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A B S T R A C T 

A mathematical model of natural convection in three-dimensional enclosures containing 

respiring fruits or vegetables is presented. The agricultural produce is treated as a porous 

media exhibiting transversely orthotropic permeability in which local temperature-

dependent respiration heat generation occurs. 

In the numerical investigations conducted, both adiabatic and isothermal boundary 

conditions are considered for the cooling and storage process. The influence of container 

size, respiration rate and permeability on natural convection is discussed. Numerical 

experimental results for temperature distribution, velocity distribution, true transient cooling 

and storage process are presented. 

It was found that the style of packaging of the agricultural produce and the size of 

container were likely to have significant effects on the storage characteristics. 
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NOMENCLATURE 

Notation 

A = surface area of representative elementary volume (r.e.v.), m 

C = specific heat of solid, J/kg-K 

Cp = specific heat of fluid at constant pressure, J/kg-K 

Da = Darcy Number 

Dtff = effective diameter of fruit and vegetables 

g = gravitational acceleration, m/s2 

G = gravity force, N 

G, G , G = x, y and z, components of gravity force 
* y z 

h = grid distance 

Hmin = minimum grid distance 

keff = effective thermal conductivity of porous medium, kW/m-K 

L = length of the (channels), pipes, m 

n = number of channels per unit cross-sectional area, 1/m2 

N = number of channels in a cross-sectional area 

Nu = Nusselt number 

Nuaverage = Average Nusselt number on side walls or top or bottom of the 

container 

n = normal unit vector 

P = pressure, N/m2 
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Q = volume flow rate, m3/s 

Qheat = internal heat source in energy equation, kW/m
3 

Qt = flow rate in a single pipe, m3/s 

Qio = temperature quotient of respiration of fruit and vegetables 

r = effective radius, m 

Ra = Rayleigh number 

Rc = defined in equation (3.97a) 

Rj, R2 = respiration rates, mg Co^g-h 

S = cross-sectional area, m2 

Sv = specific surface 1/m 

t = time, s 

tj, t2 = temperatures, °C 

&timtr = iterative time step for solving vector potential 

tstm4^K = iterative time step for main loop 

T = Temperature, K 

u, v, w = x, y and z components of velocity 

V, = intrinsic velocity, m/s 

Vf - volume of fluid inside a r.e.v., m 3 

V - seepage velocity, m/s 

V = volume of r.e.v., m 3 

p 

x, y, z - coordinate 

*o> y<>> *o - rectangular enclosure dimensions, m 
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Greek Symbols 

e = porosity 

p = density, kg/m3 

p = dynamic viscosity, kg/m-s 

£L = effective viscosity, kg/m-s 

K = permeability tensor 

a„ = convective heat transfer at boundaries, kW/m2-°C 

a, p, y = angles between gravity direction and x, y and z coordinate axis 

\j/ = vector potential, m2/s 

<|> = scalar potential, m2/s 

(J)water = water content in fruits or vegetable, per cent % 

p0 = reference air density at 273K, kg/m
3 

p0 = thermal coefficient of volume expansion, 1/K 

K = permeability, m2 

0 = dimensionless temperature 

Oy = false transient coefficient of vector potential 

to = intermediate variable for Samarskii-Andreyev Implicit Alternating 

Direction Method 

5 = constant, 0-1 

A/ = iteration time step length 

Subscripts 
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p =porous media 

/ = fluid 

air = air 

s - solid 

x> I = x direction or x component 

v, / = y direction or y component 

z, k = z direction or z component 

h = hot temperature 

c = cold temperature 

start = initial temperature 

Superscript 

= non-dimensional mark 
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CHAPTER 1 

INTRODUCTION 

1.1 Background 

In modern society the distribution and marketing of fresh agricultural and horticultural 

produce is a vitally important activity and the endeavour put into it is reflected in the 

general standard of living of the community. Distributing and marketing of fresh fruits and 

vegetables encompasses storage, packaging, handling and transportation. The distribution 

chain for fresh produce is greatly dependent on good storage and preservation methods, 

which in turn, are based upon reliable knowledge of the physical and physiological 

processes of individual commodities. Storage conditions are not only important in long-

term cold storage, but also in transport vehicles, interim storage before packaging or retail 

outlet storage. Regardless of the manner in which produce is stored, the principal aim of 

any storage operation is to extend the useful life of a commodity by preventing significant 

deterioration in its quality. 

Unless suitable storage and preservation techniques are available to prolong shelf life, most 

fruits and vegetables would have to be consumed within a relatively short period of time. 

Advances in agriculture have generally resulted in higher yields of fruit and vegetable 

crops, however if seasonally harvested crops are not able to be utilised over a period 

considerably longer than their growing season, higher yields do not necessarily lead to 
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increased benefits - storage is indispensable for prolonging the availability of fresh produce 

to consumers, extending the food processing season, damping fluctuations in supply and 

minimising market prices. 

Fresh commodities are often highly perishable; Salunkhe (1974) estimates that 25% to 50% 

of all produce harvested is not consumed because of spoilage during storage or distribution. 

Billions of dollars are lost annually by growers, shippers, warehouse owners, processors 

and retailers around the world. Essentially, this is because fruits and vegetables are living 

organisms even after they are detached from the plant. The life processes require energy 

and the produce has to supply this from its own reserves and their continued respiration 

uses up oxygen and gives off carbon dioxide and heat. Produce sustains a continuous 

weight loss and constantly undergoes changes in chemical composition which may 

adversely affect its quality. Also this process of deterioration renders the produce more 

susceptible to microbial attack. The other important process common to produce in storage 

is water vapour loss or transpiration. Most fruits and vegetables have a water content of 

75%-90%. Every percentage point of produce weigh loss may add up to millions of dollars 

worth of produce over a season in a large-scale distribution system. 

The environmental factors affecting transpiration rates are temperature, relative humidity, 

air velocity and barometric pressure in the storage room or inside the storage container. 

High relative humidity can reduce the water loss rate but may enhance accelerated decay. 

To slow the deterioration, a low temperature is necessary to reduce the respiration rate. 

The quality of storage produce is often critically influenced by storage conditions. Table 

1.1, after Hardenburg (1986), shows the recommended temperature and the suggested 
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storage time for a variety of fruits and vegetables. 

Table 1.1 Recommended temperature and approximate storage life of fresh fruits and 

vegetables in commercial storage (Hardenburg 1986) 

Approximate 

Commodity Temperature °C storage life 

Apple 

Apricots 

Kiwifruit 

Oranges (Fla. & Texas) 

Pears 

Asparagus 

Beans (green) 

Broccoli 

Brussels sprouts 

Cabbage (Chinese) 

Carrots (mature) 

Celery 

Corn (sweet) 

-1-4 

-0.5-0 

-0.5-0 

0-1 

-1.5 to -0.5 

0-2 

4-7 

0 

0 

0 

0 

0 

0 

1-12 months 

1-3 weeks 

3-5 months 

8-12 weeks 

2-7 months 

2-3 weeks 

7-10 days 

10-14 days 

3-5 weeks 

2-3 months 

7-9 months 

2-3 months 

5-8 days 
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Local differences in temperature within the storage rooms or in storage containers will 

cause different local rates of deterioration in different places. Thus non-uniform conditions 

will affect the overall quality of the stored produce. Sometimes unacceptable deterioration 

in certain areas leads to the storage having to be suspended immediately to prevent further 

loss or disease spread. Therefore a uniform temperature distribution in storage rooms and 

containers is considered highly desirable. Uniform temperature distribution is also 

important for fruit ripening, for example, bananas ripening prior to selling and potatoes 

prior to certain food processing operations. Certain commodities, notably onions and 

potatoes, are stored at ambient temperature rather than in cool or refrigerated storage. 

Optimal uniform temperature is maintained to avoid decay or chill injury. With respiration 

heat generated inside a closed container, there is clearly a temperature difference between 

the inside of the container and the environment. The density differences in air due to 

temperature differences will produce a buoyancy force and natural convection will occur 

in the container. The warm air will rise in the central area toward the top; it will then be 

cooled by the walls and move down near the walls to the bottom. 

Natural convection occurs in some pre-cooling processes also. Normally the field heat in 

the produce when harvested is removed by some kind of pre-cooling operation as quickly 

as possible. Hydro-cooling, vacuum cooling and cold room cooling are examples of 

different pre-cooling processes. For some commodities which do not require, or tolerate 

rapid cooling to a low temperature, or those with a package not suitable for hydro-cooling, 

cold storage room cooling is usually the method chosen. In this case, the container or box 

can be considered as a relatively impervious to air flow around it and the heat transfer is 

mainly the result of natural convection inside the box. Forced or mixed convection may 
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take place in some fast efficient pre-cooling situations. Some commodities which do not 

tolerate rapid air velocity, which causes excessive water loss, can benefit from natural 

convective pre-cooling. 

How natural convection affects the temperature distribution inside stored packaged produce, 

and how the respiration heat contributes to the temperature accumulation are processes 

about which a deeper understanding is sought in this study. In order to improve storage 

techniques we have to recognise how stored commodities respond to the external 

environment and gain insight into the processes that govern the rate of heat and mass 

transfer inside storage facilities. 

1.2 Literature Review 

Considerable research has been carried out in the area of cold storage of agricultural and 

horticultural produce, but until recently, little attention has been directed toward to the 

influence of natural convection on the heat and mass transfer processes taking place during 

the cooling of produce. Moon (1987) performed a study on mixed convective hear transfer 

from horizontal cylinders in order to predict post harvest cooling of cylindrically shaped 

agricultural produce. Woods (1990) discussed at some length the physical phenomena 

responsible for moisture loss from commodities with high moisture contents. 

Computer modelling of the thermal balance within a bin of apples was carried out to 

predict temperature distributions and air pattern movements by Robinson (1988). Numerical 
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and experimental analysis of mixed convection around a sphere which was aimed at 

understanding the heat transfer from a single fruit was carried out by Johnson (1988) and 

Tang and Johnson (1992). 

Interest in natural convective fluid flow and heat transfer in porous media has been 

influenced by a broad range of applications which include solidification of castings, 

acquifiers, geothermal systems, insulating materials and oil field production. Another 

application which has attracted a good deal of attention is the storage of nuclear waste 

materials, this differs from the previously mentioned examples in that it has been modelled 

as a natural convective process in a porous media with internal heat generation. It is 

proposed in this study, that an essentially analogous process takes place within impervious 

containers used to store agricultural produce, where convective heating or cooling of the 

contents occurs in conjunction with internal heat generated by the respiring produce. 

In the design of cool storage facilities it has been the custom to neglect the affects of 

natural convection in favour of conductive heat transport when determining temperature 

distributions and cooling rates in closed containers. However, during cooling (or heating) 

natural convection must occur within closed containers if temperature gradients exist 

between the container walls and the produce. During the transient cooling of stored 

commodities that do not generate respiratory heat, natural convection processes will cease 

completely when steady state conditions are reached. On the other hand, for those 

commodities that do generate internal heat, natural convection continues, even after steady 

state has been achieved. 
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Repeated transient heating and cooling is the kind of process that might still carelessly be 

ignored by present day design engineers, but the lesson we learn from history is that 

transient heat transfer can be of overwhelming importance. Designers of food or produce 

storage enclosures should be well aware that such systems require comparatively little 

energy to keep products cool at steady state conditions. The consumption of energy to 

bring stored products to a low temperature constitutes the principal cost of operating such 

systems. Transient heat and mass transfer processes are a dominant concern in the design 

of storage units. Although there has been a longstanding interest in the storage of 

agricultural and horticultural produce, few researchers have investigated the influence in 

transient heat and mass transfer phenomena of natural convection in combination with 

respiration. 

A number of studies concerned with natural convection in porous media with internal heat 

generation have been carried out Gasser and Kazimi (1976) applied the method of linear 

stability of small disturbances to calculate the critical internal and external Rayleigh 

numbers that identify the onset of natural convection in porous media with internal heat 

generation. Buretta and Berman (1976) conducted experiments on a liquid saturated porous 

layer heated from below or heated from distributed sources. An experimentally obtained 

slope of the Nusselt versus Rayleigh number relationship was presented but details of 

temperature and velocity fields were not given. Experimental results have been presented 

by Hardee and Nilson (1977); Rhee, Dhir and Catton (1978) and Kulacki and Freeman 

(1979). Analytical extensions to the problem were made by Tveitereid (1977) who obtained 

a steady state solution in the form of hexagonal cells and two-dimensional rolls for natural 

convection in a horizontal porous layer heated from within. 
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Beukema et al (1980, 1983) reported a three-dimensional study of natural convection in a 

confined porous medium with internal heat generation to model the process of storing fruit 

and vegetables. Both numerical and experimental results were presented and discussed. In 

their study, they assumed that heat generation was uniformly distributed in the porous 

medium. The heating rate was assumed constant for each numerical experiment and results 

for a number of different values of constant heating rate were given. Darcy's law was 

applied with the permeability of the porous medium so constructed as to ensure isotropy. 

To solve the governing equations the Alternative Direction Implicit Procedure, Douglas and 

Rachford (1956), was used. 

Some questions have been raised concerning the validity of the assumption that packed 

fruit and vegetables posses homogeneous permeability. For produce such as oranges, apples 

and Brussels sprouts, which are close to spherical, resistance to air flow through them may 

well be considered isotropic, but other produce, such as beans, cucumber, carrots or celery 

may better be described as having air flow resistance tensors that are transversely 

orthotropic. Also, the assumption that agricultural produce respires at a constant rate is not 

accurate. For example, Hardenburg et al (1986) pointed out that respiration rates are highly 

variable between species, and they are very responsive to the conditions under which 

produce is stored. 

1.3 Objectives 

In this study we wish to examine the theory, analysis and practical application of transient, 

multi-dimensional natural convection in a porous medium, having isotropic or orthotropic 
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permeability, to heating or cooling of stored agricultural produce packed in closed 

containers of different size; with different temperature dependent respiration functions. 

The key to improving the non-uniform temperature distribution and controlling loss of 

moisture in packed produce lies in developing an effective method of predicting the 

velocity and temperature fields for given boundary conditions. To date it appears that few 

such studies have been attempted and a successful outcome will have considerable direct 

application to a host of storage problems. 

The specific aims of the research program are: 

1. To formulate the equations governing natural convection in packed agricultural 

produce, including the mathematical treatment of respiratory heating sources and 

boundary conditions. 

2. To apply a numerical analysis process appropriate to solve the form of the 

governing equations and to evaluate the accuracy and efficiency of the methods 

used. 

3. To present numerical results for the heating or cooling of selected packed 

produce stored in differently sized closed containers under varying boundary and 

permeability conditions. 
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CHAPTER 2 

RESPIRATION OF AGRICULTURAL PRODUCE AND ITS MATHEMATICAL 

MODELLING 

Fruits and vegetables are living structures even after they are harvested from the field or 

removed from their stems. They keep respiring and transpiring. These metabolic activities 

are dependent entirely on food reserves and moisture content. 

The main metabolic process taking place in harvested produce is respiration. Respiration 

can be described as the oxidation breakdown of the more complex materials normally 

present in cells such as starch, sugars and organic acids, to simpler molecules such as C02 

and H20, with the concurrent production of energy, and other molecules. In most cases 

respiration involves taking up Oxygen (02) and giving off carbon dioxide (C02) and heat. 

Respiration heat directly affects the temperature of the fruits and vegetables. Respiration 

in fruits and vegetables is mostly under enzymic control. Usually enzymes lose their 

activity at temperatures above 30 °C but the temperature at which specific enzymes become 

inactive varies. Many are still active at 35 °C but most are inactive at 40 °C (Wills, 1977). 

When fruits and vegetables are held above the temperature at which respiration ceases or 

becomes abnormal, the structure of the produce may be damaged. The low temperature 

limit for normal metabolic activity is near the freezing point of the tissue and is usually 

between 0 °C and -2 °C. 
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The rate of respiration is principally governed by temperature. The higher the temperature, 

the faster is the metabolic reaction rate in living produce and the greater the heat generated. 

Typically, for each 10 °C rise in temperature, the rate of respiration is roughly doubled or 

tripled. The effect of temperature on agricultural produce is usually expressed in terms of 

the temperature quotient, Q10, which is defined as follows 

Qioe 
<FL\ 1° 

^ 1 / 

ih-h) -= constant (2.1) 

where t, and t2 are respiration temperatures (°C) and R[ and R 2 are the corresponding 

respiration rates (mg Co2/kg h). According to Ryall (1979), Q10 is not actually a constant 

and may take any value between 1 and 5. Values of Q10 are highest between 0 °C and 10 

°C, commonly ranging between 2 and 3. In the temperature range 10 - 32 °C values of Q10 

tend toward 1. 

Table 2.1, from Ryall (1979), contains temperature quotient information derived from the 

respiration rates of various vegetables. Generally the rate of respiration increases as the 

temperature of the produce rises from just above its freezing point. At a certain temperature 

the respiration rate reaches a maximum value; beyond this temperature the respiration rate 

decreases sharply with temperature, until finally respiration ceases at the thermal death 

point - see Ryall (1979). 
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Table 2.1 Temperature quotients (Q10) for rates of respiration of various vegetables 

(Ryall, 1979) 

Temperature Range (°C) 

Vegetable 0-5 5-10 10-15 15-20 20-25 25-30 

2.0 Asparagus 

Beans, snap 

Broccoli 

3.3 

5.2 

4.2 

2.7 

4.6 

1.2 

2.6 

3.9 

2.3 

1.9 

2.7 

1.5 

2.2 

Brussels sprouts 4.9 2.7 1.5 

Cabbage 2.5 1.5 3.2 1.6 
•"•to* 

Carrot, roots 2.0 2.3 1.5 2.8 

Celery 3.5 4.0 1.7 

Potatoes 2.2 3.4 2.5 2.1 

Tomatoes 2.6 1.5 1.2 

Respiration rates of various fruits and vegetables, from Hardenburg (1986), are shown in 

Table 2.2. The respiration rates have been expressed as rates of carbon dioxide production 

(mg C02/kg-h) at different temperatures. Data from Tables 2.1 and 2.2 were used in 

equation (2.1) to calculate respiration rates for asparagus and for Brussels sprouts. The 

results are presented in Table 2.3 and have been compared with the measured values given 

in Table 2.2. 

Although use of the temperature quotient allows moderately good prediction of respiration 

12 



rates, it was considered that better results could be obtained by using the method of least 

squares to obtain a relationship between the measured respiration rates and temperatures. 

Thus the locally distributed heat source within the packed bed could be readily calculated 

from the local temperature distribution when used in the numerical model. In developing 

the least squares model for respiration, it was assumed that at temperatures above 35°C and 

below freezing point, the heat generation rates were zero. Using the respiration heat 

generation rates, Qj(Tj) and corresponding temperatures, Ts known from measurement, a 

n 

function Q(i) = J^ otT
l can be found by determining the parameters aj. The subroutine 

i-0 

QSOURCE in Appendix D was used in the modelling program. A schematic diagram of 

a typical respiration rate versus temperature function is shown in Figure 2.1, Ryall and 

Lipton (1979). 

o 
a 
a 
LT. 

Freezing point " Thermal death point 

rigure 2.1 Typical respiration rate versus temperature changing. 
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Table 2.2 Respiration rates of fruits and vegetables, expressed as rates of carbon 

dioxide production (mg Co2/kg-h), at various temperatures, from 

Hardenburg (1986) 

Temperature 

Commodity 

Apples, summer 

Apples, fall 

Apricots 

Asparagus 

Beans, snap 

Broccoli 

Brussels sprouts 

Carrots, topped 

Carrots, bunched 

Cauliflower 

Celery 

Kiwifruit 

Pears, Bartlett 

Pears, Kieffer 

Potatoes, immature 

Potatoes, mature 

Tomatoes, mature-green 

Tomatoes, ripening 

0°C 

3-6 

2-4 

5-6 

27-80 

20 

19-21 

10-30 

10-20 

18-35 

16-19 

5-7 

3 

3-7 

2 

-

-

-

-

4-5°C 

5-11 

5-7 

6-9 

55-136 

35 

32-37 

22-48 

13-26 

25-51 

19-22 

9-11 

6 

5-10 

-

12 

3-9 

5-8 

-

10°C 

14-20 

7-10 

11-19 

90-304 

58 

75-87 

63-84 

20-42 

32-62 

32-36 

24 

12 

8-21 

-

14-21 

7-10 

12-18 

13-16 

15-16°C 

18-31 

9-20 

21-34 

160-327 

93 

161-186 

64-136 

26-54 

55-106 

43-49 

30-37 

-

15-60 

11-24 

14-31 

6-12 

16-28 

24-29 

20-21°C 

20-41 

15-25 

29-52 

275-500 

130 

278-320 

86-190 

46-95 

87-121 

75-86 

64 

16-22 

30-70 

15-28 

18-45 

8-16 

28-41 

24-44 

25-27°C 

-

-

-

500-600 

193 

-

-

-

-

84-140 

-

-

-

20-29 

-

-

35-51 

30-52 
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Table 2.3 Average respiration rate(mg Co2/kg-h): by measured, calculation of Q1 0 and 

least squares modelling 

Temperature 0°C 5°C 10°C 15°C 

Asparagus 

Brussels sprouts 

Measurement 53.5 

QI0 method 53.5 

Least squares method 53.5 

Measurement 20.0 

Q10 method 20.0 

Least squares method 20.0 

95.5 

97.2 

95.5 

35.0 

44.3 

35.0 

197.0 

199.2 

196.9 

73.5 

72.8 

73.5 

243.5 

218.2 

243.5 

100 

89.2 

100 
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CHAPTER 3 

THEORY OF NATURAL CONVECTION IN BULK PACKED 

AGRICULTURAL PRODUCE 

3.1 Physical Model and Some Concepts of Porous Medium 

Most of the containers for fruits and vegetables storage are rectangular boxes. In this study 

we consider a physical system with the following characteristics: A rectangular cartesian 

reference system is used to define a container filled with fruits or vegetables, which are 

considered as the solid matrix of a porous medium saturated with air, such as shown in 

Figure 3.1. The respiration heats of fruit and vegetables are treated as internal heat sources 

which are functions of temperature. The coordinate system is also shown in Figure 3.1; the 

x axis is along one edge of the rectangular enclosure and G is the gravity force. 

In order to describe natural convection in bulk-packed fruit or vegetables, the theories on 

natural convection in porous medium are introduced. The produce inside the container are 

considered as a porous medium. Beukema( 1980,1983) showed that these theories may be 

applied to quantify the natural convection phenomena that occur in packed beds of 

agricultural produce. A porous medium is a material consisting of a solid matrix with 

interconnecting voids. As Dullien (1979) pointed out a material or a structure must pass 

at lease one of the following two tests in order to qualify as a porous medium: 
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Figure 3.1 Coordinate system used in this study 

(1) It must contain spaces, so-called pores or voids, free of solids, imbedded in the solid 

or semisolid matrix. The pores usually contain some fluid, such as air, or a mixture of 

different fluids. 

(2) It must be permeable to a variety of fluids, ie, fluids should be able to penetrate 

through one face of a spectrum made of the material and emerge on the other side. 

From these points of view, packed fruits and vegetables can be classed as porous medium. 

Porosity e plays an important role in a porous medium and is defined as the fraction of the 

total volume of the medium that is occupied by void space. Then 1-e is the fraction that 

is occupied by solid, Nield and Bejan (1992). In order to carefully analyze systems in 

which natural convection is taking place, w e must construct a continuum model for the 

porous medium based on the representative elementary volume (r.e.v.) concept. W e 

introduce a cartesian reference system, as shown in Figure 3.2, the r.e.v. is such a control 
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volume which is very large compared with the pore volumes but very small compared with 

the macroscopic (whole) flow domain. 

Representative 
elementary 
volume (r.e.v.). 

Flow domain 

Enlarged view of r.e.v. 

Figure 3.2 The representative elementary volume (r.e.v.): the figure illustrates. 

A distinction is made between an average taken with respect to the volume J/ of r.e.v. 
p 

(incorporating both solid and air) and one taken with respect to a volume element y 

consisting of fluid only. So w e have two velocities according to these two different 

averages. One is the seepage velocity y and another is the intrinsic velocity y • The 

Dupuit-Forchheimer relationship is 

VP=*Vf 
(3.1) 

In this thesis, unless specifically indicated, the velocity refers to seepage velocity, which 

is the average of fluid velocity over the porous medium control volume y 
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3.2 Continuity Equation 

The principle of conservation of mass can be stated as: 

(Time rate of change of the mass of the r.e.v.) =0 (3.2) 

considering the mass inside the control volume, we have 

d_ 
dt^K 
J</,_P,<tfH> (3-3) 

pp is a function of x,y,z and t, Viz 

Pp=Pp(x,y,z,t) (3.4) 

From the concept of porous medium, we have 

/ PpdV - (1-c)/ P,dV * £/ P/dV (3.5) 
P s f 

where ps is the density of solid matrix, pf is the density of fluid. 

Because £ and p are independent of time, 

— ( f pdV= € — f pfdV = 0 

Application of the Reynolds transport theorem equation 3.6 leads to 

dtJvp
 p Jvf dt J A} y 

Using the divergence theorem, equation 3.7 changes to 

vf dt 

(3.6) 

e - / , p /^ 6 / , ^ + e L p / ^ - ^ = ° (37) 

(3.8) 

Since the control volume is arbitrary and p, V are assumed to be continuous functions with 

continuous derivatives, the integrand in the integral must be zero and we obtain the 
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continuity equation: 

dp. 
elT + V'(pf9p) =0 (3'9) 

where e —I indicates the rate of mass increase within the control volume, and -Wo J
7) 

dt f r 

denotes the net mass flux into the volume. Since mass cannot be generated or destroyed, 

these two terms must be equal. 

To simplify this equation, it is assumed that the environment pressure, ie, atmospheric 

pressure remains constant and the fluid, air, is incompressible, ie, its properties remain 

constant except for the density variation in producing the buoyancy force. Finally equation 

3.9 becomes 

V-V =0 (3-10) 
p 

3.3 M o m e n t u m Equation: Darcy's L a w 

The principle of momentum conservation may be stated as 

(the time rate of changing of linear momentum of the r.e.v.) (3.11) 
=(the force acting on the r.e.v.) 

Before w e discuss the momentum equation, some assumptions are introduced. The 

properties of the fluid are isotropic except the density which will satisfy the Boussiniq 

approximation. 
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In 1856, from his experiments on the flow through horizontally stratified beds of sand, 

Henri Darcy concluded the relationship between flow rate and the pressure drop. Now 

termed Darcy's law, it has the form in modern notation: 

V=-±Vp (3.12) 

where the VP is the pressure gradient, u is the dynamic viscosity of the fluid, K is the 

permeability. It depends on the geometry of the porous medium and in here it represents 

isotropic permeability. 

An alternative to Darcy's law is Brinkman's equation with the Boussinesq approximation, 

ie, the buoyancy force is due to the density variation and the gravity acceleration, and the 

buoyancy force is the main factor in producing natural convection. So we have 

r) V 

[—/ + (R-V)7J = -VP-^K+pV27 +G (3-13) 
dt J J K p p 

where ju is a effective viscosity and may have a different value than the viscosity of the 

fluid. Neale and Nader (1974) pointed out that they can take the same value, Q is the body 

force. 

Many authors (e.g. Rudraiah and Prabhamani, 1974; Neale and Nader 1974; Gasser and 

Kazimi, 1976; Walker and Homsy, 1977; Tong and Subramanian, 1985; Beckermann, et 

al 1987; Singh, et al 1993 ) used Brinkman's equation to describe natural convection in 

porous medium. However, Chan, Ivey and Barry (1970), found that the contribution of the 

viscous term jiV2 V is very small even in low Rayleigh number. Furthermore Whitaker 

(1966,1969) has shown that the Darcy term — V replaces the viscous force and therefore 
K p 
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it is incorrect to use both terms in the momentum equation. In this study we also neglected 

these terms based on the following analysis: 

u = 6(2x10*) <314) 

K = OC2XKT6) (3-15) 

p. = 6(2x10*) (316) 

±9 = 6(10)9 (3.17) 
XT P P 

\tf2Vp = 6(2x10*) Vp (3.18) 

Thus we have: 

£?„ > »?% (3.19) 

Compared to the resistance of sohd matrix, the viscous resistance term is much smaller. 

Beck(1972) pointed out that inclusion of the (V 'V)V term was inappropriate and 

furthermore Nield(1992) suggested to drop this term in the equation. He showed that in the 

case of a viscous fluid a material particle retains its momentum in the absence of applied 

forces when it is displaced from a point A to a neighbouring arbitrary point B. But in a 

porous medium with a fixed solid matrix this is not so, in general, because some solid 

material impedes the motion and causes a change in momentum. Thus it is not rational to 

include the convective term (yjfiy in the momentum equation unless the porosity is very 

large, and in that case it can be queried whether one really has a porous medium, in the 

usual sense of that term, as distinct from a fluid in which there are some solid obstructions. 

For the same reason it does not make sense to talk about turbulence on a macroscopic scale 

in a natural porous medium because one can not have unimpeded eddies of arbitrary size. 
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dV 
W e can also drop the time derivative term „ / because in general the transients decay 
f dt 
rapidly. With these terms dropped we finally have the momentum equation in isotropic 

permeability porous medium. 

-W-±V+G=0 (3.20) 
K P 

This is actually Darcy's law. 

M a n y of the fruits and vegetable have spherical shapes and can be treated as isotropic 

porous medium. But many others have cylindrical shapes and can be considered as an 

orthotropic permeability porous medium. As shown in Figure 3.3, orthotropic permeability 

is a second order symmetric diagonal tensor having different permeability in component 

x, y, z directions. 

K= 0 K 0 (3-21) 

Kx 

0 

0 

0 

S 
0 

0 

0 

K 
z 

Permeability is related to the pore size distribution, since the distribution of the pore sizes 

and directions entrances and exits, and lengths of the pore walls constitutes the primary 

resistance. 

Permeability is a function of porosity, tortuosity and connectivity. Tortuosity is defined as 

the relative average length of a flow path, ie, the avenge length of the flow paths to the 

length of the medium. Connectivity defines the arrangement and number of pore 

connections. Although permeability is related to these parameters, none of them can be 

used alone to predict the permeability. Normally the structure of a real porous medium is 
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Figure 3.3 Orthotropic permeability arising as a result of alignment of the 
commodities in the gravitational field 

complicated and it is rarely possible to predict the permeability theoretically. Experimental 

data are the main source of quantifying permeability. 

A well-known expression of permeability for packed spherical particles is the Carman-

Kozeny formula: 

K = 
D2 e3 

180(l-e): 

(3.22) 

where Deff is the effective diameter of the particles or is called volume-surface mean 

diameter 

eff ^ 
(3.23) 

Here S is the specific surface, ie, surface of solids per unit volume of solids. 
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Many authors have used the Carman-Kozeny formula to determine the permeability, for 

example, Nield (1991). However, Ergun (1952) pointed out that the permeability should 

have the form 

n2 «=3 

K_
 u*e (3.24) 
150(l-e) 2 

Plumb and Huenefeld (1981) and Beckermann al et (1987) quoted Ergun's finding but 

actually Beckermann al et (1987) modified the constant from 150 to 175 and used 

n2 t? 
K = _ Z C L _ (3.25) 

175 ( 1 - e ) 2 

in their work. 

In order to predict the permeability of packed apples, oranges etc. having spherical shapes 

the Carman-Kozeny formula was employed in this study. Because of their non-spherical 

shape, packaged beans, carrots, celery etc, possess permeabilities which vary in different 

directions. No study related to predicting orthotropic permeability was found in the 

literature. Nevertheless, one common pattern is discussed below. 

As shown in Figure 3.3, if the commodities are placed parallel to each other and the x axis 

is along their axis line, we may assume that 

(3.26) 

Where a is a proportional constant 

For simplicity, assume that the spaces between commodities are channels and the channels 

are connected from head to head and can be thought of as a pipe having an effective radius 
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Figure 3.4 Flow model based on parallel, uniform channels 

r, as shown in Figure 3.4, Applying theory of fluid flow in pipes, we have the equation for 

laminar flow rate in a single pipe, 

8p L 

where A P is the pressure drop. 

For N pipes the total flow rate is given by 

Q. = HJ- AL (3.27) 

8u L 

applying Darcy's law in the x direction, we obtain 

Q=NQr*!Hl.*l (3.28) 

where S is the cross-sectional area. 

n=sV=S-±^- (3-29) 
p |i L 

Combining the above equations and eliminating Q. W e have 
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K =Nnr (3.30) 
x 85 

Thus 

Nnr* nnr* 
K= =___ (3.31) 
x 8S 8 

where, n = number of channels per unit cross-sectional area. 

The lack of a rigorously valid method for determining the radius and the number of 

channels in a randomly packed porous medium is a difficulty that has often been raised. 

In practice however, a number of well-grounded approximations have been developed and 

may be used in the Darcy equation. 

For orthotropic permeability porous media, the momentum equation reduces to 

-W-^-V +G = 0 (3.32) 
K p 

3.4 Energy Equation 

In order to derive the thermal energy transport equation that governs heat transfer in 

packed beds certain assumptions must be made. Suppose the viscous dissipation were 

neglected. The atmospheric pressure is constant and the work done by pressure change is 

also negligible. The radiative heat transfer may be ignored due to the temperature 

difference being small. The properties of fluid and solid are constant and isotropically 

homogenous. 

The conservation of energy can be stated as 
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(the amount of heat for temperature change incontrol volume) 
-(the amount of heat transfer due toconvectiori) 

+(the amount of heat due to conduction) 
Hthe amount of heat due to internal heat generation) 

bxpressed mathematically, we have 

(3.33) 

where 

dT 
(PC\^-(pCp)fV-VT+keffV

2T + Qi dt •eff -heat 
(3.34) 

(pC)p=(l-(p)(pC)j + (p(pC ) p'f 
(3.35) 

C is specific heat of the solid, 

Cp is specific heat of the fluid at constant pressure, 

Qheat is the heat production, W/m
3 

keff is the effective thermal conductivity of porous medium. 

The basic conservation equations of mass, momentum, and energy 
are 

v-vp=o 

PT> ̂ * -VP-Z-V+G = 0 
K p 

dT 
(PQ^-CpCp^-VT^V^Q heat 

(3.10) 

(3.32) 

(3.34) 

3.5 General Boundary Conditions 

W e consider that the walls of the enclosure are not permeable, ie, V =0, where the 

subscript n indicate a normal component to the walls. 

The boundary conditions of momentum equation in detail are as shown below: 
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, x=0: yx=o 

x=X0 Vx=0 

y=0: K = 0 

y=Y0 vy=o 

z=0: K = 0 

z=z0 yz=o 

The boundary conditions for the energy equation (3.34) can 

mechanisms listed below: 

dT 
Heatflux —=Constant*0 

dn 

Adiabatic — = 0 
dn 

Isothermal T=Constant 

r)T 
Convective ~k a— = cc (T-T) 

eff dn «V 

Here n represents the x or y or z axis. 

(3.36) 

(3.37) 

(3.38) 

(3.39) 

(3.40) 

(3.41) 

reflect any of the heat transfer 

(3.42) 

(3.43) 

(3.44) 

(3.45) 

3.6 Vector-Potential Formulation: A Transform of M o m e n t u m Equation 

The momentum equation (3.32) is written in the terms of the primitive variables, pressure 

and velocity. We may solve the set of equations in this form, as for example has Williams 

(1969) and Chorin(1968). Alternatively, we may solve them in terms of the vector 

potential, as has Mallinson(1973). Some benefits are obtained by using this approach. It 

reduces the number of equations to be solved by one and it ensures the continuity equation 

is automatically satisfied. The pressure term is eliminated and thus the difficulties 

associated with pressure boundary conditions are avoided. Aziz and Hellums(1967) found 



that the iterative procedure based on the primitive variable equations was less satisfactory 

in its convergence behaviour. 

According to the continuity equation, V-Vp=0, thus, Vp is a solenoidal; it can be shown, 

Hirasaki and Heliums (1970), that it is always possible to define a vector potential vj/ and 

a scalar potential (j) as 

Kp=Vxip-V4> 

V-i|r=0 

V2(|>=0 

hence \|/ is also solenoidal and (f> satisfies the Laplace equation. 

So we have the following relation 

VxJ^=Vx(Vxi|r-V40 
=VxVxvp-VxV<|> 
=VxVxijj 
=V(V-x|j)-V2ip 
= -V2ip 

By taking the curl of equation (3.32), we have 

VxVP-Vx(-tt/p+VxG = 0 

Using (3.46) and treating p as constant, we have 

Vx(ivxiJr)-Vx(iv<|)) = - V x G 
K K V-

(3.46) 

(3.47) 

(3.48) 

(3.49) 

(3.50) 

(3.51) 

To obtain the component equations of 3.51, firstly we expand each term. So we find: 

K 

1 

Kx 

0 

0 

0 

1 

0 

0 

0 

1_ 

Kz 

(3.52) 

30 



Vx(K"1V<p)=Vx 

— 0 0 
Kx 

0 — 0 
K 
y t 0 0 — 

Kz 

(d^ 

dy 
dfy 

dy 

6<t> 
(dz) 

oV+6 

=Vx 
f 1 &j>7* l r ^ r 1 r3<|)r 
KX dx K dy K dz 

#4>,i I,v a 2 * , I I ^ a 2 * , I i. r 

= — — ( — -—)i + — — ( —)j + — — ( — -—)k 
dydz KZ K dxdz KX KZ dxdy Ky KX 

(3.53) 

Vx(K_1VxiJ/)= 1#%_^X)+ l#*t_**X) 
KZ dxdy dy

2 *y dxdz dz
2 

l^V^, l^x <^ 
K X 6y9z fe2 KZ 6xr3y a*2 

Ky a*& a*2 K X 6>az ay: 

(3.54) 

Because \\f is solenoidal, w e may write 

thus it follows that 

ĉ ilr afy a2!!; _ 
V(V-i{r)= (_Ii + _Jl2: + _Jj)r 

cbc2 Sbc9y cbcfife 

+ ( + 2+ *)y 
dxdy dy2 dydz 

#*, #*, 6^ 
+ ( -+ 2+ £)£ 

cbcdz dycte dz2 

=0 

dxdy 

#*,_ 

#*, a2^ 
ax

2 axdz 

#*, #¥z 

flbc9y Sy2 dy6z 

(3.55) 

(3.56) 

(3.57) 
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a V a2* a2* 
dxdz dz2 dydz 

Using the relationships of (3.56) to (3.58), equation (3.54) may deform to 

(3.58) 

Vx(K_1Vxiji)= -
i d 2 * 1#yx j ^ , { ^ 

Ki dx2 KZ dy
2 Ky dz

2 \ Ky'dxdz 

KZ dx
2 KZ dy

2 KX dz
2 \ \ dydz 

i a 2 ^ ! a 2 ^ j ^ z + ( _ i _ _ j _ a 2 ^ 

(3.59) 

LKy ax
2 KX ay

2 Ky az
2
 Ki Ky aydz 

Using equation (3.53) and (3.59) in equation (3.51), we find the x, y, z component 

equations: 

KZ dx
2
 KZ ay

2 Ky az
2 KZ Ky axdz dydz 

i f dGt_ _ a ^ (3 60) 

L^z+lfi+l^i+(1_J_)(^£ _^*) 
KZ ax

2
 KZ ay

2
 KX az

2 Kz Kx §?& ^Sfe 

i a2**, i ̂  i ̂ z + ( i i ) ( ^ y a 2 ^ 
Ky ax

2 KX dy
2 Ky az

2 KX Ky dydz dxdy 

V dy dz 

_l(
dGx dG

Z) (3.61) 

[i dz dx 

. l(
dGy_ 3 G x } (3.62) 

p. dx ay 

where GxfGy,Gz are x, y, z components of the buoyancy force. 

The general expression for the body force acting in x,y,z directions is developed when the 

container in such a position that none of the edges are along the gravity acceleration. 

Referring to Figure 3.5 we may write 
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Figure 3.5 x, y, z components of G 

G_ = 

G.. = 

G. = 

Gcoscc 

Gcosp 

Gcosy 

Gx + Gy + Gz = G = 8P0P0(
T-To) (cosai+cospf+cosy) 

cos2a + cos p + cos y = 1 

Equations (3.60) to (3.67) may be combined to yield the following equations 

(3.63) 

(3.64) 

(3.65) 

(3.66) 

(3.67) 

i ^ X | i ^ , I ^ ^ I i)(a
2^z+a

2<|,) SPoPo, dT n dT. 
—^—^(cos Y — - cos p — ) 

KZ dx
2 KZ dy

2 Ky dz
2 *z S dxdz dydz j p dy dz 

(3.68) 

1 #%^ 1 &%t 1 ̂ y , ( l . l)(^z ^ ) 
Kz 5x2 KZ dy

2 KX az
2 *z *x dydz dxdz 

SP 0 P , dT dT. 
(cosa — -cosy—) 

\if dz dx 
(3.69) 

1 * V 1 #*, . 1 *»«,(1 *)(*V *») 
S dx2 KX ay

2 K dz2 ** Ky dydz dxdy 
L y 

sp0P, ndr dr, 
(cos p — - cos a — ) 

p., dx dy 
(3.70) 
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When one of the container edges is along gravity direction, say, x axis, then a=0 and 

P=y=90°. So we have 

1 &*x , 1 &*x , 1 #*x x ( l _ l ) ( ^ « , a2<j>) 
Kz dx2 KZ dy

1 Ky c\
2 KZ Ky dxdz dydz 

= 0 

(3.71) 

i &$y + i a
2 ^ + i ̂ y + i _ i a 2 ^ _ a2^ _ g p 0 P ar 

KZ dx
2 KZ ay

2 K X dz
2 *z ** aydz dxdz J \if dz 

(3.72) 

j_£^+jL^+i£*£+(i.i)(f*z__#t) 
Ky dx

2 K X ay
2 Ky dz

2 *x Ky dydz dxdy 

g P 0 P dT 

V-f dy 

(3.73) 

3.7 Boundary Condition on \\r and ()> 

For incompressible fluid flows bounded by a solid surface, the scalar potential <|> is 

specified to have the boundary condition set out below, Hirasaki and Heliums (1970) 

frVfr = it = -n-K = 0 (3.74) 

In more detail, 

dn 

x = 0 

x=x0 

y = 0 

y=y0 

z=0 

^ = 0 
dx 

dx 

* * = 0 
dy 

Q--0 
dy 

Q = o 
dz 

(3.75) 

(3.76) 

(3.77) 

(3.78) 

(3.79) 
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d$> n 

dz 
(3.80) 

With equation 3.48 and the above conditions, it can be proved that $ is an arbitrary 

constant (see Appendix A). It means that -£- , —-^- and —— equal 0 in 
dydz dxdz dxdy 

equations (3.71), (3.72) and (3.73). Thus the equations are simplified as follows: 

i a2^ i dLHfx j &*xH±_±)#% + * + . x T* 
Kz dx2 K Z dy

2 K dz2 K Z K dxdz 

S P 0 P , dT ndT. 
(cosy — ~cos p — ) 

Py dy dz 
(3.81) 

i # * , i afy, 1 afy i ! d 2 ^ 

KZ dx
2 KZ ay

2 KX dz
2 *z K, dydz 

1 d2ilrZ| i a
2 ^ i # » « 1_ l ^ y 

Ky dx
2 KX ay

2 Ky az
2 ** Ky aydz 

SPoP, dT dT. 
(cos a cos y — ) 

P Y dz dx *f 
(3.82) 

SP0P, nar ar, 
(cos p — - cos a — ) 

Py dx dy 
(3.83) 

Also the definition of \|/ may be simplified from that given in equation (3.46) to: 

(3.46a) 

Hirasaki and Heliums (1968) and Richardson and Cornish(1977) have shown the boundary 

K,=Vx* 

conditions for \\f should satisfy following conditions: 

x=0 and x=xn 

x=0 and x=xn 

x=0 and x=x0 

dty 
—±=0 i|r = 0 i|rz=0 
ox 

9t|r 
> _ 

dy 
= 0 I|J = 0 i|r = 0 

dijr 

dz 
z=0 i|r = 0 i|r = 0 

(3.84) 

(3.85) 

(3.86) 

Considering equation (3.81) and the boundary condition (3.84), in the case of K ^ K y the 
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equation changes to 

V2il/x = 0 (3.87) 

and thus \\fx is zero and the number of equation to be solved has been reduced by one. 

When K,**^ or the x axis is not along the gravity direction, \\fx is not zero and this equation 

must be solved numerically. 

3.8 Non-Dimensional Equations 

The solution of equations (3.34), (3.81), (3.82) and (3.83) and their boundary conditions 

is dependant on the following physical properties of the fluid and the solid matrix of the 

porous medium - P/, Pjj (Cp)f, Cs, keff, u, K, T^ and Te- Each must be specified 

before a numerical solution can be obtained and the solution must be repeated entirely if 

any of them are varied. 

The number of parameters can be reduced, and the range of applicability of a solution can 

be extended if the equations and the boundary conditions are recast in terms of non-

dimensional variables and parameters. 

Non-dimensionalisation can be performed by using the following non-dimensional variables 

x'=— (3.88) 
xo 

y'=2- (3.89) 
*o 

z'=— (3.90) 
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(PCp)/*0 
Re-casting equation (3.34) leads to 

V;=x0V (3.91) 

V/2=x0V (3-92) 

T-T 
8= c- (3.93) 

Th~Tc 
/ (pc„)f 

y'=K* P'fty (3.94) 
keff 

yjJPVftQy (3!95) 
P u P ' 

Keff 

• *' = &— t (3.96) 

where 

2 

— = -RV' •v/e+/gy/2e+ *cg**»*° (3.97) 

R= P-I (3.97a) 
' (PC), 

equations (3.81), (3.82) and (3.83) change to 

d2i|/ dVr Da dV Da dV 
^ + — ! _ £ + — £ _ _ L £ + ( i _ — £ )

 w * = 0 (3.98) ax^2 dya Day dz'i Day dx'dz 

dWy dWy Daz dWy Daz^ cV de , + — - — ^ + ( 1 — - ) — - ^ ^ R a D a , cos a -̂ - = 0 (3-99) 
dx'

2 dy'2 Dax &'
2 Dax dy'dz' z dz1 

dV Da dV dV Da dV ^A 
~^+—2_J^ + -J^+(_^-i)_J^-RaDa cosa™- =0 (3.100) 
dx'2 ^ d y / 2 dz12 *>*x dy'dz' y dy1 

Where Da^ Da^ Daz are Darcy numbers in the x, y, z direction 

Dax = —2 (3.101) 

37 



Da =^- (3.102) 
y 2 

x0 

Daz = — (3.103) 
XQ 

and Ra is the Rayleigh number defined below 

^jh4(Tk-Tc)p0(p0Cp)f (31Q4) 

»keff 

In general, ce;*0, and the container is not on a horizontal plane, none of the edges is along 

the gravity direction and we have a general non-dimensional format for the vector 

potentials: 

dVr aVr Dad
2Hj' Da, aV QQ ae 

_ L i +_!_£ + £_1JE +(1- £)_I_1 +/toZ>fl(cosY-^- -cosp -^-) = 0 
a** ay72 A i y az

/ 2 **», dx'dz' dy' dz' 
(3.105) 

2 + z+—£ -+(1-—-) -+RaDa(cosa —-cosy — ) = 0 
dx12 dy'2 Dax Qz'2 Dax dy'dz' dz' dx' 

(3.106) 

dVz Da d
2Vz 3VZ Day #i|r' ae d9, n 

£ + — i - + +(—2-1) 2. -/^Da (cosp — -cosa — ) = 0 
dx12 Daxdy<

2 Qz'2 Dax dy'dz' y dx' dy' 
(3.107) 

3.9 Nusselt Number 

As to the definition of Nusselt number, Nusselt number is equal to the dimensionless 

temperature gradient at the surface of the container. It provides of measure of the 

convection heat transfer occurring at the surface. 
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The local Nu numbers were defined as follows on the six surfaces of the container: 

:' = (): Nu = -ii 
dx' x'=0 

(3.108) 

x' = 1 = Nu = 
dx' x'-l 

(3.109) 

y' = 0: Nu = - ae 
dy' ,'=0 

(3.110) 

./ -y' = l Nu = iil 
av'Ui 

(3.111) 

z' = 0: Nu = - d6 

dz7 z'=0 
(3.112) 

z' = 1 Afa = ae (3.113) 
dz'*''1 

The average Nusselt numbers on side-walls and top and bottom were defined as follows: 

on top x< - 0 and bottom x' = xJ 

' o z o 
(3.114) 

on side walls y7 = 0 anc^ y; = v./ 

* o z 0 

(3.115) 

on side walls z> = 0 and z' = ZQ 

«•"*» „/ ../ Jo Jo 
*0?0 

(3.116) 
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CHAPTER 4 

NUMERICAL METHODS 

4.1 Introduction 

Equations (3.97), (3.105), (3.106) and (3.107) must be solved numerically. They are 

coupled, second-order partial differential equations, and to date it has not proved possible 

to obtain their exact mathematical solutions. In this chapter the numerical methods used 

to solve them are described. 

If \j/x, vy and \jfz are known then we can obtain velocity field via equation (3.46a). By using 

the known velocity field and solving equation (3.97), temperature field can be found. This 

is one complete iterative step in the main loop or called outer iteration. We can also revise 

the solution procedure by solving temperature field first and them update velocity field, but 

the result is the same. When one iterative step is completed, the new values of vector 

potentials and temperature can then be used as the starting state for the next iteration step. 

The iteration loop continue until the desire iteration number is reached or the solution is 

convergent. 

Inside the main loop, two important procedures are defined as solving the vector potential 

field to obtain velocity field and solving temperature field. The former is more complicated 

than the latter. 
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The component equations of vector potential, equations (3.105), (3.106) and (3.107) are 

elliptic and coupled. The iterative loop for solving the vector potential is called the inner 

iterative loop. Inside the inner loop, firstly \|/x and \j/y are advanced by using the old \|/z 

value, then the inner iteration advanced for solving \j/2. Updated values of \j/x, \}/y and \|/z 

can be used in the next iteration. The iteration will continue until the solutions of \j/x, \|/y 

and \}/z cease to change significantly. We term these results the false steady state of vector 

potential within one outer iteration step. Because actually they are the real transient vector 

potential field which represents the real transient velocity field, however from the 

mathematical viewpoint we can imagine that we are solving a set of coupled elliptic partial 

differential equations which have an initial state and a final steady state. The initial state 

is known from the updated value of the outer iteration loop. Then the inner iteration is 

carried out until the final state is reached. This is the so-called steady state. 

A third-level iteration loop is used for solving a single component of vector potential. We 

applied the false transient technique, after Mallinson and de Vahl Davis (1973), to improve 

the rate of convergence. The above multi-iteration scheme was employed to determine the 

solution of equations (3.105) to (3.107). The third-level iteration was used for solving the 

single component equation of vector potential. The inner iteration was used for updating 

the new vector potential field in which its three component equations are coupled, and the 

outer loop was used to obtain transient velocity field and temperature fields. A non-uniform 

central differential approximation was applied to obtain the differential equations, which 

were solved by the Samarskii-Androyev alterative direction implicit scheme. 
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4.2 The Approximation of Derivatives by Finite Differences 

T 
h 3 

hj-a 

1 

• • 
i-l,j*l i-j+l 

• • 
i-i.j i.j 

• • 
i-i,j-l i,j-i 

L.. ,. i _ . , 

1 W-i 

figure 4.1 Arrangement of grid points 

hi 

• 
i+l.j+l 

*i-i,j 

• 
i+l,j-l 

A non-uniform mesh was used and is shown in Figure 4.1, ht represents the distance 

between (i-l)th point and ith point along the x axis, as were hp hk respectively, x, was the 

ith point position in x direction, so we have 

hr-yj-yj-i (4-2) 

K-zk-zk_x (4-3) 

A notation to indicate the value of 9 or \\f at the pth time step and the position in the 

system was adopted as follows, 

6 = 6 ij.k 
(4.4) 

where p, i, j, and k were default values and are not shown, hence 
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o P + 1
 or flP*1 (4-5) 

°i-lj,k*l ar "i-l.K+l 

denotes the dimensionless temperature at the position in space xrh{, yy, zk+ht and at time 

t+At. The indices i, j, and k as used here will always denote position in space and the 

superscript/; will denote time. 

The space point (x,., y^, zt) , also called the grid-point (i, j, k) was surrounded by 

neighbouring grid points shown in Figure 4.1. Assuming that the function 0, \}/ possesses 

a sufficient number of partial derivatives. The value of them, for example, 8, at the two 

points, say, (x* yp zk) and (xM, y? zk) are related by Taylor's expansion: 

d6 
et*u.k= Kj.k + hi+i^-

1.2 c^e 
+ — Ki— dx i,j,k 2! ' 'dx' ij.k 

+ 0(hU) (4.6) 

Dropping the remainder term O(hf) and expanding in Taylor's series for 6t_j and6i+1 

about the central value Quk , w e obtain 

Of-i = 0 " hi 
ae 
dx 

1.2 #6 
+ — h, i.j.k dr i.j.k 

(4.7) 

e<+i
 = e + K\ ae 

dx 

1,2 c^e 
+ — « i + i — 

u.k 2 1+1ax2 
i,j,k 

(4.8) 

From these two relations it is easy to show that 

ae 
dx W,* ht

hi+i(hi+hi+i) 

^ i e + frti-fr2 e + ^ 
i_1 hthM(hi+hM) hthM(h^hM) 

0 W 

(4.9) 

setting 
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CXl(i) = - k±l (4-
Mi+i(V*i+i) 

CX2(i) = h^~k< (4-
MI-I(V*I-I> 

CX3(i) = '- (4-

we have 

= CXI (fid^ + CX2(i)6 + CX5(i)8j+1 (4-10) ae 
dx 

Similarly, we find 

— = 0^(06,., + CX5 (06 + CX6(i)Qi+1 (4.11) 
dx2 ••J'.* 

where: 

CX4(i) = ^ (4.11a) 
*Ai(V*,*i) 

CX5© = 2(^+^l} (4.11b) 

CX6(0 = i (4.11c) 
M M < V * I + I > 

Applying the same procedure to the y and z directions we obtain 

= CYKflQj^ + CT2CQ6 + CB(/)8^ (4-12) d6 
dy «./»* 

fy+i 

cnco = -hjhj+l(hJ+hJ+1) 
(4.12a) 



CY2(f) = -
hjhJ+1(hJ + hJ+1) 

,2 ,2 
nJ+-~nJ (4.12b) 

h! 

dy2 

de 
dz 

CY3(f) = 1 (4.12c) 
hjhJn(hj+hj+1) 

= CY4(j)0, + C75(/)6 + CY6(j)0M (4.13) 

1h 
CY4(f) = tl (4.13a) 

CT5(/) = ' J*lJ (4.13b) 
hjhj+1(h^hJ+1) 

1 h 
CY6(f) = ^ (4.13c) 

= CZ/(Jt)et.j + CZ2(£)6 + GZSOQe^, (4.14) 
»»;',* 

1,2 
CZ2(fc) = — (4.14a) 

M*+i(V
A*+i) 

2 2 
hk*i~hk (4.i4b) CZ2(*) = -

*? 

dz2 i.y,* 

CZ3(*) = (4-14c) 
hknk-\(hk+hk^ 

= CZ4(k)6k_l + C25(*)6 + CZ6(k)Qk+1 (4.15) 

CZ4(Jt) = ^ (4.15a) 

CZ5(k) = 2 ( * * + V i > (4-15b) 

45 



CZ6(k) = 
2K 

hkhk^(hk + hk+l) 
(4.15c) 

There are second-order partial differences in the equations (3.98), (3.99) and (3.100). T o 

derive their finite difference approximations, we applied Taylor's expansion on the grid 

points as shown in Figure 4.1, we obtain 

W. " V, + & .. . +%% 
dy i+i./ 2 dy2 M. J 

(4.16) 

*i+i. j-i = *t+i.j - V 
dtjr 

dy 
+ fy*1 &* 

i+U 2 dy: i+l.j 

(4.17) 

W.-W** •?* dy i-hj 2 dy: i-l.j 

(4.18) 

*i-U-i = *i-u ~ hj-i~^ 

nj-i a2!}/ 

i-l.j 2 Qy' i-LJ 
(4.19) 

Eq. (4.16) */£, - ££. (4.17) * A2, we have 

2 ,2, 2 . ,2 

Eq. (4.18) */*/_, - ££. (4.19) **/, w e have 

3ijr 

dy i+i, 
(4.20) 

(4.21) 
i-l.J 

Using Taylor's expansion, w e obtain 

dxjr 

dy i+U dy 'dxdy 2 ay ax2 
(4.22) 

dxjr 

3v »-U dy M dxdy 2 aydx2 
(4.23) 
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. . d3^ 
By using equations (4.20), (4.21), (4.22) and (4.23), and eliminating 3L_, we get 

,.2 .2W. ,2 ,2, x3i|r (4-24) 

+ {hJh*„l+kJh*_1){ltlhl+tiVi) ^ 
dxdy 

By using equation (4.12) to find the differential expression for —-, finally we obtain the 
3y 

differential expression as: 

-^*- = CXM1YM1 (i,f) Vi^-i + CXTM/d,/)^., + CXPlYMl(i,j) %+lJ_, 
dxdy 

+ CXMlY(i,f) ^t_lti + CXY xyu + CXPlY(hfWMJ 

+ CXMlYPl(i,f)yt-1J+1
 + CXYPl(i,MtJ+1 + CXPlYPHi,MMJ« 

(4-25) 

where 

CXMlYMl(i,j) = 
DENOMl 

L 2 Z.2 

"j */ (4.25a) 

OTWiO ~ -DENaBil . DEN0M3 

DENOM2 * h2 (425b) 

CXPlYMl(i,f) = -
y DENOMl 

1.2 T.2 

"<-ify (4.25c) 

hftfj^-hj) (4.25d) 

cw/nw)- ^ O M 1 

C v w , y> - DENOM2*(hJ
2-hJ

2.1) (425e) 

'•' DENOMl * DENOM3 
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CXPlY(i,J) = 
DENOMl 

hfh2 

hi-\ (hj-i hj ) (4.25f) 

CXMlYPl(i,f) = L^Li_ (4.25g) 
DENOMl 

CXYPHUfi - - *>*«»» " £ . (425h) 

DENOMl * DENOM3 

2 2 

CXPlYPl(i,j) = ki-lhj-1 (4.25i) 
D E N O M l 

DENOMl = (/^ A. + hj_x h
2) (h2_, ht + AM A*) (4-25J) 

DENOM2 = (^ A, + A^ h2) (h2_, - h2) (4.25k) 

DEN0M3 = A,^ A. (A-.j + Ay.) (4.25m) 

Similarly we can obtain differential expressions for ^ , -OL . 
dxdz dydz 

4.3 Finite Differences Approximations on Boundary 

We can not use the above differences equations to determine the values on the boundary 

because they are derived for a central point which relies on values on both sides of the 

point. The values of the point outside the boundary are unknown so the central point can 

not be determined by using this method. 

4.3.1 Finite Difference Formulas for the First-Order Derivatives on Boundaries for 

Energy Equation 

There were only first-order derivatives in the boundary conditions, refer to the boundary 
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conditions for energy equation. 

Figure 4.2 Arrangement of boundary grid points 

For the low limit, ie x=0, as shown in Figure 4.2, we have 

6 2J,k = e IJ.k + K,i 
d6 

dx 

Ki cfe 
U.k 2 dx: IJ.k 

(4.26) 

63J,k = dlJ,k + (hx,l+hx,2> 
ae 
"dx 

(*,.i+*^#e 
ij,* dx: IJ.k 

(4.27) 

by eliminating the second-order derivative, we obtain 

d6 

dx 
= CXlTL61Jk + CX2TL62Jk + CX3TLd3Jk 

IJ.k 

(4.28) 

where 

2_i.2 

CX1TL = - iK^K^'Ki 
2_r.2 

VA.i+V"W.i+U 
(4.28a) 
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CX2TL = (K.1+KJ 

K&A+K#-hUK.+KS> 
(4-

CX3TL = - 'x,l (4.28c) 
Ax.l(\l^x,2)

2-<i(^l+^2) 

Similarly we can obtain derivatives for the high limit in the x direction and those for y, 

axis as follows: 

where 

d6 
dx NXJ.k 

= CXITHQ^ + CX27776^_1J>Jt + C X S T H * ^ ^ (4.29) 

N2_z2 

CA7r# = ("x.NX-l + K.NX-l) ~ nx,NX-l 

2 

CX2TH = -

hx,NX-l(hx,NX-l +hx,NX-2>2 ~nxtNX-l(
h
x,NX-l

 + K,NX-1^ 

(Kwr-i+Ksx-iy2 

2 _ L 2 
hx,NX-l(hx,ffX-l +Hx,NX-2> -nx,NX-l(hx,NX-l +K,NX-l) 

(4.29a) 

(4.29b) 

CX3TH = 
lx,NX-l 

2_L2 

K.NX-l&x.NX-l +hx,NX-2> ~hx,NX-l(hx,NX-l +K,NX-2> 

(4.29c) 

where 

d6 
dy 

^ = CYlTLQiltk + CY2TLdi2tk + CY3TLQi3k 

2 1,2 

C/7TL = - Ki^sr-Ki 

CY2TL = 
(*y.i+*y.2)

2 

^.i(^i+\2)
2-<i(^i+V 

C137L = -• *y.i 

2_A2 

^AKX+W-KAKI+KJ 

(4.30) 

(4.30a) 

(4.30b) 

(4.30c) 
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ae 
~dy i,NY,k 

= CY1THKNy,k
 + CY2IBbiwNr_1Jk + CY3THdi>NY.2tk (4-31) 

where 

CY1TH = 
(ny,NY-l+hyffY_2) - A y W _ i 

2 _ t 2 
hy,Nr-l(ny,NY-l + ny,NY-2) ~ K.NY-l&y,NY-l + "y,NT-2^ 

CY2TH = - (hy,NY-l
+hy,NY-2>2 

2 _ L 2 
hy,NY-l&ytNY-l

 + ny,NY-2) ny,Nr-l^ny,NY-l + ny,NY-l> 

(4.31a) 

(4.31b) 

where 

CY3777 = 'y.w-i 

ae 
dz 

ny,NY-l^y,NY-l + ny,NY-2^ ny.tfY-l^ny,NY-l
 + n

y,NY-2^ 

= CZlTLQiJtl + CZ2TLdiJ2 + CZ3TLQiJ3 

CZi7L = - (\.l^z.2)2-^.l 

*z.A.l+*J1-^.A.1+W 

CZ2TL = C\.l+*z.2)2 

2_I.2 
KJKi+hJf-KiV'z.i+hJ> 

CZ3TL = - £ 

(4.31c) 

(4.32) 

(4.32a) 

(4.32b) 

(4.32c) 

where 

ae 
dz iJ.ATZ 

= CZlTHOiJNZ + CZ27H6i(/AZ.1 + CZ3THdiJtia_2 

CZ1TH = 
(\flZ-l +hz,NZ-2> K.NZ-1 

K,NZ-^hz,NZ-l + Az.AZ-2>2 " hz,NZ-l(hz.NZ-l +hz,NZ-2> 

(4.33) 

(4.33a) 
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"'7'i'TXJ 
sLllri -

CZ3TH = 

(hZ,NZ-l+K,NZ-2r 

hZ.NZ-l(hZ,NZ-l
 +hz,NZ-2y2 ~ h

Z,NZ-l(
h
z.NZ-l

 + hz,NZ-2> 

h1 

"z,NZ-\ 
2_Z,2 

(4.33b) 

(4.33c) 

^lz,NZ-l^Z,NZ-l
+^z.NZ-2> ~ h,NZ-l(nz,NZ-l

 + ̂ Z.NZ-2^ 

4.3.2 Finite Difference Formulas for the Second-Order Derivatives on Boundaries 

for \j/ 

Figure 4.3 Arrangement of grid points for boundary conditions of VJ 

The finite difference formulas on boundaries for \\f are quite simple because at the 

boundary the first derivatives vanish. Using Taylor's series, we have the following relation 

for the lower limit boundary as illustrated in Figure 4.3. 

W e define 

where 

*x.2 = * * . i 

*x,i a2!!/ 

2 dx2 WJt 

dx2 UJc 
= CX5PL i|i x t + CX6PL i|i x>2 

CX5PI = -

CX6PL = 

"... 

'x,l 

(4.34) 

(4.35) 

(4.35a) 

(4.35b) 



Similarly w e can find the approximations for the higher limit side for the x direction and 

those for y and z axes. 

aV 

where 

where 

where 

where 

dx' 
= CX4PH * XtNX_x + CX5PH * ,^_2 (4-36) 

WXjJfc 

OtfPtf = — (436a) 
"x,WX-l 

CX5P/T = ---1— (4.36b) 
"x,WX-l 

d2!!/ 

3y: 
= C / 3 P L i|r v . + CY6PL i|r , , (4.37) 

»,U y>1 y'2 

CY5PL = - - L (4.37a) 

CY6PL = -|- (4.37b) 
^ . i 

a 2^ 
3y: 

av 
dz< 

= CZ5PL xjr z j + CZ6PL \|r z 2 
ij',1 

(4.38) 

CY4PH = - 2 — (4.38a) 
"y,NT-l 

CY5PH = —j2_- (4.38b) 
"y,«rr-i 

(4.39) 

CZ5PZ, = —|- (4.39a) 
^z.l 

CZ5PL = — (4.39b) 
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where 

a2^ 
dz2 xjjn. 

- C Z 4 P H * z.NZ-1 + C 

CZ4PH - 2 

1,2 
"z.NZ-1 

CZ5PH - - ^ 
1,2 
"z.flZ-1 

(4.40) 

(4.40a) 

(4.40b) 

4.4 The False Transient Equations of Vector Potential 

The method of false transient makes two simple changes to each vector potential 

component equation: a fictitious transient term is inserted in the left side of the equations 

and the time derivatives are given modified coefficients. Equations (3.105), (3.106) and 

(3.107) become: 

1 d*'x #*'#*' Daz&1/' Da &*'z d6 , , 36. 
+ +(1-—-) +RaDa (cosy—-cosbata-% dt' dx'2 dy'2 Daydz

12 Day dx'dz' z dy' dz'' 
(4.41) 

i a*; av avy Daz ayy Da #*' n , ae ae, 
<- = i+ i + — i+(l-—-) -+RaDa (coso c o s y — ) 

S dt' dx'2 dy'2 Dax dz'2 Dax dy'dz' z dz' dx' 
(4.42) 

I dy'z dVz Da&y'z dVz Day #*' n , R dQ dd, 
— 1 = £ + — L £ + £+(—i-l) i-+ifoDav(cosp—-cosa—) 
« f *' dx/2 ^ x dy12 dz12 Dax dy'dz' y dx' dy' 

(4.43) 

If such a " steady state" solution exists, clearly the left hand side of equations (4.41), (4.42) 

and (4.43) will be zero and the results for them are identified as being the same as solved 

from equations (3.105), (3.106), (3.107). 
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The introduction of false transient coefficients ©^enhance the rate of convergence by 

setting different value of ot^, therefore the steady state vj/ can be obtained more efficiently. 

4.5 The Iteration Scheme for a Single Equation - Samarskii-Andreyev Implicit 

Alternating Direction Method. 

Equations (3.93), (4.41), (4.42) and (4.43) have four independent variables x,y,z and time 

t. In this study an implicit alternating-direction methods - the Samarskii- Andreyev (1963) 

Scheme was employed. It is also called the locally-one dimensional method because each 

equation is split into three one-dimensional equations to be solved at each stage of the 

solution. 

4.5.1 Solution Procedure of Vector Potential 

4.5.1.1 Solution of X Component \\fx 

i dq'x a v , a y x Daz # y x M Da a y z _ _ , ae R ae 
i — = — — £ + £ + — £ -+fl-—-) -+RaDa.(cosy—-cosB— + — £ — U +(1-—£) L +RaDa (cosy— -cosp—) 
% dt' dx'2 dy'2 Day dz'

2 Day dx'dz' dy' dz' 

(4.41) 

W e define intermediate variable co as 

1 d*x 
0)=-

(4.44) 

% dt' 

and 

•;-«,6A/'o+*» <4-45> 

implicit in x direction: , , 

* _ CT f^ x \+l ,-.* ^- «w " N •+• +• £ 

at'2 
(.̂ •̂.'̂ ^ 

DaT a2ijrz n n t ae ft ae, 
+ (i £) II- + Ra Da,(cosy — ; - cos p — ) 

Day dx'dz' dy' dz' 
(4.46) 
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Using differential approximations, the above expression can be expanded to: 

u>'-at&At/(CX4(f)<*l1 + CX5(0w* + CX6(i)^*+1) 

= CXm^t-i + CX5(i)y'x + CX6(i)<i+1 

+ 77^ ( CZ^K>^t-i + CZ5(k)y'x + CZ5(*)<i+1 ) 

+ ( 1 ~ -jrf ) ( CXMlZMl(i, *)<<-! Jfc_1 + CXZMl(i, k)tyui k-X 
Day 

+ CXP1ZM1 (i, *)i|fi<+1,ik.1+ OH«Z(i, ̂ ,̂._1Jfc + CXZ(z, *)<,-* 
+ CXP2Z(i, * ) < W t t + CXM1ZP1(U *)<,_!,*! 

+ CXZP7(i, * ) < u + 1 + CXP7ZP2(if*)<l+1>Jfc+1 
+ Jtozjfljcosrccyjcoe,., + CY2(oe + crecoe,^) 
- cos p(CZ7 (A) 6 ^ + CZ2(A)6 + CZ3(A)64+1)] 

(4.47) 

Now we define: 

^(7)=-a+8Ar
/ C J M © (4-48) 

B(7)=-ot8Ar
/ CX5(0+1 (449) 

C(/)=-a+8Af' CX6(i) (4-50) 

£>(/) =Rff5 o/ afcove equation (4-51) 

Simplifying the expression yields: 

jic/K.! +«(/)«;+c(/)« J + 1 =w)
 (4-52) 

W e may expand equation (4.52) as 

fl(l)«i+C(l)Q2 =D(1) 

A(2)o>*+7i(2)&>2+C(2)&>3* =D(2) 

i4(3)o>2 +7i(3)G>3* +C(3)o>4* =Z>(3) 

A(NX- l)«^.2+5(iVJ:- l)<4r-i +(iVX- l)co^=D(tfX-1) 

jifMOu^-i + B(NX)bi*NX=D(NX) 
(4.53) 

This is a tri-diagonal equation set and can be easily solved using the Thomas solution, (see 

Appendix B) 
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The second step is to implicitly advance the iteration in y direction: 

G>;*-8a+At' ( CY4(J) ^.\ + CY5(j)«>j"+CY6(j)Uj\\ ) = o>* (
4-54) 

let 

Thus we have: 

A(J) = -a^bAt' CY4(j) (4.55) 

B(J) = -a^bAt' CY5(j) + 1 (4.56) 

C(J) = -af bAt' CY6(j) (4.57) 

D(J) = co* (4.58) 

iicow;;, + B(J)G>;* + cg)»^ = DCO (4-59) 

Again this is a set of tri-diagonal equations and can be solved by the Thomas method. 

The third step is to implicitly advance in the z direction: 

al'* -ba.At' ~^(CZ4(k)ul" +CZ5(k)umk"
 +CZ6(k)u'k") = o" (4.60) 

Day 

Da 
A(K) = -a #6Ar'—S CZ4(k) (4.61) 

¥ Day 
Da 

B(K) = -a.SAr'—£ CZ5(A) + 1 (4.62) 
v Day 

Da 
C(/0 = -crfiAf'—£ CZ6(k) (4.63) 

v Day 

D(K) = o** (4-64) 

By using the Thomas method, we obtain the final intermediate value of co"*, the vector 

potential can be updated by: 

^.tf+OjAf'w"' (4-65) 
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4.5.1.2 Solutions of Y Component: \j/y 

1 3*; aVy 3Vy Daz dVy Da aVz ae 36, 
= f + r+"^ r + ( 1 _ ) -+RaDa( cos a—-cosy ) 

<S dr; dx/2 ay/2 ^ d z / 2 Da, dy'&' z &' &' 
(4.42) 

Similar to \j/x, we also define an intermediate variable co as 

1 3*' 
CJ: (4.66) 

% dt' 

and 

i ^ S A ^ c o ^ (4-67) 

implicit in x direction: 

co* = -^-fa^Af'u*- f/ i - -UI -- - — (a^Arco + tov ) + - + — -
3x'2 * ' a y ' ^ x & ' (4.68) 
^ z a 2 ^ ae ae, 

(1 ) + ito Da (cos a — - c o s y — ) 
Dax dy'dz' dz' dx' 

Using differential approximations, the above expression can be expanded to: 

u'-aq5At'(CX4(i)a>ll + CX5(i)a>" + 0X6(1)^) 

= CX4(i)^'yi., + CX5(i)$y + CX6(z)^>j+i 

+ CY4QWy.j-i
 + CYSQWy + CW(/)T|r^+1 

+ ^£ ( GZKC*)!^ + CZ5(kn'y + CZtfCA)^^ ) 
X 

+ ( 1 - ̂ £ ) ( CYMlZMKj, *)<,_!.*_! + CrZM7(/', * ) * ' • ̂  (4-69) 

+ C7P7ZM7 (/, *)<M.*-I + C7M7Z(/, *)<,-!, * + CTZfc A)< . , 

+ CTWZ0, *)<,•,.* + CYMlZPKj, *)<;.u+1 

+ C7ZP7(/, *)<,.*•! + CYP7ZP7(/,*)^+u+1 

+ itoDaz [cos a (CZ7(£) 8 ^ + CZ2(A)6 + CZ5(A)6Jt+1) 
- cosy (OH (98M

 + CX2(06 + CX3(i)6.+1)] 

N o w we define: 
^(7)=-ad,6Af

/CX4(0 (4.70) 
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B(I) = -atbAt' CX5(i)+l (4.71) 

C(I)=-aifbAt
l CX6(i) (4.72) 

D(l)=RHS of above equation (4-73) 

simplifying the expression we obtain 

A(7)a>;_1+fi(7)to;+C(7)o)J+1=D(7) (474) 

Again this is a tri-diagonal equation set easily solved by the Thomas method. 

The second step is to implicitly advance the iteration in the y direction: 

co/* - 6af A*' (CY4(j)^:x + CT50>/' + CY6(J)^i) = o>* (
4-75) 

A(J) = -a^bAt'CY4(f) (4-76) 

B(J) = -a^fiAf' CrJ(/) + 1 (4.77) 

C(J) = -a^bAt'CY6(j) (4-78) 

D(J) = o>* (4-79) 

Thus we have 

A(J)coJ_\ + B(J)a** + CC0»yVi = Z>(/) (4.80) 

Again this is a set of tri-diagonal equations and can be solved by the Thomas method. 

The third step is to implicitly advance in z direction: 

Da 
co"* - oa^Ar7—z- (CZ4(k)uk" + CZ5(k)a*k* + CZ6(k)co**") = co** (4.81) 

Dax 
Da 

A(K) = -a+bAt'—z- CZ4(k) (4.82) 
Dax 

Da 
B(K) = -a+bAt'—l- CZ5(k) + 1 (4.83) Da 

X 

Da 
C(K) = -c^oAf'—z- CZ6(k) (4.84) 

v Da, 
D(K) = co' (4.85) 
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By using the Thomas method, we obtain the final intermediate value of co"*, the vector 

potential can be updated by: 

i^^^Ar'to*" (4.86) 

4.5.1.3. Solution of Z Component \|/z 

i aij/z ay Day&y' ayr Dav ay Rf) m 
-~--j = ̂  + T r ^ + ^H^-l)-^+RaDa(cosP-™-cosa™-) 
% dt' dx'2 Daxdy

12 dz'2 Dax dy'dz' y dx' dy' 
(4.43) 

W e define intermediate variable co as 

1 3^ 
co=-

i 

and 

(4.87) 
% dt' 

ily^fiAf'o+ijr* (4.88) 

implicit in x direction: 

dx/2 * Z Dax dy' dz' 

+ ( ^ " D - ^ - +lto Do, (cos p - ^ -cosa-^-) 
Da, ay/ft' y dx' dy' 

Using differential approximations, the above expression can be expanded to: 
u'-aybAt'(CX4(i)ul1 + CX5(i)o* + 0X6(1)^) 

= CX4(i)Vz>l.x + CX5(i)i|rz + Ort5(0<i+1 

^ " ( C W ^ i I r i ^ + CT5</)^ + CY6(f)qz .+1 ) 

(4.89) 

Da X 
+ CZ^A)*^.! + CZ5(*)1̂  + CZ6(*)<*+i ) 

+ ( B?l - 1 ) ( CYMlZMKj, k) Vz.j-i.t-i + CYZMl(j, k^t-i (4-90) 

+ CYP1ZM1 (j, m'zj^t-S CYMlZij, k)VZJ-i,k + CZZfc £)<,-* 

+ C7P7Z(/, *)<,•,,* + CYMlZPKj, k^-i^i 

+ CYZP1(J, k)VzJMi
 + CYPlZPl(j,k)Vzj+iMi 

+ itoDay[cosp (CX7(06M + CX2(06 + CX3 (08/+1) 
- cos a (CY7(/)6/_1 + C72(/)6 + CX3(/)e,+1)] 
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Now we define: 

A(I)=-aifbAt' CX4(i) (
4-91) 

B(T)=-aifbAt' CX5(i)+l (4-92) 

C(I)=-a^bAt' CX6(i) (4.93) 

D(I)=RHS of above equation (494) 

simplifying the expression gives 

Ad)^ +£(/)co * +C(7)coi+1 =D(I) (495) 

This is a tri-diagonal equation set and can be solved as before. 

The second step is to implicitly advance the iteration in the y direction: 

Da 
co" - ba^At' —1 (CY4(jWj\ + CY5(j)u]" + C76(/)w7" ) = co* (4.96) 

Da 

Da 
A(J) = -a.bAt1—y-CY4(J) (4.97) 

w Dax 

Da 
B(J) = -a,oAf; —*C75(/) + 1 (4-98) 

Dax 

Da 
C(J) = -a.bAt'—y-CY6(f) (4.99) 

^Cx 

D(J) = co* (4-100) 

Thus we have 

(4.101) ii(J)G>;_, + B(J)Uj + C(J)coy+1 = D(J) 

Again this is a set of tri-diagonal equations and can be solved by Thomas method. 

The third step is to implicitly advance the iteration in the z direction: 

co"* - »ot At'(CZ4(k)uk:; + CZ5(it)co;" + CZ6(ic)co;") = co** (4-102) 

A(K) = -af5Ar' CZ4(k) (4-103) 

£(K) = -ot6Ar
7 CZ5(*) + 1 (4-104) 

C(K) = -a^bAt' CZ6(k) (4-105) 

IW - co** <4-106) 
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By usin<* the Thomas method, we obtain the final intermediate value of co , the vector 

potential can be updated by using: 

V^=Vuct,At'^" (4-107) 

4.5.2. Solution Procedure of Temperature 

The solution procedure is simple and very similar to those of vector potential. 
2 

^- = -R v'-V'S+R V2e+
RcQh"uX° 0-91) 

dt' c P c (Th-Tc)keff 
because 

^v'e^-ve+ev'-f, (4.io8) 
=V-(Vp6) 

Equation (3.97) may deform to: 

W e define 

d6 

™=-R V'-(V6)+RV'
2Q+ RcQheacX° 

dt' c P c (Th-Tc)k^ 

we may have 

(4.109) 

w=™ (4.110), and 6=8Af/co+eP (4-m) 
dt' 

36 XA,/I? F3(COM) + 3(COV) 3(onv) 
to=—-=-6Af R [-—— + — — — + — - — J 

dt' dx dy dz 
_ ra(6M)ia(6via(ew) 

~Rcl~lT "dy" ~dz~] 

. /„ ..a2^ a2CO a2^, 
+At'Rc[—+—-+—-] (4.112) 

dxz dy1 dz 
c dx2 dy2 dz2 

| *0
 Rc Qhea: 

+ Vh~Tc)keff 

implicit in x direction: 

co * -ic*c6 A t
/(CX4(i)co,*_1 +CX5(i)co * +CX6(i)alO 

+RcbAt
 /[CX7(0(«i.1 co;_1)+CX2(i)(uco*)+CX3(0(Kj+1 co*+1] 

=Rc[CX4(i)di_l +CX5(i)6
 4-CX<5(06i+1] 

RCc[CY4(j)Qj.l
+CY50')^CY6(j)ej^ (4.113) 

+R [CZ4(Wk 1+CZ5(k)Q^CZ6(k)Qk+l] 
-7?'[CX7(0(6i.1v..10+C72(/)(ev)

4-C73(/)(ey+1v;+1)] 

-Rl[CZl(k)(6k.1wk_l)+CZ2(k)6w+CZ3(J)(0k^k+i)] 

+CC0Q 



let 

A(T) = Rcb At' CXl(i) ut_x - Re b At' CX4(i) (4-l 14) 

B(I) = Rcb At' CX2(i) ut- Rcb At' CX5(i) + 1 (4-115) 

C(I) = Rcb At' CX3(i) ui+1 - Rcb At' CX6(i) (4.116) 

D(7) = RHS of above equation (4.117) 

By solving these equations we obtain co* and then forward the iteration implicitly in the y 

direction, we have 

co**-7*c6At' (CY4(f)u>}_\ +CY5(j)u>"+CY6(j)uJ+\) 

+RcbAt' [CYimUj-x uj:i)+CY2(j)(™")+CY3(j)(uj.x«,7j
 (4118) 

=co 

A(J) = Rcb At' CYl(f) vhl - Rcb At' CY4(j) (4119) 

B(J) = Rcb At' CY2Q) Vj - Rcb At' CY5(f) + 1 (4120) 

C(J) = Rcb At' CY3(j)vj+l - Rcb At' CY6(j) (4-121) 

D(J) = co* 

Similarly implicit in z, 

co***-72c8Af
/(CZ4(Jc)coJfc*"+CZ5(^)co***+CZ6(ic)coj*+7) 

+RcbAt' {CZl(k)(wk_x co;")+CZ2(A:)(wco***)+CZ3(^)(>v/t+1co;"] 

= co** 

(4.122) 

(4.123) 

A(K) = Rcb At' CZl(k)w^ - Reb At' CZ4(k) (4-124) 

B(K) = Rcb At' CZ2(k) wk - Rcb At' CZ5(k) + 1 (4-125) 

C(70 = Rc o At' CZ3(k) wk+1 -Rcb At' CZ6(k) (4-126) 

D(K) = co** 

updating 6 using 

(4.127) 

6p+1=6p+Af'co*** (4.128) 
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4.6 Stability and Consistency 

Next w e discuss the convergency of the numerical procedure. As described by Camahan 

et al (1969) the term convergency is understood to mean that the exact solution of the 

finite-difference problem (in the absence of round-off error) tends to the solution of the 

partial differential equation(PDE) as the grid spacings in time and distance tend to zero. 

There are two important concepts closely associated with the convergence of a particular 

finite-difference procedure, namely, those of consistency and stability. 

The term stability denotes a property of the particular finite-difference equation(s) used as 

the time increment is made vanishingly small. It means that there is an upper limit (as 

At~*0) to the extent to which any piece of information, whether present in the initial 

conditions, or brought in via the boundary conditions, or arising from any sort of error in 

the calculations, can be amplified in the computations. The term consistency, applied to a 

certain finite-difference procedure, means that the procedure may in fact approximate the 

solution of the PDE under study, and not the solution of some other PDE. Consistency is 

often taken for granted. 

It can be shown that, for a single linear equation, the Samarskii-Andreyev (1963) method 

is unconditionally stable. This scheme was stable when applied to a natural convection 

problem, but unfortunately it is impossible to prove or disprove the stability of it when 

applied to coupled, non-linear equations, Mallinson and de Vahl Davis (1973). Mallinson 

and de Vahl Davis (1973) also demonstrated that instability can still be introduced by the 
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coupling between equations of a system, but the time step At and false transient parameters 

oty can be adjusted to control the instability and therefore a solution was still obtained. In 

this study we observed that if Ra>109, a fine mesh and smaller time step was needed to 

make the program stable, although much more computing time was used. 

4.7 Solution Procedure and Program Explanations 

The arrangement of the solution procedure is discussed in this section. The numerical 

solutions of the governing equations were found by embedding their problem-specific 

discretized forms in FRECON3D, a computer program developed by Goh et al (1988). 

Flow charts of program AGRI_3D.FOR for this study are illustrated in Figure 4.4 and 4.5. 

To begin, the initial condition, boundary conditions and control variables are input by a 

subroutine DATTN then all the fields of vector potential, velocity, temperature and work 

space are initialised by subroutine EMIT A. Component equations of vector potential are 

solved by PI SOL, P2SOL and P3SOL subroutines, temperatures are advanced by TSOL 

and TBC, velocity fields are solved in VBC and VELOC. 

ITERAT is the iteration control subroutine. It redirects the advance routine from the inner 

iteration to the main iteration or from the main iteration to the inner iteration. The outer 

iteration loop or main loop, is started from the advance routine for solving the vector 

potential field. Initially the y, field is treated as constant in subroutines P1SOL and 

P2SOL, the new \|/y is then used in subroutine P3SOL to obtain \|fz. Every subroutine in 
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PI SOL, P 2 S O L and P 3 S O L includes its own third-level iteration loop to approach steady 

state. These processes continue until \|/x, \\ty and \j/z do not change significantly, they consist 

of the inner iteration loops and within the inner loops, temperature is held constant. 

When updated values of y,, \|/y and \fz are obtained, the process will jump from the inner 

loop and return to the main loop. Velocity field is then updated by subroutine TSOL and 

TBC. Once the temperature field is updated, the main iteration loop turns to the next cycle 

by applying the updated 6, \|/x, \fy and y2 fields as starting points. When the maximum 

iteration number is reached or the solution is convergent or indicates divergence, the 

program will jump from the iteration loops and writes the results by calling subroutines 

OUTPUT and WRITER. 

Program AGRI_3D.FOR is shown in Appendix D. 
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"igure 4.4 Program flow chart: main iteration loop. 
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CHAPTER 5 

NUMERICAL EXPERIMENTS AND COMPARISONS WITH PRIOR WORK 

5.1 Numerical Experiments 

In obtaining a physically sensible solution to a set of differential equations by numerical 

integration, not only does correct formulation of the governing equations and the initial and 

boundary conditions affect the results, but, as is well known, the numerical solution 

procedure itself may have a significant influence on the final results. In this chapter, the 

effects on the solution of the mathematical model developed in this study for different time 

steps, grid sizes and grid patterns are investigated. As well, convergence criteria for the 

vector potential and temperature are examined along with the effect of varying the 

Rayleigh and Darcy numbers. Many numerical experiments of packaged apples in a level 

rectangular container had been performed to examine the effects of these factors on 

solutions of a range of Ra and Da numbers. Finally, the output of the program is compared 

with the results of Beukema's (1983) numerical study in which he characterised three-

dimensional heat transfer in packed agricultural produce by assuming isotropic 

permeability and a constant rate of respiratory heat generation. 

5.1.1 Effect of Criterion for Convergence on Steady State Potential 

As described in chapter 4, before the new temperature and velocity fields are obtained, 
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updated vector potential should be iterated until it reaches its steady state. The criterion for 

convergence of the vector potentials was called PHIERR and when the condition 

EEEl*'+1-*'l 
' J.~~ zPHIERR (5-1) 

EEEun 
< J k 

was satisfied the vector potential field was iterated to a steady state. In the above 

inequality, superscriptr represents ihepth cycle of the third-level iteration loop. As shown 

in Table 5.1, when the product of Da and Ra is large, and the iteration time step is not 

small, PHIERR plays an important role in determining the final state of the vector 

potential. 

When a uniform mesh of 1 lxl lxl 1 grid is used, the differences between P2min and P3max 

at PHIERR = 10 and PHIERR = 0.001 were large (nearly 40%), thus PHIERR = 10 

appears too large for the vector potential field to reach a steady state. Theoretically, the 

smaller PHIERR is, the smaller difference there is between y and y*1, but we can 

observe that y2 and \|/3 do not change significantly when PHIERR is less than 0.001. The 

difference between P2mins when PHIERR = 0.001 and PHIERR = 0.00001 is only 1%. So 

PHIERR = 0.01 is small enough to obtain reasonably accurate results for vector potential. 

The iteration number in the third level iterative loop increases significantly as PHIERR 

decreases. When PHIERR changes from 0.001 to 0.00001, the accuracy of the vector 

potential field can be improved by 1%, but the third level iteration number needed is 51 

times greater. This causes the program to take many more hours to run. 
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To balance the accuracy and economy of computation time, PHIERR should be chosen 

carefully. In most circumstances, PHIERR = 0.001 insures that the vector potential field 

converges to a satisfactory steady state while only a small number of inner iterations is 

needed. 

A small time step for the main iteration loop can reduce the influence of PHIERR as 

shown in Table 5.2. It was found that when At was less than a critical value for a particular 

mesh size, there was no significant difference evident when choosing large and small 

values of PHDERR for the P2 and P3 iterations. Probably because the main loop time step 

was small, the temperature difference between one step was also small and the difference 

between vector potentials was also small, thus enabling the third level loop to readily reach 

steady state. 

A further interesting result is revealed on examining Table 5.2. When the advancement 

time step is small, the decrease in PHIERR does not make the iteration number inside the 

third level loop increase rapidly. It takes 38 cycles to reach steady state when PHIERR = 

10 and only 43 cycles when PHIERR = 0.001 which is 10* times smaller. 
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5.1.2. Effect of Iteration Time Step 

Special attention must be paid to specifying iteration time steps, A ^ and AtimtT. In the 

inner loop and third level iterative loop, Atiimer is specified to be large enough to reduce 

the ninning-time yet small enough to avoid instability. In the main loop, A*^ is specified 

to be large enough to reduce the running-time yet small enough to obtain a satisfactorily 

accurate true transient solution. The following relations were used: 

where AtmaiB is the time step for the main iteration loop, Relx is the relaxation parameter 

to improve the solution economy and accuracy, hmia is the minimum grid distance. And 

***** - °* ****, <53> 

where Atimer is the iteration time step for iterative advancement in solving the vector 

potential, cCy is the false transient coefficient of the vector potential. 

In this study it was observed that when Ra was small, a large iteration time step could be 

used, but when Ra was large, a small time step improved the convergence and stability of 

the program. We could always find Relx and oty to obtain a satisfied combination of At,^ 

and A^^. for different commodities in different initial and boundary conditions. It is found 

that the choosing of Relx and o^, is not unique. When At,^ is large, a small At^ may 

be used to balance the stability. When At.^ is small, a large At^^ can be used, thus 

improving the convergence speed in the inner loop. Figure 5.1 shows an example of 

choosing two sets of different Atmaia and At^ to obtain the same results. 
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Figure 5.1 Effect of Iteration Time Step on Solution 

Table 5.3 Mesh size 

Mesh size 

5 
11 
21 
31 
41 
51 

Time 

0.001 
0.001 
0.001 
0.001 
0.001 
0.001 

effect 

step 

on solution, 

PHIERR 

0.001 
0.001 
0.001 
0.001 
0.001 
0.001 

Da*Ra=10 

Temperature at central 

1.001165 
1.003337 
1.003337 
1.003337 
1.003337 
1.003337 

Cooling time 

1.184726834 
1.184726834 
1.184726834 
1.184726834 
1.184726834 
1.184726834 

5.1.3 Effect of Grid Size on Uniform Mesh 

When using a uniform mesh, the mesh size plays a very similar role in influencing the 

stability to that of the time step. Also the mesh size has some influence in choosing the 
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iteration time steps. As we can see in equations 5.2 and 5.3, mesh size is relative to time 

steps. 

Numerical results showed that different Ra and Da numbers required different mesh sizes 

to obtain the best compromise between accuracy and economy. A fine mesh caused higher 

time consumption but improved the convergence when Ra was very large. Table 5.3 shows 

the comparison of different mesh size effects on predicting temperature at the central point 

of a 0.28x0.52x0.32m container of apples, after cooling 1.184 hours at 30 °C initial 

temperature. It shows that a mesh size of llxllxll can achieve very accurate results.In 

this study it is found that the Samarskii-Androyev alterative direction implicit scheme has 

a very good stability and convergence characteristics when applied to natural convection. 

We can always find a satisfactory mesh size and time steps to obtain an economic and 

accurate solution. 

5.1.4 Non-Uniform Grid Size 

A non-uniform mesh can sometimes improve both the accuracy and time economy of a 

solution process. The design of a non-uniform mesh is usually based on a prior 'guess' or 

prior results of a simple uniform mesh. A non-uniform mesh was designed to perform a 

numerical investigation on the effect of different mesh types on the program. A narrow grid 

size near the walls and a wide grid size in the central regions were used to form the non

uniform mesh pattern defined below 

x direction(mm): 20 x 20 x 28 x 36 x 36 x 36 x 36 x 28 x 20 x 20 
y direction(mm): 20 x 52 x 52 x 52 x 68 x 68 x 68 x 68 x 52 x 52 x 52 x 20 
z direction(mm): 20 x 20 x 32 x 44 x 44 x 44 x 44 x 32 x 20 x 20. 

76 



A 11x13x11 uniform mesh was designed as 

x direction(mm): 28 x 28 x 28 x 28 x 28 x 28 x 28 x 28 x 28 x 28 
y direction(mm): 52 x 52 x 52 x 52 x 52 x 52 x 52 x 52 x 52 x 52 x 52 x 52 
z direction(mm): 32 x 32 x 32 x 32 x 32 x 32 x 32 x 32 x 32 x 32. 

While it may not always be apparent how to best select a mesh pattern for a particular 

situation, the results shown in Table 5.4 demonstrate that a judiciously chosen non-uniform 

mesh can improve the accuracy of the solution and lead to some economic benefit by way 

of shorter CPU time. For every identical iteration step, the errors of potential and 

temperature are smaller using the non-uniform mesh than using the uniform mesh. To reach 

the same accuracy for vector potential or temperature, less iteration steps are needed, for 

example, to obtain a steady state (when T_error is less or equal to 1.Ox IO"5), about 6000 

main iteration steps for non-uniform mesh and 6300 main iteration steps for the uniform 

mesh, which is about 5% large, are needed. 

Table 5.4 Effect of different types of mesh on accuracy and convergence 

Non-uniform mesh 

uniform mesh 

ith step 

3000 
4000 
5000 
6000 
6400 

3000 
4000 
5000 
6000 
6400 

P2_error 

0.44E-04 
0.58E-04 
0.18E-04 
0.56E-05 
0.35E-05 

0.73E-04 
0.35E-04 
0.32E-04 
0.10E-04 
0.64E-05 

P3_error 

0.40E-04 
0.73E-04 
0.23E-04 
0.70E-05 
0.43E-05 

0.64E-04 
0.29E-04 
0.40E-04 
0.12E-04 
0.78E-05 

T_error 

0.30E-03 
0.10E-03 
0.32E-04 
0.96E-05 
0.59E-05 

0.40E-03 
0.14E-03 
0.47E-04 
0.15E-04 
0.91E-05 
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5.2 Comparison of Results with Previous W o r k 

Beukema (1980,1983) conducted experimental and numerical studies on natural convection 

in isotropic porous media with constant heat generation rates. The results obtained by 

Beukema agree very well with the numerical results found in this study under the same 

conditions. To examine the accuracy of our program, a test was performed by using exactly 

the same boundary conditions and the same physical properties to obtain the temperature 

field and temperature versus time curves which can be compared with those of Beukema's. 

The data used in Beukema's study and this test are shown in Table 5.5. 

Table 5.5 Data used by Beukema (1980, 1983) 

Constant rate of heat generation 
Height of container 
Width of container 
Length of container 
Initial temperature 
Environment temperature 
Isotropic permeability 
Effective thermal conductivity 
Heat capacity, air [p C p ] air 
Heat capacity, media [p C p ]p 

Dynamic viscosity, air, u 
Porosity 
Convective heat transfer coefficient at top of the container 
Convective heat transfer coefficient at bottom of the container 
Convective heat transfer coefficient at side walls of the container 

6 0 W / m 3 

0.5 m 
0.76 m 
0.76 m 
28.75°C 
19.2°C 
1.45 x IO"6 m 2 

0.25 W / m K 
1230 J/mK 
2.3 x IO6 J/mK 
1.77xia5kg/ms 
0.378 
10 W / m 2 K 
7 W / m 2 K 
20 W / m 2 K 

A non-uniform grid mesh was designed to match those particular points that Beukema used 

to locate the temperature measurement A llxllxll grid network was used with intervals 

of 0.11 x 0.09 x 0.1 x 0.1 x 0.11 x 0.09 x 0.1 x 0.12 x 0.09 x 0.09(m) in the x direction, 
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and equal intervals in the y and z directions. The criterion set for vector potential 

convergence was 0.001. 

Figure 5.2 shows the results of Beukema's work and Figure 5.3 shows the present results. 

Theses figures demonstrate that the temperature versus time characteristics calculated in 

the two studies agree quite well. 
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CHAPTER 6 

NUMERICAL RESULTS FOR COOLING STORED 

AGRICULTURAL PRODUCE 

6.1 Introduction 

The results of a series of numerical experiments designed to simulate the convective heat 

transfer processes occurring in the packed beds of selected fruits and vegetables as they 

are cooled are presented in this chapter. Besides modelling the characteristic variation of 

heat generated by respiration with temperature for each commodity, effects due to changes 

in the permeability of the packed bed are investigated by choosing fruits and vegetables 

exhibiting either isotropic or orthotropic permeability. For the comodities considered, 

natural convection with both adiabatic and isothermal boundary conditions imposed on the 

floor of the container are studied. A comprehensive discussion of the results has been 

reserved until the next chapter, however interpretations arising naturally from the results 

may be dealt with as they occur in this chapter. 

Data from Table 2.2 which gives respiration rates for various commodities was used for 

constructing, by least squares, the respiration rate versus temperature function for apples, 

Brussels sprouts, carrots and asparagus in the program. The data on the physical properties 

of air used in the program are shown in Table 6.1. 
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Table 6.1 Physical data for air at atmospheric pressure, T=288K, Ozisik (1985). 

Specific heat, Cpair, KJ/Kg-K 1.0056 
Air viscosity, u, Kg/m-s 1.8642 x 10"5 

6.2 Produce with Isotropic Permeability 

Because of their roughly spherical shapes, apples and Brussels sprouts were chosen as 

typical of commodities, that when packed in boxes, may be treated as packed beds with 

isotropic permeability. A further consideration was the desirability of studying differences 

between a weakly respiring commodity, characterised by apples, and a strongly respiring 

one, such as Brussels sprouts. 

The physical properties data used in the program to investigate natural convection in a 

container for storing apples are given in Table 6.2. 

Table 6.2 Physical data for Apples, Fikiin (1983) 

Water content, <f>water, % 83.5 
Specific heat, Cps, KJ/Kg-K 3.724 
Density, ps, Kg/m

3 1066 
Density of packed bed, pp, Kg/m

3 657.5 
Porosity e u 0.3832 
Average diameter, m 2 ) 0.067 
Effective thermal conductivity in packed bed, K W / m - K 0.29lxlO"3 

Initial temperature, °C 30° 
Cold wall temperature, °C 0C \0 

Note: 1) e « 1 - p/p,; 
2) Average diameter obtained from Gala Apples. It may vary from different grades or 
different cultivars. 

The data on the physical properties of Brussels sprouts used in the program are shown in 

Table 6.3. 



Table 6.3 Physical data for Brussels Sprouts 

Water content, <j>water, %, (Hardenburg, 1986) 84.9 
Specific heat, Cps, KJ/Kg-K, (Mohsenin,1980) 3.684 
Density, ps, Kg/m

3 ° 1060 
Average diameter, m 2 ) 0.029 
Porosity, e3) 0.3832 
Effective thermal conductivity in packed bed, K W / m - K 3 ) 0.29lxlO"3 

Initial temperature, °C 30° 
Cold wall temperature, °C 0° 

Note: 1) ps = 2670/(1.67+<|>WQ[er), Fikiin,1983; 
2) M a y vary from different grades; 
3) Assumed having the same value in Table 6.2. 

6.2.1 Natural Convection with an Adiabatic Floor 

The container was assumed to have an adiabatic floor, four cool isothermal side walls and a 

cool isothermal top. The box size was 320mm(w) x 520mm(l) x 280mm(h). The dimensions 

were taken from an actual package box for apples. A non-uniform grid mesh of 10 + 8 x 32.5 

+ 10 in the x direction, 10 + 10 x 50 + 10 in the y direction and 10 + 8 x 37.5 + 10 in the 

z direction was used. The convergence criterion was 0.001 and the main iteration time step 

was 0.02551. 

The computed results of the evolving three-dimensional temperature and velocity fields with 

respiratory heat generation for apples with an adiabatic container floor are presented in Figures 

6.1 to 6.12. Figure 6.1 shows the temperature response versus time at different locations along 

the central vertical axis of the box. At x=0.036 and x=0.152 the temperature initially decreases 

for some 1.5 to 3 hours, after which it plateaus and then begins to cool rapidly. While at 

x=0.268, x=0.384, an initial temperature rise can be observed. Some 20 hours after the cooling 

process first commenced a steady state temperature distribution was reached. 
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Figure 6.1 Temperature change with time along vertical central axis. Apples, adiabatic 
floor. 
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Figure 6.2 The x-component of velocity, u, versus time along the vertical central axis. 
Apples, adiabatic floor. 
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Figure 6.2 shows how the x component of velocity, «, changes along the vertical central 

axis with time. It apppears that strong air movement started about one hour after cooling 

commenced and reached its maximum after about 1.5 hours. The velocity at different 

positions reaches its peak value at different times. In the lower part of the container the 

velocity reached its maximum value before that in the upper part The time delay between 

x=0.964 and x=0.152 was approximately 30 to 40 minutes. 

Figures 6.1 and 6.2 indicate that high temperature gradients were associated with strong 

air movement inside the box. The x component velocity distribution near the top and 

bottom walls does not show sharp changes and the average value was relatively small 

compared to that in the central area. 

Figures 6.3, 6.4 and 6.5 show the temperature distributions along three central axes of the 

box during the cooling process. Figures 6.6, 6.7 and 6.8 show the the x component velocity 

distributions along the three central axes. Because the system is symmetric in the y=0.5y0 

and Z=0.5Zo planes, the temperature and x component velocity are also symmetric along 

the Y and Z axes. 

As shown in Figures 6.7 and 6.8, the downward air movements were limited to a narrow 

layer near the cold walls. Between the upward air flow and downward flow, there was a 

narrow zone where the velocity u was zero. It seems that the zero velocity u zone does not 

change position much. The absolute velocity values near the side walls were greater than 

those in the centre. 
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The average Nusselt number change with time on the side walls and the top wall is 

presented in Figure 6.9. In the first two hours of cooling, the Nu number had much larger 

values than in later stages of the process. This sugests that beyond three hours, conduction 

plays a more dominant role than convection in heat transfer. 

Figure 6.10, 6.11, and 6.12 show the temperature distributions along the central x, y and 

z axes after steady state conditions were reach. The highest temperature zone was at the 

bottom of the box, with temperature reaching 8=0.009537 or T= 0.286°C. The temperature 

in the central part of the box was 8«0.008485 or T=0.255°C. At the steady state 

temperature, the velocity was very small and the influence of convection was weak since 

heat transfer was largely due to conduction. Appendix C contains the contour map of the 

local temperature distribution, local velocity distribution, vector potential and local Nusselt 

number distribution during the cooling process and at steady state. 

Brussels sprouts were seleted to illustrate the ability of the program to deal with 

commodities characterised by high respiration rates. Brussels sprouts can be kept in good 

condition for a maximum period of 3 to 5 weeks at 0°C, according to Hardenbury (1986). 

The computed results of the developing temperature and velocity fields with respiratory 

heat generation for Brussels sprouts with adiabatic floor conditions are shown in Figures 

6.13 to 6.24. The temperature and x-component of velocity, u, along the central vertical 

axis are shown in Figures 6.13 and 6.14 respectively. It is evident that a much greater time 

was needed to cool the sprouts than was the case for apples. The temperature distributions 

within the container along the central axes for the x,y and z coordinates, as it develops in 

time, are shown in Figure 6.15, 6.16 and 6.17. 
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The development of the velocity fields with time are illustrated in Figures 6.18, 6.19 and 

6.20, where the x component of velocity distributions for the x,y and z coordinates along 

the central axes are shown. Figures 6.21, 6.22 and 6.23 depict the steady state temperature 

distributions along the central x,y and z cordinates respectively. The average Nusselt 

number change with time on the side walls and the top wall is presented in Figure 6.24. 
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Figure 6.13 Temperature change with time along the vertical central x axis. Brussels 
sprouts, adiabatic floor. 
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"igure 6.14 x-component of velocity, u, change with time along the vertical x central 
axis. Brussels sprouts, adiabatic floor. 
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7igure 6.15 Temperature distribution at different cooling times along the central x axis 
Brussels sprouts, adiabatic floor. 
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'igure 6.16 Temperature distribution at different cooling times along the central y axis. 
Brussels sprouts, adiabatic floor. 
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Figure 6.17 Temperature distribution at different cooling times along the central y axis. 
Brussels sprouts, adiabatic floor. 

7igure 6.18 x-component of velocity, u, distribution at different cooling times along the 
central x axis. Brussels sprouts, adiabatic floor. 
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ngure 6.20 x-component of velocity, u, distribution at different cooling times along the 
central z axis. Brussels sprouts, adiabatic floor. 
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Figure 6.22 Steady state temperature distribution along the central horizontal y axis. 
Brussels sprouts, adiabatic floor. 



"igure 6.23 Steady state temperature distribution along the central z axis. Brussels 
sprouts, adiabatic floor. 

7igure 6.24 N u number change with time on top and side walls. Brussels sprouts, 
adiabatic floor. 
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6.2.2 Natural Convection with an Isothermal Floor 

The results computed for apples cooled under isothermal boundary conditions imposed on 

the floor of the storage container are presented below in Figures 6.25 to 6.36. 

Progressive changes in the temperature destribution with time along the central x axis for 

apples is shown in Figure 6.25. After some 40 hours the temperature within the packed box 

reached steady state. Changes in the x-component of velocity, u, distribution with time 

along the central vertical axis are shown in Figure 6.26. Figures 6.27, 6.28 and 6.29 show 

the temperature distributions within the container along the central axes for the x,y and z 

coordinates, as it develops in time. Figures 6.30, 6.31 and 6.32 show the development of 

the x component of velocity with time along the central axes. The steady state temperature 

distributions along the central x,y and z directions are shown in Figures 6.33,6.34 and 6.35 

respectively. The average Nusselt number change with time on the side walls and the top 

wall is presented in Figure 6.36. 
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Figure 6.25 Temperature change with time along the vertical central axis. Apples, 
isothermal floor. 
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Figure 6.26 x-component of velocity, u, versus time along the vertical central axis. 
Apple, isothermal floor. 
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Figure 6.32 x-component of velocity, u, distribution at different cooling times along the 
central z axis. Apples, isothermal floor. 
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Figure 6.33 Steady state temperature distribution along the central x axis. Apples, 
isothermal floor. 
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?igure 6.34 Steady state temperature distribution along the central y axis. Apples, 
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?igure 6.35 Steady state temperature distribution along the central z axis. Apples, 
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7igure 6.36 Nu number change with time on top and side walls. Apples, isothermal 
floor. 



The results computed for Brussels sprouts cooled under isothermal boundary conditions 

imposed on the floor of the storage container are presented below in Figures 6.37 to 6.48. 

Progressive changes in the temperature destribution with time along the central x axis for 

Brussels sprouts is shown in Figure 6.37. After some 40 hours the temperature within the 

packed box reached steady state. Changes in the x-component of velocity, u, distribution 

with time along the central vertical axis are shown in Figure 6.38. Figures 6.39, 6.40 and 

6.41 show the temperature distributions within the container along the central axes for the 

x,y and z coordinates, as it develops in time. Figures 6.42, 6.43 and 6.44 show the 

development of the x component of velocity with time along the central axes. The steady 

state temperature distributions along the central x,y and z directions are shown in Figures 

6.45, 6.46 and 6.47 respectively. The average Nusselt number change with time on the side 

walls and the top wall is presented in Figure 6.48. 
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Figure 6.37 Temperature change with time along the vertical central x axis. 
Brussels sprouts, isothermal floor. 
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Figure 6.38 x-component of velocity, u, versus time along the vertical central axis. 
Brussels sprouts, isothermal floor. 
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Figure 6.39 Temperature distribution at different cooling times along the central x 
axis. Brussels sprouts, isothermal floor. 
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Figure 6.40 Temperature distribution at different cooling times along the central y 
axis. Brussels sprouts, isothermal floor. 
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Figure 6.41 Temperature distribution at different cooling times along the central y 
axis, Brussels sprouts, isothermal floor. 
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the central y axis. Brussels sprouts, isothermal floor. 
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?igure 6.45 Steady state temperature distribution along the central vertical x axis. 
Brussels sprouts, isothermal floor. 

<igure 6.46 Steady state temperature distribution along the central horizontal y axis, 
Brussels sprout isothermal floor. 
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Figure 6.47 Steady state temperature distribution along the central z axis. Brussels 
sprouts, isothermal floor. 

Figure 6.48 N u number change versus time on top and side walls. Brussels sprouts, 
isothermal floor. 
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6.3 Produce with Orthotropic Permeability 

Carrots and asparagus packed in boxes 0.28m x 0.52m x 0.32m were chosen as representative 

of the orthotropic permeability characteristics of packed produce undergoing convective heat 

transfer. Data describing the physical properties of carrot, which has a low respiration rate, 

and asparagus, which has a high respiration rate are shown in Tables 6.4 and 6.5 repectively. 

Table 6.4 Physical properties of Carrots 

Water content, <j>waler, %, (Hardenburg, 1986) 
Specific heat, Cp„ KJ/Kg-K, (Mohscnin,1980) 
Density, pg, Kg/m

31} 

Density of packed bed, pp, Kg/m
3, (Mohsenin,1986) 

Average effective diameter, m 2 ) 

Porosity, e3) 

Effective thermal conductivity in packed bed, KW/m-K 4 ) 

Initial temperature, °C 
Cold wall temperature, °C 

Note: 1) p. = 2670/(1.67+(J»WMe,), Fikiin,1983; 

88.2 
3.768 
1046 
641 
0.041 
0.3872 
0.291x10 
30° 
0° 

2) M a y vary from different grades. See Equation 3.23; 
3) e - 1-p/p,; 
4) Assumed having the same value in Table 6.2. 

Table 6.5 Physical properties of Asparagus 

Water content, ())waler, %, (Hardenburg, 1986) 
Specific heat, Cps, KJ/Kg-K, (Mohsenin,1980) 
Density, p„ Kg/m31) 

Density of packed bed, pp, Kg/m
3, (Mohsenin,1986) 

Average effective diameter, m 2) 

Porosity, £3) 

Effective thermal conductivity in packed bed, KW/nvK4 ) 

Initial temperature, °C 
Cold wall temperature, °C 

Note: 1) p. = 2670/(1.67-Hj>WilJ, Fikiin.1983; 

93.0 
3.936 
1027 
577 
0.02 
0.4382 
0.291x10 
30° 
0° 

2) M a y vary from different grades. See Equation 3.23; 

3) E « 1-p.Zp.; 
4) Assumed having the same value in Table 6.2. 

As previously, Table 2.2 was used to determine the respiration rate versus temperature 

functions for carrots and asparagus. The numerical experiments described in this section were 

113 



performed on boxes experencing adiabatic floor conditions and isothermal cooling on the sides 

and top. 

6.3.1 Horizontally Laid Pack 

W h e n produce such as asparagus, cucumber, celery, beans or carrots are laid horizontally in 

boxes, one of the horizontally directed permeabilities, say Ky, has a value different to the other 

two, K,, K^. In order to examine the effect of horizontal packing on heat transfer, four 

different relationships between the components of permeability were used in computing the 

results for carrots. The relationships used were: Da=Da=Da ; Da -2Da=2Da ; 
j •* * j * t 

Day=3Dax=3Dat ; Day=4Dax=4Dal . 

The temperature versus time curves computed for the four different permeabilities for 

horizontally packed carrots are shown in Figure 6.49 and the temperature distribution along 

the central axes in the x, y, and z directions are shown in Figures 6.50, 6.51 and 6.52 

respectively. Velocity profiles have been computed after cooling for one hour and after five 

hours, shown in Figures 6.53, 6.54 and 6.55. 

Temperature distributions along the x, y and z diresctions were computed at steady state 

conditions and the results are shown in Figures 6.56, 6.57 and 6.58 for carrots. 

A paralllel set of results using the same boundary conditions and permeability relationships 

were computed for horizontally laid asparagus. These results are presented in Figures 6.59 

through to 6.68. 
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Figure 6.49 Temperature versus time curves for horizontally laid carrots, adiabatic 
floor. 
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Figure 6.50 Temperature distributions along the central vertical axis for horizontally 
laid carrots, adiabatic floor. 
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Figure 6.51 Temperature distributions along the central horizontal y axis for 
horizontally laid carrots, adiabatic floor. 
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igure 6.52 Temperature distributions along the central horizontal z axis for 
horizontally laid carrots, adiabatic floor. 
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Figure 6.54 x-component of velocity, u, distributions along the central horizontal 
y axis for horizontally laid carrots, adiabatic floor. 
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Figure 6.57 Temperature distributions along the central horizontal y axis at steady 
state for horizontally laid carrots, adiabatic floor. 
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Figure 6.58 Temperature distributions along the cental horizontal z axis at steady 
state for horizontally laid carrots, adiabatic floor. 
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Figure 6.61 Temperature distributions along the central horizontal y axis for 
horizontally laid asparagus, adiabatic floor. 
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Figure 6.62 Temperature distributions along the central horizontal z axis for 
horizontally laid asparagus, adiabatic floor. 
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Figure 6.63 x-component of velocity, u, distributions along the central vertical x 
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Figure 6.64 x-component of velocity, u, distributions along the central horizontal 
y axis for horizontally laid asparagus, adiabatic floor. 
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Figure 6.65 x-component of velocity, u, distributions along the central horizontal 
z axis for horizontally laid asparagus, adiabatic floor. 
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Figure 6.66 Temperature distributions along the central vertical x axis at steady 
state for horizontally laid asparagus, adiabatic floor. 
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'igure 6.67 Temperature distributions along the central horizontal y axis at steady 
state for horizontally laid asparagus, adiabatic floor. 
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Figure 6.68 Temperature distributions along the central horizontal z axis at steady 
state for horizontally laid asparagus, adiabatic floor. 



6.3.2 Vertically Laid Pack 

In packed bed convective heat transfer processes significant differences are expected to 

occur when vertically packed beds and horizontally packed beds are used. The results 

presented in this section are for vertically laid carrots and asparagus, as in the horizontally 

laid pack, four different relationships between the components of permeability were used, 

for this case they were: Da=Da=DaT ; Da=2Da=2Dar ; Da =3Da =3Da ; 
* y i ~ y *w x y *. 

Da=4Da=4Dar . The boundary conditions for this study are identical to those used for 
x y z 

the horizontally laid pack. 

The results of this numerical experiment are presented in identical sequence to the 

horizontally laid carrots and asparagus and Figure 6.69 throught to 6.88 encompass the 

entire set of results. 
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Figure 6.69 Temperature versus time curves for vertically laid carrots, adiabatic 
floor. 

— ^ — Di_x - 0a_r - Da_x 

— Dl_x - 2Da_» - 20a_I 
— ~ — Da_x « 3Da_y - 3Da_z 

0a_x « 4Da_r " 4Da_z 

0.2 0.4 0.6 0.8 

Temperature 8 

Figure 6.70 Temperature distributions along the central vertical x axis for vertically 
laid carrots, adiabatic floor. 



Da_x - Da_r - Da_z 
D»_x - 2Da_f - 2Da_z 
Pa_x » 3Da_y - 3Da_z 
Da_x » 4Da_» - 4Da_z 

0-0 0.5 1.0 1.5 1.857 

Horizontal central axis, y direction 

Figure 6.71 Temperature distributions along the central horizontal y axis for 
vertically laid carrots, adiabatic floor. 
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Figure 6.72 Temperature distributions along the central horizontal z axis for 
vertically laid carrots, adiabatic floor. 



0.0 -

.52 0.2 -
X 
CO 

ve
rt

ic
al

 
o
 

1 

Ce
nt

ra
l 

P 
P
 

bs
 

b)
 

i 
i 

1 n -
i .u n 

D»_x 

De_x 

" Da. 

• 2D< 

De_x - 3Di 

Da_x - 4Di 

o After cooling 1 
A After cooling 5 

I 

-7 - Da_z 

_y - 2Da_z ^~^^^t& 

-y - 3D._z ^ y * ^ ^ ^ 

-i" 4D'-Z *~^\^^y*'j^*y 

fcotiri ^ yy^ ^•'K'.-y 

^^"^ y^ *&!?' 

• If 0 44* 

x x ° H 

i i i i 

-60 -50 -40 -30 -20 -10 

x component velocity u, mm/s 

Figure 6.73 x-component of velocity, u, distributions along central vertical x axis 
for vertically laid carrots, adiabatic floor. 
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Figure 6.74 x-component of velocity, u, distributions along the central horizontal 
y axis for vertically laid carrots, adiabatic floor. 



E 
E 

u 
jo 
CD 

CD 

O 
Q. 

E 
o 
o 

-60 i 

0 -

220 
0.0 0.5 1.0 1.143 

Central horizontal axis, z direction 

Figure 6.75 x-component of velocity, u, distributions along the central horizontal 
z axis for vertically laid carrots, adiabatic floor. 
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Figure 6.76 Temperature distributions along the central vertical x axis at steady 
state for vertically laid carrots, adiabatic floor. 
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Figure 6.77 Temperature distributions along the central horizontal y axis at steady 
state for vertically laid carrots, adiabatic floor. 
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Figure 6.78 Temperature distributions along central horizontal z axis at steady state 
for vertically laid carrots, adiabatic floor. 
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CHAPTER 7 

DISCUSSION 

7.1 Numerical Model 

In bringing the numerical model to an effective state, firstly the formulation of the 

underlying principles governing observed phenomena in cooling or heating of stored 

agricultural produce was accomplished. As distinct from most other established practice, the 

propositions advanced in this study were concerned with treating transient three-dimensional 

natural convection in stored respiring produce, as that in a confined porous media with 

internal heat generation and isotropic or orthotropic permeability. Secondly, the solution of 

the set of non-linear partial differential equations developed to describe the heat transfer 

process in packed agricultural produce was obtained numerically, using the method of false 

transient and the Samarskii-Andreyev implicit alterative direction iteration scheme, as 

outlined previously. Finally, the model was evaluated and so far as possible compared with 

other work before applying it to a number of practical applications. It was found the 

convergence, accuracy and computing time required to obtain solutions depended on a 

number of factors. These included: mesh type, grid size, time step, false transient parameters, 

convergence criterion, internal heat source function and container size. 

Results obtained using the model were compared with the numerical and experimental results 

presented by Beukema (1980, 1983), and shown in Chapter 5; the comparison was made 

using the same internal heat generation, physical property values and boundary conditions. 
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The results were in good agreement, but Beukema's model does not include a temperature 

dependent respiratory heat generation function, so realistic comparisons with our results for 

isotropic fruits and vegetables were not possible. In fact, we were unable to find other work 

with which to compare our numerical results. This study has provided a valuable perception 

of the problems associated with the storage and distribution of agricultural produce, but until 

more detailed information on permeability and respiration rates are available, and the 

computed numerical results are borne out reasonably well experimentally, we should at the 

present stage of its development, treat the results obtained with a degree of reserve. In the 

following sections the results of the study are discussed and ideas for further research are 

suggested. 

7.2 Temperature Distribution 

The cooling processes for apples and Brussels sprouts in a standard container with adiabatic 

or isothermal floor are shown in Figure 6.1, 6.13, 6.25 and 6.37. As expected the 

temperature changing profiles were different With isothermal floor the temperatures dropped 

faster at corresponding positions than those with adiabatic floor. It indicated that the 

isothermal floor improved the cooling process. The difference of these boundary conditions 

affected most on the temperature distributions in the lower part of the container, as shown 

in Table 7.1. 

The difference at the bottom, x=0.964, reached up to 80%. At the centre, x=0.5, there was 

only about 0.02-2.5% difference in temperature between these two boundary conditions. Air 

was cooled by the side walls and moved downward to the bottom. With the adiabatic floor, 
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Table 7.1 Comparison of temperature values along the central vertical axis for apples and 

Brussels sprouts. 

Position x 

0.0360 
0.1520 
0.2680 
0.3840 
0.5000 
0.6160 
0.7320 
0.8480 
0.9640 

"app_adb 

0.3490 
0.9570 
1.0123 
1.0055 
1.0048 
1.0017 
0.9828 
0.9457 
0.8574 

°app_i*o 

0.3473 
0.9549 
1.0104 
1.0008 
0.9795 
0.9308 
0.8279 
0.6260 
0.1605 

"Bnl_edb 

0.2871 
0.8966 
1.0234 
1.0340 
1.0342 
1.0339 
1.0331 
1.0307 
1.0238 

"Brsl_i«o 

0.2869 
0.8963 
1.0232 
1.0338 
1.0328 
1.0251 
0.9862 
0.8193 
0.2411 

Note: 1. 8,̂ , ̂  = temperature of apples with adiabatic floor; 
2- Qsppjeo = temperature of apples with isothermal floor; 
3. 0Bm_.db = temperature of Brussels sprouts with adiabatic floor; 
4- OBrsUeo = temperature of Brussels sprouts with isothermal floor; 
5. The values here were obtained at 1 hour cooling time. 

the cold air was first warmed up by the produce before it reached the central region of the 

lower part, thus a small temperature difference between air and produce resulted. With the 

isothermal floor, when air moved into the central area, it was still cooled by the cold floor 

and this enabled the air temperature to be lower than of the produce, even in the central area 

near the bottom. But when the air left the cold bottom to move up, it was heated to near the 

produce's temperature. This is why there was a big difference in the bottom area and a small 

one in the central and upper area when adiabatic and isothermal floor were introduced. There 

was a overall improvement when using the isothermal floor but the temperature behaviour 

in the central and upper area were quite similar. 

W h e n the steady state was reached, the temperature profiles were also different With the 

adiabatic floor, the highest temperature was located at the bottom centre. With the isothermal 

floor the highest temperature was lower than that of the adiabatic floor and was located at 

the centre of the container. 
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These results suggest that in cooling practice, attention should be paid to the central and 

upper area where produce are not easily cooled for both adiabatic and isothermal floor 

conditions. While in storage practice, if an adiabatic floor is used, the produce at the bottom 

might undergo damage most easily. 

An interesting lower temperature decrease after cooling for a period time can be observed 

at upper positions, as shown in Figures 5.2, 5.3, 6.1, 6.13, 6.25 and 6.37. This can be 

explained as follows. At the beginning of cooling, the temperature differences in the 

container were small and thus natural convection was weak. Heat transfer could be mainly 

attributed to conduction. A temperature rise, due to the internal heat generation took place 

in the cental area along with a rapid temperature drop near the cold walls. This process 

could last hours and led to a significant temperature difference as the natural convection 

developed completely. The air flowed downwards near the cold walls and upwards in the 

central area in the container. The rising air was warmed resulting in heat transport from the 

centre or bottom to the upper part of the container. 

The respiration heating also had a significant effect on temperature behaviour. Brussels 

sprouts have a much higher rate than apples do. It also took much longer time to cool down 

to the same temperature level. As a comparison with Figure 6.25 and 6.37 we can find that 

at x=0.268, it took about a hour to cool apple to 6°C and about 18 hours for Brussels 

sprouts. The temperatures for Brussels sprouts at steady state were much higher than those 

for apples. This is only because of the high heating rate. 

With the symmetric system, the temperature distributions were also symmetric as shown in 
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Appendix C. The contour map of the temperature distribution shows a clear view of the 

temperature field and its changing progress inside the container. 

7.3 Velocity Distribution 

Velocity distribution is relative to temperature changing. As shown in Figures 6.1, 6.2, 6.13, 

6.14, 6.25, 6.26, 6.37 and 6.38, both rapid temperature changes and high velocity happened 

within the same time period. When the temperature difference was large, the velocity was 

also large. This is because with large temperature differences the buoyant force was also 

large, thus air movement was strong. The strong air movement inside the container started 

at a certain time after cooling commenced, about 1.0 hour for apples having an adiabatic 

floor, and reached its maximum value later, about 1.5 hours for apples. In the lower part of 

the container, velocity first reached its peak value, then those in the central and upper part 

It indicates that the commodities in the bottom would be cooled first. This was also reflected 

in the temperature distribution figures. After a period of cooling, the temperature difference 

inside the box was small again and thus the velocity became small and uniform. 

As shown in figures of x-component of velocity along the central horizontal axes, the 

downward air flows were limited to a narrow layer near the cold walls. Between the central 

upward air flow and the downward air flow, the zero velocity u zones were very small and 

did not change their positions much. 

The velocity value near the side walls were greater than those in the centre. This is because 

that the net mass flow through the plane must be zero. Thus the downward flow rate should 
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be equal to the upward flow rate. With a lager area surface, the velocity in central area 

should be smaller. It is found that the velocity profile is quite even within the central area. 

This means that the temperature in it must be even within the same horizontal plane. Figure 

6.4 and 6.5 show the same results. Contour maps of velocity distribution inside the container 

are shown in Appendix C. 

The differences in velocity profiles between adiabatic and isothermal floor were small. This 

is because in both conditions, the air flow patterns were similar. Air was cooled by side-

walls and moved downward near the walls, then it was warmed and moved upward in the 

central area. When warm air moved away from the bottom, the space was filled by cold air 

when a isothermal floor was presented, or warm air when adiabatic floor was used. 

Appendix C provides a view of the velocity distribution in central planes. At the top of the 

container, air moved diverging from the centre while at bottom air moved converging to the 

centre. 

7.4 Nusselt Number 

As described in last section, strong air movement happened near the side-walls. Strong heat 

transfer by convection should also happen within this zone. The convection phenomena in 

this zone could be a good indication to identify the starting, developing and ending of 

natural convection inside the container. As defined in Chapter 3, Nusselt numbers are used 

to describe the natural convection occurring on the surface. When Nut.li it implies that 

there is no convection. 
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Figures 6.9, 6.24, 6.36 and 6.48 display the average Nusselt numbers' change with time 

on side-walls and top and bottom. At the beginning of cooling process, Nu had large values. 

Thus heat transfer by convection played a main role. When cooling reached a certain step, 

Nu numbers dropped to a low level. This indicated that due to the fact that the temperature 

differences were small, natural convection was weak and conductive heat transfer was 

important at this stage. 

7.5 Effects of Permeability 

7.5.1 Isotropic Permeability 

Permeability has an significant effect on natural convection in porous media. As shown in 

Figure 7.1, the temperature profiles were different when isotropic permeability changed. The 

larger the permeability, the faster the temperature changed and the less time was needed to 

cool down the produce. This was because that when permeability increased, the flow 

resistance inside the packed bed decreased. Air moved more freely thus the convection was 

enhanced. On the other hand, high permeability also means the packed bed may have a high 

porosity enabling more space for air and less space for the produce. The heat capacity and 

the power of the internal heat sources may also be reduced. Thus the packed bed can be 

cooled quickly. 

7.5.2 Orthotropic Permeability 

Figure 6.49 to 6.58 show the result of horizontally laid carrots in the package and the results 

for horizontally laid asparagus are presented in Figure 6.59 to 6.68. 
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Figure 7.1 Temperature change versus time at central point of the container under 
different isotropic permeability. 

For horizontally laid produce, the results indicate that the cooling process was not 

significantly affected by the different permeability relationships tried. The temperature 

distributions were also similar to each other, however slight differences in the velocity fields 

were observed. Velocity increased when the departure from isotropy increases. When 

produce were packed horizontally, for example, the axes of produce were parallel to y 

direction, air channels were formed in y direction. Thus resistance of air movement in y 

direction was reduced. When natural convection occurred inside the package, as described 

before, at top of the container, air flowed out from central area to side-walls area and at 

bottom flowed back to the central from outside region. Horizontally laid pattern improved 

the air flow in y direction in top and bottom area, but did not improve much in z direction. 

With no vertical channel formed the vertical air flow did not increase its velocity either. 

143 



W h e n produce were packed vertically, vertical channels were formed. Thus resistance in x 

direction decreased. The downward air flow near side-walls and upward air flow in the 

central area were enhanced. In natural convection, vertical air movement plays a very 

important role in heat transfer. Due to the vertical air movement enhancement, the cooling 

processes were also improved, shown in Figure 6.69 to 6.78 for vertically laid carrots. 

Because the cooling process was more efficient, the temperature differences in the produce 

were smaller in the non-isotropic than those in the isotropic arrangements. The velocity was 

also smaller due to a smaller temperature difference. 

Figure 6.79 to 6.88 show the results for vertically oriented asparagus. The vertical package 

did not show much difference from the isotropic results, shown in Figure 7.2. In the late 

cooling stage and the steady state, the isotropic package showed a better result. This is 

because when choosing different relations of permeability in x, y and z direction, 

permeability in x direction, KX, was set to a constant value, forcing K and KZ smaller when 

the differences between K , KZ and KX increasing. A low value of JC and KZ implied that the 

resistance for air movement in y and z directions increased. Figure 7.3 shows the results 

when K and K were set to a fixed value but ie increased to perform the horizontally laid 

effect. The cooling process was improved with KX increasing. When KX was larger than a 

certain value, the cooling process did not improve. This may be explained as when KX was 

large enough, resistances in y and z directions became critical. Thus, increasing KX would 

not improve the convection unless K and KZ were improved. 
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7.6 Respiration Effects on Container Size 

A comparison of cooling processes for apples in a large container with and without 

respiration is shown in Figure 7.4. Because the respiration rate for apples was small, even 

at high temperatures, the temperature differences shown in figure 7.4 were also small. At 

steady state, the temperature was uniform. Without respiration heat, the temperature of the 

produce finally equilibrated to the environmental temperature 6=0- With respiring heating, 

the final temperature was still higher than the environmental temperature. 

As discussed later, a large container is not suitable for cooling or storing produce having a 

high respiration rate. But even for a small container, the inclusion of respiration heat 

produces a significant temperature difference, as show in Figure 7.5. 

Currently many different sized containers are used to store fruits or vegetables. When 

produce is harvested, the field heat should be removed as quickly as possible and usually 

this is done within a few hours. Delays between harvesting and cooling produce are certain 

to increase deterioration when ambient temperatures are high. Figure 7.6 and 7.7 show the 

numerical results of the cooling process for apples and Brussels sprouts in different size 

boxes. It is evident that the bigger the size of the box, the higher is the temperature reached 

and the longer is the time needed to cool the produce to steady state. It may be clearly seen 

that a small size container is better suited for rapid cooling than large boxes provided the 

cold walls can be maintained. 

Referring to Figure 7.7, when a large size container was used to cool and store high 
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x,y central plate. x, z central plate 

Note: '.' represents live produce and '*' represents thermal death 
produce. 

Figure 7.8 Positions of live and thermal dead Brussels sprouts on two central plates 
when reaching steady state. Box size: 0.28x0.52x0.32m, adiabatic floor, initial 
temperature 30°C. 

x,y central plate. x, z central plate 

Note: '.' represents live produce and '*' represents thermal death 
produce. 

rigure 7.9 Positions of live and thermal dead Brussels sprouts on two central plates 
when reaching steady state. Box size: 0.28x0.52x0.32m, isothermal floor, 
initial temperature 30°C. 
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Note: '.' represents live produce and '*' represents thermal death 
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Figure 7.10 Positions of live and thermal dead Brussels sprouts on two central plates 
when reaching steady state. Box size: 0.5x0.5x0.5m, adiabatic floor, initial 
temperature 30°C. 
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•igure 7.11 Positions of live and thermal dead Brussels sprouts on two central plates 
when reaching steady state. Box size: 0.5x0.5x0.5m, isothermal floor, initial 

temperature 30°C. 
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* * * * * * * * * 
* * * * * * * * * 
* * * * * * * * * 
* * * * * * * * * 
* * * * * * * * * 
* * * * * * * * * 

Note: '.' represents live produce and '*' represents thermal death 
produce. 

Figure 7.12 Positions of live and thermal dead Brussels sprouts on two central plates when 
reaching steady state. Box size: 0.8x0.8x0.8m, adiabatic floor, initial temperature 
30°C. 

x,y central plate. x, z central plate. 

Note: '.' represents live produce and '*' represents thermal death 
produce. 

Figure 7.13 Positions of live and thermal dead Brussels sprouts on two central plates when 
reaching steady state. Box size: 0.8x0.8x0.8m, isothermal floor, initial 
temperature 30°C. 
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respiration rate produce, such as Brussels sprouts, a critically high temperature can be 

reached so that the produce suffers "thermal death". No life activities take place and no heat 

can be generated after reaching this point Figure 7.8 to 7.13 display the distribution 

positions of alive and thermally dead Brussels sprouts after cooling process. When a small 

size container was used, no thermal death occurred. When using a large container, produce 

in the central area became thermally dead. Due to the cold top, produce in the surface layer 

still remained alive. Thus it might not be easy to identify the quality of the produce by just 

seeing the surface. 

Even for the low respiration rate produce such as apple, a small container is still not good 

enough for efficient cooling to remove the field heat As shown in Figure 7.6, for a standard 

0.28 x 0.52 x 0.32m box, it took about 8 hours to cool apples from e = 1 (t=30°C) to 6=0.2 

(t=6°C). With such a long time at high temperature, apples probably suffer from 

deterioration. 

A fast pre-cooling procedure usually is used to remove the field heat efficiently. Different 

heating rates also had strong effects on temperature at steady state even when the produce 

was prechilled to 0°C, as shown in Figure 7.14. For example, Brussels sprouts reached a 

steady state temperature as high as 6=0.06. ie t=0.18°C and the temperature distribution 

was not uniform, as shown in Figures 6,25, 6.26 and 6.27. Figure 7.15 reveals the 

temperature versus time characteristic for stored Brussels sprouts after pre-cooling to 0°C 

and Figure 7.16 shows the steady state temperature distribution along the central vertical 

axis, when different sized containers were chosen. The final temperature was high and 

respiration remains at a relatively strong level, thus demonstrating that Brussels sprouts 

usually can only be stored for a short time. 
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7.7 Suggestions for Further Research 

7.7.1 Permeability 

Experimentally determined permeability measurements for various fruits and 

vegetables in of paramount importance and if this information becomes available it 

would enhance the usefulness of the model. 

7.7.2 Respiration Function 

Effects should be made to develop methods, based on measurements, of rapidly 

determining the characteristic temperature dependent respiration function for various 

commodities. Critical temperature of thermal death, both freezing point and hot point, 
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for various fruits and vegetables are important to determine the respiration functions 

in the model. 

7.7.3 Transpiration Rate 

Foremost of all the improvements which could be made to the model would be to 

account for transpiration or moisture loss in the produce. The factors influencing 

transpiration rates are temperature, humidity and barometric pressure in storage or 

transportation vehicle. A suggestion for doing this would be to incorporate the 

cooling effect of evaporation by adding an additional negative term to the respiratory 

heat generation - its form would be "rate of moisture loss x latent heat of 

vaporization". Also a moisture transfer equation could be considered into the 

equations group to obtain a mass-heat transfer model. 
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CHAPTER 8 

CONCLUSIONS 

1. The theory of natural convective heat transfer with internal heat generation as 

applied to the storage of agricultural or horticultural produce, was extended by 

successfully incorporation a characteristic temperature dependent respiratory heat 

generation term. 

2. A three-dimensional transient model of the natural convective heat transfer 

processes occurring in stored agricultural produce in closed containers with 

isotropic or orthotropic permeability and temperature dependent respiratory heating 

was developed to an effective state. 

3. In stored produce, heat generated by respiration significantly influences the 

temperature and velocity distributions. Respiration also affects the final uniform 

steady state temperature - low respiration rates give lower steady state temperatures 

and smaller temperature differences within the container, whereas higher respiration 

rates lead to greater steady state temperatures and more non-uniform temperature 

distributions. 

4. Container size is an important factor in cooling and storage of agricultural produce. 

Commodities with lower respiration rates may be packed in larger containers, but 

for higher respiration rate commodities, restrictions on the size of container used 

may be necessary to avoid high and non-uniform temperatures. 
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5. The nature of the permeability also affects the natural convective heat transfer 

process. The results of this study demonstrated that a package pattern which 

produces lower resistance to flow along the direction of gravity gives more 

effective heat transfer. 
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APPENDIX A 

SOLUTION OF LAPLACE EQUATIONS 

In Chapter 3 we have two Laplace equations. One is the scale potential (J): 

v24> = o (3-48) 

Another is the equation for the x component of vector potential when k = k and the x axis 

is along the gravity direction: 

V2fx = 0 (3-87) 

With their boundary conditions it is found that <j> is an arbitary constant and ij/ = 0. In 

this appendix the detailed solution of <J) is demonstrated. 

The solution procedure consists of four steps. Applying the theory of Separation of 

Variables, we assume that the solution of ()) exist as products of a function X(x) of x alone, 

a function Y(y) of y alone and a function Z(z) of z alone, thus we may write 

4>(x,y,z) = X(x)Y(y)Z(z) (A1) 

Step 1 

Firstly at eight corners of the enclosure, for example, at (0,0,0), it is simply found that 

3x1(0,0,0) dxtc=o 
= — I 7(0)Z(0)=0 (A2) 

a* =fHu\ X(0)Z(0)=0 (A3) 
cty KO,O,O) dy(y=o 

Q. =M\ X(0)r(0)=0 (A4) 
dz Ko.o.o) dz !z=o 
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supose that 

X(0)*0 , r(0)*0 , Z(0)*0 (A5 " A 7 ) 

From equations A 2 to A 4 we have 

X(0)=cv Y(0)=c2, z(0)=c3 (A8 - A10) 

or, 

* = C 1 C 2 C 3 = C (A11) 

where <)> is an arbitrary constant at the corners. 

Step 2 

We next solve for $ on the edges of the enclosure, for example, at x=0 and y=0. At the 

edge, equation 3.47 becomes one dimensional and can be readily solved. We have 

^ * = 0 (A12) 
dz 2 

dz 
=c4 (A13) 

(|>=c4z+c5 (A14) 

Applying the above results at z=0 and z=z0 in step 1 we find 

4>U=c5=C <A15) 

H ^ V ^ C (A16) 

c4=0, ie, (j)=c4z+c5=C (A17) 

Step 3 

Now the results on the edges can be used as the boudary conditions for solving $ on the 

surfaces, on which equation 3.48 becomes two dimensional, for example, on the surface 

z=0, we have 

#*A=Q (A18) 
dx2 dy2 

hence 
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X"Y+Y"X=0 

or 

±_ = -JL (A19) 
X Y 

Now the left hand side member of the above equation is independent of y. Hence the right-

hand side of it must also be independent of y since it is identically equal to the expression 

on the left. Similarly each member of the equation must be independent of x. Therefore, 

being independent of both x and y, each side of the equation must be a constant, say, C*, 

we can write 
yll yll 
— = -—=C* (A20) 
X Y 

X - -X X => X = a. cosAx + a~ sinkx + a~ (A21) 

if C*<0> say, C* = -X2 (A>0)> w e have, 

Y" = X2Y => Y = a4 coshXx + a5 sinhlx + a6 (A22) 

Using the result of step 2, viz, 

<t>|x=0
 = X*Y = («i +«3)*r = C (A23) 

<p|y=0 = X*Y = X*(a4+aJ = C (A24) 

From these two expressions we can say that both X, Y are constant and their product is 

equal to C, thus, we have 

<|> = X*Y = C (A25) 

if C*=0'then 

X"=0 - X=axx+a2 (A26) 

Y"=0 - Y=a3y+a4 (A27) 

Applying the boundary conditions 

4>l,-o = C (A28) 

H=0
 = c (A29) 

leads to 

a1 = a3 = 0
 a2*a4 = C 

4> = C (A30) 
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if C*>0> then 

X = X X =* X = ajCoshA.* + a2sinhA.x + c3 (A31) 

Y" = -X2 Y =» Y = o4 cos Ax + a5 sin Ax + a6 (A32) 

Using the result of step 2, viz, 

K=o = X*Y = (a,+a3)*Y = C (A33) 

4>|y_0 = X*Y = X*(a<+a6) = C (A34) 

From these two expressions we can say that both X, Y are constant and their product is 

equal to C, thus, we have 

<J) = X*Y = C (A35) 

Step 4 

Now considering <|> on any z plane, we can use the result of step 3 and since the equation 

and boundary conditions are exactually the same as those in step 3. We obtain <J)=C. 
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APPENDIX B 

THOMAS METHOD FOR SOLVING A TRI-DIAGONAL MATRIX EQUATION 

In solving temperature and vector potential fields, an equation set having a tri-diagonal 

matrix is encountered. The equation set takes the form 

b.x.+c.Xz = 4 

¥ l + ^ 2 + ¥ 3 =rf2 

<23X2+b3X3+C3X4 =d3 

«ft-l+to+C/!,-l =dJ 

(Bl) 

an-lXn-2
+bn-lXn-l+Cn-lXn =4,-1 

flX , +bx„ =d„ 
n n-i n n n 

or in a matrix form 

"1 M 

c2 b2 c2 

a3 b3 c3 

a, bj 

"V 
x2 

X3 

XJ 

... 

Vl 

.V 

'< 

d-2 

d-3 

dJ 

... 

dn-l 

**\ 

(B2) 

an-\ K-\ Cn-1 

a-n b 
n 

The idea behind the Gaussian elimination scheme is to manipulate the equations into the 

form 

Pi ci 

P2 c2 

P3 ^ 

i. c, 

P„-i c„-i 

Xl 

X2 

x3 

... 

XJ 

... 

Xn-1 

.v 

V 
6-2 

6-3 

... 

*J 

... 

\-l 

.V 

(B3) 

It is then easy to find xn, since 
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or 

Know 

Pn*„ = § 

Xn = © /B 
n n' "n 

ing x„ enables us to find xn_, from 

8» 1 

or Y - n u -*n-l , 

~ c * i •*„ 

(B4) 

(B5) 

P.-i 
and xn.2 from 

r - B~2 Cn-2Xn-\ 
\.2 ' P„ 

and so on. 

(B5a) 

The question now arises as to how to manipulate the system of equations into the desired 

form. 

Firstly set 

P, = bx and b1 = d1 . (B6) 

So the first two equations become 

Pi*i + cix2 = «i (B7) 
a2xx + b2x2 + c2x3 = d2 (B8) 

Multiply equation (B7) by a2/$J 

azxi + -jT-c2*2 = 6i^ (B7a) 
Pi Pi 

and subtract this result from equation (B8) to get 

^-^•c^+^^^-fij-^- (B8a) 
Pi Pi 

Now set fc -_£<• =p, and A-fi _1 = , 
Pi Px

 2 

So equation (B8a) may be written as 

P2x2+c2x3=62 (B8b) 

Which is exactly the form we require. 

Now consider the equations 
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P2x2 + c2x3 = 62 (B8b) 

a3x2+b3x3+c3X4 = d3 (B9) 

Multiply equation (B8b) by — to get 

a3 6 2 
fl3*2 + "^2*3 = -ua3 (B8c) 
P2 P2 

Subtracting equation (B8c) from equation (B9) yields 

V>3 ~ "^ 2 ) x 3 + c4x4 =d3--
z-a3 (B9a) 

P2 P2 

a3 6. 
— c~ ando,,=<L- — 
P2 3 3 P3 

so if p i = f t 3 - ^ C 2 and6 3=tf 3-^ a 3 

p2 

equation (B9) becomes 

P3x3+c4x4 = 63 (B9b) 

and so on. 

In general we have 

and 

P;=Vir~c,-i (Bio) 
P/-1 

brdrir-aj (BID 
P M ; 

remembering that we have set p> =bx and bx=dx, therefore all the 0 and 8 can be 

found and thus all the x; can be found. 
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CJ O Ĵ1 E - H -H £ U-, £ 'rt -rt 

• : . . H ^ » g H ^ 5 
> — O 0 
• rt X X 

art •rt -H 

o o o o o u 

0 

a 

01 

E 

E 
kj 

ajj o 
x c a 
0) E E 

- u o 
o r- a *H 

D I - H x 0J 
. rt QJ JJ 

a * ---rt 
01 01 JJ 

JJ C E 

01-rt E 

3 

kj 

0J 
Jj 

o 
Dl tO 

01 kj 

JJ to 

ex 
•n o 

ra 
JJ 3 
rl tfl 
-- kj 

E X 
O ^ 

k. O 3 

a-u « 
X E kj 

01 -H x 

N 

JJ — a 
01 O 4) 

a o JJ 
.00 to 

i > . — 41 

JJ co E 
01 JJ -rl 

a c JJ 
x o 
JJ a 
CO -n 

a JJ 
-. e 
JJ -H 

CO O 

a a 

ki 

a 
x 
4) 

41 

> 
kj 

3 

O 

Dl 

E a • JJ 

QJ O • ro 

JJ O o OJ 

CO o o JE o 

QJ o o - o 

E rt o oi 

H I H ^ -

JJ II II * rH 

-- X C .11 

ro -rt * -ri 

C E F — 

O JJ JJ ttl ° 

E C C J J " 

E .rl -rl -rl 

O O O SJ O 

o a a 3 x 

01 01 
JJ Jj 

e E 
•rl -rl 

O 0 
a a 
n n 

x E 

ro -H 

E E 0 0 

a a 

CO 0] 
JJ JJ 

E C 
•H -rt 

0 O 

a a 
JJ JJ 

Ol 

x e 

"H CO 

O UJ 

a . 
+ 00 — 

B VO rH 

•rt JJ ro 

JJ CN o 

E • to

rt co JJ 

O UJ 

a .- rn 

— to — ro 

. ro -

E JJ .in 
•rH . - ro 

E oo _ JJ 

JJ • -

E co .rt 

•rt u-i . ro 

O - — -
Ojrt . ol 

0 

Dl 

E — 
•n E 

E - n 

JJ E 

E JJ 
•n C 

O-n 

a o 
a 

• i E 

CT X-rl 

41 01 to E -H — * — 
I 

E E 

E E rt 
•rH - H rt 

a a u 
— E 

o 
UJ UJ o 
•tH -rt 

- n 

t *1 
*i ko «i 

E 

JJ E 
C-rl 
rl 0 

o a 
rn — oi * JJ a * 

- II -n 3 . e - >, 
•H . . ( - ; « -rt ~ . to 

•rl .rl — O • I 

ii o — jj oi a on • 

QJVO 01 C JJ — VDrt 

E C O -H ll n 
•rl 0 "H O kj UJ >, >, 
rlTJrt 3 "rt 10 X 

>n 

X 

l ll 

II -H 

a 
E o 
4) rH 
JJ 

X O 

JJ X 

-
-II 
01 
E 
•rl 
i-H 

co — aoi 
JJ e E • 
E 0 41 uo 
•rt -rt JJ UJ 

0 JJ X . 
a-n JJ oo 
* ra -r— in 
>, 0 JJ • 

- to a oi - o 
— — •• C rH + 

- - JJ E-rti- a 
— Ii E 0 rt to E 
- ^.-rt -rl — - 0 1 

II O E JJ o X JJ 
— I- II -rl o- rH X 
rH •• E CO . — JJ 
• • O O O * JJ ll 
rHt-rt a — 2 a 

JJ — 01 p E 
41 01 -rt 01 JJ rt oi 

B E 01 B -rt ° JJ 
•rt-rt 0-rl k j ^ X 
rH rH CmrH J jj 

o 

tN 



E 
kj 

3 
JJ X 
QJ E 
kj OJ 

3 

0 
ki 

X 
3 
0] 

4) 

0 
CJ 

kj 

4) 
UJ 
01 

E 

ro 
kj 

ro 
OJ 

X 
QJ 

Di 

ro 
kj 
QJ 

> 
ro 
X 
E 
rO 

X 
to 
E 

>. 
E 

X 
to 
E 
X 
E 
kj 
CD 

JJ 

0) 

E 
CO 
kj 
tO 

a 

to 

X * 
to OJ 
OJ JJ 
X fO 

CJ 
in 0 

kj kj 
QJ 41 

Jj JJ 

o o 
rfl to 
kj kj 

to fO 

X X 
o u 

a 
o 
u 
kj 

x 
ro 

0) 
X 

ro 

3 OJ 

O X 
JJ -
•H X 

- ro 
E JJ 
•rt QJ 

JJX 
•H . 

. N 
u kj rj) 
kj ro c 

O -.H 
a >. JJ 
01 kj Vj 
kj ro . 
•H 

tN 

E 

>. 
E X 

ro 
E 
X 

01 - X 
Dl kn 
kj ro X 
-i . a 
- kj . 

a x 
. to 
ro E 
kj JJ 

E 
ro 
ki 

ro 

a 
E QJ 
•H kj 

irt 0 

E N 
N .X 
E — -
- X — 

rH ro X 
E E co 
> n - E 
E N — 
- X X 

rH *rH 

E - 0 
x X >. 
E ro X 
- E ~ 

N — — 
c ^fo 
-X g 
>< -J! 
c ~ x 

rN 

UJ 

N 

u 

0 E 
E 0 
0) 0 
rH ro 
•rl 01 
MJ Vj 

- X „ 
X io o 
C E X 
E xx 
O X 
4) -v 
DlX 

E >, 
E O 
>n — 
E ro 
E -
. t N 

X — 
E MJ 
E X 
n. O 

E --
o o 
o x 
auj 
to x 
E JJ 

X X 
ro to 
E E 
N N 

E E 
X X 
ro (0 
E E 

* & 
E B 
X X 
ro 10 
E E 
X X 

£5 
to X 
JJ 3 

0) ro 
X --
JJ X 
-- 3 
JJ tfl 

o 
CN 

X 
to 

X 
ro 
E 

X 

X 
E 
(0 

E 
X 
E 
X 
E 

o 
o 

o 
X 

c 
QJ 

X 

E 
OJ 
JE 

CT ll 
OJ 

• OJ 

JJ 
•ri ro 

— u 
UJ o 

• X 
CT ki 

0) rO 

•rH M 

rt rjj 

•rt JJ MJ 
01 fO 'rt 
01 O X 
rH O E 
01 rt QJ 

Vj 

0) 

X 
E 
3 
E 

_< 
•1—1 

-rH 
(0 
JJ 
QJ 
_C 
JJ 

^ J* 

CM 

rC 
<J 
0) 

•f1 

m 

•0 
JJ 

QJ 
x: s: 
H) JJ 

x x x 
u o o 

N — 
E C J < 
01 
X >, --to 
J C r t -

II X 
— .J* CN 
rHrH X 

II O 3 
.•rnrt rO 

CT 
QJ O O 

i X 

— o 
MJ X 

E 
41 
JE 

CT 
01 

01 

X 

N — 

E X 

>, .-"rt 
E rH — 

II X 
.JX Ol 

rH X 
II O 3 

•rnO) rO 

oi O 
rH X 

O 
X 

o o o o o o o 

ro 
E 

kj 

rO 
t-H 

3 
Dl 
E 

01 

co 
3 
rfl 

a 

O rH 

• o 
CT O 
01 -rl 

4J 
3 
E 

3rH 
O O 
kj o 

JJ — — 
E "rt -H 

o • 
O UJ V̂  CJ 

•rl X X 

X X X 
E E C 
01 -H 'rl 

rH O ' 
O O rH 
U -rl || 

- 10 rt E 
rH -•. O -
O • O rH 
O rH -rl II 
•n || . r t 

fO B O vo 
— -rl O rH 
>-H 
UH -rt — O 

•n a m x 

> 
E 

E 
3 
X 

t-H 

. t-H 
0 

o 
•H 

•—' 
X 
II 

E ~ 
01 - ^ 
3 rH -

c » "2 H r t O 
JJ î  
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