|| = 1, where h is a continuous function on [m, M].

Since f is Lipschitzian with the constant L > 0, then for any ¢,s € [m, M] we
have

(2.3) f (&)= f() < LJt—sl.
Now, if we fix t € [m, M] and apply the property (]E[) for the inequality (2.3)) and
the operator A we get

(2.4) (IF @) -1 = f(A)z,z) < L(t-1g — Alz,z),

for any x € H with ||z| = 1.
Utilising the property we get

1f &) = {f Az, z)| = [(f @) 1u = f(A)z,x) <{f () 1g — [ (A)]z,z)
which together with gives
(2.5) 1 (&) = {(f (A) z,z)| < Llas (1)

for any ¢t € [m, M] and for any x € H with ||z| = 1.
Since § := mingepm,, a9 (t) and A := max;epm a9 (t) , we also have

g 212 < 2 (a9

for any ¢t € [m, M| and for any « € H with ||z| = 1.
If we multiply the inequality (2.5 with (2.6) we get

f(t)g(t)—<f(A)$,x>g(t)—¥f(t)+¥
<5 (A=) Ll ()= 5 (A= Lt 1y - Alz,a)

1 1/2
5(A_<5)L<|t.1H —A|2x,x>

(2.6)

(2.7) (f(A)z,z)

IN

1
=5 (A=6)L((A%z,z) — 2 (Az,2) t + t2)1/2 )
for any t € [m, M| and for any « € H with ||z| = 1.
Now, if we apply the property for the inequality (2.7) and a selfadjoint
operator B with Sp (B) C [m, M], then we get the following inequality of interest
in itself:

(2.8) [(F(B)g(B)y,y) — (f (A)z,z) (9 (B)y,y)
LB+ 22 (W)

<S(A=08)L{las(B)y,y)

(8= 8) L{(A%0,2) 1 — 2 (Az,0) B + B) 3.y

IN

)L (<A2$, x> —2(Ax,z) (By,y) + <BQy, y>)1/2 ,

IN
N RN~ DN

>
>
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for any x,y € H with ||z|| = ||y| = 1.
Finally, if we choose in (2.8)) y = « and B = A, then we deduce the desired result

2. O

In the case of two Lipschitzian functions, the following result may be stated as
well:

Theorem 4. Let A be a selfadjoint operator with Sp (A) C [m, M| for some real
numbers m < M. If f, g : [m, M] — R are Lipschitzian with the constants L, K >
0, then

(2.9) |C(f.9:A;@)| < LKC (e, € As2)
for any x € H with ||z| = 1.
Proof. Since f, g : [m, M] — R are Lipschitzian, then
@) = f() < Lt — s and |g(t) —g(s)] < K[t — ]
for any t, s € [m, M], which gives the inequality

W) gt) = F ) g(s) = f(s)g(t)+ f(s)g(s)] < KL (¢ = 2ts + 5%

for any t,s € [m, M].
Now, fix t € [m, M] and if we apply the properties @ and for the operator
A we get successively

(2.10)  |F(®)g(t) = (g (A)z,x) f () — {f (A)z,z
=

g g(t)+(f(A)g(A)z,z)|
f®)g) 1a—f(t)g(A)—f(A)g

t) + [ (A) g (A)]z,z)|
(f@g®)-1a = F#)g(A) = F(A)g )+ f(A)g(A)|z,z)
KL{(t* 1y —2tA+ A*) z,2) = KL (* — 2t (Az, z) + (A, 2))

)
(

for any x € H with ||z| = 1.

Further, fix x € H with ||z|] = 1. On applying the same properties for the
inequality (2.10) and another selfadjoint operator B with Sp(B) C [m, M], we
have

(211) [(f(B)g(B)y,y) — (g (A)z,z) (f(B)y,y)
—(f(A)z,2)(g(B)y,y) +(f(A) g (A)z, )|
=[[f (B)g(B) = {g(A)z,x) f (B) = (f (A) z,x) g (B) + (f (A) g (A) z, %) Lu]y, y)|
<{f (B)g(B) = (g(A)z,z) f (B) = (f (A) z,z) g (B) + (f (A) g (A) z,2) 1u|y.y)
<KL <(32 —2(Az,z) B+ <A2m,x> 1H) y,y>
=KL ((B*y,y) — 2 (Az,z) (By,y) + (A%z, z))

for any =,y € H with ||z|| = |ly|| = 1, which is an inequality of interest in its own
right.

Finally, on making B = A and y = z in (2.11)) we deduce the desired result
29). O
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3. SOME INEQUALITIES FOR SEQUENCES OF OPERATORS

Consider the sequence of selfadjoint operators A = (Ay,..., 4,) with Sp(4,) C
[m, M] for j € {1,...,n} and for some scalars m < M. If x = (21,...,x,) € H"

are such that Z -1 ||$J|| = 1, then we can consider the following Cebysev type
functional
n n n
C(f,9:A,%x) = Z Aj)xj, ) — Z< j) T, ;) Z i) 5,25
j=1 j=1 j=1

As a particular case of the above functional and for a probability sequence p = (p1, ..., Pn) ,
ie., p; >0forje{l,..,n}and Z;’:l p; = 1, we can also consider the functional

C(f,9:A,p,x) <ij )a?,:v>

- <ijf(Aj)$,$> : <ij9 (Aj)$7$>
j=1 j=1
where z € H, ||z| = 1.

We know, from [I] that for the sequence of selfadjoint operators A = (A1, ..., A,)
with Sp(4;) C [m, M] for j € {1,...,n} and for the synchronous (asynchronous)
functions f, g : [m, M] — R we have the inequality

(3.1) C(f,9:A,x) > (<)0

for any x = (z1,...,2,) € H™ with 2?21 ||£EJ||2 = 1. Also, for any probability
distribution p = (p1, ..., pn) and any z € H, ||z|| = 1 we have

(3.2) C(f,9:A,px) > (<)0.

On the other hand, the following Griiss’ type inequality is valid as well [2)]:

1

33 [CU.A <5 =) [Clg A (<108 -5)

N |

for any x = (x1,...,x,) € H"™ with 27:1 ||:c]||2 =1, where f and g are continuous
on [m, M] and v := minyep, ar) f (2), T := maxyepn ar f (1), 0 1= mingepm, a9 (1)
and A := max;e[m, v 9 (1) -

Similarly, for any probability distribution p = (p1, ..., p,) and any x € H, ||z|| = 1
we also have the inequality:

(L =) [C(g.9: A, p.2)]'/ (S i T —v)(A- 5)) .

(34) 1C(f.0:Apa)| < 3

We can state now the following new result:
Theorem 5. Let A = (A1,...,A,) be a sequence of selfadjoint operators with

Sp (4;) C [m, M] for j € {1,...,n} and for some scalars m < M. If f : [m, M] —
R is Lipschitzian with the constant L > 0 and g : [m, M] — R is continuous with
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6 = mingepm,ar) 9 (t) and A 1= maxepm,a g (t), then

1 n
. s A <= o) L Ay)
(35) |C(f,g:A,x)| < 2 ; (Cax (Ar) Ti, k)
< V(A5 LC (e Aix)
for any x = (21,...,x,) € H™ with 377, H%H =1, where

n

bax (t) =Y (lt-1g — Aj|xj,z))
j=1
is a continuous function on [m, M|, e(t) =t and

(e, €5 A;%) ZHA%H - (Z <ijj,xj>> (=0).

j=1

Proof. As in [B p. 6], if we put

A . . .0 T1
A= . . and T =
0 A, T,
then we have Sp (A) C [m, M], ||F|| =1
((3)o (D)2.7) -3 )23033).
j= 1
(£ (A)38) =S 4zyeay <g(z)%,z>:i<gmj>xj,xj>,
and so on. - J:l
Applying Theorem |3| for A and 7 we deduce the desired result . (I

As a particular case we have:

Corollary 1. Let A = (Ay,...,An) be a sequence of selfadjoint operators with
Sp(A4;) C [m, M] for j € {1,...,n} and for some scalars m < M. If f : [m, M] —
R is Lipschitzian with the constant L > 0 and g : [m, M] — R is continuous with
6 = mingepm, v 9 (1) and A := maxcpy, 1 9 (), then for any p; > 0,5 € {1,...,n}
with Z?Zl p; =1 and x € H with ||z|| = 1 we have

k=1
2
< g (A —=98)LC (e,e; A, p,x)

where

lapa(t) = <ij t-1n — Ajl ac,x>

Jj=1
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is a continuous function on [m, M| and

n n 2
Cle,e; A, pyx) = ij | Az;||” — <ijij,x> (>0).
j=1 j=1

Proof. In we choose in Theorem 5| z; = /p;j -z, j € {1,...,n}, where p; > 0,5 €
{1,...,n}, Z?:l p; =1 and x € H, with ||z|| = 1 then a simple calculation shows
that the inequality (3.5 becomes (3.6). The details are omitted. O

In a similar way we obtain the following results as well:

Theorem 6. Let A = (A1,...,A,) be a sequence of selfadjoint operators with
Sp(Aj) C [m, M] forj € {1,...,n} and for some scalarsm < M. If f, g : [m, M] —
R are Lipschitzian with the constants L, K > 0, then

(3.7) |C(f,9:A,x)| < LKC (e, €; A, %),

for any x = (21, ..., ;) € H™ with 37, [lz;]|” = 1.

Corollary 2. Let A = (Ay,...,A,) be a sequence of selfadjoint operators with
Sp(A;j) C [m, M] forj € {1,...,n} and for some scalarsm < M. If f, g : [m, M] —
R are Lipschitzian with the constants L, K > 0, then for any p; > 0,j € {1,...,n}
with 375, pj = 1 we have

(3.8) |C(f,9:A,p,2)| < LKC (e, ¢; A, p,x),

for any x € H with ||z|| = 1.

4. THE CASE OF (g, ®) —LIPSCHITZIAN FUNCTIONS

The following lemma may be stated.

Lemma 1. Let u: [a,b] — R and ¢, ® € R with ® > ¢. The following statements
are equivalent:
ot

i) The function u—£E2.e, wheree (t) = t, t € [a,b], is £ (® — ) — Lipschitzian;
2 2 ®

(ii) We have the inequality:

u(t) —u(s)

4.1 < —2X 7
(4.1) ¢ "

< . <® foreach t,s€ [a,b] witht+# s;
(iii) We have the inequality:
(42) @t—s)<u(t)—u(s)<P(t—s) foreach t,s€a,b] witht> s.
Following [6], we can introduce the concept:
Definition 1. The function u : [a,b] — R which satisfies one of the equivalent
conditions (i) — (iii) is said to be (p, ®) — Lipschitzian on [a,b] .

Notice that in [6], the definition was introduced on utilising the statement (iii)
and only the equivalence (i) < (iii) was considered.

Utilising Lagrange’s mean value theorem, we can state the following result that
provides practical examples of (¢, ®) —Lipschitzian functions.

Proposition 1. Let u : [a,b] — R be continuous on [a,b] and differentiable on
(a,b). If

(4.3) —oo<v:= inf ' (t), sup v () =T < o0
t€(a,b) t€(a,b)

then w is (,T') — Lipschitzian on [a,b] .
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The following result can be stated:

Theorem 7. Let A be a selfadjoint operator with Sp (A) C [m, M| for some real
numbers m < M. If f : [m,M] — R is (p,®) — Lipschitzian on [a,b] and g :
[m, M] — R is continuous with § := min,e[m, a9 (t) and A = maxicim a9 (t),
then

(@4 |0gAw) ~ L2200, 41)| < T (A= 0) (@~ ) U (A)2,2)
<A 5 @) Clecidin)

for any x € H with ||z| = 1.

The proof follows by Theorem applied for the % (® — ) —Lipschitzian function
f- % - e (see Lemma and the details are omitted.

Theorem 8. Let A be a selfadjoint operator with Sp (A) C [m, M| for some real
numbers m < M and f,g : [m,M] — R. If f is (¢, ®) — Lipschitzian and g is
(v, W) — Lipschitzian on [a,b], then

(4.5) |C(f g;4;2) — %C (e,9; A x)

U+
_TC

Pty ¥+Y

(f.e; A ) + 5 5

C(e,e; A;x)

< (@—p) (¥ —9)C (e e 452),

W =

for any x € H with ||z| = 1.

The proof follows by Theorem applied for the % (® — ) —Lipschitzian function
f— # - e and the % (U — 9) —Lipschitzian function g — w - e. The details are
omitted.

Similar results can be derived for sequences of operators, however they will not

be presented here.

5. SOME APPLICATIONS

It is clear that all the inequalities obtained in the previous sections can be applied
to obtain particular inequalities of interest for different selections of the functions
f and ¢ involved. However we will present here only some particular results that
can be derived from the inequality

(5.1) |C(f,9;As;x)] < LKC (e, €; As ),

that holds for the Lipschitzian functions f and g, the first with the constant L > 0
and the second with the constant K > 0.

1. Now, if we consider the functions f,g : [m, M| C (0,00) — R with f(¢) =
tP,g(t) = t? and p,q € (—00,0) U (0,00) then they are Lipschitzian with the con-
stants L = || f'|| ., and K = ||¢|. . Since f’ (t) = pt?~1, g (t) = qt9!, hence

pMP~1 for p € [1,0),

1l =
[p|mP=t for p € (—00,0) U (0,1)
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and
gMat for g € [1,00),

19/l =
lglms=1 for g € (=00,0) U (0,1)

Therefore we can state the following inequalities for the powers of a positive
definite operator A with Sp (A) C [m, M] C (0,00).
If p,g > 1, then

(5.2)  (0<) (AP, o) — (AP, z) - (A%, z) < pgMPTI~? (||Aas||2 - (Ax,x)z)

for each x € H with ||z|| = 1.
If p>1and g€ (—00,0)U(0,1), then

(5.3)  |(A"*1,z) — (AP2,2) - (ATe,a)| < plal MY mo (|l A — Az, 2)?)

for each x € H with |z|| = 1.
If p € (—00,0) U(0,1) and g > 1, then

(5.4) [(APYiz, 2) — (APx,z) - (A%, 2)| < |p|qMI TmP~" (||AmH2 — (Aa:,x>2)

for each = € H with ||z| = 1.
If p,g € (—00,0)U(0,1), then

(5.5) |(APT9g, 2) — (APz,z) - (A%, z)| < |pg| mPTe~? (||A:10H2 - (Aa:,x>2)

for each x € H with ||z| = 1.
Moreover, if we take p =1 and ¢ = —1 in (5.3)), then we get the following result

(5.6) (0 <) (Az,2) - (A2, z) — 1 < m ™2 (||A:c||2 - (Ax,x>2>

for each x € H with ||z|| = 1.

2. Consider now the functions f, g : [m, M] C (0,00) — R with f(¢t) =",p €
(—00,0) U (0,00) and g (t) = Int. Then g is also Lipschitzian with the constant
K =||¢'||l., = m™*. Applying the inequality we then have for any x € H with
lz|| = 1 that

(5.7) (0 <) (APIn Az, z) — (APz,2) - (In Az, z) < pMP~Im~! (||Anc||2 - <Ax,x>2>

ifp>1,

(5.8) (0 <)(APIn Az,z) — (APz,2) - (In Az, z) < pmP—? (||Ax||2 - (Ax,x)z)
if pe (0,1) and
(5.9) (0 <) (APx,x) - (In Az, x) — (AP In Az, x) < (—p)mP 2 (||A;zc\|2 - <A$7m>2)

if p e (—00,0).
3. Now consider the functions f, g : [m,M] C R — R given by f (t) = exp (at)
and g (t) = exp (ft) with «, 5 nonzero real numbers. It is obvious that

exp (aM) for a > 0,
1 e =l %
exp (am) for a <0
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and
exp (BM) for 8> 0,
l9'lloe = 18] %
exp (Bm) for f <0
Finally, on applying the inequality we get
(5.10) (0 <) {exp [(a + B) A] z, z) — (exp (@A) z,z) - (exp (BA) z,z)
exp [(a+ B) M] for a, 5 > 0,
< Jap| (1 4a]® - (Az,2)°) x
exp[(a+ B)m] for a, <0
and
(5.11) (0 <) (exp (@A) z,z) - (exp (BA) z,z) — (exp[(a + B) A] z, z)
exp (aM + fm) for @ >0,8<0
< Japl (| Az]* - (Az,2)%) x
exp (am + M) for a < 0,8 >0
for each x € H with ||z| = 1.
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