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SOME JENSEN’S TYPE INEQUALITIES FOR TWICE
DIFFERENTIABLE FUNCTIONS OF SELFADJOINT
OPERATORS IN HILBERT SPACES

S.S. DRAGOMIR

ABSTRACT. Some Jensen’s type inequalities for twice differentiable functions
of selfadjoint operators in Hilbert spaces under suitable assumptions for the
involved operators are given. Applications for particular cases of interest are
also provided.

1. INTRODUCTION

Let A be a selfadjoint linear operator on a complex Hilbert space (H;(.,.)).
The Gelfand map establishes a *-isometrically isomorphism ® between the set
C (Sp (A)) of all continuous functions defined on the spectrum of A, denoted Sp (A),
an the C*-algebra C* (A) generated by A and the identity operator 15 on H as
follows (see for instance [3], p. 3]):

For any f,g € C (Sp(4)) and any «, 8 € C we have

() @ (af +8g) = a® (f) + 4P (g);

(i) @(fg) = (/)@ (g) and @ (f) = D ()"

(i) [ (F)] = ]| == supresyoa 1 (O]

(iv) @ (fo) =1g and ® (f1) = A, where fo (t) = 1and f; (t) = ¢, fort € Sp(A).

With this notation we define

f(A) = (f) forall feC(Sp(A))

and we call it the continuous functional calculus for a selfadjoint operator A.

If A is a selfadjoint operator and f is a real valued continuous function on Sp (A4),
then f(t) > 0 for any ¢ € Sp(A) implies that f(A) > 0, i.e. f(A) is a positive
operator on H. Moreover, if both f and g are real valued functions on Sp (A) then
the following important property holds:

(P) f(t) > g(t) for any t € Sp(A) implies that f (4) > g (A)

in the operator order of B (H).

For a recent monograph devoted to various inequalities for functions of selfadjoint
operators, see [3] and the references therein. For other results, see [9], [4], [§] and
[6]. For recent results, see [1] and [2].
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2. SOME JENSEN’S TYPE INEQUALITIES FOR OPERATORS

The following result that provides an operator version for the Jensen inequality
is due to Mond & Pecarié¢ [7] (see also [3] p. 5]):

Theorem 1 (Mond-Pecarié¢, 1993, [7]). Let A be a selfadjoint operator on the
Hilbert space H and assume that Sp(A) C [m, M] for some scalars m, M with
m < M. If f is a convex function on [m, M|, then

(MP) f({Az,z)) < ([ (A)z,z)
for each x € H with ||z| = 1.

As a special case of Theorem [I] we have the following Hélder-McCarthy inequal-
ity:
Theorem 2 (Holder-McCarthy, 1967, [5]). Let A be a selfadjoint positive operator

on a Hilbert space H. Then
(i) (A"z,z) > (Ax,z)" for allm > 1 and x € H with ||z| = 1;

(ii) (A"z,x) ; (Az,z)" for all0 <17 <1 and x € H with ||z|| = 1;
(iii) If A is invertible, then (A"x,z) > (Az,x)" for allv < 0 and x € H with

[l = 1.

The following theorem is a multiple operator version of Theorem 1| (see for in-
stance [3 p. 5]):

Theorem 3. Let A; be selfadjoint operators with Sp (A;) C [m,M], j € {1,...,n}
for some scalars m < M and x; € H,j € {1, ...,n} with Z?:l HJUJHQ =1.Iffisa
convez function on [m, M], then

n

(2.1) f Z{A Tj,xj) Zn: i) @i, x)

j=1 j=1
The following particular case is of interest:

Corollary 1. Let A; be selfadjoint operators with Sp (A;) C [m,M], j € {1,...,n}
for some scalars m < M. If p; > 0, j € {1,...,n} with Z _,1pj =1, then

(2.2) f <ijij,x> < <ijf (4;) a:,a:> ,

for any x € H with ||z| = 1.

3. JENSEN’S INEQUALITY FOR TWICE DIFFERENTIABLE FUNCTIONS
The following result may be stated:

Theorem 4. Let A be a positive definite operator on the Hilbert space H and
assume that Sp (A) C [m, M| for some scalars m, M with 0 < m < M. If f is a
twice differentiable function on (m,M) and for p € (—o0,0) U (1,00) we have for
some v < I that

2P

m.f”(t) <T foranyte (m,M),

(3.1) v <
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then

(3.2) v ((APz,z) — (Az,2)")
<(f(A)z,z) — f ((Az,x))

<T ((APz,x) — (Ax,z)")

for each x € H with ||z|| = 1.

If

2P
§< —
=)
and for some 6 < A, where p € (0,1), then

(3.3) f"(t) <A forany t € (m, M)

(3.4) 6 ((Az,z)? — (APx,z))
< (f(A)z,z) - f((Az,2))
< A ((Az,z)* — (APz, 7))
for each x € H with ||x| = 1.

Proof. Consider the function g, : (m,M) — R given by g,, (t) = f(t) — yt?
where p € (—00,0) U (1, 00) . The function g, is twice differentiable,
9y @) =f"(t) = p—-1)t"?
for any t € (m, M) and by (3.1) we deduce that g, , is convex on (m,M). Now,
applying the Mond & Pecari¢ inequality for g, we have
0 < ((f(A) —vAP)z,2) — [f ((Az,2)) — 7 (Az, 2)"]
= (f(A)z,2) — f((Az,2)) — v [(AP2,2) — (Az,2)"]

which is equivalent with the first inequality in .

By defining the function gr, : (m, M) — R given by gr, (t) = I't? — f (t) and
applying the same argument we deduce the second part of (3.2).

The rest goes likewise and the details are omitted. i

Remark 1. We observe that if f is a twice differentiable function on (m, M) and
¢ = infiemnr) f7 (1), @ 1= supse(mary 7 (t) , then by we get the inequality

(3.5) %90 [<A2x,x> - <Ax,1:>2}
< (f(A)z,z) - f ((Az,2))

< =® [<A2x,x> - <Az,x>2}

N | =

for each x € H with ||z| = 1.
We observe that the inequality holds for selfadjoint operators that are not
necessarily positive.

The following version for sequences of operators can be stated:

Corollary 2. Let A; be positive definite operators with Sp (A;) C [m, M| C (0, c0)
j€A{1,....n}. If f is a twice differentiable function on (m, M) and for p € (—o0,0)U
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(1,00) we have the condition (3.1]), then

Jj=1

(3.6) ~ [Z <A§xj,xj> — (

for each x; € H,j € {1,...,n} with 337, ll;])* = 1.
If we have the condition forp e (0,1), then

(3.7) ¢ [(i (Ajzj, x; ) Z<A vaxJ>]

j=1

< (f(Aj)zj,25) — f Z (Ajzs,x; )
j=1 j=1
n P n
(Z <Aj$j73«“j>) -> <A§$j’33j>]
j=1 j=1

for each x; € H,j € {1,...,n} with 2?21 ||at:]||2 =1

Proof. As in [3, p. 6], if we put

A . . .0 21
A= . . and T =
0 . . . A, .
then we have Sp( ) C [m, M], ||Z| =1,
< ( ) > i NEED) <Z§’§> i (Ajz;, ;)
J=1 Jj=1

and so on.

Applying Theoremfor A and 7 we deduce the desired results l} and l} ]

Corollary 3. Let A; be positive definite operators with Sp (A;) C [m, M| C (0, 00)
je{l,..,n} and p; >0, j € {1,...,n} with Z?lej = 1. If f is a twice differ-
entiable function on (m, M) and for p € (—00,0) U (1,00) we have the condition
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, then

<ijA§x,x> — <ijij,x> ]
j=1 j=1
< <ijf<Aj)x,x> —f (<ijij7x>>
j=1 j=1

for each x € H with ||z| = 1.
If we have the condition (m forp e (0,1), then

b {<§pj,4jx,x> ZpJA T, T ]
<Zp] ( Zp]A z, x
sz piA;

< ) = (Ee)

Proof. Follows from Corollary [2| on choosing z; = /p; -z, j € {1,...,n}, where

pj > 0,5 € {l,..,n}, " pj =1 and z € H, with [|z|| = 1. The details are
omitted. 1

for each x € H with ||z|| = 1.

Remark 2. We observe that if f is a twice differentiable function on (m, M) with
—o00 <m < M < o0, Sp(A;) C[m,M],je{l,..,n} and g = infcm ) f7 (1), P =
SUPye(m,ar) £ (t), then

Jj=1 Jj=1
§Z<f(AJ)=’EJaxJ> f (Ajzj, ;)
j=1 j=1
2
=@ Z<A§x],$3> (Ajzj, xj)
j=1 j=1

for each x; € H,j € {1,...,n} with 337, ll;)|* =
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Also, if p; >0, j € {1,...,n} with Z?:l pj =1, then

n n 2
3.11) ¢ <ZPjA?$,$> - <ZPjij,x>
j=1 j=1
< <ijf(x4j)l’,$> -f <ijij7x>
j=1 j=1
n n 2
<o <ijA?x,x> — <ijAj:c,:c>
j=1 j=1

The next result provides some inequalities for the function f which replace the
cases p = 0 and p = 1 that were not alowed in Theorem [4}

Theorem 5. Let A be a positive definite operator on the Hilbert space H and
assume that Sp (A) C [m, M] for some scalars m, M with 0 < m < M. If f is a
twice differentiable function on (m, M) and we have for some v < T that

(3.12) vy <t2 f"(t) <T for anyt € (m, M),
then

(3.13) v (In({(Az,z)) — (In Az, x))
< (f(A)z,z) - f ((Az,2))
<T(ln({(Az,z)) — (In Az, z))
for each x € H with ||z| = 1.
If
(3.14) §<t-f"(t) <A foranyte (m, M)
for some § < A, then

(3.15) d((Aln Az, z) — (Az,z) In ((Az, x)))
< (f(A)z,x) = f((Az, z))
<A((Aln Az, z) — (Az,z) In ((Azx, x)))
for each x € H with ||z| = 1.

Proof. Consider the function g, : (m, M) — R given by g, (t) = f(t) + vIlnt.
The function g, is twice differentiable,

9y () =" (1) =yt 2
for any ¢t € (m, M) and by we deduce that g, is convex on (m, M) . Now,
applying the Mond & Pecari¢ inequality for g, o we have
0 < ((f(A)+yIA)z,z) - [f ((Az,2)) +7In ((Az, z))]
— (F(A) 23— £ ((Az,2)) — 7 [In ((Az,2)) — (In Az, 2)
which is equivalent with the first inequality in .

By defining the function gr : (m, M) — R given by gro (t) = —T'lnt — f (¢)
and applying the same argument we deduce the second part of (3.13]).
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The rest goes likewise for the functions

gs1(t) = f(t) —otlnt and gao (t) = Atlnt — f (¢)
and the details are omitted. I
Corollary 4. Let A; be positive definite operators with Sp (4;) C [m, M] C (0, 00)

jeA{l,...,n}. If f is a twice differentiable function on (m,M) and we have the
condition , then

n n
(3.16) ~ [ In ZAx],a:] Z(lnijj,xj>
Jj=1

J=1

<

n
]:

1 j=1

ST In | Y (Ajag,ay) | = (InAjzg, )

j=1 j=1

for each x; € H,j € {1,...,n} with Z?Zl ||1:]||2 =1
If we have the condition , then

n n n
(317) 6 (> (Al Ajzy, ;) — > (Ajag,a)In [ D (A, ;)
j=1 Jj=1 j=1
Z ixj,xi) — f Z (Ajz;, ;)
Jj=1 j=1
Z<AJ hlAJ.’EJ,.’Ej) — Z(A]‘J)j,xj ln A .ﬁj,.%'j
j=1 =1 j=1

for each x; € H,j € {1,...,n} with E?Zl ||33J||2 =
The following particular case also holds:

Corollary 5. Let A; be positive definite operators with Sp (A;) C [m, M] C (0,00)
je{l,...,n} andp; >0, j € {1,...,n} with Zj D= 1 Iff is a twice differen-
tiable function on (m, M) and we have the condition , then

(318) ~[In <ijij7x> —<ijlnij,x>
j=1 j=1

n

Z i) g, x) — f Z<ijj7$j>

Jj=1 Jj=1

<ijij, x> — <ij InAjz, :c>
j=1 j=1

for each x € H with ||z| = 1.
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If we have the condition , then

(3.19) ¢ <ijAjlnAja:,x>—<ijij,:c>ln <ijij,x>
j=1 j=1

j=1
<> (FA)ag ) — Y (A, ay)
j=1 j=1
<A <ijAj 111ij,:0> — <ijij,z> In <ijij,x>
j=1 j=1 j=1

for each x € H with ||z| = 1.

4. APPLICATIONS

It is clear that the results from the previous section can be applied for various
particular functions which are twice differentiable and the second derivatives satisfy
the boundedness conditions from the statements of the Theorems [ [§] and the
Remark [I1

We point out here only some simple examples that are, in our opinion, of large
interest.

1. For a given a > 0, consider the function f(¢) = exp (at),t € R. We have
" (t) = a®exp (at) and for a selfadjoint operator A with Sp(A) C [m, M] (for
some real numbers m < M) we also have

p:= inf f’(t)=c’exp(am) and ®:= sup f”(t)=a’exp(aM).
te(m,M) te(m,M)

Utilising the inequality (3.5)) we get

(1) go?exp(am) [(4%0,2) ~ (As,2)’]

< (exp (aA) z,z) — exp ((aAx, x))
< %QQ exp (M) [<A2z,x> — <A$,x>2} ,

for each & € H with ||| = 1.
Now, if § > 0, then we also have
(4.2) %ﬁQ exp (—BM) [<A2x,x> - <Ax,:c>2}
< (exp (~BA) z,z) — exp (— (BAz, 1))
< S exp (~pm) [(A%,2) — (Az, )]

for each x € H with |z|| = 1.

2. Now, assume that 0 < m < M and the operator A satisfies the condition
m-1lyg < A< M- 1g. If we consider the function f : (0,00) — (0,00) defined by
f(t) =tP with p € (—00,0) U (0,1) U (1,00). Then f” (t) = p(p — 1) t*~2 and if we
consider ¢ := inf;c(m ar) f” (t) and @ := sup,¢(,,, ar) f” (t), then we have

e=pp—1)m’ 2, ®&=p(p—1) M2 for p € 2,00),
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e=plp—-1)MP2®=p(p—-1)mP>forpe (1,2),

p=pp-1)m’ %, d=p(p-1)M"~*forpe (0,1),
and
o=p(p—-1)MP2®=p(p—1)mP 2 for p € (—o0,0).
Utilising the inequality we then get the following refinements an reverses of
Holder-McCarthy’s inequalities from Theorem
(4.3) %p (p—1)mpP~2 [(Azx,x> — (Axz, x)ﬂ
< (APz,z) — (Az,x)?

< %p (p—1)MP~2 [<A2x,x> - <Aac7x>2] for p € [2,00),

(4.4) %p (p—1)MP~2 [<A2x,x> — (Ax,x>2]
< (APx,z) — (Az, z)?

< %p (p—1)mP=2 [<A2m,x> - (Am,x)ﬂ for p € (1,2),

(4.5) %p(l —p) MY (A%, ) — (Ax, 2
< (Az,z)? — (APz,z)
< %p(l —p)mP—2 [<A2x,x> — (Axz, x}g} for p € (0,1)
(4.6) %p (p—1) MP~2 [<A2x,x> — (A:z:,x)Q]
< (APz,z) — (Az,z)

< Spp - )m? 2 [(A%,x) — (Az,2)°] for p € (~o0,0),

| —

for each z € H with ||z|| = 1.

3. Now, if we consider the function f : (0,00) — R, f (¢) = —Int, then f” (t) =
t=2 which gives that ¢ = M ~2 and ® = m~2. Utilising the inequality we then
deduce the bounds

a1 b [es) 4]

2
<In({(Az,z)) — (In Az, z)

< —m~?2 [<A2x,x> - <A1:,:17>2}

N | =

for each = € H with ||z|| = 1.
Moreover, if we consider the function f : (0,00) — R, f (t) = tInt, then f” (t) =
t~1 which gives that ¢ = M1 and ® = m~!. Utilising the inequality (3.5) we then
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deduce the bounds
(4.8) %Mfl {<A2:17,x> - (Ax,m}Z]
< (AlnAz,z) — (Az,z) In ((Az, x))

<-m! [<A2ac,x> - <A(E,{L‘>2}

DN | =

for each z € H with ||z|| = 1.

Remark 3. Utilising Theorem [J) for the particular value of p = —1 we can state
the inequality

(4.9) %¢ (<A_1x,x> - (Aa:,m>_1)

< (f(A)z,z) - f ((Az,2))

< %\I/ <<A71x,x> - <Am,z>_1)

for each x € H with ||z|| = 1, provided that f is twice differentiable on (m, M) C
(0,00) and
Y= inf 3f"(t) while W = sup *f"(t)
te(m,M) te(m, M)

are assumed to be finite.

We observe that, by wutilising the inequality @) instead of the inequality
we may obtain similar results in terms of the quantity <A_1x, x> —(Ax, J;>_1, reH
with ||z|| = 1. However the details are left to the interested reader.
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