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INEQUALITIES FOR THE CEBYSEV FUNCTIONAL OF TWO
FUNCTIONS OF SELFADJOINT OPERATORS IN HILBERT
SPACES

S.S. DRAGOMIR

ABSTRACT. Some new inequalities for the Cebysev functional of two functions
of selfadjoint linear operators in Hilbert spaces, under suitable assumptions
for the involved functions and operators, are given.

1. INTRODUCTION

Let A be a selfadjoint linear operator on a complex Hilbert space (H;(.,.)).
The Gelfand map establishes a *-isometrically isomorphism ® between the set
C (Sp (A)) of all continuous functions defined on the spectrum of A, denoted Sp (A),
an the C*-algebra C* (A) generated by A and the identity operator 15 on H as
follows (see for instance [6l p. 3]):

For any f,g € C (Sp(4)) and any «, 8 € C we have

(i) ®(af +pB9) =a®(f)+42(g);

(i) @(fg)=2(f)®(g) and @ (f) =2 (f)";

(i) ([ (NIl = [IF1 := supsespcay If ()]

(iv) @ (fo) =1g and ® (f1) = A, where fo (t) = 1and f; (t) = ¢, fort € Sp(A).

With this notation we define

f(A) = (f) forall feC(Sp(A))

and we call it the continuous functional calculus for a selfadjoint operator A.

If A is a selfadjoint operator and f is a real valued continuous function on Sp (4),
then f(t) > 0 for any ¢t € Sp(A) implies that f(A4) > 0, i.e. f(A) is a positive
operator on H. Moreover, if both f and g are real valued functions on Sp (A) then
the following important property holds:

(P) f(t) > g(t) for any t € Sp(A) implies that f (4) > g (A4)

in the operator order of B (H).

For a recent monograph devoted to various inequalities for functions of selfadjoint
operators, see [6] and the references therein.

For other results see [§], [I0], [I1] and [I2].

We say that the functions f, g : [a,b] — R are synchronous (asynchronous) on
the interval [a, b] if they satisfy the following condition:

(f ()= F(5)(g(t) —g(s)) = (<) 0 for each ¢, s € [a,b].
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2 S.S. DRAGOMIR

It is obvious that, if f, g are monotonic and have the same monotonicity on
the interval [a,b], then they are synchronous on [a,b] while if they have opposite
monotonicity, they are asynchronous.

For some extensions of the discrete Cebysev inequality for synchronous (asyn-
chronous) sequences of vectors in an inner product space, see [4] and [5].

For a selfadjoint operator A on the Hilbert space A with Sp(A4) C [m, M] for
some real numbers m < M and for f, g : [m, M] — R that are continuous functions
on [m, M], we can define the following Cebysev functional

C(f.g:4:2) = (f(A)g(A)z,z) — (f(A)z,z) - (g (A) z,z)
where z € H with ||z]| = 1.
The following result provides an inequality of Cebysev type for functions of

selfadjoint operators, see [2]:

Theorem 1 (Dragomir, 2008, [2]). Let A be a selfadjoint operator with Sp(A) C
[m, M] for some real numbers m < M. If f,g : [m, M] — R are continuous and
synchronous (asynchronous) on [m, M|, then

(1.1) C(f,9:4;2) = (2)0,
for any x € H with |z| = 1.
The following result of Griiss’ type can be stated as well, see [3]:

Theorem 2 (Dragomir, 2008, [3]). Let A be a selfadjoint operator on the Hilbert
space (H;(.,.)) and assume that Sp (A) C [m, M| for some scalars m < M. If f and
g are continuous on [m, M] and v = mingpm ar f () and T' := max;epm an f (1)
then

1
12)  [C(figd2) <]
for each x € H with ||z| = 1,

(T Clag ] (<100 (8-0).

where § := Minye[y, 011 9 (t) and A = maxyepm,a 9 (t) -

The main aim of this paper is to provide other inequalities for the Cebysev
functional. Applications for particular functions of interest are also given.

2. A REFINEMENT AND SOME RELATED RESULTS
The following result can be stated:

Theorem 3. Let A be a selfadjoint operator with Sp (A) C [m, M| for some real
numbers m < M. If f,g : [m, M] — R are continuous with ¢ := mingepm a9 ()
and A := maxXicm, a9 (L), then

21 0,94 7)<

N |

<

(A=0)(f(A) = {f (A z,z) - 1|z, z)
3 (A8 CV (1, f A,
for any x € H with ||z| = 1.

Proof. Since § := minsem,ar g (t) and A := max,e[pm,ar 9 (t) , we have

00 -2 <S8,

for any t € [m, M| and for any « € H with ||z| = 1.

(2.2)
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If we multiply the inequality with |f (t) — (f (A) z, z)| we get
23 [F0o0) - (Anag )~ 2250+ 20 (7 ()2

<A )~ (f (w2,

for any t € [m, M| and for any = € H with ||z|| = 1.

Now, if we apply the property for the inequality (2.3) and a selfadjoint
operator B with Sp(B) C [m, M], then we get the following inequality of interest
in itself:

(2.4) [(F(B)g(B)y,y) — (f (A)z,z) (9 (B)y,y)

CA+6 A+o

S By + =52 (A )

(A=0)(f(B) = (f(A)z,z) 1ulyy),

for any x,y € H with ||z|| = ||y| = 1.
If we choose in (2.4) y = = and B = A, then we deduce the first inequality in

2.

Now, by the Schwarz inequality in H we have
(15 ()~ (7 (A),2) - Ll 2) < I (4) ~ (] (A) 2, ) - L]
—IF )z~ (f ()2 2) -]
= [1r @l - (2]
= CV2(f. f; Asa),
for any & € H with ||z]| = 1, and the second part of (€.1) is also proved. O

N =

Let U be a selfadjoint operator on the Hilbert space (H, (., .)) with the spectrum
Sp(U) included in the interval [m,M] for some real numbers m < M and let
{Ex} cr be its spectral family. Then for any continuous function f : [m, M] — R,
it is well known that we have the following representation in terms of the Riemann-
Stieltjes integral:

M

(2:5) W)= [ FONd(Esw o),

m—0

for any © € H with ||z|| = 1. The function g, (A) := (Exz,z) is monotonic nonde-
creasing on the interval [m, M] and

(2.6) gz(m—0)=0and g, (M) =1

for any x € H with ||z| = 1.
The following result is of interest:

Theorem 4. Let A and B be selfadjoint operators with Sp (A),Sp(B) C [m, M]
for some real numbers m < M. If f : [m,M] — R is of r — L—Holder type, i.e.,
for a given r € (0,1] and L > 0 we have

[f (s) = f @I < Lls—t" for any s,t € [m, M],
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_m+M
2

(27) 76~ U Wzl < L[5 (0 -m)+

then we have the Ostrowski type inequality for selfadjoint operators:
for any s € [m, M| and any x € H with ||z| = 1.

Moreover, we have
2.8) [(f(B)y,y) = (f(Az,z)| <(|f(B) = (f(A)z,z) - 1uly,y)

1 M "
<tfgor-m+ (5= "2 0]

2
for any z,y € H with ||z|| = |ly|]| = 1.

Proof. We use the following Ostrowski type inequality for the Riemann-Stieltjes
integral obtained by the author in [I]:

b
29) |16 a®) - u@] - [ fOdut)

a+b
2

y0m>

a

SL[;(b—a)—F‘s—

for any s € [a, ], provided that f is of r — L—Ho¢lder type on [a, b] , u is of bounded

b
variation on [a, b] and \/ (u) denotes the total variation of v on [a,b].
Now, applying this inequality for u(\) = g, (\) := (E\z,x) where z € H with
lz] =1 we get

M
@N)|ﬂﬂ—/(jﬁw«&%@4

m+ M
2

y \A? (92)

m—0

SLE(M—m)—&-’s

which, by (2.5)) and (2.6) is equivalent with (2.7)).
By applying the property (]ED for the inequality (2.7) and the operator B we
have

17 ) = 7 W) 1) < L [ 0 —m)+ 5= 221 [Ty )
B N A
LB(Mm)+<Bm;M.1H yyﬂ

for any x,y € H with ||z|| = ||y|| = 1, which proves the second inequality in (2.8]).
Further, by the Jensen inequality for convex functions of selfadjoint operators
(see for instance [0, p. 5]) applied for the modulus, we can state that

(M) [(h(A) z, z)| < ([h(A)|z, )

for any x € H with ||z|| = 1, where h is a continuous function on [m, M].
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Now, if we apply the inequality (M), then we have

K[f (B) = (f(A)z,2)  1u]y,y)| < (|f (B) = {f (A z,2) 1u|y.y)
which shows the first part of , and the proof is complete. O

Remark 1. With the above assumptions for f, A and B we have the following
particular inequalities of interest:

(2.11) (") - e

T

< 21L(M—m)r

and

m -+ M
2

212 1 ({Aza)) = (] ()20 < L [ O - m) + [(ds.) -

|

for any x € H with ||z| = 1.
We also have the inequalities:

213)  [(f (A y,y) = {f (A z,z) <(f(A) = (f(A)z,2) 1uly,y)

1 M
SL{Q(M—W)+<‘A—m—g -1H’y,y>} ,

for any x,y € H with ||z| = ||yl = 1,

(2.14)  [([f (B) = f (D] @, 2)| < (I (B) = (f (A 2, 2) - 1u| z, )

<L B(M—m)—i—<‘B— m+M~1H x,x>y
and, more particularly,
(2.15) (If(A) = (f(A)z,z) - 1u|z,2)
oo o= ]
for any x € H with ||z| = 1.
We also have the norm inequality
@16 @)@l [or-m e+ |p- "

The following corollary of the above Theorem [4] can be useful for applications:

Corollary 1. Let A and B be selfadjoint operators with Sp (A),Sp(B) C [m, M]
for some real numbers m < M. If f : [m, M] — R is absolutely continuous then
we have the Ostrowski type inequality for selfadjoint operators:

2.17)  [f (s) = (f (A z,7)]
[3 (M —m) +|s = "L |l oy 4 f' € Loo [m, M];

= if f€Lym, M),

m 1/
(51 =)+ s 2 gy DS S
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for any s € [m, M| and any v € H with ||z|| =1, where ||-||,, 1, 1y are the Lebesgue
norms, t.e.,
17l oo, pa) == €55 sup[[A (2)]]
te[m,M]
and

M 1/p
”mhmmw=</ M@W) p> 1.

Moreover, we have

(218)  [(f(B)y,y) — (f (A z,2)| < (| f(B) = {f (A) z,2) - 1ul|y,y)
(5 (M —m) +(|B =" 1y y, )] 1l pmrny i f € Loo [m, M];

IN

(3 (M = m) + (B = 252 15 g, 9)] 1l v

for any z,y € H with ||z|| = |ly|]| = 1.

Now, on utilising Theorem [3] we can provide the following upper bound for the
Cebysev functional that may be more useful in applications:

Corollary 2. Let A be a selfadjoint operator with Sp (A) C [m, M] for some real
numbers m < M. If g : [m, M] — R is continuous with § := mingepm a9 (t) and
A = maxiepm a9 (), then for any f . [m, M] — R of r — L—Hélder type we
have the inequality:

x,x>} )

Remark 2. With the assumptions from Corollary[q for g and A and if f is ab-
solutely continuos on [m, M] , then we have the inequalities:

m+ M

219) (g Al < 3 A= L [ 0r—m+ (a2

for any x € H with ||z| = 1.

(220) |C(f.g: 450)] < 3 (A~ 9)
[3 (M —m) + (JA - WMlmz@Mﬂ|mm if £ € Lo [m, M];

1 m+M 1/q Zf f/ 00[
B )+ (A= 2 ) Uy L]
for any x € H with ||z|| = 1.

3. SOME INEQUALITIES FOR SEQUENCES OF OPERATORS

Consider the sequence of selfadjoint operators A = (Ay,..., 4,) with Sp(4;) C
[m, M] for j € {1,...,n} and for some scalars m < M. If x = (z1,...,x,) € H"
are such that Z;—;l ||:v]||2 = 1, then we can consider the following Cebysev type
functional
C(fvg;Aax) :Z<f(A])g(A])xj7xj>_Z< $]7£Ej Z x]vxj

Jj=1 Jj=1 Jj=1
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As a particular case of the above functional and for a probability sequence p = (p1, ..., Pn) ,
ie,pj>0forje{l,.. n}and Z;L=1 p; = 1, we can also consider the functional

C(f g9;A,p,x):= <ijf(Aj)g(Aj)x,x>

(Snsinrns) (Smpiages)

where z € H, ||z]| = 1.

We know, from [2] that for the sequence of selfadjoint operators A = (Ay, ..., A,)
with Sp(A4,) C [m, M] for j € {1,...,n} and for the synchronous (asynchronous)
functions f, g : [m, M] — R we have the inequality

(3.1) C(f,9:A,%x) = ()0
for any x = (21,...,2,) € H" with 377, |z;]|> = 1. Also, for any probability
distribution p = (p1, ..., pn) and any x € H, ||z|| = 1 we have
(3.2) C(f.g:A,p,2) > (<)0.
On the other hand, the following Griiss’ type inequality is valid as well [3]:

1 1
33 [CU.EAX <5 €= ClgAx] (<100 -5)
for any x = (z1, ..., x,) € H™ with Z}Z:l ||ac]||2 =1, where f and g are continuous

on [m, M] and v := minyepy, ar) f (1), T = maxyepm ) f (1), 0 1= mingegpm, a9 (1)
and A := max;efm,a 9 (t) -

Similarly, for any probability distribution p = (p1, ..., p,) and any x € H, ||z|| = 1
we also have the inequality:

1 1
We can state now the following new result:

Theorem 5. Consider the sequence of selfadjoint operators A = (Ay, ..., A,) with
Sp (A4;) C [m, M] forj € {1,...,n} and for some scalarsm < M. If f,g : [m, M] —
R are continuous with 0 := mingepm a7) g (1) and A := maxyepy, a9 (1), then

xj,xj>

<3 (A=0) OV (S, f M),

(3.5) [C(f,9:A:%x)| < (A_5)Z<'f(14j)_Z<f(f4k)xk7$k>'1H

j=1 k=1

N | =

for any x = (z1,...,x,) € H™ such that Z?zl ijHz =1
Proof. As in [6], p. 6], if we put
A1 e 0 T

A= . and T =
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then we have Sp (Z) C [m,M], ||Z]| = 1,

(£(A) 9 (A)57) = 30 (A g (A7) a0,

j=1
(r(A)7.3) =3 A)asa), (o(A)77) =D (9(4))25,05).
Jj=1 j=1
and so on. N
Applying Theorem |3| for A and & we deduce the desired result . O

The following particular results is of interest for applications:

Corollary 3. Consider the sequence of selfadjoint operators A = (A, ..., A,) with
Sp(A;j) C [m, M] forj € {1,...,n} and for some scalarsm < M. If f, g : [m, M] —
R are continuous with § := minyep, a9 (t) and A := max,ep, an g (t), then for
any p; > 0,5 € {1,...,n} with Z?:lpj =1 and x € H with ||z| =1 we have

(36) [C(f.9:A,p2)]
< %(A —9) <jz_;pj f(4;) - <;Pkf(Ak)$7I> Ay 93,x>
< (A8 TS fiApa).

Proof. In we choose in Theorem |5|z; = /p; -z, j € {1,...,n}, where p; > 0,5 €
{L,on}, 355 p; = L and € H, with |lz|| = 1 then a simple calculation shows
that the inequality (3.5 becomes (3.6). The details are omitted. O

In a similar manner we can prove the following result as well:

Theorem 6. Consider the sequences of selfadjoint operators A = (Ay,..., A,),
B = (Bi,...,B,) with Sp(4;),Sp(B;) C [m,M] for j € {1,....,n} and for some
scalars m < M. If f : [m,M] — R is of r — L—Hdlder type, then we have the
Ostrowski type inequality for sequences of selfadjoint operators:

for any s € [m, M] and any x = (z1,...,x,) € H" such that 377_, ijHz =1.
Moreover, we have

n

BT |16 - L)) < L[5 (0 - m)+

j=1

m+ M
2

3
3

(3.8) Z<f<Bj)yj,yj>— (f (Ax) Tk, 2)

1 - m+ M

yj7yj> ’
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for anyx = (x1, s @n) ;Y = (Y1, s yn) € H™ such that 35, [|z;|* = 327, Ily;I”
1.

Corollary 4. Consider the sequences of selfadjoint operators A = (Ai,..., An),
B = (B, ..., By) with Sp(A;),Sp(B;) C [m,M] for j € {1,...,n} and for some
scalars m < M. If f : [m, M] — R is of r — L—Hdlder type, then for any p; >
0,j € {1,...,n} with 3°7_p; =1 and x € H with ||z|| = 1 we have the weighted
Ostrowski type inequality for sequences of selfadjoint operators:

m+ M
2

s —

69 |f6e)- <ijf<Aj>x,x> <Ly 00-m)+

for any s € [m, M].
Moreover, we have

(3.10) <Zij(Bj)y,y> - <Zpkf(f4k-)$,$>
j=1 k=1
< <Zq3‘ f(Bj) = <Zpkf(Ak)l‘,$> lu
j=1 k=1

yay>
"

m+ M
Bj_ 2 1H’y7y> )

1 n
<L 2(M—m)+<qu
Jj=1
for any qr, > 0,k € {1,....,n} with > ;_, g =1 and z,y € H with ||z|| = ||y| = 1.

4. SOME REVERSES OF JENSEN’S INEQUALITY

It is clear that all the above inequalities can be applied for various particular
instances of functions f and g. However, in the following we only consider the
inequalities

:| T

for any @ € H with||z|| = 1, where the function f : [m, M] — R is of » — L—Holder
type, and

(42) |f (Az,2) - (f (A) 2, 2)|
(L (M —m) + |[(Az,2) — Z5X |1 £ ponrys 3E £ € Loo [, M]

m+ M

(A1) 1f(Anal) = {F (A) )] < L[5 00 = m) + [(Av.a) -

= if f' € Ly [m, M

[% (M —m) + |<A3:,J:> - #Hq ||f/||p7[m,M] ) p>1, % + % ]17
for any « € H with ||z| = 1, where the function f : [m, M] — R is absolutely
continuous on [m, M], which are related to the Jensen’s inequality for convex func-
tions.

1. Now, if we consider the concave function f : [m, M| C [0,00) — R, f(t) =t"
with » € (0,1) and take into account that it is of r — L—Holder type with the
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constant L = 1, then from (4.1)) we derive the following reverse for the Hdlder-
McCarthy inequality [9)
for any « € H with ||z]| = 1.

2. Now, if we consider the functions f : [m, M] C (0,00) — R with f(¢) = ¢*
and s € (—o0,0) U (0,00), then they are absolutely continuous and

1
2

m+ M
2

(4.3) 0<(A"z,z) — (Ax,z)" < { (M —m) + ‘(Ax, T) —

sMs—1 for s € [1, 00),
||f/Hoo,[m,M] =
|s|m*=1 for s € (—o0,0) U (0,1).

If p > 1, then

M 1/p
11y gman =w(/tmﬂm>
m

Ap(s—+1_pps =1\ 1/P s 11
p(s—1)+1 p

|s] x
[In (A2)]"/? ifs=1-1.

On making use of the first inequality from (4.2) we deduce for a given s €
(—00,0) U (0,00) that

(44)  [(Az,2)° — (A%, 7))

m+ M
2

sMe—1 for s € [1,00),

1
< [2 (M —m) + ‘(Aa:,x} -
x
|s|ms=t for s € (—o0,0) U (0,1).
for any x € H with ||z| = 1.

The second part of (4.2)) will produce the following reverse of the Hélder-McCarthy
inequality as well:

(4.5)  |(Az,z)° — (A°z,2)]

1 + M|[1?
< 1o [ 01 = m) + [tta,2) - M|
MPs=1D+1_ o p(s—1)+1 1/p o 1
( P=T) 11 ) i s;«él—g
X
[In (2)]"/7 ifs=1-1

for any « € H with ||z| = 1, where s € (—00,0) U (0,00), p > 1 and %—i— % =1
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3. Now, if we consider the function f (¢) = Int defined on the interval [m, M| C
(0,00), then f is also absolutely continuous and

m~! for p = oo,
1 oy = { (2t VP
p,[m,M] — ((pfl)MI’—lm;D—l) for p > 1,
In (%) for p = 1.
Making use of the first inequality in (4.2)) we deduce
1 M
(4.6) 0<In({(Az,z)) — (In(A)z,z) < {2 (M —m) + ’(Ax,w) - m—g H m~!

and
(4.7) 0<In((Az,z)) — (In(A) z,x)

m+ M
2

q MP—1 _ pp1 1/p
2 | (G- )
for any x € H with ||z|| = 1, where p > 1 and % + % =1.
Similar results can be stated for sequences of operators, however the details are
left to the interested reader.

< |5 O =)+ |az0) -

5. SOME PARTICULAR GRUSS’ TYPE INEQUALITIES

In this last section we provide some particular cases that can be obtained via
the Griiss’ type inequalities established before. For this purpose we select only two
examples as follows.

Let A be a selfadjoint operator with Sp(A) C [m, M] for some real numbers
m < M. If g : [m,M] — R is continuous with ¢ := mincpy, a9 (t) and A :=
maxycim,, a9 (t), then for any f: [m, M] — R of r — L—Holder type we have the
inequality:

61 [(f(A)g(A)z,z) = (f(A)z,z) - (g(A) z,z)]

S;(A‘s)LB(MmHQAmJFM

-1y

for any « € H with ||z]| = 1.
Moreover, if f is absolutely continuos on [m, M], then we have the inequalities:
1
(52) [f(A)gA)z,z) —(f(A)z,2)-{g(A)z,2)| < 5 (A =9)
[% (M —m)+ <|A - W . 1H| x,x>] Hf’HOOde] if f' € Lo [m, M];

if f € L,[m,M],

m 1/
[5 (M —m) + (|A =5 L], )] (], pg>15+5=1

for any x € H with ||z| = 1.
1. If we consider the concave function f : [m, M] C [0,00) — R, f (t) = t" with
r € (0,1) and take into account that it is of r — L—Holder type with the constant
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L =1, then from (5.1) we derive the following result:

(5'3) |<A7‘g (A) €, $> - <A7‘$71‘> : <g (A) $’$>|
m+ M

<;A—®BUW—M+<P— Ay

for any © € H with ||z|| = 1, where g : [m, M] — R is continuous with § :=
minsepm, 1 9 (t) and A = maxem,an g (1) -

Now, consider the function g : [m,M] C (0,00) — R, g(t) = t? with p €
(—00,0) U (0,00). Obviously,

MP—mP  ifp>0,
A—§=

M~ P—m~P
M~—Pm~—P

and by (5.3) we get for any x € H with ||z| = 1 that

if p <O,

(5.4) 0<(A™Pz,2) — (A, z) - (APz, z)

M ke
< Lo — ) [1<Mm)+<‘Am+ VESIR
2 2 2
when p > 0 and
(5.5) 0<(A"z,z)- (APz,z) — (A" Pz, z)
1 MP—-m™P |1 m+ M "
Sz‘M—pm—pL(Mm”QA oy ”ﬂ ’

when p < 0.
If g : [m, M] C (0,00) — R, g (¢t) = Int, then by (5.3) we also get the inequality
for logarithm:

(5.6) 0<(A"InAzx,x) — (A"z,z) - (In Az, x)

/M |1 m+ M

for any « € H with ||z]| = 1.
2. Now consider the functions f, g : [m, M] C (0,00) — R, with f(¢) = ¢* and
g (t) =" with s,w € (—00,0) U (0,00). We have

sMs1 for s € [1, 00),

||f/Hoo7[m7M] =
|s|m*=1 for s € (—o0,0) U (0,1).

and, for p > 1,

MP=DH+1 o ps—1)+1\ /P ifsp1- 1
p(s—1)+1 D

||f/||p,['rrL,M] = |S| X
[In (20)] /% ifs=1-1.
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If w > 0, then by the first inequality in (5.2]) we have
(5.7) [(AFz,z) — (A°z,z) - (AVw, z)|
< % m+ M

(M = ) [§<M—m>+<‘A— n

o)

sMe—1 for s € [1,00),
X
|s|ms~=t for s € (—o0,0) U (0,1).

for any x € H with ||z| = 1.
If w < 0, then by the same inequality we also have
(5.8) |[(A*TVz,z) — (A%z, @) - (AVw, )]
M~ —-—m™ 1
M- 2

< m+ M

(M—m)—|—<‘A— 1y

)

sMs—1 for s € [1,00),

1
2 Wm—w
|s|m*=1 for s € (—o00,0)U(0,1),

for any « € H with ||z]| = 1.
Finally, if we assume that p > 1 and w > 0, then by the second inequality in
(5.2) we have

(5.9) [(A°z, ) — (A°z,z) - (AVw, z)|
m+ M

< 1y

1
2

1/q

— 1)+ 1/p
p(s—1)+1 p(s—1)+1 .
(M —m ) ifs£1 1

sl =) |5 01 =)+ (|4 -

p(s—1)+1
X
[ (3] ifs=1-3,
while for w < 0, we also have
(5.10) |[(A*TYz,x) — (A%z,z) - (AVz, )|
1 M —mv[l M 1
MPG=D+1_pps—1+1\ /P
( p(sfl)’ﬂ ) ifs#1-— %
X
M\11/p e 1
[ln(ﬁ)] 1fs—1—p7

where ¢ > lwith%Jr%: 1 and « € H with ||z| = 1.
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