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CEBYSEV’S TYPE INEQUALITIES FOR FUNCTIONS OF
SELFADJOINT OPERATORS IN HILBERT SPACES

S.S. DRAGOMIR

ABSTRACT. Some inequalities for continuous synchronous (asynchronous) func-
tions of selfadjoint linear operators in Hilbert spaces, under suitable assump-
tions for the involved operators, are given.

1. INTRODUCTION
Consider the real sequences (n — tuples) a = (a,...,an), b = (b1,...,by) and

the nonnegative sequence p = (p1,...,pn) with P, := > | p; > 0. Define the
weighted Cebysev’s functional

1 1 1 «
(1.1) T, (p;a,b) := B > piaib; — B > piai- B > pibi.
™ i=1 ™ i=1 " i=1

In 1882 — 1883, Cebysev [3] and [4] proved that if a and b are monotonic in the
same (opposite) sense, then

(1.2) T, (p;a,b) = (<)0.

In the special case p = a > 0, it appears that the inequality has been
obtained by Laplace long before Cebysev (see for example [I5] p. 240]).

The inequality was mentioned by Hardy, Littlewood and Pélya in their
book [13] in 1934 in the more general setting of synchronous sequences, i.e., if a, b
are synchronous (asynchronous), this means that

(1.3) (ai —aj) (b —b;) > ()0 for any ¢,j € {1,...,n},

then (|1.2)) holds true as well.
A relaxation of the synchronicity condition was provided by M. Biernacki in
1951, [I], which showed that, if a, b are monotonic in mean in the same sense, i.e.,

for Py, := Zlepi, k=1,...,n—1;
k k41

1
1.4 - ia; < (=) 5— ai;, kef{l,...,n—1
(1.4) B ;P ( )Pk+1 ;p { }
and

1 & R
L.5 - ib; < (2) 5— ibi, ke{l,...,n—1},
(1.5) Pk;p ( )PkH;p { }
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2 S.S. DRAGOMIR

then (|1.2) holds with “ > ”. If if a, b are monotonic in mean in the opposite sense
then (1.2)) holds with « < 7.
If one would like to drop the assumption of nonnegativity for the components of

P, then one may state the following inequality obtained by Mitrinovi¢ and Pecari¢
in 1991, [I6]: If 0 < P, < P, for each i € {1,...,n — 1}, then

(1.6) T, (p;a,b) >0

provided a and b are sequences with the same monotonicity.

If a and b are monotonic in the opposite sense, the sign of the inequality
reverses.

Similar integral inequalities may be stated, however we do not present them here.

For other recent results on the Cebysev inequality in either discrete or integral
form see [2], [, [6], [7], [8], [@], [15], [T7, 8], [21], [22], [23], and the references
therein.

The main aim of the present paper is to provide operator versions for the Cebysev
inequality in different settings. Related results and some particular cases of interest
are also given.

2. A VERSION OF THE CEBYSEV INEQUALITY FOR ONE OPERATOR

Let A be a selfadjoint linear operator on a complex Hilbert space (H;({(.,.)).
The Gelfand map establishes a *-isometrically isomorphism ® between the set
C (Sp (A)) of all continuous functions defined on the spectrum of A, denoted Sp (A4),
an the C*-algebra C* (A) generated by A and the identity operator 1y on H as
follows (see for instance [12], p. 3]):

For any f,g € C' (Sp(A)) and any «, 3 € C we have

() @ (af+Ag) = ad(f) + AP (g)

(i) @(fg) = (/)@ (g) and & (f) = D ()"

(i) 19 (F) = 7] = suprespa 1F (1))

(iv) ®(fo) =1g and @ (f1) = A, where fo (t) =1and f; (t) = ¢, fort € Sp(A).

With this notation we define

f(A):=d(f) forall f e C(Sp(A))

and we call it the continuous functional calculus for a selfadjoint operator A.

If A is a selfadjoint operator and f is a real valued continuous function on Sp (A4),
then f(¢) > 0 for any t € Sp(A) implies that f(A) > 0, i.e. f(A) is a positive
operator on H. Moreover, if both f and g are real valued functions on Sp (A) then
the following important property holds:

(P) f(t) > g(t) for any t € Sp(A) implies that f (4) > g (A4)

in the operator order of B (H).

For a recent monograph devoted to various inequalities for functions of selfadjoint
operators, see [12] and the references therein.

For other results see [14] and [25].

We say that the functions f, g : [a,b] — R are synchronous (asynchronous) on
the interval [a, b] if they satisfy the following condition:

(f ()= F(5)(g(t) —g(s)) = (<) 0 for each ¢, s € [a,b] .
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It is obvious that, if f, g are monotonic and have the same monotonicity on
the interval [a,b], then they are synchronous on [a,b] while if they have opposite
monotonicity, they are asynchronous.

For some extensions of the discrete Cebysev inequality for synchronous (asyn-
chronous) sequences of vectors in an inner product space, see [10] and [11].

The following result provides an inequality of Cebysev type for functions of
selfadjoint operators.

Theorem 1. Let A be a selfadjoint operator with Sp (A) C [m, M| for some real
numbers m < M. If f, g : [m, M] — R are continuous and synchronous (asynchro-
nous) on [m, M|, then

(2.1) (f(A)g(A)z,z) > (<) (f (A)z,z) - (g (A) z, z)
for any x € H with ||z| = 1.

Proof. We consider only the case of synchronous functions. In this case we have
then

(2.2) fF@g@)+f(s)g(s)=f(t)g(s)+f(s)g(?)
for each t,s € [a, b] .

If we fix s € [a,b] and apply the property for the inequality then we
have for each x € H with ||z|| = 1 that

(F(A)g(A) + [ (s)g(s) Lu)z,x) = (9 (s) [ (A) + [ (s) g (A)) w,2)

which is clearly equivalent with
(2.3) (f(A)g(A)z,z)+ f(s)g(s) = g(s)(f(A)z,2) + [ (s) (9 (A) z,2)
for each s € [a,b].

Now, if we apply again the property (P) for the inequality (2.3), then we have
for any y € H with ||y|| = 1 that

(((f(AgA)z,x)1g+ f(A)g(A)y,y)
>(((f(A)z,x) g (A) + (g (A) z,z) f(A) y, ),

which is clearly equivalent with

(24) (f(A)g(A)z,z)+(f(A)g(A)y,y)
> (f(A)x,x)(g(A)y,y) +(f(A)y,y) (g (A)z,z)

for each z,y € H with ||z|| = ||y|| = 1. This is an inequality of interest in itself.
Finally, on making y = z in (2.4)) we deduce the desired result (2.1).

Some particular cases are of interest for applications. In the first instance we
consider the case of power functions.

Example 1. Assume that A is a positive operator on the Hilbert space H and
p,q > 0. Then for each x € H with ||z|| = 1 we have the inequality
(2.5) (APHIg o) > (APx, x) - (A2, 7).
If A is positive definite then the inequality also holds for p,q < 0.
If A is positive definite and either p > 0,q < 0 or p < 0,q > 0, then the reverse

inequality holds in ,

Another case of interest for applications is the exponential function.
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Example 2. Assume that A is a selfadjoint operator on H. If a, 3 > 0 or a, 8 < 0,
then

(2.6) (exp[(a+ B) Al z,x) > {(exp (@A) z,x) - {(exp (BA) z, )

for each x € H with ||z| = 1.
If either a > 0,3 < 0 or a < 0,8 > 0, then the reverse inequality holds in (@
The following particular cases may be of interest as well:

Example 3. a. Assume that A is positive definite and p > 0. Then

(2.7) (APlog Az, x) > (APzx, x) - (log Az, )

for each x € H with ||x|| = 1. If p < 0 then the reverse inequality holds in .
b. Assume that A is positive definite and Sp(A) C (0,1). If r,s >0 orr,s <0
then

(2.8) <(1H — AT (1 — A% :r:r>
> <(1H - AT)_1 x,z> . <(1H - AS)_1 z,:17>
for each x € H with ||z| = 1.
If either r > 0,5 <0 orr < 0,s > 0, then the reverse inequality holds in (@

Remark 1. We observe, from the proof of the above theorem that, if A and B
are selfadjoint operators and Sp(A),Sp(B) C [m,M], then for any continuous
synchronous (asynchronous) functions f, g : [m, M] — R we have the more general
result

(2.9) (f(A)g(A)z,z)+(f(B)g(B)y,y)
> () (f(A)a,2) (g (B)y,y) + (f (B)y,y) (g (A) z, )

for each x,y € H with ||z|| = |ly|| = 1.

If f : [m, M] — (0,00) is continuous then the functions f?, f? are synchronous
in the case when p,q > 0 or p,q < 0 and asynchronous when either p > 0,q < 0
orp < 0,q > 0. In this situation if A and B are positive definite operators then we
have the inequality

(2.10)  (fPT7(A)z,2) + (fFT(B)y,y)
= (f7 (A, x) (f1(B)y,y) + (7 (B) y, y) (f* (A) z, )

for each xz,y € H with ||z| = |ly|| = 1 where either p,q > 0 or p,q < 0. If
p>0,9g <0 orp<0,q>0 then the reverse inequality also holds in .
As particular cases, we should observe that for p=q =1 and f (t) = t, we get

from the inequality
(2.11) (A%z,x) + (B%y,y) > 2- (Az,z) (By,y)

for each x,y € H with ||z|| = ||y|| = 1.
Forp=1 and g = —1 we have from

(2.12) (Az,z) (B~'y,y) + (By,y) (A" "a, ) <2
for each x,y € H with ||z| = ||y|| = 1.
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3. A VERSION OF THE CEBYSEV INEQUALITY FOR n OPERATORS
The following multiple operator version of Theorem [I] holds:

Theorem 2. Let A; be selfadjoint operators with Sp(A;) C [m,M] for j €
{1,...,n} and for some scalars m < M. If f,g : [m,M] — R are continuous
and synchronous (asynchronous) on [m, M|, then

n n

(B1) D (A g(A)) s, ag) > Z D) Y (g(A) @, a;),

j=1 j=1 j=1
for each x; € H,j € {1,...,n} with 2?21 ||:z:]||
Proof. Asin [12] p. 6], if we put
A1 . . . 0 T

A= . and 7 =
o . . . A, T

then we have Sp <Z> C [m,M], ||Z| =1,

<f (/T) %%> = Xn: (f (Aj) x;,2;) and <g (Z) 55> = 2": (9 (Aj) zj, ;)

7j=1 j=1
Applying Theorem |1 for A and 7 we deduce the desired result 1) |
The following particular cases may be of interest for applications.

Example 4. Assume that A;,j € {1,...,n} are positive operators on the Hilbert
space H and p,q > 0. Then for each z; € H,j € {1,...,n} with Z?Zl ||a:J||2 =1 we
have the inequality

(32) <ZA§)+q£J,£BJ> ZZ<A§’:EJ’$J>Z<A;I$]7$J>
j=1 ' J

If A; are positive definite then the inequality also holds for p,q < 0.
If A; are positive definite and either p > 0,q < 0 orp < 0,q > 0, then the
reverse inequality holds in .

Another case of interest for applications is the exponential function.

Example 5. Assume that A;,j € {1,...,n} are selfadjoint operators on H. If o, 3 >
0 ora,p <0, then

<Zexp (a+p)A }J;J,x3>

Jj=1
n n
> (exp (ad;) zj, z;) Z exp (BA;) z;, ;)
— j=1

Jj=1
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for each x; € H,j € {1,...,n} with Z?Zl ||ut:]||2 =1.
If either a > 0,8 < 0 or a < 0,0 > 0, then the reverse inequality holds in .

The following particular cases may be of interest as well:

Example 6. a. Assume that A;,j € {1,...,n} are positive definite operators and
p > 0. Then

(3.4) <Z Af logAjmj,xj> > Z <A§xj,xj Z log Ajz;,x;)
j=1 j=1

Jj=1

for each x; € H,j € {1,....n} with 377_, ||£U]||2 = 1. If p < 0 then the reverse
inequality holds in .

b. If A; are positive definite and Sp(A;) C (0,1) for j € {1,...,n} then for
r,s >0 orr,s <0 we have the inequality

for each x; € H,j € {1,...,n} with 337, lla;|)* = 1.
If either r > 0,5 <0 orr < 0,s > 0, then the reverse inequality holds in .

zL.ANOTHER‘VER&ON’OF?}H:CEBYéEVINEQUALHB/FOR,n()PERATORS

The following different version of the Cebysev inequality for a sequence of oper-
ators also holds:

Theorem 3. Let A; be selfadjoint operators with Sp(A;) C [m,M] for j €
{1,...,n} and for some scalars m < M. If f,g : [m,M] — R are continuous
and synchronous (asynchronous) on [m, M|, then

4.1) <ijf(Aj)9(Aj)%$> > (<) <ijf(Aj)$ax> : <ijg(Aj)xax>7
Jj=1 Jj=1 j=1

for any p; > 0,7 € {1,...,n} with Z;‘:lpj =1 and x € H with ||z|| = 1.
In particular

<izf<Aj>g<Aj>x,x>
j=1
1< 1<
= <)<an(A])xvx><nzg(Aj)$7x>a
Jj=1 j=1

for each x € H with ||z| = 1.
Proof. We provide here two proofs. The first is based on the inequality (2.9) and
generates as a byproduct a more general result. The second is derived from Theorem

2
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1. If we make use of the inequality (2.9]), then we can write

(4.3)  (f(Aj)g(Aj)z,2) + (f (Bk) g (Br)y,y)
> () (f (Aj) @, 2) (g (Br) y,y) + (f (Br) y,v) (g (4;) 2, 2),

which holds for any A; and By selfadjoint operators with Sp(A4;),Sp(Bk) C
[m, M], j,k € {1,...,n} and for each z,y € H with ||z| = ||y|] = 1.

Now, if pj > 0,q1, > 0,5,k € {1,....,n} and 37 p; = >0, qx = 1 then, by
multiplying with p; > 0,¢; > 0 and summing over j and k£ from 1 to n we
deduce the following inequality that is of interest in its own right:

<ijf(Aj)9 > <ZQkf (Bk) 9 (Br)y,y >

> (<) <ijf(f4j)$,l’> <Z qu(Bk)y,y>
j=1 k=1

<quf (Bk)y,y ><ijg >
for each x,y € H with ||z| = ||y|]| = 1.

Finally, the choice By = Ag,qx = pr and y = = in (4.4) produces the desired

result (4.1)).

2. In we choose in Theorem [2| I z; = /Dj -, j €{Ll,..,n}, where p; > 0,5 €
{Ln}, Y0 pj=1landz € H With lz]] = 1 then a simple calculation shows
that the 1nequahty . becomes . The details are omitted. I
Remark 2. We remark that the case n =1 in produces the inequality .

The following particular cases are of interest:

Example 7. Assume that Aj;,j € {1,...,n} are positive operators on the Hilbert
space H, p; > 0,7 € {1, ...,n} with Z?lej =1 and p,q > 0. Then for each x € H
with ||z|| = 1 we have the inequality

(4.5) <ijA§+qx,x> > <ijA§m,x> . <ijA?x,x>.
=1 j=1 =1

If A;,5 € {1,..,n} are positive definite then the inequality also holds for
p,q <0.

If Aj,j € {1,...,n} are positive definite and either p > 0,q <0 orp < 0,q >0,
then the reverse inequality holds in .

Another case of interest for applications is the exponential function.

Example 8. Assume that Aj,j € {1,...,n} are selfadjoint operators on H and
p; > 0,5 €{1,...,n} with E;‘L:M%' =1.Ifa,8>0ora,B<0, then

<ij exp [(or + 3) Aj]$717>
> <Zp] exp (a4;) > <ij exp (BA;) z, >

Jj=1
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for each x € H with ||z| = 1.
If either a > 0,8 < 0 or a < 0,8 > 0, then the reverse inequality holds in @
The following particular cases may be of interest as well:

Example 9. a. Assume that Aj,j € {1,...,n} are positive definite operators on
the Hilbert space H, p; > 0,7 € {1,...,n} with Z;.Z:l p; =1 and p > 0. Then

n n n
(4.7) <ijA§-’ logAjac,x> > <ijA§x,x> . <ij logij,as>.
j=1

j=1 j=1
If p < 0 then the reverse inequality holds in ,

b. Assume that Aj,j € {1,...,n} are positive definite operators on the Hilbert
space H,Sp (A;) C (0,1) and p; > 0,7 € {1,...,n} with Z?lej =1. Ifr,s >0 or
r,s <0 then

(48) <zn:pj (lH - A;)_l (1H — A‘;)_l m7:p>
Z <ij (1H — A;)_1$,$> . <ij (1H — A?)_l a’,‘,qj>

for each x € H with ||z| = 1.
If either r > 0,5 < 0 orr < 0,s > 0, then the reverse inequality holds in @

We remark that the following operator norm inequality can be stated as well:

Corollary 1. Let A; be selfadjoint operators with Sp(A;) C [m,M] for j €
{1,...,n} and for some scalars m < M. If f,g : [m, M] — R are continuous,
asynchronous on [m, M| and for p; > 0,5 € {1,...,n} with Z?lej =1 the opera-
tor Z?:1 pif(A;)g(A;j) is positive, then

(4.9) > pif (A) g (AN| < (D opif (A - pig(4))
Jj=1 j=1 j=1
Proof. We have from that

0< <ijf(Aj)g(Aj)wyx> < <ijf(Aj)x7w> : <ijg(Aj)wyx>
j=1 j=1 j=1

for each x € H with ||z|| = 1. Taking the supremum in this inequality over x € H
with ||z]| =1 we deduce the desired result (4.9)). I

The bove Corollary [1] provides some interesting norm inequalities for sums of
positive operators as follows:

Example 10. a. If A;,j € {1,...,n} are positive definite and either p > 0,q < 0
orp < 0,q >0, then forp; >0,j € {1,...,n} with Z;L:lpj =1 we have the norm
inequality:

(4.10) D_pATT <D AT | piAS
j=1 j=1 j=1
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In particular

(4.11) 1<

n
> pid]
j=1

n
> pidy"
j=1

for any r > 0.
b. Assume that A;,j € {1,...,n} are selfadjoint operators on H and p; > 0,j €
{1, on} with 377 pj = 1. If either a > 0,6 <0 or a < 0,8 >0, then

(4.12) > piexp(a+B) Ajl|| < |[D pjexp (@d))|| - | D] pjexp (84;)| -
Jj=1 j=1 j=1
In particular
(4.13) 1< ||> pyexp (vA;)|| - | D pjexp (—v4;)| -
j=1 j=1
for any v > 0.

5. RELATED RESULTS FOR ONE OPERATOR

The following result that is related to the Cebysev inequality may be stated:

numbersm < M. If f, g : [m, M| — R are continuous and synchronous on [m, M|,
then

6.1 (f(A)g(A)z,z)

Theorem 4. Let A be a selfadjoint operator with Sp(A) C [m, M] for some real

—(f(A)z,z)- (g (A)z,x)
> [(f(A)z,z) — [ ((Az,2))] - [g ((Az, 2)) — (g (A) =, 7)]
for any x € H with ||z| = 1.
If f,q are asynchronous, then
(5:2) (f(A)z,z)-(g(A)z,z) = (f(A)g(A)z, )
> [(f(A)z,2) — [ ((Az,2))] - [(g (A) z,7) — g ((Az, z))]
for any x € H with ||z| = 1.

Proof. Since f,g are synchronous and m < (Az,z) < M for any x € H with
|lz|| = 1, then we have

(5:3) [f @) = f ({Az, 2))] [g (t) — g ((Az, 2))] = 0

for any ¢ € [a,b] and x € H with ||z| = 1.
On utilising the property (]E[) for the inequality (5.3)) we have that

(5-4) ([F (B) = f ((Az,2))][g (B) — g ({(Az, 2))]y, y) = 0

for any B a bounded linear operator with Sp (B) C [m, M] and y € H with ||y| = 1.
Since

(5.5)  ([f (B) = f ({(Az,2))] [g (B) — g ((Az,z))] y,9)
= (f(B)g(B)y,y) + [ ((Az,z)) g ((Az, z))
- (f(B)y,y) g (A, z)) - | ({(Az,2)) (9 (B) y,y) ,
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then from (5.4) we get

(f(B)g(B)y,y) + f (Az,z)) g ((Az, )
> ([ (B)y,y) g ((Az,z)) + [ ((Az,2)) (9 (B) y,y)

which is clearly equivalent with

(5.6) (f(B)g(B)y,y) —(f(A)y,y) {9(A)y,y)

= [(f (B)y,y) = F ((Az, 2))] - [g ((Az, z)) = (9 (B) y, y)]

for each z,y € H with ||z|| = ||y|| = 1. This inequality is of interest in its own right.
Now, if we choose B = A and y = z in (5.6)), then we deduce the desired result

©-1).
The following result which improves the Cebysev inequality may be stated:

Corollary 2. Let A be a selfadjoint operator with Sp (A) C [m, M] for some real
numbers m < M. If f,g : [m, M] — R are continuous, synchronous and one is
conver while the other is concave on [m, M], then

6.7) (f(A)g(A)z,x) = (f (A)z,z) - (g (A)z,z)
> [(f (A)z,z) = [ ((Az, 2))] - [ ((Az, 2)) — (g (A) z, 2)] = 0

for any x € H with ||z| = 1.
If f,g are asynchronous and either both of them are convex or both of them
concave on [m, M), then

(5:8) (f(A)z,z)-(g9(A)z,z) = (f(A) g (A)z,x)
> [(f(A)z,z) = [ ((Az,2))] - [(9 (A) ,2) — g ({(Az, 2))] = 0
for any x € H with ||z| = 1.

Proof. The second inequality follows by making use of the result due to Mond &
Pecarié, see [19], [20] or [12] p. 5]:
(MP) (h(A)z,z) > (<) h((Az, 7))

for any « € H with ||z|| = 1 provided that A is a selfadjoint operator with Sp (A) C
[m, M] for some real numbers m < M and h is convex (concave) on the given
interval [m, M]. 1I

The above Corollary [2] offers the possibility to improve some of the results es-
tablished before for power function as follows:

Example 11. a. Assume that A is a positive operator on the Hilbert space H. If
p € (0,1) and g € (1,00), then for each x € H with ||z|| = 1 we have the inequality

(5.9) (AP x) — (APx,x) - (A2, z)

> (A2, x) — (Ax, 2)?) [(Ax, )’ — (APz,x)] > 0.
If A is positive definite and p > 1,q < 0, then
(5.10) (APz,z)- (A%, z) — (APT g, 2)

> (A2, x) — (Ax, 2)?) [(APz, x) — (Az,2)F] > 0
for each x € H with ||z| = 1.
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b. Assume that A is positive definite and p > 1. Then
(5.11) (APlog Ax,x) — (APz,x) - (log Az, )
> [(APx, z) — (Az, 2)"] [log (Az, z) — (log Az, x)] > 0
for each x € H with ||x| = 1.

6. RELATED RESULTS FOR n OPERATORS
We can state now the following generalisation of Theorem [4] for n operators:

Theorem 5. Let A; be selfadjoint operators with Sp(A;) C [m,M] for j €
{1,...,n} and for some scalars m < M.

(i) If f,g:[m,M] — R are continuous and synchronous on [m, M|, then

n n

6.1) > (F(A)g(A)zjm) =Y (f(A)aj,a) - > (g (Ay) zj,25)

Jj=1 Jj=1 Jj=1

9 (Ajaj,ag) | = (g (A) @), a;5)
j=1 j=1
for each z; € H,j € {1,...,n} with Z?Zl ||x]||2 = 1. Moreover, if one function is

conver while the other is concave on [m, M], then the right hand side of 15
nonnegative.

(ii) If f, g are asynchronous on [m, M], then
n

(62) > (F(A)zjas) - > (g(A)ajas) — Y (f(A) g (45) wj,2))

j=1 j=1 j=1

for each x; € H,j € {1,...,n} with 3°7_, ||;1cj||2 = 1. Moreover, if either both of
them are convex or both of them are concave on [m, M], then the right hand side of

is nonnegative as well.

Proof. The argument is similar to the one from the proof of Theorem [2| on utilising
the results from one operator obtained in Theorem [

The nonnegativity of the right hand sides of the inequalities (6.1) and (6.2
follows by the use of the Jensen’s type result from [12] p. 5]

(6.3) D (h(Ay)wja) > () h [ D (Aja,xg)

j=1 j=1
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for each z; € H,j € {1,...,n} with Z?‘Zl ||gcj||2 = 1, which holds provided that

A; are selfadjoint operators with Sp(A;) C [m, M] for j € {1,...,n} and for some

scalars m < M and h is convex (concave) on [m, M].
The details are omitted. I

Example 12. a. Assume that A;,j € {1,...,n} are positive operators on the

Hilbert space H. If p € (0,1) and g € (1,00), then for each x; € H,j € {1,....,n
with 377 H%HQ =1 we have the inequality

Z<AP x],x] Z<A§Ijvxj>'Z<A?$j’xj>

j=1 j=1
n n a
> Z<A].’Ej7$j>— Z(A]xj,xj>
j=1 j=1
n P n
Z<A]xjaz]> *Z<A]93],517]> >0
j=1 j=1
If A; are positive definite and p > 1,q < 0, then
(6.5) Z A mJ,xJ Z Amj,acj Z xj,x]
7j=1 =1 Jj=1
n n K
> Z Az x;) — Z (Ajzj,z4)
j=1 =1
n n P
Z<A§.’I,'j7$j> - (ijj7xj> > 0
j=1 j=1

for each x; € H,j € {1,...,;n} with 37, ll;]|* = 1.
b. Assume that A; are positive definite and p > 1. Then

n n

(6.6) > (APlogAzj,z;) — > (AVzj,x;)- Y (log Ajuj, x))
=1

=1 j=1
p
n n
> (Al — | Y Ay, ag)
j=1 j=1

Zlog (Ajz;, ;) —log Z (Ajzj, ;) >0

Jj=1
for each x; € H,j € {1,...,n} with 377, ll;]|* =
The following result may be stated as well:

Theorem 6. Let A; be selfadjoint operators with Sp(A;) C [m,M] for j €
{1,...,n} and for some scalars m < M.
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(i) If f,g:[m, M] — R are continuous and synchronous on [m, M|, then

(6.7) <ijf(f4j)g(f4j)$’$> - <ijf(f4j)33’l‘> : <ij9(x4j)337$>
>\ f <ijij,x> - <ijf(Aj)x,x>
j=1 j=1
. <ijg (Aj)x,ac> —g <ijij,x>
j=1 j=1

for any p; > 0,5 € {1,...,n} with Z?’lej =1 and x € H with ||z|| = 1. Moreover,
if one is convex while the other is concave on [m, M|, then the right hand side of

18 nonnegative.
(ii) If f, g are asynchronous on [m, M|, then

(6.8) <ijf(f4j)%$> : <ijg (Aj)ﬂ?’$> - <ijf(Aj)9(Aj)337$>

j=1

> <ijf(Aj)xax>_f <ijij7~T>
j=1
. <ijg(Aj)x,x>—g <ijij,x>
j=1 j=1

for any p; > 0,5 € {1,...,n} with Z?’lej =1 and x € H with ||z|| = 1. Moreover,
if either both of them are convex or both of them are concave on [m, M|, then the
right hand side of s monnegative as well.

Proof. Follows from Theorem |5 on choosing x; = \/p; - =, j € {1,...,n}, where
p; >0, €{1,...,n}, > pj =1 and z € H, with |[z]| = 1.

Also, the positivity of the right hand term in follows by the Jensen’s type
inequality from the inequality for the same choices, namely z; = ,/p; - =,
j€{l,..,n}, where p; > 0,5 € {1,...,n}, >7_ pj = 1 and = € H, with ||z = 1.
The details are omitted. I

Finally, we can list some particular inequalities that may be of interest for ap-
plications. They improve some result obtained above:

Example 13. a. Assume that A;,j € {1,...,n} are positive operators on the Hilbert
space H and p; > 0,j € {1,...,n} with Z;-L:lpj =1.Ifpe (0,1) and q € (1,00),
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then for each x € H with ||z|| = 1 we have the inequality

(6.9) ijA;H'qx,ac — ijA?x,m . ijAg-x,x>
j=1 j=1

j=1

n n q
> ijAgx,x — ijij,:r
j=1 j=1
P

n
ijij, x
j=1

If Aj,j € {1,...,n} are positive definite and p > 1,¢q < 0, then

n
- ijAfx,w > 0.
=1

(6.10) ZPjA§$,$ . ijAgx,x - ijAgﬂx,x
Jj=1 j=1 j=1

n n q
> ijA?-x,x - ijAjm,x
j=1 j=1
n n p
P
ijij,x — ijij,x >0
j=1 j=1

for each x € H with ||z| = 1.
b. Assume that Aj, j € {1,...,n} are positive definite and p > 1. Then

n n n
(6.11) ijAf log Ajz,x ) — ijAgx,x . ij log Ajz, @

Jj=1 Jj=1 Jj=1

n n p

> ijAﬁx,x - ijAj%m
j=1 j=1
log ijij,x - ij logAjz,z )| >0
j=1 Jj=1

for each x € H with ||z| = 1.
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