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TWO CLASS OF COMPLETELY MONOTONIC FUNCTIONS
INVOLVING GAMMA AND POLYGAMMA FUNCTIONS

BAI-NI GUO AND FENG QI

ABSTRACT. The function

1/z z
Pt 02 () 1)
is logarithmically completely monotonic in (0,00) if and only if ¢ > 1 and
its reciprocal is logarithmically completely monotonic in (0, 00) if and only if
¢ < 0. The function

2+ (64 c)x + (4 + 3¢)x + (2 + 3¢)z3 + cx?

¢//(x) + LL‘3($+ 1)3

is completely monotonic in (0,00) if and only if ¢ > 1 and its negative is

completely monotonic in (0, c0) if and only if ¢ < 0.

1. INTRODUCTION

A function f is said to be completely monotonic on an interval I if f has deriva-

tives of all orders on I and
(—1)"f™(z) >0 (1)

for € I and n > 0. The set of completely monotonic functions is denoted by C[I].
A positive function f is said to be logarithmically completely monotonic on an

interval I if its logarithm In f satisfies
(—=1)*n f(@)]® >0 (2)

for k € N on I. The set of logarithmically completely monotonic functions is
denoted by L[I].

A function f is called a Stieltjes transform if it can be of the form

f<w>=a+/ooo‘m(3) (3)

)
s+ x
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where a > 0 and p is a nonnegative measure on [0, o) satisfying fooo du(s) < 0.
The set of Stieltjes transforms is denoted by S.

To the best of our knowledge, the notion or terminology “logarithmically com-
pletely monotonic function” was introduced explicitly in [9], published formally
in [§], and used immediately in [2, [ 10, M1, 12]. Among other things, it is
proved implicitly or explicitly in [2, B, 8, @, 10, 13] that L£[I] C C[I], but not
conversely [9, 10]. Among other things, it is further revealed in [2, [13] that
S\{0} c L[(0,00)] C C[(0,0)]. In [2, Theorem 1.1] and [4}[11] it is pointed out that
the logarithmically completely monotonic functions on (0, 00) can be characterized
as the infinitely divisible completely monotonic functions studied by Horn in [5]
Theorem 4.4]. For more information on the logarithmically completely monotonic
functions, please refer to [2, [, [7, 10l [IT), 13] and the references therein.

In [IT], 12], it is proved that

[C(z + 1))/

3(r) = (1+3) e ci00 (1)

where I'(z) is the classical Euler gamma function defined by I'(z) = [;°t*"te~*dt
for Rez > 0, which is one of the most important special functions [T, [I4], [15] and
has much extensive applications in many branches, for example, statistics, physics,
engineering, and other mathematical sciences. Motivated by [9, 12], among other
things, the paper [2] proved that ®(z) € S and In®(z) € S and the following

explicit representations are obtained

[0t

0 Stz

In ®(x ds (5)

for x > 0, where
1-s if0<s<1
1—E ifn<s<n+1withneN
s

and

B(z) = 1+ /0 h Shfl ds (7)

for x > 0 with

55 Lsin(ro(s))
h(s) =
) I s
for s > 0.

Define for x € (0, 00)

It is clear that ®;(x) = ®(x).
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The main purpose of this article is to confirm the range of ¢ such that ®.(z) €

L[(0,00)]. Our main results are as follows.

Theorem 1. The function

24 (6 +c)x + (4 + 3c)2? + (2 + 3¢)2® + ca?
+ €
x3(x+1)3

if and only if ¢ > 1 and —¢(x) € C[(0,00)] if and only if ¢ < 0.

¢(x) = ¢" ()

C[(0,00)]  (10)

Theorem 2. The function ®.(x) € L](0,00)] if and only if ¢ > 1 and [®.(z)] "t €
L[(0,00)] if and only if ¢ < 0.

Remark 1. Since ®41(z) and In &4 (x) are both Stieltjes transforms, it is natural to

ask whether the functions ®.(z) and In ®.(x) are Stieltjes transforms for ¢ # 1.
2. LEMMAS
In order to prove our main result, the following lemmas are necessary.
Lemma 1 ([I, 14, 15]). For >0 and r >0,

1 1 e
— = tm e Tt 44, 11
" 1"(7')/0 € (11)

It is well known that the psi or digamma function is ¢(x) = 1;(

CE)) , the logarithmic

x

derivative of the gamma function I'(x).

Lemma 2 ([T, T4, [I5]). The polygamma functions 9*)(z) can be expressed for

z>0and k €N as

> 1
p® () = (-1)F k! Z G (12)
@ = o [T (13

where v = 0.57721566 . .. is the Euler-Mascheroni constant.
ForieN,
; ; 1)1 —1)!
YD (4 1) = 0D (@) CL L (14)

x’b

Lemma 3 ([I, 14, 15]). As z — oo,

InT(x) = <:c - ;) Inz —z+ ln(227r) + é —|—O<313>, (15)
1 1 1

(1 () = 2D, +<”“)’+o( ! ) ()

xn 2gntl  12gnt2 2
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Lemma 4. The function

2e% — 2(t + 2)el + 1% + 2t + 2
t) = 18
e(t) T (18)

is strictly decreasing in (0,00).

Proof. Straightforward computing yields
, 242t + 12+ 13 — (6 + 4t + 32+ 2t3)el + 2(3 +t + t2)e — 23!
¢l(t) = 2et(et — 1)

A Al(t)

o t2et (et — 1)2’

Ni(t) = 2+ 2t + 3% — (10 + 10 + 9t + 2t3)e! + 2(7 + 4t + 2t%)e?" — 6,

M () =2+ 6t — (20 + 28t + 15¢% + 2t°)e’ + 4(9 + 6t + 2t*)e*" — 18,
N/ (t) = 6 — 54e3 — (48 + 58t + 212 + 2t3)e + 16(6 + 4t + t2)e*,
A (#) = —[106 + 100t + 2762 + 263 + 162> — 32(8 + 5t + )¢’ ] !
£ \o(t),
Ny(t) = 100 + 54t + 6t — 32(13 + Tt + t%)e’ + 324>,
My (t) = 6(9 4 2t) — 32(20 4 9t + t*)e’ + 648¢*,
MY (t) = 4[3 — 8(29 + 11t + t*)e’ + 324e*],
AW (1) = 32(81e’ — 2 — 13t — 40)¢".
It is clear that )\gl)(t) > 0 in (0,00) and )\éi)(O) > 0 for 0 < ¢ < 3. Therefore, the
functions )\g)(t) is increasing and positive for 0 < ¢ < 3 in (0,00). This implies
that )\54) (t) is negative in (0,00). Since )\gi) (0) =0 for 0 < ¢ < 3, it follows that
A(li)(t) is decreasing and negative for 0 < ¢ < 3 in (0,00). This gives ¢/(t) < 0 in

(0,00). The proof of Lemma [4] is complete. O

3. PROOFS OF THEOREM [I] AND THEOREM

Proof of Theorem [l From formulas , and , for x € (0,00) and any

nonnegative integer ¢, it follows that

¢(w) £ 9" (2) + ga(w) + ha(x)
o 2+ cx —22%  2(3+ 3z + 2?)
=)+ x3 * (x+1)3
2 c 2 2 2 2

_ 1" - - =
_w(x)+x3+x2 x+(1+x)3+(1—|—x)2+1—|—:c

oo

c 2 2 2 1
- _=Z T N
x? x+(1+x)2+1+x ;(Jc—l—i)?’
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2 2 2
— 9 i_,
Vil )+x2 x+(1—|—x)2+1+x

:c/ te*“dt—2/ e*“dt+2/ te— (=Dt q¢
0 0 0

[eS] 00 42 ,—(x+2)t
+2/ e’(w“)tdt—/ Pe 7 g
0 0

1—et
0o e—(m+2)t
= ct —2)e* + (2t — ct +4)e' — (1 + 2t +2)| ——dt
1—e?
0 _
0 —(z+2)t
N e
= t)—dt
/0 a(t)T—
and
. . oo 67(174’2)15
00) = (1) [ e dt (19)
0 1—e
Standard argument shows that ¢(t) ; 0 is equivalent to
2e%t — 2(t + 2)e! + 2 + 2t + 2
= E+2) — (1) (20)

tet(et — 1)
for ¢ > 0.

Using Lemma and the fact that lim;— ¢(¢) = 1 and lim;—, o ©(t) = 0 leads to
0 < () <1. If ¢ > 1, then ¢(t) > 0; if ¢ < 0, then ¢(t) < 0. This means that
the function ¢(z) is strictly completely monotonic in (0, c0) for ¢ > 1 and —¢(x) is
also strictly completely monotonic in (0, c0) for ¢ < 0.

If ¢(z) is completely monotonic in (0, 00), then by definition

2(3 + 12z + 1722 + 823 + 32%)  2¢
241+ )2 23 =

¢'(x) = " (x) -

which is equivalent to

£3 VW (z) — 2(3 + 12z + 172% 4 82° 4 3a*) 1
.134(1 + .1:)4

c> 22
> % (22
as x — oo by using the asymptotic formula . Similarly, it is easy to see that
the necessary condition of —¢@(z) being completely monotonic in (0,00) is ¢ < 0.

The proof of Theorem [I|is complete. O
The first proof of Theorem |2 Taking logarithm of ®.(z) gives

1) L Inl+1)

In®.(z) =xIn (1—|— clnz.
T T

Differentiating yields

1) 1 +x¢(w+1)—lnI‘(m+l)

Ind,(2)) =In (14—
o) =t (141 ) - ~

glo

and

n) _ n—1 1 1
(@] = (-1 = Dl | -
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(=1 —2)n {(m Ji)n_l B xn1_1}
+ ];T;(fl) +(=1)"(n — 1)!xin
— (~1)"(n—2)! {C(” *xi) — @ (;:17;"} /;T;(fl)’

where n > 2, 9V (z +1) =InT(z 4+ 1), O (z + 1) = ¢(z + 1), and

"1y (k=1)
oty = 3o e P L),
k=0 :

>0 if nis odd,
hy, () = 2" (z + 1)

<0 if niseven.
Therefore, we have
(=)™ I @ (2)] ™) + (=1)" A (@)

x{;(ﬁ)z) }’E

- (n2)!{c(n1)x+

and, by ,

d{(-1)"z" " [In @C(m)](")}
dx

= (=1)"z" "™ (z 4+ 1) + (n — 2)!{c(n -1)—2z

2" [n+n? + (2 + 2n)z + 227
CESYEE

c(n—1)—2z
mn

- xn{(nw(”)(z +1) + (n—2)! [

+n+n2+(2+2n)x+2z2}}

(z + 1)n+t
= x”{(—l)”w(")(a@) + IZZJA + (n—2)! {c(n _;2 —
n+n2+(2+2n)x+2x2}}
(z+ 1)+l
—ar{ () + i+ (- 2| D
. n(n + 1)(1— j_(;l)::l)x + 2332] }
_ xn{(_l)nw(n)($> + (n _ 2)! |:Tl(n — 1) +;7(l711— 1)1,‘ — 2z

n(n+1)+2(n+ 1)z + 222
' e}

22" {(=1)"p" (@) + (n = 2)![gn(@) + hn ()]}
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with
gn () = —(n = D)gnt1(z) and 7y (z) = —(n — Dhyt1(2)

which implies
D (2) = (1) (n - 2)!
g5~ (x) = (=1)"(n = 2)lgn(x)
and
b () = (=1)"(n — 2)th
s (@) = (=1)"(n = 2)hn(2)
by induction. Hence, by using Theorem [I] we have

d{(=1)"z" 1 [In &, (x)]™ >0 if and only if ¢ > 1,
x

< 0 if and only if ¢ <0,

and the function (—1)"z"+[In ®.(z)](™ is increasing (or decreasing) if and only if

¢>1 (or ¢ <0)in (0,00). From

lim {(—1)"2" " [In @.(z)]™} = 0,

z—0

it is deduced that

>0 ifand onlyifc>1
(—=1)"z" ! [In @ (a)) ™

<0 if and only if ¢ <0
and

(1) I, ( )](n) >0 ifandonlyifc>1
— n®.(x

<0 ifand only if ¢ <0
for n > 2in (0, 00). This implies the function [In ®.(z)]’ is increasing (or decreasing)
ifand only if ¢ > 1 (or ¢ < 0) in (0, 00). It is ready to obtain lim, . [In ®.(x)]" = 0,
o

0 B, ()] <0 ifandonlyifc>1
n®,.(x

>0 ifand only if ¢ <0
and In ®.(z) is decreasing (or increasing) if and only if ¢ > 1 (or ¢ < 0) in (0, c0).

The first proof of Theorem [2] is complete. O

The second proof of Theorem[J Write

Hence

f(z) =In[®.(z)] = —(c — 1) Inz + In[®(z)].
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By applying one of the results in [I1] that ®(z) is logarithmically completely mono-
tonic in (0, 00), it is easy to show (—1)"f(™(z) > 0in (0,00) for all n € N if ¢ > 1.

For the part of ¢ < 1, the second part of Theorem [2| is proved if one uses

In = —In(P.(x)).

If the function ®.(x) is logarithmically completely monotonic in (0, c0), then by

definition [In ®.(z)]’ < 0 which is equivalent to

[I>

I(z) (26)

CZZEIH(1+1) z +$7/’(x+1)flnf(x+1)
T z+1 T

from . If 5 1(96) is logarithmically completely monotonic in (0,00), then by

definition [In ®.(x)]’ > 0 which is equivalent to the reversed inequality of (26]).

By L’Hospital rule, it is easy to obtain that lim,_,o9¥(z) = 0. Utilizing directly
Lemma (3| yields lim, ., ¥(x) = 1. Therefore, the necessary condition of ®.(z)
being logarithmically completely monotonic in (0,00) is ¢ > 1 and the necessary
condition of %(z) being logarithmically completely monotonic in (0,00) is ¢ < 0.

The second proof of Theorem [2|is complete. O
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