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SOME JENSEN’S TYPE INEQUALITIES FOR TWICE
DIFFERENTIABLE FUNCTIONS OF SELFADJOINT

OPERATORS IN HILBERT SPACES

S.S. DRAGOMIR

Abstract. Some Jensen’s type inequalities for twice differentiable functions
of selfadjoint operators in Hilbert spaces under suitable assumptions for the

involved operators are given. Applications for particular cases of interest are

also provided.

1. Introduction

Let A be a selfadjoint linear operator on a complex Hilbert space (H; 〈., .〉) .
The Gelfand map establishes a ∗-isometrically isomorphism Φ between the set
C (Sp (A)) of all continuous functions defined on the spectrum ofA, denoted Sp (A) ,
an the C∗-algebra C∗ (A) generated by A and the identity operator 1H on H as
follows (see for instance [3, p. 3]):

For any f, g ∈ C (Sp (A)) and any α, β ∈ C we have
(i) Φ (αf + βg) = αΦ (f) + βΦ (g) ;
(ii) Φ (fg) = Φ (f) Φ (g) and Φ

(
f̄
)

= Φ(f)∗ ;
(iii) ‖Φ (f)‖ = ‖f‖ := supt∈Sp(A) |f (t)| ;
(iv) Φ (f0) = 1H and Φ (f1) = A, where f0 (t) = 1 and f1 (t) = t, for t ∈ Sp (A) .
With this notation we define

f (A) := Φ (f) for all f ∈ C (Sp (A))

and we call it the continuous functional calculus for a selfadjoint operator A.
If A is a selfadjoint operator and f is a real valued continuous function on Sp (A),

then f (t) ≥ 0 for any t ∈ Sp (A) implies that f (A) ≥ 0, i.e. f (A) is a positive
operator on H. Moreover, if both f and g are real valued functions on Sp (A) then
the following important property holds:

(P) f (t) ≥ g (t) for any t ∈ Sp (A) implies that f (A) ≥ g (A)

in the operator order of B (H) .
For a recent monograph devoted to various inequalities for functions of selfadjoint

operators, see [3] and the references therein. For other results, see [9], [4], [8] and
[6]. For recent results, see [1] and [2].
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2. Some Jensen’s Type Inequalities for Operators

The following result that provides an operator version for the Jensen inequality
is due to Mond & Pečarić [7] (see also [3, p. 5]):

Theorem 1 (Mond-Pečarić, 1993, [7]). Let A be a selfadjoint operator on the
Hilbert space H and assume that Sp (A) ⊆ [m,M ] for some scalars m,M with
m < M. If f is a convex function on [m,M ] , then

(MP) f (〈Ax, x〉) ≤ 〈f (A)x, x〉

for each x ∈ H with ‖x‖ = 1.

As a special case of Theorem 1 we have the following Hölder-McCarthy inequal-
ity:

Theorem 2 (Hölder-McCarthy, 1967, [5]). Let A be a selfadjoint positive operator
on a Hilbert space H. Then

(i) 〈Arx, x〉 ≥ 〈Ax, x〉r for all r > 1 and x ∈ H with ‖x‖ = 1;
(ii) 〈Arx, x〉 ≤ 〈Ax, x〉r for all 0 < r < 1 and x ∈ H with ‖x‖ = 1;
(iii) If A is invertible, then 〈Arx, x〉 ≥ 〈Ax, x〉r for all r < 0 and x ∈ H with

‖x‖ = 1.

The following theorem is a multiple operator version of Theorem 1 (see for in-
stance [3, p. 5]):

Theorem 3. Let Aj be selfadjoint operators with Sp (Aj) ⊆ [m,M ], j ∈ {1, ..., n}
for some scalars m < M and xj ∈ H, j ∈ {1, ..., n} with

∑n
j=1 ‖xj‖2 = 1. If f is a

convex function on [m,M ], then

(2.1) f

 n∑
j=1

〈Ajxj , xj〉

 ≤
n∑

j=1

〈f (Aj)xj , xj〉 .

The following particular case is of interest:

Corollary 1. Let Aj be selfadjoint operators with Sp (Aj) ⊆ [m,M ], j ∈ {1, ..., n}
for some scalars m < M. If pj ≥ 0, j ∈ {1, ..., n} with

∑n
j=1 pj = 1, then

(2.2) f

〈
n∑

j=1

pjAjx, x

〉 ≤

〈
n∑

j=1

pjf (Aj)x, x

〉
,

for any x ∈ H with ‖x‖ = 1.

3. Jensen’s Inequality for Twice Differentiable Functions

The following result may be stated:

Theorem 4. Let A be a positive definite operator on the Hilbert space H and
assume that Sp (A) ⊆ [m,M ] for some scalars m,M with 0 < m < M. If f is a
twice differentiable function on (m,M) and for p ∈ (−∞, 0) ∪ (1,∞) we have for
some γ < Γ that

(3.1) γ ≤ t2−p

p (p− 1)
· f ′′ (t) ≤ Γ for any t ∈ (m,M) ,
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then

(3.2) γ (〈Apx, x〉 − 〈Ax, x〉p)
≤ 〈f (A)x, x〉 − f (〈Ax, x〉)

≤ Γ (〈Apx, x〉 − 〈Ax, x〉p)

for each x ∈ H with ‖x‖ = 1.
If

(3.3) δ ≤ t2−p

p (1− p)
· f ′′ (t) ≤ ∆ for any t ∈ (m,M)

and for some δ < ∆, where p ∈ (0, 1), then

(3.4) δ (〈Ax, x〉p − 〈Apx, x〉)
≤ 〈f (A)x, x〉 − f (〈Ax, x〉)

≤ ∆ (〈Ax, x〉p − 〈Apx, x〉)

for each x ∈ H with ‖x‖ = 1.

Proof. Consider the function gγ,p : (m,M) → R given by gγ,p (t) = f (t) − γtp

where p ∈ (−∞, 0) ∪ (1,∞) . The function gγ,p is twice differentiable,

g′′γ,p (t) = f ′′ (t)− γp (p− 1) tp−2

for any t ∈ (m,M) and by (3.1) we deduce that gγ,p is convex on (m,M) . Now,
applying the Mond & Pečarić inequality for gγ,p we have

0 ≤ 〈(f (A)− γAp)x, x〉 − [f (〈Ax, x〉)− γ 〈Ax, x〉p]
= 〈f (A)x, x〉 − f (〈Ax, x〉)− γ [〈Apx, x〉 − 〈Ax, x〉p]

which is equivalent with the first inequality in (3.2).
By defining the function gΓ,p : (m,M) → R given by gΓ,p (t) = Γtp − f (t) and

applying the same argument we deduce the second part of (3.2).
The rest goes likewise and the details are omitted.

Remark 1. We observe that if f is a twice differentiable function on (m,M) and
ϕ := inft∈(m,M) f

′′ (t) ,Φ := supt∈(m,M) f
′′ (t) , then by (3.2) we get the inequality

(3.5)
1
2
ϕ

[〈
A2x, x

〉
− 〈Ax, x〉2

]
≤ 〈f (A)x, x〉 − f (〈Ax, x〉)

≤ 1
2
Φ

[〈
A2x, x

〉
− 〈Ax, x〉2

]
for each x ∈ H with ‖x‖ = 1.

We observe that the inequality (3.5) holds for selfadjoint operators that are not
necessarily positive.

The following version for sequences of operators can be stated:

Corollary 2. Let Aj be positive definite operators with Sp (Aj) ⊆ [m,M ] ⊂ (0,∞)
j ∈ {1, ..., n}. If f is a twice differentiable function on (m,M) and for p ∈ (−∞, 0)∪
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(1,∞) we have the condition (3.1), then

(3.6) γ

 n∑
j=1

〈
Ap

jxj , xj

〉
−

 n∑
j=1

〈Ajxj , xj〉

p
≤

n∑
j=1

〈f (Aj)xj , xj〉 − f

 n∑
j=1

〈Ajxj , xj〉


≤ Γ

 n∑
j=1

〈
Ap

jxj , xj

〉
−

 n∑
j=1

〈Ajxj , xj〉

p
for each xj ∈ H, j ∈ {1, ..., n} with

∑n
j=1 ‖xj‖2 = 1.

If we have the condition (3.3) for p ∈ (0, 1), then

(3.7) δ

 n∑
j=1

〈Ajxj , xj〉

p

−
n∑

j=1

〈
Ap

jxj , xj

〉
≤

n∑
j=1

〈f (Aj)xj , xj〉 − f

 n∑
j=1

〈Ajxj , xj〉


≤ ∆

 n∑
j=1

〈Ajxj , xj〉

p

−
n∑

j=1

〈
Ap

jxj , xj

〉
for each xj ∈ H, j ∈ {1, ..., n} with

∑n
j=1 ‖xj‖2 = 1.

Proof. As in [3, p. 6], if we put

Ã :=


A1 . . . 0

.
.
.

0 . . . An

 and x̃ =


x1

.

.

.
xn


then we have Sp

(
Ã

)
⊆ [m,M ] , ‖x̃‖ = 1,

〈
f

(
Ã

)
x̃, x̃

〉
=

n∑
j=1

〈f (Aj)xj , xj〉 ,
〈
Ãx̃, x̃

〉
=

n∑
j=1

〈Ajxj , xj〉

and so on.
Applying Theorem 4 for Ã and x̃ we deduce the desired results (3.6) and (3.7).

Corollary 3. Let Aj be positive definite operators with Sp (Aj) ⊆ [m,M ] ⊂ (0,∞)
j ∈ {1, ..., n} and pj ≥ 0, j ∈ {1, ..., n} with

∑n
j=1 pj = 1. If f is a twice differ-

entiable function on (m,M) and for p ∈ (−∞, 0) ∪ (1,∞) we have the condition
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(3.1), then

(3.8) γ

〈
n∑

j=1

pjA
p
jx, x

〉
−

〈
n∑

j=1

pjAjx, x

〉p


≤

〈
n∑

j=1

pjf (Aj)x, x

〉
− f

〈
n∑

j=1

pjAjx, x

〉
≤ Γ

〈
n∑

j=1

pjA
p
jx, x

〉
−

〈
n∑

j=1

pjAjx, x

〉p


for each x ∈ H with ‖x‖ = 1.
If we have the condition (3.3) for p ∈ (0, 1), then

(3.9) δ

〈
n∑

j=1

pjAjx, x

〉p

−

〈
n∑

j=1

pjA
p
jx, x

〉
≤

〈
n∑

j=1

pjf (Aj)x, x

〉
− f

〈
n∑

j=1

pjAjx, x

〉
≤ ∆

〈
n∑

j=1

pjAjx, x

〉p

−

〈
n∑

j=1

pjA
p
jx, x

〉
for each x ∈ H with ‖x‖ = 1.

Proof. Follows from Corollary 2 on choosing xj = √
pj · x, j ∈ {1, ..., n} , where

pj ≥ 0, j ∈ {1, ..., n} ,
∑n

j=1 pj = 1 and x ∈ H, with ‖x‖ = 1. The details are
omitted.

Remark 2. We observe that if f is a twice differentiable function on (m,M) with
−∞ < m < M <∞, Sp (Aj) ⊂ [m,M ] , j ∈ {1, ..., n} and ϕ := inft∈(m,M) f

′′ (t) ,Φ :=
supt∈(m,M) f

′′ (t) , then

(3.10) ϕ

 n∑
j=1

〈
A2

jxj , xj

〉
−

 n∑
j=1

〈Ajxj , xj〉

2


≤
n∑

j=1

〈f (Aj)xj , xj〉 − f

 n∑
j=1

〈Ajxj , xj〉


≤ Φ

 n∑
j=1

〈
A2

jxj , xj

〉
−

 n∑
j=1

〈Ajxj , xj〉

2


for each xj ∈ H, j ∈ {1, ..., n} with
∑n

j=1 ‖xj‖2 = 1.



6 S.S. DRAGOMIR

Also, if pj ≥ 0, j ∈ {1, ..., n} with
∑n

j=1 pj = 1, then

(3.11) ϕ

〈
n∑

j=1

pjA
2
jx, x

〉
−

〈
n∑

j=1

pjAjx, x

〉2


≤

〈
n∑

j=1

pjf (Aj)x, x

〉
− f

〈
n∑

j=1

pjAjx, x

〉
≤ Φ

〈
n∑

j=1

pjA
2
jx, x

〉
−

〈
n∑

j=1

pjAjx, x

〉2


The next result provides some inequalities for the function f which replace the
cases p = 0 and p = 1 that were not alowed in Theorem 4:

Theorem 5. Let A be a positive definite operator on the Hilbert space H and
assume that Sp (A) ⊆ [m,M ] for some scalars m,M with 0 < m < M. If f is a
twice differentiable function on (m,M) and we have for some γ < Γ that

(3.12) γ ≤ t2 · f ′′ (t) ≤ Γ for any t ∈ (m,M) ,

then

(3.13) γ (ln (〈Ax, x〉)− 〈lnAx, x〉)
≤ 〈f (A)x, x〉 − f (〈Ax, x〉)

≤ Γ (ln (〈Ax, x〉)− 〈lnAx, x〉)

for each x ∈ H with ‖x‖ = 1.
If

(3.14) δ ≤ t · f ′′ (t) ≤ ∆ for any t ∈ (m,M)

for some δ < ∆, then

(3.15) δ (〈A lnAx, x〉 − 〈Ax, x〉 ln (〈Ax, x〉))
≤ 〈f (A)x, x〉 − f (〈Ax, x〉)

≤ ∆ (〈A lnAx, x〉 − 〈Ax, x〉 ln (〈Ax, x〉))

for each x ∈ H with ‖x‖ = 1.

Proof. Consider the function gγ,0 : (m,M) → R given by gγ,0 (t) = f (t) + γ ln t.
The function gγ,0 is twice differentiable,

g′′γ,p (t) = f ′′ (t)− γt−2

for any t ∈ (m,M) and by (3.12) we deduce that gγ,0 is convex on (m,M) . Now,
applying the Mond & Pečarić inequality for gγ,0 we have

0 ≤ 〈(f (A) + γ lnA)x, x〉 − [f (〈Ax, x〉) + γ ln (〈Ax, x〉)]
= 〈f (A)x, x〉 − f (〈Ax, x〉)− γ [ln (〈Ax, x〉)− 〈lnAx, x〉]

which is equivalent with the first inequality in (3.13).
By defining the function gΓ,0 : (m,M) → R given by gΓ,0 (t) = −Γ ln t − f (t)

and applying the same argument we deduce the second part of (3.13).
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The rest goes likewise for the functions

gδ,1 (t) = f (t)− δt ln t and g∆,0 (t) = ∆t ln t− f (t)

and the details are omitted.

Corollary 4. Let Aj be positive definite operators with Sp (Aj) ⊆ [m,M ] ⊂ (0,∞)
j ∈ {1, ..., n}. If f is a twice differentiable function on (m,M) and we have the
condition (3.12), then

(3.16) γ

ln

 n∑
j=1

〈Ajxj , xj〉

−
n∑

j=1

〈lnAjxj , xj〉


≤

n∑
j=1

〈f (Aj)xj , xj〉 − f

 n∑
j=1

〈Ajxj , xj〉


≤ Γ

ln

 n∑
j=1

〈Ajxj , xj〉

−
n∑

j=1

〈lnAjxj , xj〉


for each xj ∈ H, j ∈ {1, ..., n} with

∑n
j=1 ‖xj‖2 = 1.

If we have the condition (3.14), then

(3.17) δ

 n∑
j=1

〈Aj lnAjxj , xj〉 −
n∑

j=1

〈Ajxj , xj〉 ln

 n∑
j=1

〈Ajxj , xj〉


≤

n∑
j=1

〈f (Aj)xj , xj〉 − f

 n∑
j=1

〈Ajxj , xj〉


≤ ∆

 n∑
j=1

〈Aj lnAjxj , xj〉 −
n∑

j=1

〈Ajxj , xj〉 ln

 n∑
j=1

〈Ajxj , xj〉


for each xj ∈ H, j ∈ {1, ..., n} with

∑n
j=1 ‖xj‖2 = 1.

The following particular case also holds:

Corollary 5. Let Aj be positive definite operators with Sp (Aj) ⊆ [m,M ] ⊂ (0,∞)
j ∈ {1, ..., n} and pj ≥ 0, j ∈ {1, ..., n} with

∑n
j=1 pj = 1. If f is a twice differen-

tiable function on (m,M) and we have the condition (3.12), then

(3.18) γ

ln

〈
n∑

j=1

pjAjx, x

〉−

〈
n∑

j=1

pj lnAjx, x

〉
≤

n∑
j=1

〈f (Aj)xj , xj〉 − f

 n∑
j=1

〈Ajxj , xj〉


≤ Γ

ln

〈
n∑

j=1

pjAjx, x

〉−

〈
n∑

j=1

pj lnAjx, x

〉
for each x ∈ H with ‖x‖ = 1.
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If we have the condition (3.14), then

(3.19) δ

〈
n∑

j=1

pjAj lnAjx, x

〉
−

〈
n∑

j=1

pjAjx, x

〉
ln

〈
n∑

j=1

pjAjx, x

〉
≤

n∑
j=1

〈f (Aj)xj , xj〉 − f

 n∑
j=1

〈Ajxj , xj〉


≤ ∆

〈
n∑

j=1

pjAj lnAjx, x

〉
−

〈
n∑

j=1

pjAjx, x

〉
ln

〈
n∑

j=1

pjAjx, x

〉
for each x ∈ H with ‖x‖ = 1.

4. Applications

It is clear that the results from the previous section can be applied for various
particular functions which are twice differentiable and the second derivatives satisfy
the boundedness conditions from the statements of the Theorems 4, 5 and the
Remark 1.

We point out here only some simple examples that are, in our opinion, of large
interest.

1. For a given α > 0, consider the function f (t) = exp (αt) , t ∈ R. We have
f ′′ (t) = α2 exp (αt) and for a selfadjoint operator A with Sp (A) ⊂ [m,M ] (for
some real numbers m < M) we also have

ϕ := inf
t∈(m,M)

f ′′ (t) = α2 exp (αm) and Φ := sup
t∈(m,M)

f ′′ (t) = α2 exp (αM) .

Utilising the inequality (3.5) we get

(4.1)
1
2
α2 exp (αm)

[〈
A2x, x

〉
− 〈Ax, x〉2

]
≤ 〈exp (αA)x, x〉 − exp (〈αAx, x〉)

≤ 1
2
α2 exp (αM)

[〈
A2x, x

〉
− 〈Ax, x〉2

]
,

for each x ∈ H with ‖x‖ = 1.
Now, if β > 0, then we also have

(4.2)
1
2
β2 exp (−βM)

[〈
A2x, x

〉
− 〈Ax, x〉2

]
≤ 〈exp (−βA)x, x〉 − exp (−〈βAx, x〉)

≤ 1
2
β2 exp (−βm)

[〈
A2x, x

〉
− 〈Ax, x〉2

]
,

for each x ∈ H with ‖x‖ = 1.
2. Now, assume that 0 < m < M and the operator A satisfies the condition

m · 1H ≤ A ≤ M · 1H . If we consider the function f : (0,∞) → (0,∞) defined by
f (t) = tp with p ∈ (−∞, 0)∪ (0, 1)∪ (1,∞) . Then f ′′ (t) = p (p− 1) tp−2 and if we
consider ϕ := inft∈(m,M) f

′′ (t) and Φ := supt∈(m,M) f
′′ (t) , then we have

ϕ = p (p− 1)mp−2,Φ = p (p− 1)Mp−2 for p ∈ [2,∞),
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ϕ = p (p− 1)Mp−2,Φ = p (p− 1)mp−2 for p ∈ (1, 2) ,

ϕ = p (p− 1)mp−2,Φ = p (p− 1)Mp−2 for p ∈ (0, 1) ,

and

ϕ = p (p− 1)Mp−2,Φ = p (p− 1)mp−2 for p ∈ (−∞, 0) .

Utilising the inequality (3.5) we then get the following refinements an reverses of
Hölder-McCarthy’s inequalities from Theorem 2:

(4.3)
1
2
p (p− 1)mp−2

[〈
A2x, x

〉
− 〈Ax, x〉2

]
≤ 〈Apx, x〉 − 〈Ax, x〉p

≤ 1
2
p (p− 1)Mp−2

[〈
A2x, x

〉
− 〈Ax, x〉2

]
for p ∈ [2,∞),

(4.4)
1
2
p (p− 1)Mp−2

[〈
A2x, x

〉
− 〈Ax, x〉2

]
≤ 〈Apx, x〉 − 〈Ax, x〉p

≤ 1
2
p (p− 1)mp−2

[〈
A2x, x

〉
− 〈Ax, x〉2

]
for p ∈ (1, 2) ,

(4.5)
1
2
p (1− p)Mp−2

[〈
A2x, x

〉
− 〈Ax, x〉2

]
≤ 〈Ax, x〉p − 〈Apx, x〉

≤ 1
2
p (1− p)mp−2

[〈
A2x, x

〉
− 〈Ax, x〉2

]
for p ∈ (0, 1)

and

(4.6)
1
2
p (p− 1)Mp−2

[〈
A2x, x

〉
− 〈Ax, x〉2

]
≤ 〈Apx, x〉 − 〈Ax, x〉p

≤ 1
2
p (p− 1)mp−2

[〈
A2x, x

〉
− 〈Ax, x〉2

]
for p ∈ (−∞, 0) ,

for each x ∈ H with ‖x‖ = 1.
3. Now, if we consider the function f : (0,∞) → R, f (t) = − ln t, then f ′′ (t) =

t−2 which gives that ϕ = M−2 and Φ = m−2. Utilising the inequality (3.5) we then
deduce the bounds

(4.7)
1
2
M−2

[〈
A2x, x

〉
− 〈Ax, x〉2

]
≤ ln (〈Ax, x〉)− 〈lnAx, x〉

≤ 1
2
m−2

[〈
A2x, x

〉
− 〈Ax, x〉2

]
for each x ∈ H with ‖x‖ = 1.

Moreover, if we consider the function f : (0,∞) → R, f (t) = t ln t, then f ′′ (t) =
t−1 which gives that ϕ = M−1 and Φ = m−1. Utilising the inequality (3.5) we then
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deduce the bounds

(4.8)
1
2
M−1

[〈
A2x, x

〉
− 〈Ax, x〉2

]
≤ 〈A lnAx, x〉 − 〈Ax, x〉 ln (〈Ax, x〉)

≤ 1
2
m−1

[〈
A2x, x

〉
− 〈Ax, x〉2

]
for each x ∈ H with ‖x‖ = 1.

Remark 3. Utilising Theorem 4 for the particular value of p = −1 we can state
the inequality

(4.9)
1
2
ψ

(〈
A−1x, x

〉
− 〈Ax, x〉−1

)
≤ 〈f (A)x, x〉 − f (〈Ax, x〉)

≤ 1
2
Ψ

(〈
A−1x, x

〉
− 〈Ax, x〉−1

)
for each x ∈ H with ‖x‖ = 1, provided that f is twice differentiable on (m,M) ⊂
(0,∞) and

ψ = inf
t∈(m,M)

t3f ′′ (t) while Ψ = sup
t∈(m,M)

t3f ′′ (t)

are assumed to be finite.
We observe that, by utilising the inequality (4.9) instead of the inequality (3.5)

we may obtain similar results in terms of the quantity
〈
A−1x, x

〉
−〈Ax, x〉−1, x ∈ H

with ‖x‖ = 1. However the details are left to the interested reader.
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