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Abstract

This dissertation is a detailed analysis of two-dimensional integration providing a priori
error bounds in a variety of measures of integrand derivatives. Cubature formulae involv-
ing both function evaluations and one-dimensional integration are furnished and numerical
experiments to investigate the efficacy of the error formulae are performed. Product (and

singular) double integration is investigated.

Two-dimensional rectangular integral inequalities are constructed via embedding two one
dimensional Peano kernels. In one dimension, linear kernels with a parametric discontinuity
furnish “three point” rules where sampling occurs at the boundary and an interior point.
The error is bounded in terms of the Lebesgue norms of the first derivative of the integrand.
In two dimensions for a rectangular region, we find that the rule generalises to three “three
point” rules in each dimension. That is nine sample points and six one dimensional integrals.
The error bound is expressed in terms of norms of the first mixed partial derivative of the

integrand.

These results are further generalised to provide error bounds in terms an arbitrary order

] fn.+m

i

mixed partial derivative of the integrand. That is, error bounds in measures of
some integers 1, m > 0 where the integrand is f. In this case, we find that the rule involves
both sample points and one-dimensional integrals involving all the partial derivatives of the

integrand up to the stated order.

Finally, we explore product integrands, where the weight w(-,-) is positive and integrable.
In this case, the rule and the error bound involve moments of the weight. Particular at-
tention is applied to identifying a priori two dimensional grids for which the error bound
is minimized. Various weights and weight null spaces are explored and cubature formulae

providing “optimal” grids are given.
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Chapter 1

Introduction

1.1 History and Integration

We begin by briefly examining approximating the definite integral fab f(z)dz. There are
many reason why it may be important or desirable to perform this approximation. For
example, it may be either difficult or impossible to find a mathematical formula for the
integral or, if the problem can be solved analytically, the function concerned may be too
complicated for efficient computation. Also, an integration program for a computer library
may be required which could be used for a general function without special mathematical

analysis on each occasion.

The early period was overcome by the contriving of functions in the modern sense to scru-
tinize general properties and to treat problems such as interpolation or approximation as
general concepts. Newton interpolated functions at equidistant points and integrated the
interpolants, thus becoming the father of the famous Newton-Cotes Quadratures. The sim-
plest two quadratures of this class are the trapezoidal rule and Simpson rule. In the years
that followed, a large number of quadratures of this type were developed involving sundry

corrections and levelheaded combinations of subsistent formulas.

Later Gauss was the first to notice that a suitable variation of the points led to better
accuracy in general. A specialist text for those interested in Gaussian quadratures is the book

by Stroud and Secrest (1966). Numerous new quadratures were subsequently found which

3



4 CHAPTER 1. INTRODUCTION

sluggishly tended towards optimality, properties for certain class of functions or problems

(see, for example, Romberg (1955)).

It is believed that, the accurate and efficient evaluation of the single dimensional integral
is very well established (see, for example, Abramowitz and Stegun (1972), Engels (1980),
Davis and Robinowitz (1984), Press et al. (1986) and Atkinson (1988)).

1.1.1 Multiple Integration

Multiple integration was first used by Newton, but his arguments were geometrical and
somewhat obscure. In the first half of the eighteenth century Leonhard Euler used repeated
integrations in order to integrate over a bounded domain. Joseph Louis Lagrange used a
triple integral in a work on gravitation involving an ellipsoid at around 1775. Followed by
Mikhail Spirogyras who wrote integrals of n-forms over an n-dimensional “hypersurface”.
By the nineteenth century the use of multiple integrals had become fairly common. In fact,
the first good theory was developed fairly recently, by Henri Lebesgue (1902) and Guido
Fubini (1910).

In moving from the problem of computing one-dimensional integrals to the multidimensional
(two-dimensional in our thesis) case leads to a series of new problems. While in one dimension
we may encounter three possible types of integration intervals - finite, semi-infinite and
infinite, now a wide variety of domains have to be accommodated. Also, many cubature
problems do not have a unique solution or a real solution at all. These complications make
the multidimensional case considerably more difficult than the univariate one, and accounts
for the fact that the theory of multidimensional cubature is by no means as complete as the

one-dimensional case.

One technique for evaluating multiple integrals numerically is to treat them as single integrals
in each of the directions. This approach is costly with regards to the work required to
achieve a particular accuracy. Another approach is to aim at reducing the dimension through
utilizing the symmetry of the boundary of the function by using appropriate co-ordinate

systems. However, this approach is, in practice, rarely used since symmetry is not always
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present.

Our proposed method in the current work, aims at reducing the dimensions by approximating
a multiple integral by the evaluation of lower dimensional integrals for general functions, that

do not necessarily contain symmetry.

The Monte Carlo Method (MCM) is one of the most popular methods used in the evaluation
of multidimensional integrals. The basic idea in MCM is to replace an analytic problem by
a probabilistic problem with the same solution and then investigate the latter problem by
statistical simulation. These are useful for functions whose convergence is slow and also

when integrating over irregular regions.

Other methods have been stated for decreasing the error in the MCM. All such approxima-
tions are called Quasi-Monte Carlo Methods. Many different Quasi-Monte Carlo Methods
were developed by Haber (1967), Haber (1970). An extensive theory of Number-Theoretic-
Methods (NTM) is given by Korobov (1963). Recently, new references for NTM have been
given by Fang and Wang (1994) and Fang and Zhang (1999).

A research monograph and reference work is the book by Stroud (1971), in which, the best
introductions to the area of multivariable quadrature can be found and numerical methods

for the approximate calculation of multiple integrals have been discussed.

Some other numerical methods and techniques that have been used for multidimensional
integrations, are for example, adaptive quadrature, lattice rules and the use of parallel im-

plementation of more traditional methods.

Adaptive quadrature, Rice (1973), is an automatic procedure for increasing the accuracy of
numerical approximation to an integral by increasing the number of samples of the integrand.

It should be noted that,

e When an adaptive algorithm is used, the nodes at which the integrand is evaluated
cannot be determined beforehand. Therefore, adaptive techniques are inappropriate

for tabulated integrands.

e The subdivision procedure used in most adaptive quadrature codes is a simple bisec-

tion of the chosen interval. Bertsen et al. (1991), present an algorithm in which a
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subdivision strategy results in three differently sized subintervals.

Another important application to one-dimensional and multidimensional integrals on the
unit cube is the lattice rules. It uses all the nodes on a lattice that lie within and on the
boundary of the unit cube.

Sloan and Lyness (1989), consider quadrature rules for the S-dimensional hypercube. It has
been noticed that for the one-dimensional integration of a periodic function, the trapezoidal
rule is an efficient choice. However, for S-dimensional integration of periodic functions over a
hypercube, the S-dimensional product trapezoidal rule is not generally cost effective. Other
lattice rules can be more effective as shown by Sloan and Walsh (1990), such as lattice rules
of rank 2. Also, Worlet (1991), introduced some new families of integration lattices. They
have a better order of convergence than previously known constructions.

Another approach is the use of parallel computer methods, which can sometimes speed up
the numerical computation of an integral. There are many procedures that can be used
depending on the type of parallel computer under consideration. The most common use of
a parallel computer is to partition an integration interval into many sub-intervals and have
the integration on each sub-interval performed in parallel. Software such as QUADPACK
(IMSL,NAG) Piessens et al. (1983), has been around for some time, which is very robust
and it uses adaptive algorithms taking into account the function behaviour. While these

methods are robust, they are generally the least efficient.

More recently, Cools et al. (1997) of the Numerical Integration, Nonlinear Equation and

Software (NINES) group, have developed CUBPACK++ which can handle double integrals

over a variety of regions.

Cools (1999), also has presented an article on cubature rules as an extension to the work of
Stroud (1971). Thus he has presented both theoretical and practical aspects of multidimen-
sional integrations, a comprehensive bibliography and presentation of multiple integration

or cubature rules for different shaped regions.

Utilizing the theory of orthogonal polynomials of several variables, Dunkl and Xu (2001) have
developed cubature rules using some classical types of polynomials whose weight functions
are supported on standard domains. A variety of domains have been investigated such as the

simplex, the ball, or domains of Gaussian type, which satisfy differential difference equations,
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and for which fairly explicit formulae exist.

1.2 Why Inequalities?

From a practical point of view, sometimes definite integrals cannot be evaluated explicitly,
that is because the function may not be known at all points in the given domain, or may pos-
sess a complicated antiderivative. Thus it is often faster and easier to perform the integration
using approximations to as high an accuracy as desired. Of course, numerical integration
(or quadrature) by its very nature is an approximation and this introduces the concept of
numerical error, and it is important to understand and to be able to estimate or bound
the resulting error. Thus, as Richard Bellman has said, as mentioned in Mitrinovit et al.
(1994), “There are reasons for the study of inequalities, practical, theoretical, and aesthetic.
In many practical investigations, it is necessary to bound one quantity by another. From
the theoretical point of view we use the principle that every inequality should come from an
equality which makes the inequality obvious”. Inequalities will be obtained in this thesis to
provide a priori bounds on quadrature rules. Bounds are obtained from identities procured

by the use of a Peano kernel methodology.

1.2.1 Peano Kernel

From an estimation or error analysis point of view, we observe that a method like the Peano
kernel formula for quadrature rule errors is more general and can be applied in other cases
besides interpolation. Further, it can be used for error bounds as well as for study of the
behavior of the error itself. Consider all the functions f € C™*'[a,d], then the error E[f]
can be represented by the formula E[f] = fab F1 (4) K (t)dt where K (t) is the Peano kernel

for the error and is defined by

K(t) = — Elg(z;1)], (1.1)
(z—t)™ if z2=t,

0 ¢of z<t.
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where ? is just a parameter in the g function and the E operates only with respect to the z
variable. The fruitful thing about the Peano kernel, is that it can be used to determine the

error in integration rules explicitly, as well as being applied for the case when the function

has only a low order of differentiability.

1.3 The boundary integration

Chapter XV of Mitrinovi¢ et al. (1994) deals with integral inequalities involving functions
with bounded derivatives or Ostrowski Type Inequalities, which is now itself a special
domain of the theory of inequalities with many powerful results and a large number of appli-
cations to numerical integration, probability theory and statistics, information theory and

integral operator theory.

The main aim of this thesis involves utilizing the result of one-dimensional Ostrowski in-
equalities to develop cubature rules for the two-dimensional problem over almost rectangular
regions.

By combining the results of the Ostrowski inequality and the three point rules (Cerone and
Dragomir 1999) and applying them in two dimension we obtain a priori error bounds for
functions whose first partial derivatives exist and are bounded. In particular the methodol-

ogy to be adopted involves the following :

e Determine a particular quadrature rule for one-dimensional integrals using a Peano

kernel approach to produce an identity.

e Utilize the one-dimensional integral identity to obtain identities for higher dimensional

integrals.

e Use the Modern Theory of Inequalities to obtain bounds on the approximation by

estimating the bound on the error.

e Determine the partition required in a composite rule that will achieve a desired accu-

racy.
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e Extend the Peano kernel to cater for singular or product integrands which appear quite

naturally in practical problems.

e Compare the quadrature routines as developed above with standard approaches for

specific test integrands.

We develop two-dimensional three point integral inequalities for functions with bounded first
derivatives for different types of norms. In each case applications in numerical integration
of two-dimensional integrals are investigated. We also develop some generalizations of an
Ostrowski type inequality in two-dimensions for n-time differentiable mappings. An exten-
sion of the Ostrowski result to one-dimensional weighted integrals is considered, where the
integrand may posses some singularity structure, or the integrand may be perfectly analytic,
but the region of integration is infinite or semi-infinite. This is accomplished in the manner

outlined below.

1.4 OQOutline of the thesis

A review of the one-dimensional Ostrowski type inequality is investigated, and some recent
results relating to it are given in Chapter 2. In Chapter 3, we utilize the three point tech-
nique from the previous chapter to obtain two-dimensional Ostrowski inequalities in terms
of L, L, and L; norms, where at most the first derivatives are involved in the bound.
Applications of the cubature formulas are produced and some related numerical results are
demonstrated.

Chapter 4 is reserved for some generalizations of Ostrowski type inequalities in two-dimensions
for n—times differentiable functions. The results involve integral inequalities with bounds
in terms of the n'* derivative of the integrand. This is employed to approximate double
integrals using one-dimensional integrals and function evaluated at the interior points. In
Chapter 5, we consider the extension of the Ostrowski result to one-dimensional weighted
integrals. Some fruitful weighted (or product) integral inequalities using the Ostrowski ap-
proach are demonstrated. These inequalities furnish an error estimate for weighted integrals
where both the quadrature rule and error bound are given in terms of (at most) the first

three moments of the weight. Also, the upper bound is a function of the first few derivatives
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of the mapping.

This analysis is then taken up in Chapter 6 where we again focus on two-dimensional inte-
gral inequalities. We develop weighted first and second order double integral inequalities.
We focus in particular to minimizing the bound for different weights and weight null-spaces.

Finally, we develop a method for calculating cubature grids that rely only on the first few

moments of the weight.



Chapter 2

One Dimensional Integral Inequalities

Many of the techniques used for developing multiple integral inequalities are based on anal-
ogous one dimensional results. With this in mind this chapter will focus on one dimensional
integral inequalities and we review some recent results. Generalizations of the Ostrowski
inequality (Ostrowski 1938) are employed to obtain a variety of integral inequalities involv-
ing one and three points and/or weighted integrals. The inequalities thus obtained are then
employed to produce one dimensional quadrature rules with an estimate of the error in a

variety of norms.

In the subsequent two chapters, the techniques used here are generalized to obtain two

dimensional integral inequalities.

2.1 The Ostrowski Inequality

The classical Ostrowski integral inequality in one dimension stipulates a bound between a
function evaluated at an interior point z and the average of the function of over an interval

(see for example, Mitrinovit et al. (1994, p.468)). That is,

THEOREM 2.1. Let f : I C R — R be a differentiable mapping on I°, (I° is the interior of I)
and let a,b € I° with a < b. If f' : (a,b) = R is bounded on (a,b), that is,

1 f]loo == sup |f'()] < oo,
tela,b)

11



12 CHAPTER 2. ONE DIMENSIONAL INTEGRAL INEQUALITIES

is the Log[a, b] norm, then we have the inequality:
I 1 (z— =)

)f(x)_b—a/a f(t)dt] < {Z—i_(—b—%)?)_ (0 —a) [l f'll (2.1)

for all z € [a,b]. The constant § is sharp in the sense that it cannot be replaced by a smaller

constant.

For completeness, we include the proof of Theorem 2.1. The appropriate construction and
manipulation of the Peano kernel is an underlying theme which underpins many of the results
in this dissertation.

Ostrowski himself did not use a Peano theorem in his proof, but as will be evident this
approach, in conjunction with Holder and other inequalities, leads to integral inequalities

with upper bounds expressed in a variety of norms.

Proof. (of Theorem 2.1) Consider the Peano kernel

t—a, t € la,z],
K(z,t) := (2.2)

t—b, t € (x,b).
See Figure 2.1(a) for a diagrammatic representation of (2.2).
We notice that this kernel produces sampling only at an interior point and does not at the
boundary. This is because K vanishes at the boundary and is discontinuous at the interior
point z.
Consider the integral

/ Ko t) (1)t

Integrating by parts over the given intervals in (2.2) and simplifying produces the identity

- / f(t)dt = / K(z,1)f (2.3)
b—a/,
Now, utilizing (2.3) we have, using well known properties of the modulus and integral,
I I
— dt| < —— K(z,t)||f (t)|dt 2.4
1@ - 52 [ o) < = [ K@ oire) (2.4)
from which a simple calculation gives (2.1). 0

Of course it would be normal to use Holder inequality in the p and /or 1-norms. This was

done by Dragomir and Wang (1998a) and Dragomir and Wang (1997). These results appear

below.
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THEOREM 2.2. Let f as be in Theorem 2.1 and let f' € Ly[a,b],(p > 1

+ > =1), then

1.1
Yp ¢

the following inequality exists

76 - g [ < [ oA

11 = ([ 1o @)

THEOREM 2.3. Let f be defined as in (2.1). Further, let f' € L[a, b]. The following

‘x b—a/f dt,

for all z € [a,b] and ||f'|lx .—f |f/(?)] dt.

where

I~

is the Ly[a,b]-norm.

inequality holds
L= 22

O )

11l (2.6)

Since Ostrowski first produced his inequality in 1938, there has been an ezplosion of related
results. See for example, the well known book by Mitrinovit et al. (1994). Extensions to
other norms, and higher derivatives have been considered by Anastassiou (1995), Cerone
et al. (1999a), Sofo and Dragomir (2001) and Mati¢ and Pecari¢ (2001). See the recent book
edited by Dragomir and Rassias (2001), and the pre-print archive of the Research Group in
Mathematical Inequalities and Applications (http://rgmia.vu.edu.au). Below we expand on a
few Ostrowski-like results as they impact on the main work in this thesis. We will highlight
the role of the kernel and other techniques as appropriate.

Further, Milovanovi¢ and Pecari¢ (1976) increased the order of the derivative in (2.1) to
an arbitrary n by considering n-times differentiable mappings as shown in the following

theorem.

THEOREM 2.4. Let f(z) be an n(> 1) times differentiable function such that f™ €
Leo[a,b] for z € (a,b). Then, for every z € [a,b]

R A

where F}, is defined by

n—k f*(a)(z - a)f — fED(0)(x - b)k. (2.8)
k! b—-a

Fk Fk(f,’fl z,a, b)
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Equation (2.7) was proved by employing Taylor’s formula

1
f@)=fw+ ) 5fPWE -yt + P © @~y (2.9)
and integration by parts, (see Mitrinovit et al. (1994) for the complete proof).

Remark 2.5. Substitutingn =1 in (2.7) produces (2.1).

Fink (1992) used the integral remainder form of a Taylor series to generalize the Milovanovié

and Pecari¢ (1976) result (Theorem 2.4) to include functions in L, spaces.

THEOREM 2.6. Let f" be absolutely continuous on [a,b] with f™ € L,a,b] then

Mo+ Sn) -k [
2 :

< K(n,p, )| f™l, (2.10)

where . )
[(z —a)"" s + (b—x)""a]V/e

1
}((nap’$):: EI b—a

B((n—1)g+1,q+1)/¢

J

nn! b—a

for 1 <p < oo, %—i— % =1 and K(n,1,z) = (=27 max{(z=a)"\(b-2)"} B(z,y) 1s the
beta function of Euler, that is

1
B(x,y):/o £11— % ldt, 3,y > 0.

Remark 2.7. It is easily observed that for n = 1, the result is as in Theorem 2.2.

Anastassiou (1995) established an optimal upper bound on the deviation of a function from
its average. He gave a different proof to Theorem 2.1 and from that of Ostrowski’s initial
proof of 1938 (Ostrowski 1938).

In the same paper, he has been motivated by the important work of Fink (1992) and obtained

more general Ostrowski type inequalities as follows below.

THEOREM 2.8. Let f € C**!([a,b]),n € N and z € [a,b] be fized, such that f®)(z) =
0, k=1,---,n. Then

I If " Dl ((z—a)**? + (b—2)™*
b—_—a/ f(y)dy—f(w)‘ < 1 2) ( = > (2.11)
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THEOREM 2.9. Let f € C™*'([a,b]),n € N such that f®)((a+b)/2) =0, all k evene
{1,---,n}. Then

R HEED| < U (6 S, 212

Through the use of a Peano kernel approach Cerone et al. (1999a) established another
generalization of the Ostrowski inequality for n-time differentiable mappings, as illustrated

in the theorem below.

THEOREM 2.10. Let f : [a,b] — R be a mapping such that f("~V is absolutely continuous
on [a,b] and f™ € Ly[a,b], then for all z € [a,b], the following inequality holds:

b n—1 (b— x)k+1 + (——l)k(x _ a)k+1
[ sta- > | T | #90

< 1/ Plleo wity o P lleo(b = @)V
Sy Fme A bmaT s (n+1)!

(2.13)

The theorem is proved utilizing mathematical induction and using the Peano kernel mapping

K(,.) :[a,b]* > R,

(= " if t¢[a,q]
= n! T 214
K(z,t): GO if f e (g, b, o

Y

The kernel (2.14) is similar in sense to that of (2.2). It vanishes at the boundary points and
is discontinuous at the interior point, thus producing a rule that provides sampling at the
interior point and not at the end points. Since (2.14) is a polynomial of order n, an integral
inequality in the n** derivative will result (2.13). We can compare this to (2.1) which has a
bound in the first derivative due to the linear Peano kernel (2.2). Equation (2.14) is sketched
in Figure 2.1 (c¢) and 2.1 (d).

Higher order derivative norms are not the only extensions to Theorem 2.1. Introducing more
branches of the Peano kernel; that is extending the number of discontinuities will produce an
integral inequality with many sampling points. This avenue has been explored by Dragomir

with bounds involving the first derivative and by A. Sofo (see Dragomir and Rassias 2001,
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Chapter 2) involving the n'* derivative. Sofo used the Peano kernel

4
(t—oy)™
n! ’

M te [xl,xz)

n! )

t e [a,xl)

]

Ko g (t) = ¢ : (2.15)

t_ _ n
(a+l)a t € [Tg—2, Tk-1)

t—ag )™
n! )

t e [iEk_l, b]

To begin, it is immediately evident that K, x(t) is of order n, thus the integral inequality will
be bounded by a measure of f™). In addition, (2.15) has discontinuities at z,, s, - , Zg_;
and does not vanish at the boundary, thus we would expect sampling at the points

{a,21, 22, ,z4-1,b}. The kernel (2.15) is sketched in Figures 2.1 (e) and 2.1 (f). The

integral inequality furnished for this kernel is

l/f dt+z : [Z{ i — o) -—ai+1)j}f(j“l)(:ri)” (2.16)

(n)
< |(|TJ:+ |1|0C; Z{ iy = )"+ (21 — )"}
k-1
w ntl

= !
(n+1)! g

(n)
S |(|7fl‘+|]|-c)x;(b—a)l/n(h) ’Lf f(n) € Loo[a,b]a

where h; :=z;4; — z; and v(h) :=max {h; [i =0,--- ,k—1}.
A unique extension was proposed and explored by Cerone and Dragomir (1999) wherein the
constants ‘a’ and ‘b’ in the kernel (2.2) were replaced by linear parametric functions- the
zero’s and discontinuity of the kernel were themselves functions whose positions were allowed
to change.
The kernel is

K1) = t—al(z), ift€[a,z], (2.17)

t—B(z), if te (z,b],

where

a(z)=yz+(1-v)a and  f(z)=yz+(1—-7)b (2.18)

v€1[0,1] and z € [a,b]. Hence the sampling occurs at three points; the boundary ‘a’ and

b’ and the point z. The sampling is controlled by the parameter . This is further explored
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in the next section.

Recently, the Research Group in Mathematical Inequalities and Applications (RGMIA) has
carried out a considerable amount of work in the application of the Modern Theory of In-
equalities to obtain a priori bounds for a variety of Newton-Cotes rules. The classical rules
of mid-point, trapezoidal and Simpson’s in particular have been investigated, giving error
bounds in terms of a variety of norms (see Cerone and Dragomir (2000a) and Cerone and
Dragomir (2000b) ).

The investigations were carried out for both Riemann and Riemann-Stieltjes integrals in
which the bounds involved the behaviour of the integrand. As we mentioned before this was
done through a Peano kernel development and so the order or accuracy of the approximation

does not depend on the order of the highest polynomial that the rule integrates exactly.

For more results related to the Ostrowski inequality see Dragomir and Rassias (2001), Anas-
tassiou (1995), Milovanovié and Pegari¢ (1976), Cerone et al. (1999b), Cerone et al. (1999c),
Cerone et al. (1998), Cerone and Dragomir (2000b), Dragomir and Wang (1998b), Dragomir
et al. (2000), Dragomir (1998) and Dragomir (1999).

2.2 Three point Quadrature rules

The inequality, which combines and generalizes the interior point (mid-point type) and
boundary point (trapezoidal type) inequalities via a parameterization for distinguishing the
types, has been investigated by P. Cerone. This new inequality has been called the “three
point rule”. Cerone and Dragomir (1999) examined the three point quadrature rule of
Newton-Cotes type where the error involved the behaviour of, at most, a first derivative.
Simpson type rules are recaptured as particular cases. Moreover, Riemann integrals are
approximated for the derivative of the integrand belonging to a variety of norms.

The following inequality involves a three-point rule whose bound may be obtained in terms

of the first derivative, f' € Lq[a, b].

THEOREM 2.11. Let f and f' be as in Theorem 2.1. Further, let o : [a,b] € R and
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B:la,b] € R with < z < B Then, for all z € |a,b] we have the inequality

[ 108~ (8@) - a(@) 1)+ 6 - 5291 6) + (at2) — 0) (0]
<wrik{5[(452) + (== 252)]

+ (a(x) - a;‘”)2+ (5(@ - b;‘”)z}. (2.19)

Proof. Let K(.,.) : [a,0]* — R, where K (z,t) is the kernel (2.17) and consider the integral

/ b K(z,0)f(t)dt.

Integrating by parts over the given intervals in (2.17) and simplifing produces an identity
from which, taking the modulus and using well known properties of the modulus and integral,

gives the result. O

Inspection af the bound in (2.19) reveals that o and S should take on linear profiles for the
bound to be minimized. Thus the motivation is to prescribe a linear parameterization in

(2.18). Utilizing equation (2.18), we get the following theorem,

THEOREM 2.12. Let the conditions of Theorem.2.11 hold, then

[ i - - a{a s+ (222) s+ (1=2) 10] )
e (DR -] o

Remark 2.13. v = 0 in (2.20) reproduces Ostrowski’s inequality equation (2.1) whose bound

is sharpest where x = %X giving the mid-point inequality.

2

Remark 2.14. v = 1 produces the generalized trapezoidal inequality for which again the best

bound occurs when = “E2 giving the standard trapezoidal-type inequality.

Remark 2.15. v = ; gives a Simpson-type rule for which the optimal value z = e giving

the optimal bound when only the assumption of a bounded first derivative is used.

Further, the stated three-point rules when f’ € L,[a,b], as represented below.
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THEOREM 2.16. Let f : [a,b] € R be a differentiable mapping on (a,b) and f' € L,(a,b)

where p > 1 and 2+ = 1. Then the following inequality holds for all z € [a,b], a(z) € [a, z]
and f(z) € (z,b],

b
/a f@)dt = [(B(z) — a(z)) f(z) + (b - B()) f(b) + (a(z) - a) f(a)]

< [(a(2) — )" + (z — a(2))"™*! + (B(z) — z)o+!
+ (b= @) e (g + )5 |l
< [(x —a) b x)'ﬁl] "Il

g+1

<t-a(253) I (221)

In the next chapter, the three point technique used here is generalized to obtain two-
dimensional integral inequalities involving the L., L, and L; norms in terms of the first
derivatives of the function in order to produce cubature rules. Three point integral in-
equalities in which, at most the first derivative is involved, are derived for two-dimentional

integrlas.
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(a) The Peano kernel for equation (2.2) (b) The three point Peano kernel of

equation (2.17)

(d) The Peano kernel for the mid-point

(c) The Peano kernel for the mid-point
rule in equation (2.14) for even n

rule in equation (2.14) for odd n

‘ j! II o ! ; II Ii | | I l;

|
|
I | / | | I !
' = con |

1 u_/: r_//n \ / | i | I |
T T T T T 7 1 1 | [ fEA | | |
a; ay 171/&2 z[ a3 o Tep1ar b \ {1 {1 | | [
| I \ | | | | \
| | | f | | | f | | \
| | I| II I i { ) i \ g \‘\ | ! | I Y | |
| | R S R I
Zpg-19% b

| | /
I | | a a1 Q@2

(f) The multivariate Peano kernel

(e) The multivariate Peano kernel
which represents equation (2.15) for

which represents equation (2.15) for
even n

odd n

Figure 2.1: Sketch of different Peano kernels.



Chapter 3

Techniques for two-dimensional

Integrals

3.1 Introduction

Moving from the problem of computing one-dimensional integrals to the multidimensional
case leads to a series of new problems. While in one dimension one may encounter three
possible types of integration intervals - finite, semi-infinite and infinite, now we have to deal
with a wide variety of domains. In addition, as is already evident in two dimensions, the
functions being integrated can have singularities not only at a point, but even on an entire
manifold. These complications make the multidimensional case considerably more difficult
than the univariate one, and accounts for the fact that the theory of multidimensional cuba-
ture is by no means as complete as the one-dimensional case. Indeed, cubature formulae are
most often evaluated as iterated one-dimensional integrals. The approach is straightforward
but has some disadvantages, two of which, are that the error estimates are unnecessarily
large, since they too rely on embedding the one-dimensional error results, and it is often
difficult to discretize regions that are other than ideal. That is, regions whose boundaries lie
on coordinate lines of some orthogonal system.

In this chapter we employ the Peano kernel techniques of Chapter 2 to produce two-
dimensional integral inequalities. Specifically we will combine and extend the work of Cerone

and Dragomir (1999) and Barnett and Dragomir (2001). In Cerone and Dragomir (1999),

21
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a one-dimensional three point inequality was investigated, while in Cerone and Dragomir
(1999) a two-dimensional version of the Ostrowski result was produced. Here we will develop
a two-dimensional three point integral inequality for functions with bounded first derivatives
for different types of norms. In each case applications in the numerical integration of a two-
dimensional integral is investigated. An a priori error bound is obtained for functions whose
first partial derivatives exist and are bounded. The rule presented here approximates a two-
dimensional integral via application of function evaluations and one-dimensional integrals
at the boundary and interior points. A parameterization, similar to that of Cerone and
Dragomir (1999) and reviewed in Theorem 2.11, is employed to distinguish rule type. If the
one-dimensional integrals are not known, they themselves can be approximated to produce a
cubature rule consisting only of sampling points. An additional three point rule, as in Cerone
and Dragomir (1999), may be subsequently used, or indeed any other desired quadrature
rule. For example, the optimal rules of Golomb and Weinberger (1959) and Traub and Woz-
niakowski (1980). As a result the error bound will be larger.

The Chapter is arranged in the following manner. In Section 3.1, an inequality for double

82

integrals is obtained in terms of first derivatives where mft—z

€ Ly [[al, b1] X [as, bz]}. Some
numerical results are computed in Section 3.7. An application for the cubature formula is
illustrated in Section 3.3. In Section 3.3, an inequality is developed for mappings whose
first derivatives ati:a'% € Ly[la;,b1] X [az, b;]] and an application is demonstrated through
numerical results in Section 3.5. Section 3.5 is reserved for results involving mappings whose
first derivatives belong to the ||.||;-norm.

The method presented here is based on Ostrowski’s integral inequality, and as such is
amenable to the production of error bounds for a variety of norms. In addition smoother and

product integrands may also be considered as has been done for one-dimensional integrals,

see for example (Cerone and Dragomir 1999; Cerone et al. 1999a; Roumeliotis et al. 1999).

3.2 Mappings Whose First Derivative Belongs to
LOO[[a’labl] X [GQ,bQH-

Here we consider a function whose first partial derivatives exist and are bounded over a given
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rectangular region. We state the following theorem (see also, Hanna et al. (2000)).

THEOREM 3.1. Let f : R2— R be o differentiable mapping on [a1,b1] X [ag, by] and let
Jo = _Lat 35 be bounded on (a1,b1) X (ag,by). That is,

O f
8t18t2

” t1 tz” = sup < 00.

(z1,22)€(a1,b1)%(az,b2)

Furthermore, let z; € (a;,b;) and introduce the parameterization o, f; defined by

o = (l—vi)ai-}-’yixi, (31)

Bi = (1—m)bi + vz,

where y; € [0,1], for i = 1,2. Then the following inequality holds

2 2

x (1+ (272 — 1)) [<b2 ; a2>2+ (l’z — a2;b2>2} , (3.2)

gwen that
3 3 3
G(z1,t1,%2,t) = 3> CuiCnfix — Y (Cinljz + Cialj)
k=1 j=1 3=1
bo b1
[Tt dne (33)
az a)

7 (T — a1) Yoo — a2)
(CJ’C) - (1 - ’Y1) (b al) (1 - ’Yz) (b2 - a2) ) (3 5)
Y (b1 — 21) (b — a2)
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Proof. Define the kernel

p(x,t)={ e telad, (3.7)
t— 8, t e (z,0],

where, @ = (1 —v)a +vz, and 8 = (1 — v) b+ yz. Using (3.7) and integrating by parts we

obtain, after some simplification, the identity
b
/ p(z,) F' (t) dt
a

:(1—’y)(b—a)F(x)—f—’y[(x—a)F(a)+(b—z)F(b)]——/bF(t)dt. (3.8)

A two-dimensional identity can be developed via repeated application of (3.8). To this end,

we define the mapping

ti— oy, a4 St <z, .
pi (zi,t;) = for 1 =1,2. (3.9)
ti— 0, T <t < by,
Substituting p; for p and f(t1,-) for F'(t) into (3.8) gives

b
/ p1 (21, t1) g—t{dtl = (1 =m) (b1 —a1) f (z1,%2)

b
+ 7 (21— a1) f (a1, t2) + 1 (b1 — 21) f (b1, t2) — f(t1,t2) dti. (3.10)

ai
Employing (3.8) again with p, as the kernel, F(t;) = fabl‘ D (21, t) %dtl as the integrand
and expanding with (3.10) produces,

bo bo b1 aZf
/ Po(2, 1) F'(t) dty = / / P (5, t2) 1 (31, 1) —od—dt 1ty
e Jay Ot 0t

az

= (1 — ’)’2) (bg - ag) F (1172) + Y2 [(2 — 1172) F2 (bQ) + (1‘2 - GQ) Fg (a2)]
- / " B () dta

az

=(1—m) (1 —72) (br = a1) (b2 — @2) f (1, 22)
+ 71 (1 —7) (b2 — ag) (b1 — 1) [ (by, 22)
+ 71 (1= 7y2) (b2 — a2) (21— a1) f (@1, 22)
+ 72 (1 =) (b = a1) (be = 22) f (21, 02)
+ 72 (b2 — 2) (b1 — 1) S (b1, b2)
+ 7172 (be — 22) (21 — @) f (a1, b2)

+ 7o (1 =) (22— ag) (bt — a1) f(21,02)
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+ 172 (22 = az) (b — 21) f (b1, az)

+ %2 (T2 — a2) (z1 — a1) f (a1, as)

b1 bl
— (1 =) (b — ay) f(t,22) dty — 2 (by — x3) f(t1,b2) dty
b1 1 albz
— 72 (22 — ag) [t a)dty — (1= m) (b — ay) [ (z1,t2) dty
1172 b2 “
— 7 (by — zy) f (b, ta) dty — 7 (21 — ay) f(ay,t2) dt,
a2 a2

ba by
/ f (t1,t2) dtydt,.

a2 al
3 3 3 b2 by
=Y > CuCifit = Y _(Ciljy + Cpplyy) + / f(ty,t2) dtydt,.
k=1 j=1 j=1 oz Ja
so that
by by 2f
G (21,11, T2, t2) =/ / P2 (T2, t2) Py (21, t1) —=—dtidts. (3.11)
a Ja Ot 0ty
Assuming that both first partial derivatives of f are bounded, we can use Holder’s inequality
to give
b2 b f
t dt,dt
P2 ($2, 2)P1 ($1, )at ot, 1al2

ba b
s||fz;,t2||w(/ |p2<x2,t2>|dt2) (/ |p1<x1,t1>|dt1). (3.12)
a2 a)

b1
Gi(21) = / \p1 (21, t1) | dty

a

[¢3 Ty
= —/ (tl — al) dtl + / (tl - al) dtl

al 1

B1 b
—/ (t1 —ﬁ1)dt1+/ (t1 — B1) dty

X 1

Now, consider

[(a1 —a) + (21 - a1)2 + (b1 — 21)* + (b — 51)2]

—a\’ +0\?
[1+ (2n — 1)7] [(bl ‘“) + <x1 _ 1) : (3.13)
2 2
Similarly, with G, (z2) = f:: |p2 (22,t2)| dt2, we have
2
1 9 by — ag ? ap + by
GQ($):§[1+(272—1)][< 9 ) +<fl?2_ 2

Using (3.4) , (3.5) and (3.6) and substituting (3.11), (3.13) and (3.14) into (3.12) will produce
d

N[ —= DN =

(3.14)

the result (3.2) and thus the theorem is proved.
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The following result gives an Ostrowski type inequality for double integrals. It involves

double and single integrals together with a function evaluation at an interior point.

Corollary 3.2. With the conditions as in Theorem 3.1, then

{(bl —a1) (b2 — ag) f (z1,72) — (b2 — ap) 1 f (t1,25) dt,

al
b2

by b
— (b1 — ay) f (z1,12) dty +/ [ (t1,t2) dt1dts

a2
" b —a )’ + b1\ ? by — 2 2
< Hftl,tznoo [( 1 2 1) + (931_ = 2 1) } [( 2 2a2> + (m— a2—2+-b2> . (3.1%)

Proof. Place v, = v, = 0 into equation (3.2). O

Thus, the earlier results of Barnett and Dragomir (2001) and Mitrinovi¢ et al. (1994, p.
468) are reproduced as a special case of Theorem 3.1. We note that unlike Barnett and
Dragomir (2001), the proof for Theorem 3.1 can be readily extended to more than two
dimensions. Different values of the parameters 7;, 2, £, and z, give rise to Newton-Cotes
type inequalities for functions with bounded derivatives. For example y; = v, =0, z; = ﬁlg—bl
and zo = 92—}"1 produces the two-dimensional mid-point inequality; 7, = 72 = 1 a two-
dimensional trapezoid-like inequality (a similar result has been obtained by Pachpatte (2001)

) and 7, = 7y, = 3 a two-dimensional Simpson’s like inequality.

From Theorem 3.1 it is a simple matter to show that the tightest bound is obtained when
M =2 = £ and z; and z; are at their mid-points. That is the average of the mid-point and

trapezoid inequalities.

Remark 3.3. Let f (t1,t2) = g(t1) g(t2) where g : [a,b] — R. If g is differentiable and
satisfies the condition that ||g'||, < oo, then, for z1 = 22 =z and 1 = 72 = 7, we obtain
a result from Theorem 3.1 which may be factored to recover the three point rule of Theorem

2.11, namely

[ 56— 2(( - a)g(@) + (0~ 2)g(1) — (1 =)= a)a(o
, _a\2 ot b\2
S%(lﬂzﬂy—l)?)((b? ) +<x— ;)) (3.16)
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In general, cubature formulae are written only in terms of function evaluations, but Theo-
rem 3.1 approximates a double integral in terms of single integrals and function evaluations.
Therefore we write down the following corollary which eliminates the one-dimensional in-
tegrals by approximating them using the 3-point rule in equation (3.16). The resulting

inequality has a coarser bound than equation (3.2).

Corollary 3.4. Let f be given as in Theorem 8.1. Then

by b 3
f (t1,22) dtldtQ_ZZCkl Ciafix
k=1 j=1
” “’”” (1+(@2n-1)°% 1+ (27 -1)%)
* [(’“‘“ﬁ”(% )| () ¢ (5
2 2
1 by —a ay + b\ ?]
‘2‘(1+(2’Yl—1)) <12 ! +($1—- 121>

X {’)’2 (.’172 - a’2) Hftll,(nHoo +

l\DI»—l

e =) [l +

(1+ (2% -1)%

(1 =) (b — @) || f2, 1,

2
+ (xz—

a2+b2
2

vzl + 72 (02 = 22) | ol }
)

|oo + 7 (b — 1) “fl;ntzHoo} (3.17)

Proof. Approximating each single integral in (3.2) by (3.16) and applying the triangle in-

equality produces the desired result.

Remark 3.5. If v; = v» = 0 and z;

bo b

Hftl,t'z“
16

01)2 (b2 —

— a4 +b,

02)2 +

, then

f(t1,t2) dtrdta — (by — a1) (by — a9) f <

O
a; + b1 Gy + b2
2 72
1,22 2
= (bz - (12) (bl - al)
4
;DzL—bL’t? 2
4 et (b1 — (11) (bg — ag) . (318)

We can apply any other rule rather than the one in (3.16) to approximate each single integral

n (3.2)
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3.3 Application to Cubature Formulae

To illustrate the use of a cubature formula, we form a composite rule from the inequality
(3.15).

Let us consider the arbitrary division:

ap=§E <6< <&=b

on the interval [a;, b,] with z; € [£;,&1] for i =0,1,...n—1 and J,, : ay = To<T <..<

Tm = by on the interval [ay, by] with y; € [, 7;41] for j = 0,1,...,m — 1. Consider the sum

-1

3
3

n—1m-—1

Ti+1
AU R n8) = 32 3 s (s = -5 [t
1=0 j=0 i=0 ]=0
nlm-l §iv1
a Uj/ f(tlyyj) dtla (319)
1=0 j.—_O Ei

where
hi=&n—& (i=0,1,.,n=1)and v; =74, —7; (j=0,1,...,m—1)and v, = vy, = 0.

Under the above assumptions the following theorem holds.

THEOREM 3.6. Let f : [a1,b1] X [az,b2] = R be a differentiable mapping on [a1,b;] x
[ag, ba], let f}!,, € Loo(a,b) x (c,d) and I, Jm, x,y be as above. Then we have the cubature

formula

b2 b1
/ f(t1,te) dtrdty = A(f, I, Jny 2, y) + R(f, Iny Iy 2, Y) (3.20)
2 ay

where the remainder term R (f, I, Jn, z,y) satisfies the inequality

B (£, Iny Tny 2, )

n—1m-1 2 2
1, &+ &in 1, Tt Tin

i=0 j=0

Proof. Apply Corollary 3.15 on the interval [&;,&41] X [75,Tj+1], (1 =0,1,..,n—1),
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(j=0,1,...,m—1) to get

h; Y5
§it1

(€1 — &)‘ZT 1— TJ) (i, y5) —v; A [ (t,y;) dt

Ti+1 it PTi1
—hl/ f (xi) t2) dty + / / f (tl, tz) dtldtz
T & 7
1 i+ & 21 T 2
< Hftll,tznoo [th + (xi o : 26 +1> :l Zvjz + (yj - %) (3'21)

forall (4=0,1,..,n—-1),(j=0,1,...,m—1).

Now, summing over 7 from 0 to n — 1 and over j from 0 to m — 1, and using the generalized

triangle inequality, we deduce (3.21). O

y — &t < Ly and |y; - Lt | < Ly Applying these

to (3.21), we find that

n—1m-1 1 1 1
iR(faIme)x:y” S I|ff{1,t2HooZ [ h2+ hzl |i:1"()] +4’U]2jl

.,

0 5=0

n—1 m—1
“ftl,h Hoo h2 Z b2 (322)

Corollary 3.8. Now, consider the case where z; and y; are the mid-points. At the mid-point

we have

ba b
/ £t ta) dtrdts = A(f, Iny Jm) + R(f Ins Im) (3.23)

where the remainder term R (f, In, Jm) satisfies

R (f, Iy Jom) 1ol Zh? Zv

Corollary 3.9. Let the conditions of Theorem 3.6 hold. In addition, let I, be the equidis-
tant partition of [a1,by], In @ = = ay + (B52)i, i = 0,1,..,n— 1, and Jy be the
equidistant partition of

laz,b2], I ¢ y; =ag+ (B22) 5,5 =0,1,..,m— 1, then

b2 b1 fI: | . al _ a2)2
f(tljt2)dt1dt2 — A(f, In, Jm) _<_ ” i ,t2| 16nm

(3.24)
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Proof. From Theorem 3.6 with h; = —1—1 for all 7 so that

R L d)| < 1 “’””"" Z (bl . a1>2mi <b2 - a2)2
B , ; m
7=0
_ Hftl,tzHoo b1 — a1)?(by — az)?
B 16nm
and hence the result is proved. 0

Remark 3.10. If we were to use (8.19) to approzimate the integral fab; fab: f(t1,t2) dt,dt,

with a uniform grid and sampling at each mid-point, then the remainder R is bounded by

e, allog (b1 = 01)2 (b2 — 0)?

16nm

|R (f) In,Jm,X, Y)‘ S (325)

3.4 Mappings Whose First Derivative Belongs to
Lp [[al, bl] X [G,Q, bQ”

For this section we will refer to Dragomir and Wang (1998b) where the authors considered
an inequality of Ostrowski type for |||, —norms as in Theorem 2.2. Also we will utilize the
result of Dragomir et al. (1998) wherein the authors acquired a double integral in terms of
|||, —norms. Utilizing Theorem 2.11 and amalgamating the above two results we point out
a three point inequality of Ostrowski type for double integrals in terms of the [|[|, —norm of

the first derivatives.

THEOREM 3.11. Let f : R*— R be a differentiable mapping on [a;, b,] X [as, by] and let
fiotn = WétL be L, bounded on (ay,b1) X (aq,by), that is,

il = (], L[5

We obtain the following inequality

2

ot 8t2

dtdtg) s 1<p<oo.

Q=

1
G (1, t1, 22, 15)| ” tl)tzH P+ (=) (2 - a)™ + (b — z1)T]

(q +1)¢ 1 1
[“Ygﬂ +(1 - ’Yz)q+1] * [(22 — az) """ + (bg — $2)q+1] ©(3.26)

where G, xy, T3, Y1, Y2 are as in Theorem 3.1 and
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Proof. We proceed as in the proof Theorem (3.1) by applying Hélder’s inequality for double

integrals, that is,

ba b1 2f
t t
P2 (‘TZ) 2)p1 (:Cl) 1) atlatzdt dtz
by b1 ba by 82 p ;l:
(/ / P2 (T2, t2) P1 (21, 11)]° dtldtz) (/ / m dtldtz)
@um |%)(/lmm@mwguhuy (327
a2
Consider

( Ip1 (z1,81)]? dty

)
( (o —ty)° dt1>+< 1—a1)"dt1)
+(/z1 (B, — t1) dtl) ( (t1 — Br)* dtl)r

- {(Oﬂ — )™ (- )+ (B —z) T+ (b - ,Bl)q+1:| % (3.28)

- g+1

and we get on using the parametric equations(3.1)

Q=

’)’;H_l + (1 _ ,_yl)q-kl] [(1:1 _ al)q+1 + (bl _ .’L'l)q+1]-
q—+—1 J

G (171) = {[

Similarly,

Q [~

W+ (1= 7)™ (22— a2) ™ + (by — 22)""]
q+1 |

Ga (z2) = {[

Substituting G, (z;) and G, (z2) into (3.27) will produce the resuit (3.26) and thus the
theorem is proved. O
Remark 3.12. We notice from (8.26) that the bound is convez in ; € [0,1] and z; € [a;, b;]
for i =1,2. The sharpest bound occurs on taking v; = 5 and z; = stbi fori=1,2. The

coarsed bound is obtained when the v; and ; are taken at either of their boundary point for

their respective intervals. The following results investigate this relationship further.

Corollary 3.13. With the conditions as in Theorem 3.11, then

g+l

G(al + bl,tl, as + bz,tz) “ t1,t2|| [ q+1 + (1 _ ,yl)q-i—l]% [(bl — al)] q
2 2 4(g+1)¢

X (1= )™ (b — 02)] ' (3.29)
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where G(.,11, ., t3) is defined in (3.3).

Proof. Place z; = ﬁ*;—bl in the right hand side of equation (3.26). O

Remark 3.14. If p = q =2, then (3.29) becomes a mid-point type rule

+b +b f ! 3
a12 1,t1,a22 2,t2) < ” t;;«z“z (1—’)/1)]2[b1——a1]g

G(

X [9 + (1= 2)°]" b — al? . (3.30)

Remark 3.15. If 7y, = v, = 0, then (3.80) becomes a trapezoidal type rule

(b1 —ay) (by — az) f (al —;bl, R -2i- bz)

b b
1 +b 2 a1+ b
—(bz—az)/ f(tl,a22 2) dtl—(bl—al)/ f( 12 1,t2)dt2
a1 b2 bl a2
+/ / [ (t,t2) dtidts
a2 a]

“ t1 t2H2 [ bl — 1) (b2 - a2)]

(&)

(3.31)

Remark 3.16. If y; =y, =1 ,(8.80) becomes

2 00) Ca ) (14, 3) 4 £ (01,00 + £ (1, 00) + (e, 00)
b1 b1
- % l:(bg it G,Q) f (tl, bz) dtl + (b2 — GQ) f (tl, az) dtl
bzl bzl
Fima) [ fnta)dtat (b —ar) [ f(ante) dtz}

b2 b1
[0 st dnde
a2 YJap

 Misle
ST

—ay) (by — a2)]7 (3.32)


file:////ihMi
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Remark 3.17. If v, =y, = 3, then (3.30) becomes

(bl—al)(b2—a2)f a1+b1 a2+b2
4 2 72

4 (b1 — al) (b2 —ag) [f (bl, a2+b2) +f (al, 0,2;-1)2)

8 2

+f<a1+b1 b2>+f<a1_2i-b1,a2>:,

(B2 = 92) 11 (4, ) + £ (ar, bs) + f by ) + £ (a1, 2)]

NG
bo b2

ar)
16
b
[2/ f (a1 + b 2) dt, + f (b1, t2) dts + f(a1,t2) dtz]

a2 az

1 4 b b1 b1
[2/ f (tb 22 2) dt, + f(t1,b2) dty + f(tl,az)dh]

1 al

ba by
+ / f (tl,tg) dt,dt,
a2 al
Ml

vjw

b1 — al) (bg — az)] ’ (333)

Remark 3.18. Let f (t1,t2) = g(t1) g (t2) where g : [a,b] = R. If g is differentiable and

satisfies the condition that g’ € L,[a,b] then, for z1 = zo =z and v, = v = v we get

b
(b—afg(x)g(x)—g(x)(b—a)/ g (t)dt

—g(z) (b—a)/abg(t)dt+/ab/abg(t)g(t)dtdt}

< ( Hg'Hp ) [(:L‘—a)q+1—+—(b—l‘)q+l]q2. (334)
(g+1)

Ll

Therefore,

S( Il ) ((:v—a)‘7“+(b—x)"“)§.
(g+1)

/gu)dt—(b—a)g(x)

Q=

This gives

<lig'll,

(z—a)® +(b-2)" %
g+1

b
/gma—w—@am

which is an Ostrowski type inequality for the ||-||, —norm obtained by Dragomir and Wang

(1998a). Thus, (3.26) is a generalization for two dimensional integrals of the Ostrowski type

for |||, —norms.

The following corollary provides a coarser upper limit for |G (z1,t1, 22, t2)]
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Corollary 3.19. With the conditions as in Theorem 3.11 holding, then

H t1 t2“ 1

|G($1, tl) L2, t2)| < bl - al) (b2 - a2)]1+q . (335)
(g + 1
where G(z1,1t1,Z2,t,) is as given in (3.11).
Proof. (z; — @)™ + (b — 2;)™" < (b; — @)™ and A7 4+ (1 — )7 < 1. O

3.5 Application to Cubature Formulae

Consider the arbitrary division:

a =68 <& < ... <&=b

on the interval [a;, b;] with z; € [§;,&41] fori=0,1,..,n—1and J,:a, =7 <71 < ... <

Tm = by on the interval [az, bo] with y; € [7;,7;41] for j =0,1,...,m — 1. Consider the sum

n—1m-1 n—-1m-1 Tit1
Af Iy ) = 303 bt f (w0,5) b5 ) e
1=0 j=0 i=0 j=0 i

-1m-1

:

i1
UJ/ [ (t1,y;) dt1, (3.36)

i=0 j=0 &i
where

hi=&nu—& (i=0,1,..,n—1) and v; =755 — 75 (j =0,1,...,m—1) and y» = = 0.

THEOREM 3.20. Let f : [a1,b1] X [a2,b2] = R be a differentiable mapping on [a1, b1] x
a2, 2], let f}!, € Ly(a,b) x (c,d) and I, Jm, z,y be as above. Then we have the cubature

formula
bo b1
/ f(tlatZ) dtldt2:A(faInaJma-ray)+R(fa1naJma-ray)a (337)
2 a1
and the remainder term R (f, In, Jm,a: y) satisfies the inequality
t n—1m-—1 ) 1
IR(faInaJm,xay)l < l 2 f ( 61 q+1 +(€i+l _xl)q ]q
q 1=0 5=0
X [(yi - Ti)q+l + (741 — yi)q+l] E) (3.38)
n—1m-—1

: ||p Z Z (he vj)1+§ . (3.39)



[Tj> Tj+1]

3.5. APPLICATION TO CUBATURE FORMULAE
Proof. Apply inequality (3.26) on the interval €y Eiv1]
J=0,1,...,m—1) to get

(i=0,1,..,n—1), (

£1+1
(gH-l 51) (TJ+1 - Tj) f (-Ti,yj) - Uj/ f (t17y]) dtl
&i
Ti+1 i1 Ti+1
—hi/ [ (zi,ty) dty +/ / f(t1,ts) dtdty
7 &i T;

j
2f

1
(g+1) (=

<

N

Ti+1  péin
(L7
75 &i

gz)q'H (61—{-1 - $z)q+1] é [(yz - Ti)q+1 + (TH‘l - y’)q—i_l]%
dtldt2> " a0

3

1

9

—1). Summing over ¢ from 0 to n — 1 and over ;

1),(G=0,1,..

seuy

forall (i =0,1,

—

1
q

1

o

we obtain
n—1m-1 1 L
1 113
B (f Ty Iy 2,9)] < 2 |[(@ = 607 + (6 — )™
i=0 j=0 | (¢ +1)7
x [y = 7)™ + (rir — )7
T]+l §z+1 5% pd J %
t1dt
X 5t, 0%, 1GL2
n-1m-1 1
2 Z [( - &) q+1 + (i1 — $i)q+1]q
(q q i=0 7=0
X (yi - Tz (TH-I - yz)qH] 5)
Ti+1 it | 92f pd p ‘1_’
ti1adt
8 / / 2
1 ] +173\?
2 ( fz qH + (&1 — z0)° ]q)
q+1 q i=0
1 N
( —7;) q+1 + (Ti41 — yi)q+1] q) )
j=

i=

0t,0t,

n-— 3
from 0 to m—1, and using the generalized triangle inequality and Holder’s discrete inequality,

P
dt,dts

1
p

)
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n—1m-—1

Z Z ( — &)+ (1 - xi)qﬂ]%

=0 5=0

q+1)"

X [(yi - Ti)qH + (T ~wi qﬂ]%)] H t t2“ (3.41)

and the first inequality in (3.38) is proved.
The second part follows directly from the fact that

(2 = &) + (€ —2)™ <A and (g — )T+ (ri — )T <0l

3.6 Mappings Whose First Derivative Belongs to
Ly{la1, by] X |ag, bl

In this section an inequality of Ostrowski type involving two-dimensional integrals for func-

tions whose first derivatives belong to L, can be produced as shown in the following theorem.

THEOREM 3.21. Let f : R*—> R be a differentiable mapping on [as,b1] X [ag, ba] and let

fom = ma% be bounded on (a1, b1) X (az,b2), that is,

b2 b1 32
Il / / Ton dtydt; < 0o .
We obtain the following inequality
|G(£U1,t1,£€2,t2 | < “ t1 t2” M1M2 (342)
where
b; — a; a; + b;
M= B ool - E 0+ -1

and G, z,, T4, 71,72 are defined in Theorem 3.1.
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Proof. The proof follows that of Theorem 3.1. we have,

b1
P2 (%2,t2) p1 (21, 11) 5 th

b2

dt,dts

by by ba by
(/ / P2 (22, t2) Py (xl’tl'ldtldt2> (/ /

P2(T2,t2)p1 (71, 1)

175,

(t1 ,t2)€[0v1,b1]><[a2 bo]
= sup |pa(z2,t2)| sup P11, 1) || t1t2|l
t2€(a2,b2] t1€la,b1]
Now, consider
Gi(z1) = sup |pi(z1,t)
t1€lag,b]

= max{al —a, 7 — oy, —r,b —

Let
M, (z1) = max{a; — a1, 7, — oy}
I — ar + 2,
= al -
2
T —a
= 12 S x 1+ |2 = 1]
and
fmz(xl) = max{ﬁl —z1,b — 51}
_ b1 — CL‘l ﬂl b1 —;(L‘l
b1 - T
= X[1+'2’)’1'—1”
2
then

Gi(z1) = max{IM, (), M, (1)}

b a; + b

1+ 290 — 1)+ 2[<x1 -

and similarly

[25) +b2

“ 1+ (270 — 1)) + 2|(z2 —

gz(xz) =

)1+ 27 1|>[

)(1 + |2’)’2 - 1|) .

37

(3.43)

Substituting into (3.43) will produce the result in (3.42) and thus the proof completed.

We note here that the discussion in Remark 3.12 continues to be valid here also.
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Corollary 3.22. With the conditions as in Theorem, 3.21, then

Glar, tr, 29, 1)| < TR0 “ ”” H ai) [1+ 2 ~ 1] (3.44)
Proof. Put z; = 448 in equation (3. 42). 0

Remark 3.23. If v, = v, = 0, then (3.44) becomes

2 72

by b
as+b 2 b
—(b2—a2)/ f(tl, 22 2) dtl—(bl—al)/ f(al;f 1,t2) dtg
a) a
by by ’
_/ f(tl,tg) dtldtg
az a)
oy 1 tzll

(=) b2 =) f (2 ELy

271 [ bl - al) (bQ — 0,2)] . (345)
Remark 3.24. If vy, = v, = 1, then (3.44) becomes

(b1 — a1) (by — as)

[f (b1,b2) + [ (a1,b2) + f (b, 02) + f (a1,a2)]

4
1 bl bl
- 5 l:(bg — 02) f (tl, b2) dtl + (b2 — ag) f (tl, (J,Q) dtl
b b
# o) [+ - a) [ (0]
az a2

by b1
+ / f (t1,t2) dt 1 dt,
az ay
Y I tzll

=2 (b — ay) (by — ap)]. (3.46)

Remark 3.25. If y; = v, = 5 then (8.44) becomes

(b —a1) (by — (12)f <(11 +b1 ay +b2)

4 2 7’ 2
- - b
n (by 01)8(52 az) {f (bl, 02;b2> +f (al,%; 2)

+f <a1 ;bl,az) +f (‘“;bl,bz)]

(b1 — a1) (by — ay) [f (b1, b2) + f (a1,02) + f (b1, a2) + f (a1, az)]

* 16
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(by — ay) b2 a; +b b2 b2
- —4— 2/ f : 2 : at2 dt? + f (blatQ) dt2 + f ((11, tg) dtgjl
as a2 a2

(bg — (12) b as +b g J
R 2/ flt, =2 5 2) dt, + f (1, 02) dt; + f(tl,az)dh]

b2 by
+ / [ (t1,t2) dt, dt,
az ay

H t1 t2“ (b — a1) (by — ap)] (3.47)

Remark 3.26. Let f (t1,t3) = g () g (t2) where g : [a,b] = R. If g is differentiable and
satisfies the condition that g’ € Ly[a,b] then, for z; = 15 = z and Y1 =7Y2 =y we get

b
(b—afg(x)g(x)—g(x)(b—a>/ o (t) di

—g(x)(b—a/ dt—l—// dtdt[

< (Ig',)? [<2_a>+4’x_ o } -
Therefore,
/abg(t)dt— (b—a)g(z) : <(Igll,)* [(b;a) +4/x— a;—b }2‘
This gives

/abg(t)dt— (b—a)g(@)| < g, {(b;a) +4’x— a;—b”

which is Ostrowski type inequality for the ||-||, —norm. Thus, ( 3.42) is a generalization for

two dimensional integrals of the Ostrowski type inequality for ||-||, —norms (see Dragomir

and Wang (1997) and Dragomir (2001)).

3.7 Numerical Results

In this section the inequalities developed in Section 3.1 are used to approximate the double
integral. In the following example we selected the integrand for which integrating in each

direction is straightforward, but not so for the double integral.

Example 3.1.
1 gl
/ / 1 — e ¥dady = 0.203400400702947. (3.49)
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71 | 2 | actual error | L-estimated error | Ly-estimated error | Li-estimated error
0 |0 1.5(-3) 6.3(-2) 5.7(-2) 1.6(-1)
13 || 54(7) 1.9(-2) 1.9(-2) 7.1(-2)
0.5 0.5 || 4.3(-4) 1.6(-2) 1.4(-2) 3.9(-2)
1 1 6.5(-3) 6.3(-2) 5.7(-2) 1.6(-1)

Table 3.1: The actual and estimated errors in computing (3.49) using (3.2), (3.26) and (3.42) with

z, = 72 = 0.5 and various values of 1,7, in the ||| norm, (.||, norm and ||.||; norm respectively

Namely, [} 1—e % dz = %"_1 and [} 1 — e ® dy = 2 ==L

Example 3.1 was chosen also because it is infinitely smooth and its co-norm becomes smaller

with each successive derivative, because

fe=ye™™ fy =z

frz = _yze—zy fyy = —z?e ™

% — (_1)n+1yne—xy %Té — (_l)n—i—lxne——xy

as we see, Yy € [0,1) the derivative with respect to z— 0 as n — oo, and also, Vz € [0,1)
the derivative with respect to y— 0 as n — oo. This indicates that the higher order error

bound (accompanied by a higher order rule) will give better results.

Example 3.2.
1 2
//%e’y/xdxdy=0.1548181217. (3.50)
0 J1 T

The integrand in Example 3.2 was chosen because its co-norm blows up rapidly with suc-
cessive derivatives. That is Vy € [0,1) the derivative with respect to z — 00 a5 n — 0, and
also, Vz € [1,2) the derivative with respect to y — 00 as . — 0. This indicates that the

higher order error bound (accompanied by a lower order rule) will give better results.

In Table 3.1, results are shown for the approximation of (3.49) using the rule and bound of

(3.2), (3.26) and (3.43) respectively. In Table 3.2, results are shown for the approximation
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7 | Y2 | actual error | L.-estimated error | Lo-estimated error | L;-estimated error
0 |0 2.5(-3) 2.2(-2) 3(-2) 3.3(-1)
o3 | 15(-5) 7.1(-3) 1(-2) 1.5(-2)
0.5 | 0.5 | 8.6(-4) 5.7(-3) 7.6(-3) 8.3(-3)
1.9(-2) 2.2(-2) 3(-2) 3.3(-1)

Table 3.2: The actual and estimated errors in computing (3.50) using (3.2), (3.26) and (3.42) with

£, = 2 = 0.5 and various values of 71,72 in the ||.|ls norm, |.|, norm and ||.||; norm.

to (3.50) using the rule and bound of (3.2), (3.26) and (3.43). From this point of view we
find that the actual error is much smaller than the theoretical one and is smallest when
Simpson’s rule is applied (y; = 2 = %) The optimal theoretical bound is attained when
Y1 =72 = 3. It should be noted that ; = 7, = 0 approximates (3.49) and (3.50) with the
“mid-point” rule and employs one function evaluation (at the mid-point of the region) and
two one-dimensional integrals (along the bi-sectors). The “trapezoidal” rule uses four sample
points (the boundary corners) and four one-dimensional integrals (along the boundary). All
other values, that is 71,72 € (0,1), produce a rule that is a linear combination of the above
and results in the use of nine sample points and six one-dimensional integrals.

Furthermore Simpson’s rule (y; = 72 = %, nine sample points) is more accurate than the
mid-point rule (y; = v, = 0, one sample point) which in turn is more accurate than the
trapezoidal rule (y; = 7, = 1, four sample points). We note that the estimated errors are
symmetric about y; = o = % as in the Tables 3.1 and 3.2. Cleary we observe these from
Figure 3.1 that the bound is convex in «y; € [0,1] for 4 = 1,2. The sharpest occurs at v = 3
for i = 1,2. The harshest bound is achieved when ~; are taken at either of their boundary
points. Next we will employ the composite rules to explore the numerical results for both
Example 3.1 and Example 3.2 respectively and produce briefly the actual and estimated
errors in applying the mid-point cubature rules to evaluate the double integral (3.49) and
(3.50) for an increasing number of intervals for the different norms.

Cleary, we notice that the actual error ratio in both tables suggests that the composite rule

1
|R| ~ 0 <m2n2) ’

Also, from Table 3.3 and Table 3.4 we gather that the estimated error predicts a convergence

in each case has convergence

rate of
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LSE0]

::: . / e — ||.||1-n0rm
]\ / ' IHl-norm
H L0B01 \ ) 0 2rer - ||.“oo-n0rm
H 8.0B02 |
m sop . \ \ /// m“ 15202
+OBR2 \ o ya 10E02
20802 ’\‘\ — o 5.08-03
0.0B+00 - L 00800 — — Y
(a) The estimated error as a function of (b) The estimated error as a function of
v in evaluating (3.49) with z, = z, = v in evaluating (3.50) with z, = z, =
0.5 and various values of 7;,7v, in the 0.5 and various values of 71,7, in the
||-llco norm (equation (3.2)), ||.||, norm [|-lloo norm (equation (3.2)), |||z norm
(equation (3.26)) and ||.||; norm (equa- (equation (3.26)) and ||.||; norm (equa-
tion (3.43)). tion (3.43)).
Figure 3.1: Diagrammatic representation for the estimated error
fll
e |R| < | ;g;’;j,'l' ([ f 6a]l .o = 1 (Example 3.1) and || £/ || = .37 (Example 3.2) ,
fll ,
e R < W—;i/%ﬂz || o ||, = -69 (Example 3.1) and || f/! ,,||, = .36 (Example 3.2) ,
e |R| < “JEIT‘;”L | f#i2||, = 63 (Example 3.1) and ||/, ,,||, = .13 (Example 3.2).

In the next chapter generalizations of double integral inequalities for n-times differentiable
mappings are obtained. From a general Peano kernel ezplicit bounds for interior point rules
are procured, which are used to obtain inequalities for n-times differential mappings for the

three norms |||, ||.|l, and ||.J:-
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n m Actual Error | Err ratio | Lo.-estimated error | Ly-estimated error | L;-estimated error
1 1 1.5(-3) 6.3(-2) 5.7(-2) 1.5(-1)
2 2 1.0(-4) 14.51 1.6(-2) 2.9(-2) 4.0(-2)
4 4 6.7(-6) 15.61 3.9(-3) 1.4(-2) 9.9(-3)
8 8 4.2(-7) 15.90 1.0(-3) 7.2(-3) 2.5(-3)
16 |16 || 2.6(-8) 15.98 2.0(-4) 3.6(-3) 6.2(-4)
32 |32 | 1.6(-9) 15.99 6.1(-5) 1.8(-3) 1.5(-4)
64 | 64 | 1.0 (-10) 16.00 1.5(-5) 8.9(-4) 3.9(-5)
128 | 128 || 6.6 (-12) 16.00 3.8(-6) 4.5(-4) 9.6(-6)

Table 3.3: The actual and estimated errors in evaluating (3.49) using a composite rule, for various

values of n,m. Sampling occurs at the mid-point of each region.

n m Actual Error | Err ratio | Loo-estimated error | Lo-estimated error L;-estimated error
1 |1 | 2.5(-3) 2.2(-2) 1.2(-2) 3.3(-2)
2 |2 | 21(-4) 12.32 5.7(-3) 6.1(-2) 8.2(-3)
4 a4 | 1.4(-5) 14.68 1.4(-3) 3.0(-2) 2.1(-3)
8 |8 | 89(7 15.62 3.5(-4) 1.5(-2) 5.1(-4)
16 |16 | 5.6(-8) 15.90 8.9(-5) 7.6(-3) 1.3(-4)
32 |32 |[3.5(-9) 15.97 2.2(-5) 3.8(-3) 3.2(-5)
64 | 64 || 2.2 (-10) 16.00 5.6(-6) 1.9(-3) 8.1(-6)
128 | 128 | 1.3 (-11) 16.00 1.4(-6) 9.5(-4) 2.0(-6)

Table 3.4: The actual and estimated errors in evaluating (3.50) using a composite rule, for various

values of n,m. Sampling occurs at the mid-point of each region.
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Chapter 4

A General Ostrowski Type Inequality
for Double Integrals

4.1 Introduction

In the previous chapter, we developed two-dimensional integral inequalities with bounds in
terms of the behaviour of the first partial derivatives of the function.

Here, some generalizations of an Ostrowski type inequality in two dimensions for n—time
differentiable mappings are given. The result is an integral inequality with bounded nt*
derivatives. This is employed to approximate double integrals using one-dimensional integrals

and function evaluations at the boundary and interior points.

4.2 Integral Identities

In Cerone et al. (1999a), the authors proved the following Ostrowski type inequality for

n—time differentiable mappings. For convenience, Theorem 2.10 is reproduced here.

THEOREM 4.1. Let f : [a,b] > R be a mapping such that f"~V is absolutely continuous

45
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on [a,b] and f™ e Ly [a,b]. Then for all x € [a,b], we have the inequality:

k=0

(n)

-0
(n+1)!

b n-1 kL 1Yk (e  NKH1
/a fa dt_z[(” z) J(rk<+11))!<x a) }fm(x)

(4.1)

For other similar results for n—time differentiable mappings, see Chapter 2 and the papers

Fink (1992) and Anastassiou (1995) .

In Barnett and Dragomir (2001) and Dragomir et al. (1998) the authors proved some

inequalities of Ostrowski type for double integrals in terms of different norms.

In this section we combine the above results and develop them in two dimensions to ob-
tain a generalization of the Ostrowski inequality for n-time differentiable mappings using
different types of norms. The results presented here approximate a two-dimensional integral
for n—time differentiable mappings via the application of one-dimensional integrals at the
boundary, function evaluations at interior or boundary points and/or its derivatives at a

multiple number of points over the given region.

The following result holds.

THEOREM 4.2. Let f : [a,b] X [¢,d] = R be a continuous mapping such that the following
partial derivatives %%2, k=0,1,..,n—1,1=0,1,...,m— 1 exist and are continuous on

[a,b] x [c,d]. Further, consider K, : [a, P> R, Su:le d* = R given by

(t-a)” t € [a, l’] , (i:_nc!)_’", S € [C) y] )

n!

K, (I, t) = Sm (y’ 3) = o (42)
(Canl) i tE (I,b]a =0} y SE (y’d]’

nt m!
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then for all (z,y) € [a,b] X [c,d], we have the identity:
1

d n—1m-—
/b/ F(t,s)dsdt = Xi(z M

kol
PR dtkds

n—1 k+m
+(1mZXk /S Y, s a f(xs)ds
k=0

Btkdsm
m-1
+ "l Yi(y /K an;;fja(ily)dt
m+”/ / Kn(2,1)Sm(y, s )an;;’;(fns)d dt . (4.3)
where
P VW C T I I G VT AN

(k+1)! (I+1)!

Proof. Applying the identity (see Cerone et al. (1999a))

b n—l )kt _1\k _ak+1
/ﬁmﬁzzrbm &g&u )}¢Wm

k=0

b
(1" / Pu(z,) g™ (t)dt, (4.5)

where
=" if te [a, ),
n.

P, (z,t) =
t-b)" if te (b,

n!

which has been used essentially in the proof of Theorem 4.1, for the partial mapping f(,s),

s € [¢,d], we can write

/abf(t,s)dtzn

._.

0*f (z,5)
otk

—1)" / 'K, (@,4) an];i:, ) g, (4.6)

(b_x)k+l+(__1)k(x_ a)k
(k +1)!

a
Il

0

for every z € [a,b] and s € [c,d]. Integrating (4.6) over s on [c,d], we deduce

-2 + (=) @ - o*f
//ftsdsdt ;[( ) CE] }c atk(:vS)dS

_1) / K. (x,t)( i a’;f (t,5) ds> dt (4.7)
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for all z € [a, b}.

Applying the identity (4.5) again for the partial mapping %—i{ (z,-) on [c, d], we obtain

YL as= S | @R CD =] & (o
. Off (I +1)! @(W) (z,9)

m 8k
+ ( /S Y, ((%{)(x,s)ds
mldymHﬂWwW o+
[ (+1)! } orgst! BV

=0

=0
. m < 8k+m
- ) /c- m (y, 5) W'f (113, S) ds. (4.8)

In addition, the identity (4.5) applied for the partial derivative ‘g—'tl;,i (t,-) also gives

8nf m—1 (d N y)l+1 + (_1)1 (y _ C)l+1 | 8n+l
. ot (t,s)ds = ;I: I+ 1) ]atnalf(ty)

an+m
/S (y, s 8t”8 [ (ts)ds. (4.9)

Using (4.8) and (4.9) and substituting into (4.7) will produce the result (4.3), and thus the

theorem is proved. O

Utilizing the result (4.3) we will produce the mid-point cubature rule for two-dimensional
rectangular regions for n-times differentiable mappings as well as the trapezoidal cubature

rule as shown in the following two corollaries respectively.

Corollary 4.3. With the assumptions as in Theorem 4.2, we have the representation

b pd n-1m-—1 I+k
a+b c+d\ 0"*f fa+b c+d
/a/cf(t,s)dsdt ;Zx( ) < 5 )(%kas,< 5y )

l

-1
m a+b ~ otmf (a+b
+(=1) Xk( ! )/ S"‘(S)atkasm( ! ,s>ds

1 b n+1
c+d ot f c+d>
—1\" t, dt

- an+mf
m+” dsdt, (4.10
//K 1) 81 (5) g (1 5) dsdt, (4.10)

where X} (+) and Y; (-) are as given in (4.4) and so
a+b 14+ (=1)%] (b= a)**! c+dy  [1+(=D'| (d=9"
2 (k+1)! 2k+1 2 (I+1)!
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and Ky, : [a,] > R, S, : [c,d] = R are given by

K, (t) = K, (a;b,t) and Sy (s) =S, <C+d,s> (4.11)

2

on using (4.2).

Corollary 4.4. Let f be as in Theorem 4.2. Then we have the following identity

b pd _ 1 n-lm-1 (b _ a)k+1 (d _ c)l+1
/a /c f(t,s)dsdt—z {__(k+1)! X {m—}
Otk l+k
Otk d! (a,¢) + (—l)l Otk st (a,d) + (‘1)k atk—&{‘ (b,¢) + (—1)l+k aatkaf’ (b,d)}

B[S [ e o ]
[ > [ 2o b ko]
//an i ()aant:ami (t,8)dsdt. (4.12)

where X,y (t) and Yi,_1 (s) are as given by (4.4).

Proof. By substituting (z,y) = (a,c), (a,d), (b,¢), (b, d) respectively and summing the re-
sulting identities and after some simplification, we get the desired identity (4.12). O

In the above section we promote some of two-dimensional integral identities, for n-times
differentiable mappings, which are avail in themselves and exploit them in the next section

to obtain two-dimensional integral inequalities on the Lebesgue spaces, Lo [[a1, 1] X [as, ba]],

Ly (a1, b1] x [az, b]], L1 [[ar, b1] % [az, bo]],

4.3 Some Integral Inequalities

In this section we tap the equalities of Section 4.2 and develop inequalities for the depiction
of the two-dimensional integral of a function with respect to one-dimensional integrals at
the boundary, function evaluations at interior or boundary points and/or its derivatives at
a multiple number of points over the given region.

We start with the following result.
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THEOREM 4.5. Let f : [a,b] x [c,d] = R be continuous on [a,b] X [¢,d], and assume that

n+m .
gth'é ezist on (a,0) x (¢,d). Then we have the inequality
f t d d n—1m-1 al-Hc
s)ds t—kZO;Xk atkal(xy)
m d k+mf m—1 b aan
- CUn Y X | 8692t @ 5ds - (- YY) [ Keng e
k=0 ¢ = o ot"0s
(n+1)!tm+1)! [(x —a)" 4+ (b— x)nH] X [(y —o)™ 4 (d - y)mH] x ‘ onimy ’

atngsm 0
. n+
if grgat € Loo (a,8] x [c,d]);

1 (z_a)nq+1+(b__z)nq+l q‘ Ky—C)mQ+l+(d—y)mQ+l %
nim! ng+1 X
'm! q+ mqg+1

gntm
otndgm

N
P

. ‘n+m
if gtnasm € Ly ([a, ] x le,d]), p> 1, %.;.% =1

IN

il —a)"+(b—2)"+|(z—a)" - (b—z)"]
X[(—a™+{d=y)" +|(y— )™ - (d - y)™|] x

if ZL € Ly ([a,0] x [c, d]).

gntm
otngsm 1 ’

(4.13)

Jor all (z,y) € [a,b] x [c,d], where

a‘n+mf
otmos™ ||

an+mf
atngsm »

ot f (t,s)
otrds™

= sup
(t,8)€la,b])x[c,d]

- ([

Proof. Using Theorem 4.2, we get from (4.3)

3

dtds) < 00.

an+m

p
Jt"0s mf (5:5)

SR 04 (@,9)

b d
N F(to) dodt =323 X(e) i)

m" 8’°+m z,8
— (-1 Xk /Sy, tkjjam )ds

v 8"+‘f (t,y)
S /K o )

/ Ky (2,1) S (4, )an+mf(t 25) g dtl

otros™
//IK (z,t) Sm (y, 5)]

an+mf (t 8)

dt. 4.14
“omas | P 419
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Using Holder’s inequality and properties of the modulus and integral, then we have that

[ [ smonn| S

i g b pd
gtﬂasm oofa fc 'Kn (‘T’t) Sm (y, 3)‘dtd$

—_— | dsdt

1

I I 1K (2,0) S (9, 5)[ 7 dtds )

<

= bt 1ot (4.15)
| gntm
|Zmt]| sup (K (2t) S 3.

1 (¢,5)€la,b]x[c,d]

Now, the result in (4.15) can be further simplified by application of (4.2).

//IK (z,t) S y,slldtds—/lK xtldt/ |Sm (v, s)| ds
_ U (t;!a)ndwr/l (b; 2 dt]
X [/Cy (s _T;L!C)mds+/yd (d ;n'!s)mds]

[(.’1? _ a)n—H + (b _ x)n—f—l] [(y . C)m+1 + (d . y)m+1]
(n+1)! (m+1)!

giving the first inequality in (4.13). Further,

(//|K (z,1) )|‘1dsdt>l
=(/ K, ( xt[th) (/ 1S (3 5 |qudt)l
:m[[(— ”th+/(b ”th}l

y [/cy(s—c)qus-l-/yd(d—s)qus}

_ i [(m — a)nq+1 +(b- x)nq+l:|% y {(y _ C)mq+l +(d- y)mqﬂ} q

ng+1 mg + 1

[~

T nIm!
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producing the second inequality in (4.13). Finally,

sup  |Kn(z,t) Sm (y,8)| = sup |Ky, (z,t)| sup |Sp (v,s)]

(t,8)€[a,b]x[c,d] t€[a,b] 3€[c,d)
:max{(x—'a) ’(b——x) }Xmax{(y_c) (d-1y) }
n! n! m! 7 m!
_ 1 JEe=-a)"+(b-2)" |(z-a)"=(b-2)"
= +
n!m! 2 2
y [(y—C)m+(d—y)’" N ‘(y—C)de—y)m ] .
2 2
gives the final inequality in (4.13) where we have used the fact that
X+Y —
max {X,Y} = ;— +’Y X‘.
Thus the theorem is now completely proved. O

Taking in mind that z and y are free parameters. Thus we can produce “mid-point” and
“boundary-point” type results by choosing appropriate values for z and y. In addition

choosing values for n and m will re-capture the earlier results of Hanna et al. (2000) and

Dragomir et al. (1998).
Corollary 4.6. With the assumptions of Theorem 4.5, we have the inequality
n—1m-—1
a+b c+d\ o a+b c+d)
Z;X’C< 2 >Yl< 2 )atkaslf< 2 2

n—l d _ ok+tm b
~ (=17 )X (a+b>/ Sm ()Btkasmf(a; ,s) ds
k=0

m—1
c+d ot c+d
—_(—1\" dt
(=1) Yl( )/ K Btnaslf(t’ 2 >

l=

n+1 m+1 6"'“"! .
2n+m(n+1) (m+1)! (b - a) (d - C) X | 5t7asm Lo !
1
) (b—a)"q“(d—c)"“’“] a } gt ‘ : 4.16
<A ntmnlm! |: (ng+1)(mg+1) X || atrasm p’ ( )
m ontm
{ s (b—a)" (d = ¢)" X || 5rgsm )

Proof. Taking z = %* and y = <% in (4.13) readily produces the result as stated. O
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These are the tightest possible for their respective Lebesgue norms, because of the symmetric
and convex nature of the bounds in (4.13). This is straightforward because these functions
attain their maximums at the ends of the intervals, and their minimum values at the mid-
point.

Other values of z and y may produce the boundary-point cubature rules.

Remark 4.7. Forn = m = 1 in (4.16) and 2L 50, belonging to the appropriate Lebesgue

spaces on [a,b] x [c,d], we have

d
f(t,S)dsdt—(b__a)(d__c)f(a-zi-b,c—}z—d>

—0/51 <a+b )d8+ —C/Kl gtf<t,c_;d)dt‘

4 2I
w5b-a)(d-o" x| &k i
1
1 ﬁﬂﬂi}ﬂa |l .
< { 3|l % (4.17)
2
\i(b~a)(d—c)>< %9-%1

and thus some of the results of Hanna et al. (2000), Pachpatte (2001) and Dragomar et al.
(1998) are re-captured.

Corollary 4.8. With the assumptions on f as outlined in Theorem 4.5, we can obtain

another result which is a generalization of the trapezoid inequality

n—1lm-— 1 k+1 (d_c)l+l

/ftSdet ZSIZ k+1 U+ D!

y {f (a,0) + (=)' (a,d) + (=) f (1,9 + (=)™ S (b d)]

4

W2 o=t O [ () (S fbis)|
- kzo((k-f)l)' ,/Yl(s)c')tkasm[ 4 }d

g N o [ f(to)+ (=1 /(44
-1 o [ (I +01)' / X () Fapg { 4 dt
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o (b=a)"F(d-c)™H || grdm g , .
™M (n+ 1) (m+1)! Bt os™ ||
. 3 n+m
if smass € Loo ([0, ] x ¢, d]);
gntm b 2 d 1
</ r dtnos™ ‘p (fa. lTn (a" b) t)|th) q (fc le (C; d) S)lq dS) q (4 18)
- . 3n+m£ .
if awasm € Lp ([a,0] x [¢,d]), p> 1, 1—1)+ % =1,
(b=a)*(d—)™ || gn*tmf |
4dnlm! atndsm ) P
. n+m
\ Zf gtnasm S Ll ([a, b] X [C, d])
(1 if n=2r and m=2r,,
2n—] .
5 if n=2r;,+1 and =2r,
where Knm = J Z 1 m = 272
=1 if n=2r and m=2r,+1,
{ (22—;12'(27;;1 if n=2r+1 and m=2r,+1

Proof. Using the identity (4.12), we find that

nlml k+1 (d—c)[H
/'ftsduﬁ 2;2; AN L&

1 81+kf . 81+kf . 81+kf kel 8!+kf
1 [Gtk—as’ (a,¢) + (1) ok ael (@4 +(=1) 5ael )+ (=1) ka5 O d)J

n-1 k+1 d m m k+m k+m
(b—a) (s—¢)" + (s —d) ok f k 0TS }
= (=1 ~1 b,s)|d
. k1), 4m! < | agasm (@9 T (U ggem (B,9) | ds
m—1 +1 b n n n+1{ n+!
R a0y 0 thw
- (-1) A anl * |amas B9+ (U gaggy 09)
- T (a,5:8) T (0, ds 5) 2o st
o n Y m j el thasm
(|Gt | f2 S T (@, 58) Ton .05 5)] dtds
if Sgk € Loo lla,8] x [e, )5
1 1
|k (21T (@b 017 )" (T 591" ds
<
if ZonleLyflab]x[ed], p>1, t+l=1
S| sup  |Tu(a,bi) Tn(c,d;s)]
L (ta)elabixled
\ if 2200 ¢ Ly[[a,b] x [¢,d]].
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where

Toa,bt) = LSOO g g = [@ "4 (D" =)

2m/!

Now consider fab T, (a,b;t)| dt. As may be seen, explicit evaluation of the integral depends

on whether n is even or odd.

(i) If n is even, put n = 2r;. Therefore,

b b 2r 2r
1 b-t)"+(t—-—a)"
T, (a,b;t)|dt =
/a, 1T (o, 1) (27"1)!/a 2 dt

1 1 (b_a)2T1+l N (b_a)2r1+l
27‘1 +1 27‘1 +1

(b__ a)27‘1+1 (b— a)n-}—l

Qri+ 1! (n+1)
Similarly,
¢ 1 4 (d— )" 4 (s — ) (d—c)™*
/C [T (c,d;s)| ds = (27"2)!/c 5 ds = CESR n ever.

(1) Now, if n is odd, that is, n = 2ry + 1, then

(b _ t)27‘1+1 _ (t _ a)27‘1+1
2(2r) + 1)

To(a,b;t) =

Let g(¢) = (b— )" — (t — )™,
We can observe that
g(t) < 0forall t € (452, 0]
g(t)=0 att=2?
g(t) > 0for all t € [a, 2£2).
Thus

atb

2(27‘1 + 1)'/b ,Tn (a, b; t)|dt = / ? [(b _ t)2r1+1 _ (t _ a)2r1+1] dt

a

i /—; [(t _ a)2r1+1 _ (b _ t)271+1] dt:l

2T1+2 27‘1_1'2

) F_(b,aw KoM ]
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and so
b _ 2T1+2
/ T, (a,b;t)|dt = (b-a) T

a (2r + 2) (2r, + 1) 92r1+1

(b—a)?1 %% [22ni+1 _ | GRSl i |
(2r) + 2)! 2+l | (p 4 1) { 2n } '
Similarly,
d m+1
. d—c¢ 2m 1
/c T, (c,d; s)|ds = ((m +)1)! [ o ] , m even.

and this gives the first inequality in (4.18). Now, for the third inequality we have,

4
b_ n
(b-9)" for all n even

sup ((b—1t)" + (t —a)") = S5,
tefa,b]
sup |Tnla,b;t)] = — Xx <
ze[f,:,]i (a,b58) = 55 n
sup |(b—8)" = (t—a)"| = KbQ;:,L, for all n odd
\ t€[ab] ’

and this gives last part of the inequality in (4.18). The corollary is thus completely proved.
O

Remark 4.9. For n =m =1, we have that

/b/df(t,s)dsdt+ (b‘“)4(d_c) o)+ fa,d) + f (5,¢) +  (b,d)]

—ﬁ_“[lﬂfwﬁ»+fws»w]—

el o+ s

2
(00’ [0 4 (b~ )] [y — 0 + (- 9)"] > || 5]

4

1
1 [((=a)(d—c))?*! | @ 2% 1.1 _7.
<X 4[§£—M——}L(q+l) X || 5525 p,p>1,p+q 1;
(b—a)(d—c) || 8%f
4 dtds 1'

\

Again, the same result was obtained by Hanna et al. (2000) and Dragomir et al. (1998).

In the following Section we will utilize the inequalities obtained in this section and demon-

strate their capabilities to numerical integrations.
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4.4 Applications to Numerical Integration.

Consider f to be a two-dimensional n-times differentiable mapping in and that its all partial
derivatives in both direction exist and they are integrable. We apply the inequalities obtained
before using a uniform mesh for numerical implementation. Thus the following application

in Numerical Integration is natural to be considered.

THEOREM 4.10. Let f : [a,b] X [¢,d] > R be as in Theorem 4.5. In addition, let I, and

J, be arbitrary divisions of [a,b] and [c, d] respectively, that is,

IL:a=§& <& < ... <& =),

where z; € (§;,&41) fori=0,1,..,v~1, and

b d n—1m—-1v-1 p-1 (.) (j) Biﬂf
/ flts)ydsdt=>_> > % X @)V, (1) s (zi,y;)  (4.19)
a e k=0 [=0 i=0 j=0
n—1v-1p—1 ) Tit ( k+m
+ (=)™ X, (z;) /T Sy (y;, ) prryedCl )ds
k=0 i=0 3=0 J

+R (fa-['ua J#amay) )



S8CHAPTER 4. A GENERAL OSTROWSKI TYPE INEQUALITY FOR DOUBLE INTEGRALS

where the remainder term satisfies the condition

|R(fi I‘n) ']‘m, CE, y)l

(nfﬁlw ; [(z: = &)™ + + (641 —xi)nﬂ}
g:ﬂ )" 4 (= )™
if Gk € Leo ([a,8] X [¢, ] ;
i PR - :
e
2 i =7, i+1 = y5) "]
zf+%,,éeL,,([a,b]x[ d), p>1 =1
%n;—%L :01 (2 = &)™ + (&1 — 2)" + (21 — &)" = (&41 — zi)"]
x :: (5 = 7)™ + (1 = 4)™ + (5 — 7)™ = (7341 = 9)™]

| i gk € Ly ([a,8] x [c,d]);
where

Xp%=0ﬂwn—hi=QL“y—U,KmU:Qme—hjzaLmu—U
and

K (i=0,1,.0 1), SP(G =0,1,..u— 1) are defined by

i S Z k+1 Z k41 : ; +1+( 1) ( —7; )l+1
X;E)(CE) _ (bix1-=y) (+j—1)1) (zi—-&) , Y}(J)(yj) (7j+1-¥;) .- ¥ ’

(t=&)" t €&,z . N
Koy )= and  S¥(y;,s) = m
)™ e (24,6041 o)™ e (gl

The proof is obvious by Theorem 4.5 applied on the interval (&, &) % [T5,m41], (@ =

0,1,..v=1;5=0,1,..u — 1), and we omit the details.

Remark 4.11. A similar process can be undertaken in producing composite rules if we use

the other results obtained in Section 4.8, but we omit the details.

In the following chapter, we develope a method of obtaining “weighted” integral inequalities,

where the derivatives of the integrand may be unbounded unlike the last two chapters.



Chapter 5

Weighted Quadrature Rules

In the previous two chapters two-dimensional integral inequalities were developed where the
upper bounds were expressed in measures (or norms) of derivatives of the integrand. Often in
practical applications the integrand may possess some singularity structure which precludes
its consideration from this analysis. That is, the function is integrable, but not analytic hence
one or more derivatives may be unbounded and non-integrable. In other cases the integrand
may be perfectly analytic, but the region of integration is infinite or semi-infinite. Here again,
this cannot be considered using the techniques of Chapters 2-4. These cases are most often
managed using product or weighted integrands. In this chapter, we will consider extending
the Ostrowski result to one-dimensional weighted integrals. This analysis will then be taken

up in the subsequent chapter where we again focus on two-dimensional integral inequalities.

5.1 Product and Weighted Interior Point Integral In-

equalities

In chapter 7 of Dragomir and Rassias (2001), J. Roumeliotis developed some weighted (or
product) integral inequalities using the Ostrowski approach. These inequalities furnish an
error estimate for weighted integrals where both the quadrature rule and error bound are

given in terms of (at most) the first three moments of the weight. Also, the upper bound is

a function of the first few derivatives of the mapping.

09
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A weighted one dimensional counterpart of the Ostrowski inequality involving the first deriva-

tive is obtained. But, before going any further, let us consider the following definition.

Definition 5.1. Let w : (a,b) — [0,00) be an integrable function, i.e. f:w(t)dt < 00, and

non-negative, then define

b
m;i(a,b) = / tw(t)dt, i=0,1,... (5.1)

as the i moment of w.

Thus, we have the following theorem (see also, Dragomir et al. (1999))

THEOREM 5.1. Let w be as defined in Definition 5.1 and let f : [a,b] = R be absolutely

continuous and have bounded first derivative, then

b b
/umwmm—mmwvquwm/Ww%mma

= [|/'lo{2(mo(a, z) — mo(z, b)) + mu(z,b) — mi(a,z)}
(5.2)

Proof. Define the mapping K(.,.) : [a,b] = R by

K(a.1) = mo(a,t), t€ [a,z], 53)

mo(b,t), te€ (z,b].

Integrating by parts gives
/ Ko, 1) (t)dt = / " mola, 1)/ ()dt + / (b, ) (1)t
= ol DL, + o) Ol [ WSO

Yielding the product Montgomery identity

/ " K (s, ) (£)dt = mola,b) - / " () (E)dt. (5.4)
Taking the modulus and using Hélder inequality gives
< e [ B0
= || 'lloo{ /‘m mo(a, t)dt + /b mo(t, b)dt}. (5.5)

/ "K(ot) f (1)




9.1. PRODUCT AND WEIGHTED INTERIOR POINT INTEGRAL INEQUALITIES 61

The last result being obtained by using the fact that for fixed z, K is positive in ¢t € (a, 1)
and negative in ¢ € (z,b). Utilizing (5.4), recalling Leibniz identity and using integrating by
parts gives the desired result (5.2). O

Remark 5.2. substituting w(t) = 1 into (5.2) gives the Ostrowski inequality (2.1).

Corollary 5.3. Let the condition in Theorem 5.1 hold and let z € [a,b], where [a,b] is a
finite interval. The following product integral inequality holds.

[ w10 - mata, 57| < 1ot (P52 e - 2EE) e

Roumeliotis et al. (1999) used Holder’s inequality to produce another estimation in term of

the ||.||, norm of w(t) as shown in the following corollary.

Corollary 5.4. Let the conditions in Theorem 5.1 hold and let w(t) € L,[a,b], we have the
inequality

(z — a)?*! + (b — z)7+! /g
g+1

[ w10t = mo(a, b)) L6

for all z € [a,b],p > 1 and % + % = 1. It is easily shown that the bound is minimized at the

. . a+b
mid-point x = LTI

gwmwm[

The same author proved the following theorem.

THEOREM 5.5. Let w as be given in Definition 5.1 and let f : [a,b] — R be such that
f' € Li(a,b). The following inequality holds

[ wtt) eyt = mofa, )7 < 151 Lol ) + Imofa2) — ol D). (59

Dragomir et al. (1999) developed a weighted Ostrowski type inequality for Holder mappings

as a generalization for (5.2).

THEOREM 5.6. Let w be as given in Definition 5.1 and let f be of r — H-Hdélder type.
That is

|f(z) = f)| < Hlz -y (5.9)
for all z,y € (a,b), H > 0 and r € (0,1]. If w(t)f(t) is integrable, then the following
inequality of the weighted integral holds

/bw(t)f(t)dt — mg(a,b) f(z)] < H/ |z — t|"w(t)dt, (5.10)

foralla <z <b.
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Roumeliotis et al. (1999) presented analogous Ostrowski type inequalities for weighted in-
tegrals in one dimension where f” is assumed to exist.

From the point of view that the following definitions will prove useful.

Definition 5.2. Define the mean of the interval [a,b] with respect to the density w as

_ my(a,b)

w(a,b) = 0 (a,0) (5.11)
and the variance by
b)
200 b) — ma(a, o ' .
o*(a, b) —— w*(a, b) (5.12)

Then the following inequality holds

THEOREM 5.7. Let f,w: (a,b) € R be two mappings on (a,b) with the following proper-

ties:

(1) sup |f"(t)| < o0,
te(a,b)
(2) w(t) >0Vt € (a,b),

(8) [lw(t)dt < oo,

then the following inequalities hold

1 b ,
0(a,b) / w(t) f(t)dt—f(z) + (z — p(a, b)) f'(z)
< ||f2H°° (z — p(a,b)” + 0*(a, b)] (5.13)
s”f;||°°(x—a;rb|+b;a> (5.14)
for all z € [a, b].
Proof. . Define the mapping K (.,.) : [a,0]* € R by
[t —ww(u)dy, a<t<s,
K(z,t):= (5.15)
Jy (t — w)w(u)du, r<t<b.

Integrating by parts gives the identity

/bK(x,t)f”(t)dt = /bw(t)f(t)dt — mo(a, b) f(z) + mo(a,b)(z — p(a,0)) f'(x).  (5.16)
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Taking the modulus of (5.16), after some computations and simplifying we obtain the desired
results.

It should be emphasized that, the optimal point = u(a,b) can be interpreted in many
ways. In a physical context, u(a,b) represents the center of mass of a one dimensional rod
with mass density w. Equivalently, this point can be viewed as that which minimizes the
error variance for the probability density w. Finally (5.11) is also the Gauss node point for

a one-point rule see (Stroud and Secrest 1966).

5.2 Weighted Three Point Rules

Weighted three point quadrature rules are investigated in this section in which sampling
occurs at the boundary points and an interior point. Explicit a prior: bounds are obtained,
thus enabling the determination of the partition required for a prescribed error bound to
be fulfilled. This approach contrasts to that commonly used of mesh refinement followed
by a successive a posteriori comparison of the results (see for example Atkinson (1988)).
Other quadrature rules have been developed that differ from those given here. Three point
quadrature rules of Newton-Cotes type have been examined in Cerone and Dragomir (1999)
in which the error involved the behaviour of, at most, a first derivative. Riemann and
Riemann-Stieltjes integrals were examined. In the current section, weighted three point
rules are investigated in which the error relies on the behaviour of the first derivative. Also,
composite quadrature rules for a log weight function are given and compared with a product-

trapezoidal rule of Atkinson (1988)

5.2.1 Weighted Three Point Inequalities

Weighted (or product) inequalities are developed involving function evaluation at three points

(see also, Cerone et al. (2000)).

THEOREM 5.8. Utilizing Definition 5.1 and under the conditions of Theorem 2.11 where
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n=1. Then for z € [a,b], a € [a,z], B € (z,b], the following inequality holds

/ w(t) £ (£) dt — [mo (@, B) f (z) +mo (a,) £ (a) +mo (8,b) f (B)]

I e, , ) | f'llo, (5:17)

where

, t—a, tE€]a,q]
I(o,z,0) = / k(z,t)w(t) dt and k(z,t) =S |z—1t|, te(a,p] (5.18)
b—t, te (B,

Proof. Define the mapping K (-,-) : [a, ] = R by
1), tela,
K@= " (o) la, 2] (5.19)
mo (6,t), t€ (z,b]

where myg (a,b) is the zeroth moment of w (-) over the interval [a,b]. It should be noted that

my (c,d) will be non-negative for d > c¢. Integration by parts gives, on using (5.19),

/abK(:v,t)f’(t)dt - /mo (1) f dt+/m0 B.1)f

= mo(a /()] +mwﬁﬂﬂ —L%wfmﬁ

t=a t=x

producing the identity

/bK(:v,t)f (t) dt
mm@@f@+m@@f@+m@@f@—/wwfm@<wm

valid for all z € [a,b]. Taking the modulus of (5.20) gives

/ w(t) f (t) dt — [mo (o, B) f (z) +mo (a,a) f(a) +mqo (B,0) f (b)]‘

/K:vt t)dt

Now, we wish to determine f: |K (z,t)| dt explicity. To this end notice that, from (5.19),

ﬂWl/meﬁ(WU

K (z,t) is a monotonically non-decreasing function of ¢ over each of its branches. Thus,

there are points o € [a, z] and 8 € [z, b] such that K (z,) = K (z,8) = 0. Thus,

/IK:vtidt /moatdt—l-/moatdt—/moﬁtdt—l—/moﬁtdt

(5.22)
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Integration by parts gives, for example,

—/aamo(a,t)dtz—(t—a)mo(a,t)];a+/aa(t—a)w(t)dt:/aa(t—a)w(t)dt.

A similar development for the remainder of the three integrals on the right hand side of

(5.22) produces the result
b
/ K (z,t)|dt = I (o, %, ), (5.23)

where I (o, z, §) is as given by (5.18). Combining (5.21) and (5.23) produces the result (5.17)

and hence the theorem is proved. O

It should be noted at this stage that taking w (-) = 1 reproduces the results of Cerone and
Dragomir (1999). If @ = a and B = b then a weighted interior point rule is obtained. If
a = f = z, then a weighted rule results where the function is evaluated at the boundary
points. For @« = a or § = b then Radau type rules are obtained while the current work will

focus on rules allowing sampling at both ends of the boundary.

Corollary 5.9. Inequality (5.17) is minimized at x = x* where z* satisfies

+z* z*+b
mo(a,a") =mo (", 87), o ="Z— and B'="—.

(5.24)

Proof. From (5.17) - (5.18), I (e, z, ) may be written as
I(a,z, B) =/a(t—a)w(t)dt+/z(x——t)w(t)dt
+/ﬁ(t~—x)w(t)dt+/ﬂb(b—t)w(t)dt, (5.25)

where a € [a,z] and 8 € (z,b]. Equation (5.25) could equivalently be written in terms of its

zeroth and first moments. Differentiating (5.25) with respect to «, 8 and z gives

oI ol oI
i Ala,z)w(z), 25~ B(B8,z)w(z) and 5 =0 (a,x) —mo (z, 8), (5.26)
where
Ala,z) =20~ (a+2), B(B,z)=28—(z+D) (5.27)

An inspection of the second derivatives demonstrates that (5.25) is convex on using the fact
that w (t) is non-negative for t € (a,b). Thus, I is minimal at the zeros of (5.26) and so the

corollary is proven. O
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Corollary 5.9 investigates the problem of determining the optimal choice of «, 2 and B
that produce the tightest bound. The following corollary gives coarser bounds although the

bound may be easier to implement.

Corollary 5.10. Let the conditions be as in Theorem 5.8. Then the following inequalities
hold

/ w(t) f (t) dt — [mo (a, B) £ (2) + mo (a,@) £ (a) + mo (8,b) f ()]

[wllo - K1 ()
< lloo x , (5.28)
[wll, - Koo (2)
where
1 b—a\? a+b)\? a+z\> x+b 5 29
k=3 (5°) +(-5) [+ (o) < (- oo
and
— b
Koo(:c):%[b2a a_a+:zc lﬂ_:c—#’
+‘x_a-2f—b+{a_a+x {ﬂ—x-*_bm (5.30)

with ||g]l, := f lg (s)|ds meaning g € Ly|a,b], the linear space of absolutely integrable

functions and ||g|, := sup |g (¢)| < oco.
t€[a,b]

Proof. From Theorem 5.8 and equations (5.17) - (5.18), (5.19) and (5.23) we have

I(a,x,ﬂ):/b|K(a:,t)|w(t)dt:/a k (z,8) w (2) dt

Now
wlly, [ 1k (z,t)| dt

/bk(a:,t)w(t)dtg ;

[[wlly sup, |k (2,1)]
t€(a,b]

where k (z,t) is as defined in (5.18). Some straight forward evaluation gives

[ 101 = 2 (@ — a4 = o + (52" + (- 87


file:////gWi
file:///wl/m_

5.2. WEIGHTED THREE POINT RULES 67

which may readily be shown to equal K (z) as given by (5.29) through using the identity

X2+Y? X+Y2+ X-Y\?
2\ 2 2

three times. Further,

sup |k (z,t)] =max{a —a,z — o, —z,b - B},
t€[a,b]

which can be shown to equal K, (z) as given by (5.30) from using the result

X+Y |X-Y
_|_

ax{X,Y} =

max {X,Y} 5 5 (5.31)
three times. 0
It should be noted that the tightest bounds are obtained at z = %% and o = %42, g = Zf

That is, at their respective mid-points. The optimal sampling scheme is independent of the

weight.

THEOREM 5.11. Let f : I CR — R be a differentiable mapping on I (the interior of I)
and a,b €1 are such thatb > a. If f' € L, [a,b], then N, = f |f' (t)| dt < co. In addition,
let a non-negative weight function w () have the properties as outlined in Definition 5.1.

Then for z € [a,b], a € [a,z] and B € (x,b] the following inequality holds.

[ @)@t = mo (@ B) £ ) + ma (0,0) £ (@) + ma (8,0) £ (8)
0 (cra, B) Iy, (5.32)

where

0 (a,z,0) = —{mo a,b) + |mg (a, ) — mg (a, @)| + |mo (B, 0) — me (z, B)]

+ [mo (a, ) — mg (2, ) + [mg (@, ) — Mg (a, @)| — |mq (B,b) — mo (2, B) 1} (5.33)

and my (a, b) is the zeroth moment of w () over [a, b]

Proof. From identity (5.20) we obtain, from taking the modulus

0 (o, z, 8) = sup |K (z,t)],
te[a,b]
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where K (z,1) is as given by (5.19). As discussed in the proof of Theorem 5.8, K (z,t) is a

monotonic non-decreasing function of ¢ in each of its two branches so that

0 (0,2, 8) = max {mq (a,a) ,mq (0, 2) ,mq (z, ), mo (5, 8)}
Now, using equation (5.31) we have
My = max{mo(a,a),mo (,2)} = 7 [mo (a,2) + mo () — mo (a, )]
and M, = max{mg(z,8),mo(B,0)} = %[mo (z,0) + |mo (8,b) — mo (z, B)]],
to give
My +M, |M,—- M,

2 2
and hence the result (5.33) is obtained after some simplification and the theorem is proved.

0 (o, z, f) = max { M1, M,} =

0

Remark 5.12. It should be noted that the tightest bound in (5.33) is obtained when o,z and
B are taken as their respective medians. Thus, the best quadrature rule in the above sense is

gwen by

b - . = - ~ my (a, b) /
[ w07 @t~ o (0,8) £ (0) + mo( B)f (2) + ma(B, 1)1 (b)}) S LY
’ (5.34)

where

mo (a, Z) = mg (£,b), mo (a,&) = my (& %) and me(B, b) = my(Z, B).

5.2.2 Development of a Quadrature Rule

The following theorem will be useful in determining the partition for composite quadrature
rules. The optimal partition in terms of the partition that provides the tightest bounds will
be determined. The optimal quadrature rules will result for f € Ly, [a,b]. If f' € L{[a,b] a

similiar development may be followed but will not be pursued further here.

THEOREM 5.13. Let the conditions of Theorem 5.8 hold and let £ partition the interval
[a, b] into two. Then the following inequality holds

/bw(t)f(t) dt — [mg (a, 1) f (@) +mg (a1, B1) f (z1) + Mo (Br, a2) f (€)

+mo (g, Ba) [ (22) + 1m0 (B2, 0) £ ()] < T (2,8) f'llo (5.35)
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where
J(2,8) = J1(21,€) + J2 (22, ) (5.36)
with
7zl = (04,2:,0),i=1,2, 2 =2, Uz, (5.37)
3 b
I (21,6) = / by (o1, 8) w (2) dt, J, (20, €) :/ ko (2, 8) w (£) dt
a 3
and
t—a, te[a,al] t=¢, te[é‘)O‘?]
ku(@,t) = lzi—tl, te(om,p] » ka(z2,t)=1Q |zo—t|, t€(afs] - (538
§_t’ te(ﬂl)&] b_t’ te(ﬂ?)b]

Further,a <oy <71 S fi <€ andf <ap <ap < B, <b

Proof. The proof follows that of Theorem 5.8. A subscript of 1 is used to denote parameters
in the interval [a, {] and 2 for parameters in (£, b]. Integration by parts of ff K (z1,t) f' (t) dt
produces an identity similar to (5.20) with b replaced by ¢ and z by z;. Similarly for
fgb (z2,t) f' (t) dt produces an identity like (5.20) with a replaced by ¢ and = by z,. Sum-
ming the two results produces an identity over [a,b]. Taking the modulus and using the
triangle inequality, relying heavily on (5.18) gives the stated result after collecting the terms

in order. Here on [a,&], (o, z, 3, b) are replaced by (a1, 21, £1,€) and on [€,0], (a, o, z, B) are
replaced by (£, aq, z2, 82). Hence the theorem is proved. O

Corollary 5.14. The optimal location of the parameters in Theorem 5.18 are ay = o] =

$2+b and z}, =4 and £* satisfy the

+ e ¢4y
a_ﬁﬂl ﬁlzﬂ_f,%:%_fz B, = B} =

following respective equations

mp (a}{) fEI) = My (:EI),B;) y Ty (a;rr;) = My (‘TB)IB;) and mo (ﬂfaf*) = Ty (§*a a;) .

Proof. The proof of this corollary closely follows that of Corollary 5.9. From (5.36) - (5.38),
differentiation of J with respect to (a1, z1, 51, €, a2, 22, f2) produces, on equating to zero,
seven simultaneous equations. Using the fact that the weight function is assumed to be
positive, then the solution of the seven simultaneous equations give the point at which an
optimal bound is produced, since an inspection of the second derivatives readily demonstrates

the convexity of the function J. O
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The results in Theorem 5.13 may be used to develop a composite quadrature rule. To this
end, define a grid I, : a = & < & < -+ < €n1 < & = b on the interval [a,b], with
z; € [&,&41) fori =0,1,...,n—1. The following quadrature formula for weighted integrals

is obtained which relies only on the first two moments of the weight function.

THEOREM 5.15. Let the conditions in Theorem 5.13 hold, then following weighted quadra-

ture rule holds

b
[ w0s6 4= A7 6,2) + R(s.€,2) (5.39)
where
n—1
A(f, &z Zmo s, B;) f(x:) + mo(&o, 1) f (&) + QZmo(ﬂi,fi)f(fi) + mo(Bn, &) f(&n)
= (5.40)
and

R )] < 15 (W60, 23 (e 8) + M5, 6

+ &amo(Bn, €n) — Lomo(&o, al)) . (5.41)

The parameters z;, a;, B; and &; satisfy

i-1 1 T; T+ &
mo(ai, z3) = mo(zi, 5i), Q; = ng, Bi = 2 : (5.42)
fori=1,2,...,n, and
mo(B;, &) = mo(&, cipr), (5.43)

fori=1,2,...,n—1.

Proof. Using the results of Theorems 5.8 and 5.13 over [¢;,&;41] for i =0,1,...,n — 1 and

summing readily produces the result after using Corollaries 5.9 and 5.14 to simplify. O

5.2.3 Numerical Results

In this section we illustrate the application of the composite quadrature rule developed in

the previous section to approximate the integrals

1
/ htl(i/;) dt = 0.4484142069 and / e~/ In(1/t) dt = 0.05065230956  (5.44)
0 0
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The integrals are evaluated using the composite rule (5.39) and the product-trapezoidal
as described in Atkinson (1988, p. 310). The first integral, (5.44),, has been used to
demonstrate the product-trapezoidal and as a result we can compare the performance with
the rule developed here. Note that (5.39) is a first-order rule in that it was derived for
the class of once-differentiable functions. This contrasts with the product-trapezoidal rule
which is of second order. Thus, to investigate the effects of rule order, we also apply these
rules to (5.44);. In contrast with (5.44),, the integrand of (5.44), increases with the order
of its derivative. Table 5.1 shows the actual error in evaluating (5.44) using (5.39) for an
increasing number of intervals. We note that the nodes and weights of the quadrature rule
are obtained by solving the 4n — 1 simultaneous equations (5.42) and (5.43). It is a simple
matter to implement a numerical procedure to solve these equations iteratively with an initial
uniform mesh. For example on a Pentium-90 personal computer, with n = 32, calculating
(5.42) and (5.43) to 14 digit accuracy took close to 42 seconds. Inspection of Table 5.1
reveals that a more accurate result is obtained for (5.44); than for (5.44),. This is probably
due to the nature of the integrands, since the integrand in the second integral (5.44), has an
essential singularity at the origin (lower bound of the integral). On the other side, the plot
t=-2 is far-away from the support of the measure in the first example (5.44);. The estimated
error ratio is consistently close to 2. This value confirms that, due to its development, the
quadrature rule is at least of first order. The actual error ratios are somewhat larger, these

values suggest an asymptotic form of the error bound

|R(f, & x)| ~ O <i> , where v < 2. (5.45)

n”

In Table 5.2 the errors in employing the product-trapezoidal rule are presented. The error
ratios are consistently close to 4 which simply reflects the fact that the rule is of second order.
This rule was developed by employing a linear approximation for the weighted integrand -
a higher order approximation than that used here. This rule performs better than (5.39)
for (5.44), since the integrand is well behaved and its magnitude decreases as its derivatives
increase. In contrast, the product-trapezoidal rule is inferior to (5.39) for (5.44)2. This
integrand is not well behaved and its integral is better suited to (5.39) which was developed

for a more general class of function.

We note that the product-trapezoidal rule employs a uniform mesh and the behaviour of

the weight function, w(t), is accounted for in the quadrature rule weight. Rules of this type
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n Equation (5.44); Equation (5.44), Theoretical
Relative Error | Error Ratio || Relative Error | Error Ratio || Error Ratio

2 |l 1.64(-2) 7.27(-2)

4 | 4.53(-3) 3.64 2.62(-2) 2.78 1.70

8 || 1.23(-3) 3.69 8.47(-3) 3.09 2.81

16 | 3.29(-4) 3.73 2.57(-3) 3.30 i 2.08

32 || 8.77(-5) 3.75 7.52(-4) 3.41 | 2.05

64 | 2.33(-5) 3.77 2.15(-4) 3.50 2.03

Table 5.1: The relative error in evaluating (5.44) using (5.39), where n is the number of

intervals.

n Equation (5.44); Equation (5.44),
Relative Error | Error Ratio | Relative Error | Error Ratio

2 | 7.12(-3) 4.29(-1)

4 | 1.98(-3) 3.60 8.08(-2) 5.30

8 | 5.17(-4) 3.83 1.90(-2) 4.25

16 | 1.32(-4) 3.92 4.74(-3) 4.01

32 | 3.33(-5) 3.96 1.18(-3) 4.00

64 | 8.35(-6) 3.98 2.96(-4) 4.00

Table 5.2: The relative error in evaluating (5.44) using the product trapezoidal rule , where

n is the number of intervals.
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were explored in Roumeliotis et al. (1999), where a one-point, second order product rule
was developed. In this article, Roumeliotis et al. (1999), showed that, for the log weight,
employing a non-uniform mesh, similiar to (5.43) increases accuracy by a factor of more
than two for f” € Ly[a,b]. Finally, we note that the rule developed here is composite in
nature and identifies an “optimal” partition for an arbitrary weight. This contrasts with
Gauss quadrature Stroud and Secrest (1966) which is not composite and hence provides no

information as to how one should partition.

5.2.4 Concluding Remarks

The approach described enables the user to predetermine the partition required to assure
the result to be within a certain error tolerance. This approach is somewhat different from
that commonly used of systematic mesh refinement followed by a comparison of successive
approximations which forms the basis of a stopping rule. See (Atkinson (1988), Engels
(1980) and Krommer and Ueberhuber (1994)) for a comprehensive treatment of traditional
methods. Although the bounds were obtained in terms of the behaviour of the first derivative
the methodology may be extended to involve higher derivatives. It may be advantageous to
rely on the behaviour of lower derivatives as demonstrated in the evaluation of (5.44), in
which the higher derivatives are badly behaved.

The analysis discussed in this chapter is then taken up in next chapter, where we again focus
on two-dimensional integral inequalities. We derive a second order weighted double integral
inequality. Weighted second order cubature rules are developed and we devise a method for

calculating cubature grids that rely only on the first two moments of the weight.
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Chapter 6

Weighted Integral Inequalities in Two

Dimensions

In Chapter 3, two dimensional integration was considered and error bounds were expressed
in terms of the first mixed partial derivative of the integrand. In Chapter 5, weighted one
dimensional Ostrowski type inequalities were reviewed and weighted quadrature rules devel-
oped. A quadrature grid influenced by the weight function was evaluated via minimization of
the error bound. In this chapter we combine and extend the work of these previous chapters
and develop weighted first and second order double integral inequalities. We pay particular
attention to the influence of the two dimensional weight function on the error bound and
explore this influence for different weights and weight null-spaces. Furthermore, weighted
second order cubature rules are developed and we devise a method for calculating cubature

grids that rely only on the first two moments of the weight.

The material in this chapter is presented in the following order. In Section 6.1, we use
a two variable Taylor expansion to develop weighted two dimensional integral inequalities.
Milovanovié (1975) used this method to extend Ostrowski’s inequality to multiple dimensions.
Here we will content ourselves with two dimensions, but extend the order of the rule to two.
We undertake an examination of the error bound and identify parameters that will minimize
the bound. In Section 6.2, we present a Peano kernel method, based on analagous results
in Chapter 3, to derive a second order weighted double integral inequality. Error bounds

are expressed in terms of the L, and L., norms of the first mixed partial derivative of the

75
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integrand. Particular attention is paied to minimizing this integrand for different weights
and weight null-spaces. Finally, the results of this section are extended in Section 6.4 to
develop a weighted cubature formula. Minimizing the error bound furnishes a set of non-
linear coupled equations in the first two moments of the weight whose solution produces a

cubature grid influenced by the weight function. Plots of the grid for various weights are

given.

6.1 Taylor’s Formula

Milovanovié (1975) generalised the Ostrowski inequality to multiple dimensions using the
multiple variable Taylor formula. As per the Ostrowksi result, the inequality was expressed
in terms of the first partial derivatives of the integrand. We state the two dimensional

formula below.
Following Milovanovié¢ (1975), let D = {(x1,z2)la; < z; < b;(i = 1,2)} and let D be the
closure of D.

THEOREM 6.1. Let f : R
M; (M; > 0; i =1,2) in D. Then, for every X = (z1,22) € D,

1 b1 by
(5 = a1) by — a2) / f(t1,t2) dtadt; — f(21, 22)
1= - a1 az

a14b; )2 2, — 921b2)?
< My(by — ay) (<xl__2bL + i) + Ma(by — az) ((—2—3 + 1) . (6.1)

(01 —a1)?

The weighted version of Theorem 6.1 appears below.

THEOREM 6.2. Let f : R = R be a differentiable function defined on D and let a%{ <
M; (M; > 0; i =1,2) in D. Furthermore, let the function X +— w(X) be defined, integrable
and w(X) > 0 for every X € D. Then for every X € D,
f f w(ty, t2) f(t1, t2) diadt;
S L2 w(ty, 1) dadty

b ba
>0 b L (Ml / / w(tl,t2)|x1 — tll dtgdtl
flfz tl,t? dt2dt1 a1 vJaz
b b
+ Mg/ / w(tl,t2)|x2 - t2| dthtl) . (62)
a) a2

2?1,3?2)
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Theorem 6.2 can be extended to higher orders and below we provide such an extension to

second order.

THEOREM 6.3. Let f : {a1,b1] % [az2,b2] = R be such that all its partial derivatives

up to order 2 exist and be continuous, i.e. %a% < oot = 1,27 =0,...
1752

Furthermore, let w : (a1,b1) X (a2,b2) — (0, 00) be integrable (i.e. [[wdA < o0). Then for
all (z1,32) € [a1,b1] % [az, b2] the following second order product double integral inequality
holds

Ji k=1 — 7.

b1 b2

by pbs
w(ty, t2) f(t1,t2) dtadt) — f($1,$2)/ / w(ty, t2) dtodt

b1 pb2 b1 pb2
+ —f(xl,xz)/ / w(tl, tz)(.’l?l - tl) dtzdtl + ﬂ(xl,xg)/ / w(tl, tz)(xz — tz) dtzdtl

|| || br b 154 lloo b b
o = / / tl, tz 1171 — tl) dt zd 1 -+ / / t1,t2 To — tz) dtzdtl
a)

b1 ba
+ H / / tl, tz |il71 — t1||.’132 — t2| dtzdtl (63)
a1 a2

0t 0ty

Proof. The two-variable Taylor formula states that

0
f(t1,t2) = fz1,22) + (81 — 331)27{(331,332) + (t2 — xz)atj;(

)28 & by — 32)? 02
2B 6 )+ (0 = o) = o) 1,60) +

where & = t; + 0(z; — t;), 1 = 1,2, 0 < 6§ < 1. Multiplyling (6.4) by w and integrating

Z1, x2)

(61)62)) (64)

produces the identity

bl b2 b1 b2
/ / w(ty, t2) f(t1,t2) dtadty — f(21, 132)/ / w(ty, t2) dtadty
(131 a2 af by b, 1 2
-+ —(1171,1172)/ / w(tl,tz)(xl _tl) dtzdtl
atl a) a;

b1 ba
+ g(iﬁl, 1172) / / w(tl, tg)(il?g — tz) dtzdtl
Oto R
by b t — 2 62
= / / w(tl,tZ)( o) f(fl,fz) dtzdt

2 ot?

b by a
/ / w(ty, t2)(t — 1) (t2 — )6t16ft2 (&1, &) dtadty

b pb2 t — )2 52
/ / tl, 2 2 22:2) at‘g(gl’€2)’dt2dtl. (65)

Taking the modulus of both sides of (6.5), applying the triangle inequality and then Holder’s
inequality on the right hand side gives (6.3). O
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Corollary 6.4. Let the conditions for f be as in Theorem 6.5. Then the following double
integral inequality holds

1 /‘b1 b2 f(t . )dt A — f( ) 6f a; +b1
(bl_al)(b2—a2) a1 a2 b o T +a_t1($1,$2) 1

2
af a; + bl) (bl — 01)2 (.’131 - ﬂ-{_bl)2 1
atg (5171, 5172) (5171 2 o 2 (bl - 01)2 + E

o*f
ot?

& f (m - =48)" 1\ [ (22— )" 1
ot - = (GEL ) (2L
FPI|| (=) (- 2g) 1

ez, 2 ( bo—wp 1) ©9

Proof. Substituting w(t1,?,) = 1 into (6.3) and simplifying produces the desired result. [

The point (21, z2), the sample point of the integration rule, is free to be chosen. Often, such

points are chosen to simplify the rule. For example, in (6.3) if we choose the weight mean

fa " tiw(ty, ) dt2dt1

f"lf (t1, to) dipdt e
1)2 2]

then the partial derivative terms vanish. Fortuitously, in this case, this point also minimizes
the bound. In the following sub-section, and indeed this chapter, we will not be concerned
with simplifying the integration rule, but instead attempt to determine such parameters in

order for the error bound to be minimized.

6.1.1 Minimizing the upper bound

Corollary 6.5. The bound in equation (6.2) is minimized at the median point (z1,Z2) sat-

T ba b1 ba
/ / ’U)(tl, tg) dtgdtl = / / w(tl, tg) dtgdtl (67)
al az z1 a2

isfying

and

2 b bz by
/ / w(tl, tg) dtldtg = / / w(tl, tg) dtldtg. (6.8)
a2 Jap 2o Jay
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Proof. Tt is a simple matter to show that

b1 bo b ba
1(331,332) = Ml/ / w(tl,t2)|a:1 —tlldtgdtl +M2/ / w(tl,t2]||a:2 —tgldtgdtl
al asz al az

is a convex function. Hence the upper bound in (6.2) is minimized at the stationary point

of I. Evaluating the first partial derivatives of I produces equations (6.7) and (6.8). O

That is, the minimum point is the “median” of the welght in each direction. This is consistent

with first order rules reported in Roumeliotis (2001).

Minimization of the second order bound in Theorem 6.3 is not as simple. It is quite difficult
to identify a minimum point for the upper bound of (6.3). This bound is comprised of three

components; the first and last are minimized at the mean (in each direction)

f f tiw(ty, t2) dtadt f f taw(ty, ta) dtgdtl
T = ™ , Ty = (6.9)
f Jol w(ty, ta) dtadty f f w(ty, y) diadty

while the second is minimized at the root of a median-type expression

1 b2 b1 b2
/ / 152 — tolw(ts, &) diadt, = / / 132 — talw(ty, 1) diadty (6.10)
al az 1 a2

and

D) b b2 b
/ / |£L"1 — tllw(tl, tg) dtldtz = / / |£L"1 — tliw(tl, tz) dtldtg. (611)
as a z2 a)

Of course, for weights in which the solutions of (6.9) are identical to those of (6.10) and
(6.11) then identification of the minimum point presents little challenge. For example if w is
a product weight and symmetric about the midpoint (232 ‘”—JQF”Q) then the minimum point
is the midpoint. That is, if w(t), t5) = w;(¢1)wa(t2) and w;((a+6)/2 —t) = wi((a +b)/2+ ¢)
(¢ = 1,2), then it can be shown that the solution of (6.9)—(6.11) is the mid-point. This
is the case when w = 1 and Corollary 6.4 shows that the upper bound is minimized at

T; = (ai+b¢)/2,i= 1,2.

The major difficulty with (6.3) is that the upper bound is comprised of a linear combination
of three terms involving norms of the partial derivative of the integrand. Hence it would be
near impossible to find a global minimum that depends only on the weight and not f. To
obtain a global minimum for a general second order rule will require either simplification of
(6.3) or the derivation of another expression for the bound. The first point is dealt with in

the corollary below, while the second is taken up in the next section.
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Corollary 6.6. Let f and w be as given in Theorem 6.3. Then for all (z1,72) € [a1, b] X

[az, bo] the following second order product double integral inequality holds

by bo b1 by
/ / ’U)(tl, tg)f(tl, tg) dtgdtl —_ f(l‘l, .'172) / / ’LU(tl, tg) dtgdtl
al as as

b1 b f by b
1131, ) / / tl, t2 I — t ) dtzdtl (11,‘1, .TQ) ’U)(tl, tz)(l‘z - tz) dtgdtl
6t1 Ot a1 Jag

*f llwll a +b | b —a’ Ffl lwlh as+by| by —az)?

a2 [T 2 |72 ] Tllez], 2 [“ T2 |z ]
02 f _atbh]  b—a as +by| by —as

‘at dts H el [ 7 | T ] [xz i 5 ] ,  (6.12)

where ||w||; = fbl f (t1,t9) dtodt, is the zero-th moment of the weight.

Proof. The proof involves taking an upper bound of (6.3) using Holder’s inequality. Thus,

consider

b b2 b by
/ / w(ty, to)(z — t1)* dtodt; < sup (21 — t1)2/ / w(ty, ta) dtadty
a1 Jaz t1€[a1,b1] a1 Ja2

= max{(z; — a1)2, (z1 — b1)2}||w||1

_ lxl _ ‘“;“bl ! ;‘“ruwnl. (6.13)
Similarly
J R e o 619
Finally,

b b2
/ / ’U)(tl, t2)|$1 — tll|l‘2 — tg‘ dtgdtl
a1 Ja2

< sup |z1 — t1]|z2 — to|llw]lx
(t1 t2)€[a.1 bl]X[az b2]

= max{xl — a1, b — x1} ma,x{zg — ag,by — x2}||w||1

a1+bl +b1—a1] l:l‘ _a2+b2 +b2—a
2

2
e - 2 Gy

Making use of (6.13), (6.14) and (6.15) gives (6.3). U

It is clear that the bound in (6.12) is minimized at the mid-point of the rectangular region.

Unfortunately, the weight does not influence this minimum point.
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Taylor’s theorem is a popular vehicle for developing cubature and higher dimension rules.
Stroud (1971) uses Taylor’s expansion to develop cubature rules and recently Qi (2001), used
this technique to derive weighted Iyengar-type multiple integrals. The drawback is in the
size of the error bound. For two dimensions, an n-th order rule has a Taylor remainder of
n+ 1 terms. Minimizing any rule with order greater than one would be extremely difficult.
Thus, in the next section, we turn to the Peano kernel and use the results of Chapter 3 to

derive a second order weighted double integral inequality that contains only one term in the

upper bound.

6.2 Main Results

Lemma 6.1. Let f : [ay,b1] X [a2, b2] = R be bounded and integrable and whose first partial
derivatives exist and are also bounded and integrable. Furthermore, letw : (a1, by) X (az, b2) —

(0, 00) be integrable. Then following identity holds
b1 b2 R
I =/ / [f (z1,22) — f (1, t2) — f (b1, 22) + f (t1, t2)]w (t1, ) diadty
al a2

by pb2 32]0
= o) ——=— dtdt 6.16
[ P gy w610

where 1 € [a1,b1], T2 € [asz,bs] and

/ p (t1,u2) dug, ag <ty < o,
P(tl,tg) = < (617)

/ p tlau2 du2) T2 < t2 S b?a

\ Jb

(Y]

/ w (uy,t2) dur, a1 <t < T,

p(t1,t2) = < (6.18)
/ w (ug, t2) duy, T <ty < bi

\ b1

Proof. To begin, let [ = f:ll I, dt; and consider I, where

b2 O2f (t1,t
Iz=/ P(tl,tz)—gﬁdtz

o2 0% f (t1,t2) b 0% f (t1,t2) &
=/a'2 P(tl,tZ)Wdt2+/a;2 P(tl,tg)———‘—atlatZ 2
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z2 t2 62f (tl tz) by t2 62f (t ¢ )
- t1, us)d ZJ b2 ZJ ')
‘/az (lz p( : U2) U2) 6t16t2 dt2 " /22 (/bz p(tl’ U2)dU2) atlat? dt2

= Iy + Ip,.

Using integration by parts, we find that

to 2 2
I :/ p(ty, ug)dusy ——6f (1) — —_3f (t1,t)

p(t1, o) dt,

ay dt, o a ot1
o2 of (t1,x 2 0f (t1,t
= /02 P(tl,u2)duz—(6;1—22 - . f(afllﬂp(tl,tz)dtz
= Of (ti,x2)  Of (t1,t2)
= 11,1 — )
/,,2 Pt t2) ( e ot ) dtz

Similarly

b2 of (¢, Of (41,1
Iy =/ p(t1,t2) ( f((?;l 72) - f((%l 2)) dt,.
Z2 1

Thus I, becomes

b2
I = / p(t1, t2) (6f (;;1 z2) _Of gtll, t2)> dt

a2

and substituting into I gives

by b2
I = P(t t dtodt
/a1 ./a2 (1,2(%1(%2 2dt

b f(ti,22)  Of (t1,t2)
/ P tl,t2 ( ot - o, ) dtadt;

Of (t1,22) Of (tl)t2)>
P (t1,t2) ( o, ot dt,dt,

b2
Ly dts, (6.19)

g
¥
g

where

b1
I =/ p(t1,t2) (af (at;l m Y f;;; t2)) dty.

Applying the same treatment to I3 as for [, gives

Iy = /bl w(t1, t2)[f (21, 32) — f(t1,22) — f(@1,82) + f(t1, t2)] dta.

a1

Substituting /3 into (6.19) we find that the identity (6.16) is thus proved. O

The upper bound of the integration rule will depend on P. Below, we detail some properties

of P that will be subsquently used in analysis of the bound.

Lemma 6.2. The kernel P : [a;,b;] X [az, bo] — R as defined in Lemma 6.1 has the following

properties:
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1. P vanishes on the boundary of the rectangle [ay,by] X [az, bo],

2. P(t1,+) : (a2,b5) = R is monotonic increasing for all t; € (a1, z)

7

8. P(t1,) : (az,b2) = R is monotonic decreasing for all t, € (z1,b1),
4. P is positive on (a1, 71) X (a2,z3) and (z1,b1) X (22, by),

9. P is negative on (a1, x1) X (23,b) and (z1,b;) ¥ (az, x3).

for all (z1,z,) € (a1,b1) X (az,by).

Proof. These properties are quite simple to prove via inspection of the first partial derivatives

of P. .

In Figure 6.1, we plot the surface and contours of (6.17) for two different weights. The plots
exhibit the properties discussed in Lemma 6.2. It is obvious that the kernel achieves its

maximum deviation on of its branches at the discontinuos point (z, z5).

In the following theorem we state the main result by employing the identity in Lemma 6.1 to
produce second order weighted double integral inequalities. In contrast with the inequalities

of the previous section, the upper bound here is comprised of just one term.

THEOREM 6.7. Let the conditions of Lemma 6.1 hold. The following double integral

inequalities involving the usual Lebesgue norms of the first mized partial derivative of f hold,

b1 b
/ / |$1 - t1| |$2 — t2| w (tl, tg) dtldtz, (620)
al as

<o

ifa%za% € Leo[ay, b1] X [az, bo] and

max{/ / tl, tg dtgdtl,/ / tl, tg dtgdtl,
ail a a) T2
b1 :2 by b2 (6'21)
/ / ’U)(tl, tg) dtgdtl, / / 'lU(tl, tg) dtgdtl}
z1 a2z T z2

if %a% € Li[ay, bi] X [ag, by], where I 1s defined in equation (6.16).

<%
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Figure 6.1: Surface and contour plots of the Peano type kernels P defined in (6.17) for
different weights. (a) w(t1,t2) = —In(t1t2) over the unit square and z, = z, = 0.5, (b)
w(ty, t2) = /t1/t2 over the unit square and z; = z, = 0.5.

Proof. To prove (6.20) we begin with Holder’s inequality and then simplify using Lemma 6.2

ot & f (t1,ta)
Il = to) ‘
i i /al / tl; 2 6t16t2 dtldt2
b1 ba
/ / P(t1, t5)| dtadt,
a1 N
( / / P(t1,ty) dtadt; — / / (t1, t2) dtodts
by b1 by
_ / / P(ty, t2) dtadts + / / Plty, t2) dt2dt1>. (6.22)
1 az T T2

Now each of the terms in (6.22) can be evaluated via partial integration and simplified using

6t18t2

8t18t2

Lemma, 6.1 and equations (6.17) and (6.18). For the first term

/ / tl, t2 dtgdtl = / {(tg — $2)P|Z;—/ (t2 — CEQ)pdtg} dtl
/ / 2 — T2 pdtldt2
_ __/ (t2 — :Eg){(tl - ;yl)pr"ll_/ (tl — $1)’LU dtl} dty

T2
/ / Tg9 — tg CEl - tl) (tl, t2) dt dtg (623)

Employing the same procedure for the other terms we find

zy pba z1 b
/ / P(tl, tg) dtgdtl = / / (:EQ - tg)(il?l - tl)’lU(tl, tg) dtldtg, (624)
a1 z2 a) T2
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by 2 b 2
/ / P(tl, tz) dtgdtl = / / (1'2 — tz)(l‘l - tl)’LU(tl, tg) dtldtg, (625)
Ty a2 z) a
b1 be by 22
/ / P(t, 1) dtydt, = / / (22 — ) (31 — t)w(ty, t) dbrdts.  (6.26)
T3 T2 T1 I2

Substituting (6.23)-(6.26) into (6.22) gives (6.20). To prove (6.21) we again begin with
Holder’s inequality

b1 pbe 2
t,t
1] = / / (t1,t2) f(l’ 2)dtldtz
a1 a2

0t10t,
< sup |P(t1, t2
'at at? 1 (t1,t2)€[a1,b1]x[az,b2] )|
by
= max (t1,t2) dtadt / / w(ty, o) dtadty,
atlatQ X {[1 lz 1,02 20l o 1, 02 2Wl]

b1 2 b1 b2
/ / w(tl, tg) dtgdtl, / / w(t1 y tz) dtgdtl } (627)
T a2 T T2

The last line being computed by appealing to the properties of P as listed in Lemma 6.2.
Thus the theorem is proved. O

If the first moments of the weight w are known, as well as the “one dimensional” integrals

b1 b2

ba by
f(tl, 1‘2) (/ ’LU(tl, tg) dtg) dtl and f(l'l, tg) (/ w(tl, tz) dtl) dtg (628)

a1 a2
then (6.20) can form the basis of a cubature formula for the evaluation of the weighted
double integral [f, f(t1,t2)w(t:,t2) dA over a rectangular region D. A major drawback is
that is most cases the integrals (6.28) are unknown. These can be eliminated using the one-
dimensional weighted results in Roumeliotis et al. (1999). It was shown that for mappings

f with bounded second derivative that

/bw(t)f(t) dt — f(z) /bw(t) dt+f’(x)/ (x—t)w(t)dt‘ < %/ (z — ) 2w(t) dt,
a a a a (6.29)

where z € (a,b) and w is a weight function. Thus making use of (6.29), the following

inequalities hold

by ba by ba
f(th T2) </ w(ty, ta) dtz) dt; — f(z1, 2 / / (t1,t2) dto dt,
b1 ba b1 ba — 1t )
1L‘1,1L‘2 / / 1L'1—t1 tl,tg) dt, dt,| < / / tl,tz 2 dtaodty
23] a2

(6.30)

8t2
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and

b by b b
f(.’El,tQ) (/ (tl,tg) dt ) dtg - f T1,T9 / / tl,tz) dtz dtl

b1 b2 by b2
.’171,£L‘2 / / .’172 t2 tl,tz)dtgdtl _‘

It is of interest to note that combining (6.20), (6.30) and (6.31) will produce (6.3). Thus, in

-1
w(ty, t2 2 ) dtodt,.

aj

(6.31)

one sense, (6.20) is more general than (6.3) since it is not obvious how one may derive (6.20)

from (6.3).

One advantange of (6.20) over (6.3) is that the upper bound involves one term instead of
three. Thus, with (6.20) we can find points (1, z2) that will minimize the upper bound in
terms of the weight and independent of the integrand. In the following corollary we will

identify points (1, z2) to minimize the bound

by ba
\7(.’171,.'172) = / / |£L‘1 - t1| |£L'2 - t2| w (tl, t2) dthtl (632)
aj az

Corollary 6.8. J(z1,72) as defined in (6.32) is minimized at (x],7;) where z] and z;

satisfy the equations

z3 b2 by b2
/ / |£L‘; - t2|'U)(t1,t2) dtzdtl = / / |1E; - t2|w(t1,t2) dtzdtl (633)
ai az z] Ja2
zy b by b
/ / ,CL’I - t1|w(t1,t2) dtzdtl = / / |£L‘I — t1|w(t1,t2) dthtl (634)
as aj z; Jay

Proof. Evaluating the partial derivatives of J gives

6j ) b b1 b2
\7(1) = —"(1111, CL’Q) = / / |£L'2 - t2|w(t1, tz) dthtl - / / |$2 - t2|'U)(t1, t2) dt2dt1a
[+3} a2 T a2

and

61111
(6.35)
T2 bl b2 bl
TP = 6—‘7(x1,a:2) = / / |z, — ty|w(t, t2) dt1dts — / / |z1 — t1|w(ty, t2) dtrdta.
81112 as ) T2 Jaj
(6.36)

Inspection of (6.35) reveals that, for fixed z2, J (1) is monotonic increasing and J (a1, z2) =
~T®(by,22) <0. T (2) also exhibits similar properties and hence there exists a unique point

(z3,23) that is the zero of (6.35) and (6.36) and minimizes J . U
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Figure 6.2: Contour plots of the J(z1,z,) given by (6.32) for various weight functions.
(a) w(ty, t2) = —In(tit), (t1,t2) € (0,1) x (0,1), (b) w(ty,t2) = —In|t; — ta|, (t1, ) €
(0,1) x (0,1), (¢) w(ti,t2) = —Inlfty — |, (t1,t2) € (0,1) x (0,1) and (d) w(ty,ts) =
e /s, (t1,t2) € (0,4) x (0,1).

The behaviour of (6.32) is very dependant on the behaviour of the weight. In Figure 6.2
contours of J are plotted for different weight functions. In each case, the minimum point is

readily observed and its location depends on the weight and weight null-space.

In the following section, properties of the minimum point of J are identified for various

conditions on w.

6.3 Minimizing the bound

Solution of equations (6.33) and (6.34) provide the point that minimizes the bound (6.32).
The equations are non-linear and two dimensional, thus, in most cases, require numerical

treatment. In this section we identify solutions or simplifications to (6.33) and (6.34) for
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specific weight types. Some of these weights are of importance since they appear in the

important areas of integral transforms and integral equations.

With functions of two or more variables it is common that an identifiable relationship between
the variables is observed. That is, w(t;,t2) = w(¢(¢1,t2)) for some ¢. For singular weights,
the null-space of ¢, {(t1,t2) : ¢(¢1,t2) = 0}, is of interest since this gives rise to a mapping
which furnishes the singularity structure. Below, we explore the properties of J for ¢

being the difference mapping on a square and generalise to more general null-spaces in other

corollaries.

Corollary 6.9 (Difference weight). Let w : (a,b) — (0,00) be integrable and let a <
z1, T2 < b. Then the bound

b b
‘_7(11,‘1,1122) Z/ / |.’L‘1 —t1||.’L‘2—'t2|’U)|t1 —t2|dt2dt1.
a Ja

is minimized at the midpoint z1 = zo = %52

Proof. As stated in Corollary 6.8, J is minimized at the root of equations (6.33) and (6.34).
Substituting the midpoint in (6.33) gives
a+

(a+0)/2 pb b b
/ / ’U)|t1 - t2| dtzdtl - / /
a a 2 (a+b)/2 Ja
b b b b
=/ / a+b—v w|u—v|dvdu—/ /
(a+b)/2 Ja (a+b)/2 Va
=0,

a+

2

a+b
2

b b
- t2 - t2 ’U)Itl — t2| dtzdtl

— 15 w|t1 — t2| dtzdtl

2

where u = a + b — ¢; and v = a + b — t, are integral substitutions. The same treatment on

(6.34) shows that the midpoint minimizes the bound O

The following two corollaries show that the simultaneous equations (6.33) and (6.34) may

be decoupled under certain conditions for the weight.

Corollary 6.10 (Separable weight). Let the conditions in Corollary 6.8 hold. Further-
more, let w be separable, that is w(ti,tz) = wy (t))wa(ts), where w; are themselves weight
functions defined on [as, b), 1=1,2. Then J is minimized at the median of each weight

T b; .
/ wi(ti) dt; = / ’u),;(ti) dt;, 1=1,2.

)
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Proof. Substituting w(t1,t2) = wi (t1)ws(t2) into (6.33) and (6.34) and simplifying produces
the result. 0

Corollary 6.11 (Symmetric weight). Let the conditions in Corollary 6.8 hold and let
w: (a,b) X (a,b) = R be symmetric, that is, w(t;, ts) = w(ty,t,). Then the minimum point

18 at T, = T9.

Proof. With the above conditions, the two equations in Corollary 6.8 are

aj z1 b b prb
a_ilil(xl’ IEQ) = |£I?2 - tz"w(tl, tg) dtzdtl - ICL‘Q - t2|w(t1, tQ) dtzdtl, (637)

aj T2 b b b
31:2 (11)1, 11]2) le — tll’LU(tl, tz) dtldtg — liL'l — tl lw(tl, tg) dtldtg (638)

Beginning with (6 37) we have

5151, 1152 / / |£II2 — t2|w tl, t2 dtgdtl / / |£II2 — t2|w tl, tg) dtgdtl
z]
= / / |£L‘2 — t1|’LU(t2, tl) dtldtg — / / |£L'2 — t1|’LU(t2, tl) dtldtQ
a a i1 va
3 b b b
= / / |IE2 — tl i’LU(tl, tz) dtldtg - / / |$2 — t1|’LU(t1, tg) dtldtz
a a 1 va

= 9 (4,01).
a$2 2,41
Thus the solution of
oJ N4
5$_1($1,$2) =0 and B—M(xl,x2) = Oa
is identical to 5
oJ J
bl — - =0,
3:1:2 ("ranl) 0 and 8$2 (.Tl,.TQ)
and hence the solution occurs at z; = z2. O

In Corollary 6.9 we showed that if a weight has a “difference” null-space on a square then the
bound (6.32) is minimized at the centre of the square. The following corollary will generalise

this result and we will consider a null space of the form ¢; = ¢(t2) where ¢ is anti-symmetric

on a rectangle.

Corollary 6.12. Let w : (—a,a) x (—A4,A) = (0,00) be a weight function of the form
w(ty, ts) = wlty — ¢(t)|, where ¢ : (—A,A) = (—a,a) is surjective and odd, for some
a,A> 0, that is ¢(—t) = —$(t). Then J as defined in (6.32) is minimized at the origin.
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Proof. We need to show that

0 A
/ /A |t2"U)|t1 tg |dt2dt1 = / / |t2|w|t1 t2)| dtzdtl (639)

0 a A a
/ |t1|’U)|t1 — ¢(t2)| dtldtg = / / |t1|w|t1 - ¢(t2)| dtldtz. (640)
— 0 —a

AJ—a

and

Making the substitution ¢; = —~u and ¢, = —v in the first integral of (6.39) we have

0 A
/ / |t2|’U)|t1 tg |dt2dt1 = / / ,’U|’U)|U - IdUdU
—-aJ—A

0 a A a
/ t1[wlts — B(ts)] dtydts = / / (ufwlu — ¢(v)] duds.
—AJ - 0 —a

Hence, the corollary is proved. O

Similarly

6.4 Cubature and grid generation

Theorem 6.7 can form the basis of a cubature formula for weighted double integrals. That
is, we can form a mesh and apply equation 6.20 to each grid rectangle. The minimum point
of each rectangle would be given by (6.33) and (6.34). The question that would remain is
how would such a grid be “optimally” constructed? For example, for four grid rectangles,

as shown in Figure 6.3, how would &; and &, be chosen?

Let us consider a partition a; < & < b; of the interval [a;, b;], with z;; € [a;,&] and z;2 €
&, b;], for 4 = 1,2. In-addition, define D to be the rectangular region [a;, b1] X [az, b2] and
define the sub-regions D; ;1 = [a1,&1] X [as, &), D12 = [€1,b1] X [a2, &a], D2y = [a1, &] % [€2, b2]
and D, 5 = [€1, 1] X [£2,b2]. A sketch of this partition is shown is Figure 6.3.

THEOREM 6.13. Let the conditions in Theorem 6.7 hold. Given the partition defined

above, the following double z'ntegral inequality holds

r// f(t1, ta)w(ty, ta) dtdts — (// f(z14, t2)w(ty, ta) dt1dts
D11+D21

2 2
// tl,l'gl) (tl,tg dtldtz) +22f 1'1])1'21 // t1>t2 dt dt?
D11+D12

i=1 j=1

2 2
Z 2// |l‘1,i e t1||l'2,j - t2|w(t1,t2) dtldtg. (641)
=1 j=1"/Di;

<[zl
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by
$2,2 o D211 D2,2
€2
Zoa+ Dy, Dy,
asz + +
ar  Z1.1 & T2 by

Figure 6.3: A partition of the rectangular region D = [a1, b;] X [az, b2] showing the sub-regions
I)Lj)ivj = 1a2'

The bound is minimized at the points z;;,&, (1,7 = 1,2) statisfying

T1,1 62 1,1 ba
/ / |$2,1 — t2|’LU(t1, tz) dtzdtl + / / |5E2,2 - t2|’LU(t1, tz) dtzdtﬂ
a2

& pé & (6.42)
/ / |SE2 1= t2|w tl, tz dtzdtl + / / |SE2 2 — t2|’LU tl, tz) dtzdtl,
1,1 z1,1 v €2
&2 b2
/ / |372,1 — t2|w(t1, tz) dtodt; + / / i:l?z,z — t2|w(t1, tz) dtzdtll
b e b (6.43)
/ / |SE2 1 — t2|w tl, tz dtzdtl + / / |SE2 2 — t2|’LU tl, tz) dtgdtl,
1
61
/ / |Sl71 1 — t1|w tl, tz dtldtz + / / |Sl71 2 — t1|’LU tl, tz) dtldt2|
6 i & by (6.44)
/ / ISEl 1 — t1|’LU tl, tz) dtldtz + / / |Sl71 2 — t1|’LU(t1, tz) dtldtz,
z2,1 v a1 z2,1 Y &1
&1 b1
/ / |231 1 — tllw(tl, t2 dtldtz + / / |Sl71 2 — tliw(tl,tz) dtldt2|
& a1 &2 &1 (645)
b2 &1 b2
/ / |11 — t1|w(ty, t2) dt1dtz + / / 21,2 — t1|w(ty, t2) dtrdis,
T2
T11 + T12 _ Ta1 T T2 (6.46)
§1 = 2 §2 - 2 °

Proof. To obtain (6.41), it is a simple matter of applying equation (6.20) of Theorem 6.7 to
each region D;; (4,7 = 1,2), summing and finally employing the triangle inequality.
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To show equations (6.42)~(6.46), we calculate the stationary point of the bound

2 2

J = Z Z//D |$1,¢ — t1||332,j - t2|w(t1, t2) dt,dt,. (6.47)
i=1 j=1 i,
For z,
oT 2
071, 3:1:1 1 {; //D1 ) |z1,1 — 1|22, — to|w(ty, ta) dt1dt2}
&2
83:1 1 {/ / Z11 — t)|z2n — tow(ty, ta) diadty

3

&
+ / / 1 — X )1 |$21 — t2‘w(t1, tz) dtzdtl
e a

N

1,1

+

z1,1 b2
/ / (1131’1 - t1)|$2)2 — t2|w(t1, tz) dtzdtl
a1

&2

& b2
+ / / (tl — 1131’1)'1132,2 - t2|w(t1, tz) dtzdtl}
1,1
&2 31
/ / |$2 1 — t2|’LU tl, t2 dtzdtl / / |$2 1 — t2|’LU tl, tz) dtzdtl
T
b2 I3 b2
/ / |$2 2 — t2|’LU tl, t2 dtzdtl / / ,1132 2 — t2|w(t1,t2) dtzdtl
&2

Setting the last expression to zero gives (6.42) and the same process can be used to show

equations (6.43)—(6.45).

To show (6.46), observe that

aj &2 &2
g = (&1 — z11)|z21 — t2|w(§y, t2) dts — / (z12 — &1)|T21 — to|w(&r, t2) dta
1 a3

a2

b2 b2
+/ (61— z1,1)|T22 — t2|w(&1, t2) dta — / (212 — &)z, — t2|w(&y, t2) diz
&2 &

&2 11+ x
= 2/ (51 - %ﬁ) |Zo,1 — to|w(&1, t2) dis
az

b2

i1+

+ 2/ (51 — LQ—”> |z2.2 — ta|w(&1, t2) dia,
&2

which obviously has a root at (6.46);. Similarly, we can show (6.46).. O

We now proceed to a full weighted cubature formulae.

Define the following partitions of the intervals [a;, bi]

Liai=&0< &1 < L&n=10;,
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and let z; ; € [§;;_1,& 5] fori =1,2 and j = 1,2,...,n. Furthermore, let D;j = [€1-1,&14] %
[€2.5-1,€2,5], Dgl) = Us-, Dix and D§2) = Ugoy Diygy for 4,5 =1,2,...,n

Consider the weighted cubature formula

A(f)w 11,12,6,513)

_ Z(/ w f(z1,, t2)w(ty, t2) dt dity +/ f(t1, z25)w(t, t2) dtldt2>
_sz T1,is L2, // tl,t2 dt1dt2 (6.48)

i=1 j=1

Using the above assumptions, we can write the following theorem.

THEOREM 6.14. Let f : [a1, b1] X [a2,02] = R and w : (a1, b)) X (ag, b) — (0,00) be as in
Theorem 6.7 and I, 12, §, © be given above. The following weighted cubature formula holds

b3 be
/ f(tlat2)w(t1)t2)dt2dtl :A(f)w)Il)I2)€)w)+R(faw)IlaI2)€)w)) (649)
a1 a2

where

| (f)w 11’12)6)

2
6?(;; H ZZ// |z1i = t1l|z2,5 — t2|w(ty, t2) dirdts. (6.50)
1

The bound (6.50) is minimized when x and §satisfy

§2] §l1 {2]
/ / |.’132] — tQI’U)(tl, t2 dtgdtl = Z/ / |.’132j — t2|’lU(t1, tg) dtzdtl (651)
&1 z1;

£2,5—1 £2,5-1

fl] §21 fl]
/ / l.’IIlj - t1|11)(t1,t2 dtldtg = Z/ / ‘.’Iilj — tll’LU(tl,tQ) dtldtg (652)

§2,i-1 Y &1,5-1 §1,5-1
gk,,=%%”i, for i=1,...,n, I=1,...,n—1, k=12 (6.53)
Proof. The proof follows that of Theorem 6.14. O

To find the 4n — 2 unknowns
T < &1 < Tip < S inm1 S Ty

for i = 1,2, we need to solve the 4n—2 coupled non-linear equations (6.51), (6.52) and (6.53).
These equations are easily solved iteratively with a uniform grid as the starting point. With

this method of solution all variables are fixed apart from the parameter of interest. Thus for
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Figure 6.4: Grid generated from the solution of equations (6.51)- (6.53) for the weight
w(ty, ta) = 1/t2/t1 over [0,1] x [0,1] and n = 10. The solid lines indicate the composite grid;
in each grid square there is one function evaluation (dot) and two single integral evaluations

(dashed lines).

example if k = 1 and we fix 7, then equation (6.51) may be considered as a function of 2y,
only; say F'(z1;). It is easy to see that
n §2.5
F’(.’L‘l,i) = 22/ |il?2,j — t2|w(x1,i,t2) dtg Z 0
j=1 Y8251

and F(&,-,) <0, F(&,) > 0. Thus F has a unique root and the bisection algorithm would

be an appropriate numerical technique to produce the solution.

In Figures 6.4, 6.5, 6.6 and 6.7, the grid obtained via numerical solution of (6.51)—(6.53) is
plotted for various weight functions and n. We can see that the grid clustering reflects the

weight behaviour.
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Figure 6.5: Grid generated from the solution of equations (6.51)- (6.53) for the weight

w(ty, ta)

—In(tyty) over [0,1] x [0,1] and n = 10. The solid lines indicate the composite

grid; in each grid square there is one function evaluation (dot) and two single integral

evaluations (dashed lines).
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Figure 6.6: Grid generated from the solution of equations (6.51)- (6.53) for the weight

w(tl, tz)

—In(t1t2) over [0,1] % [0,1] and n = 30. The solid lines indicate the composite

grid; in each grid square there is one function evaluation (dot) and two single integral

evaluations (dashed lines).
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Figure 6.7: Grid generated from the solution of equations (6.51)— (6.53) for the weight

w(ty, t2) = e~ /\/t; over [0,4] x [0,1] and n = 15. The solid lines indicate the composite

grid; in each grid square there is one function evaluation (dot) and two single integral

evaluations (dashed lines).
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