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SEMI-INNER PRODUCTS AND THE NUMERICAL RADIUS OF
BOUNDED LINEAR OPERATORS IN HILBERT SPACES

S.S. DRAGOMIR

ABSTRACT. The main aim of this paper is to establish some connections that
exist between the numerical radius w (A), operator norm ||A|| and the semi-
inner products (A,I), . and (A,I), , with p € {4,s} that can be naturally
defined on the Banach algebra B (H) of all bounded linear operators defined
on a Hilbert space H. Reverse inequalities that provide upper bounds for the
nonnegative quantities [|A| —w(A) and w(A) — (A, I), , under various as-
sumptions for the operator A are also given.

1. INTRODUCTION

In any normed linear space (E, ||-||), since the function f : E — R, f (z) = |z

is convex, one can introduce the following semi-inner products (see for instance [3]):

oy s )P =yl oyt =l
(1Y) (), = lim 93 v ()= lim o7

where x,y are vectors in E. The mappings (-,-), and (-, -), are called the superior
respectively the inferior semi-inner product associated with the norm ||| .

In the Banach algebra B (H) of all bounded linear operators defined on the real
or complex Hilbert space H we can associate to both the operator norm |-|| and

the numerical radius w (+) the following semi-inner products:

IB + tA|* — |IB|*

1.2 AB) o, = i
(1.2) Bl =, 2
and
w? (B + tA) — w? (B)
1.3 AB) . = i
(13) Bl =, 2

respectively, where A, B € B (H).
It is obvious that the semi-inner products (-,-) ) (., defined above have the
usual properties of such mappings defined on general normed spaces and some
special properties that will be specified in the following.
For the sake of completeness we list here some properties of (-, -)5(-)

i) (w) that
will be used in the sequel.

We have:
(1) <A7A>s(7,)n = ||AH2’ <A7 A>s(i),w = w? (A) for any AeB (H) )
(i) (P4, A), 1wy = (A,1A), () = 0 for each A € B (H);
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2 S.S. DRAGOMIR

(il)) (A4, B), ) = AMAB)p ) = (4,AB), () for any A > 0 and A, B €

B(H);
(iv) (=A,B), ) = (4, =B) ) = — (A B) () for any A, B € B (H);
(v) (P4, B), ) = — (A,iB),, () for each A, B € B (H);

(vi) The following Schwarz type inequalities hold true:

(1.4) (4,B),..| < 141 1BI

and
(1.5) VABthwmmum

for any A,B € B(H);
(vii) The following identities hold true

(1.6) (ad + B, A),, = a|[A]* + (B,A)

p,n
and
(1.7) (aA+ B, A),, = aw? (A) +(B,A), .,
for each « € R and A,B € B(H);
(viii) The following sub(super)-additivity property holds:
(18) <A + B, C>s(i),p(w) < (2) <A> C>s(i),p(w) + <B7 C>s(i),p(w) ’

where the sign “<” applies for the superior semi-inner product, while the
sign “>” applies for the inferior one;
(ix) The following continuity properties are valid:

(1.9) MA+acmﬂwacmn

< [|AfHic
and
(1.10) (4+B,0),, — (B,C),,| <w(A)w(C)
for each A, B,C € B (H);
(x) From the definition we have the inequality
for A,Be B(H);

where everywhere above p,q € {i, s} and p # q.

As a specific property that follows by the well known inequality between the norm
and the numerical radius of an operator, i.e., w (A) < || A for each A € B (H), we
have

s,n(w)

(1.12) (A D), , <A D), , (A D, , <(AD),,
for any A € B (H), where I is the identity operator on H. We also observe that
I+tAl -1
(A1) 5y = lim I+t -1
) t—0+4(—) t
and "
1 -1
(A )y = lim w(l +t4) -1
? t—0+(—) t

for each A € B(H).
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Motivated by the natural connection that exists between the semi-inner products
(A, 1), ., (A1), with p € {i,s}, the numerical radius w (A) and the operator
norm || Al outlined above, the aim of this paper is to establish deeper relationships
between these concepts. Amongst others, we show, in fact, that the semi-inner
product (A,I>p‘ is equal to (A,I>p » for p € {i,s} and as a consequence the nu-

merical radius w (A4) is bounded below by the maximum of the quantities ’(A, I)in

and ’(A,I)Sm
the fundamental fact that

1
SIAlSwA) <A, Ae B (),

n

. Also, on utilising these quantities various reverse inequalities for

are pointed out, improving the recent results of the author from [4], where some
upper bounds for the nonnegative differences || A|| — w (A) and || A||*> — w? (A) have
been established under appropriate conditions for the bounded linear operator A.

For recent results concerning inequalities between the operator norm and numer-
ical radius see the papers [2], [5], [6], [7], [8], [9], the books [1], [10], [11] and the
references therein.

2. THE FUNCTIONALS v,(;y ON B (H)

The following representation result, which plays a crucial role in deriving various
inequalities for numerical radius may be stated:

Theorem 1. For any A € B(H), we have:

(2.1) (A, 1), , =(AI),, = sup Re(Az,z)
’ ’ llzll=1

and

(2.2) (A1), =(A D), = Hh\llfl Re (Ax, ) .

Proof. Let « € H, ||| = 1. Then for ¢t > 0 we obviously have:

A -1
(2.3) Re (Az,x) = Re{z + tt z,7)

< [{(z +tAx,z)| — 1 < w ([ +tA) - 1.
- t - t
Taking the supremum over z € H, ||z| = 1, we get
I+tA)—1
sup Re(Az,z) < wil+td) -1
llzl=1 L
for each t > 0, which implies, by letting t — 04 that
(2.4) sup Re (Az,z) < (A,T)

llzll=1

s,w

for each A € B(H).
Now, let § := sup, =1 Re (Az,z). If € H, [[z| = 1, then for any o > 0 we
have
(I —aA)z| > Re({(I —ad)z,z) =1—aRe(Az,z) > 1 — ad.

Therefore, by putting z = ﬁ (y # 0) with y € H, we have

(2.5) I —ad)yll = (1 —ad) [yl
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for each @« > 0 and y € H.
Now, if in (2.5) we replace y by (I + «A) z with z € H, then we get

(2.6) (1 - o’ A?) z| > (1 —ad)||(I+ aA)z|| for each z € H.
Taking the supremum over ||z|| = 1 in (2.6), we get the operator norm inequality:
|1 =A% > (1 — ad) |1+ oAl

which is equivalent with

(2.7) |1 —aA%|| +ad |I + aAl > [T+ a4, a>0.
If we subtract 1 from both sides of (2.7) and divide by « > 0, we get
I—a?A?]| -1 I+adl -1
(2.8) w_,_(;”[_,_a/l”zw.
o e
Taking the limit over @ — 0+ in (2.8) and noticing that
I Al -1
lim [ +ad]=1,  tim EFOAZL oy
a—0+ a—0+ « s
and
. [T =A% -1 . . [ =a24?| -1
lim ~———— = lim a- lim *—-——— =0,
a—0+ 6% a—0+ a—0+ (6%
then, by (2.8), we have:
(2.9) 5> (AT),,.

Since, by (1.12), we always have (A,I) > (A,I)
the desired equality (2.1).
Now, on utilising (iv) and (2.1), we have for all A € B (H) that
(A1), =(=AI),,, =— sup Re(-Az,z) = | I|1£1 Re (Az, x)

i
llzl|=1 o|

hence (2.4) and (2.9) imply

s,w?

and the identity (2.2) is also obtained. I

It is well known that a lower bound for the numerical radius w (A4) is 3 [|A4]|.
The following corollary of the above theorem provides the following lower bounds
as well:

Corollary 1. For any A € B(H) we have
(2.10) max {|(4, ., [(4,D),,,

}gw(A).

Proof. By Schwarz’s inequality for the semi-inner products (-, -)
have

)

ERT and <" '>i,w we

(AD,,|.|AD,,|<w@), AeBm)
which, by (2.1) and (2.2), imply the desired inequality (2.10). I

Motivated by the representation Theorem 1, we can introduce the following
functionals defined on B (H) :

(2.11) vs (A) := sup Re(Az,z) and wv;(A):= inf Re(Az, x).

l|lz||=1 llzll=1

Now, on employing the properties of the semi-inner products outlined above, we
can state that:

(a) v (—A)=—v; (A), A€ B(H);
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(aa) v; (A) > 0 for accretive operators on H;

(aaa) v (A+ B) < (=) vs(i) (A) + v (B) for each A, B € B (H);
(av) sy (A) = (A, D)y = (A D) (s, for any A € B (H);

(v) |vs(iy (A)| < w(A) for all A € B(H);

(a) Vs(4) (A) = vy (@l + A) —a for any a € R and A € B(H);
(vaa) "US(Z (A+ B) — vsy) (B)‘ <w(A) for any A,B € B(H).

The following inequalities may be stated as well:

Proposition 1. For any A € B(H) and A € C we have
1 2 2
(212) 5 (1417 + AP

314l + P - S 14 - AP,
> v (AA) >
H[ZEV R VEDVHE
Proof. Let « € H, ||z|| = 1. Then, obviously
0 < ||Az|* = 2Re [(AMz,2)] + |A” = [[(A = D) z||” < ||A - M|,

which is equivalent with

1
(213) |\Ax||2+\x|2] S| A = M|? < Re (Mz,z) < [||Ax\| +|)\|]

l\.')\»—l

for any xz € H, ||z| = 1.

Taking the supremum over ||z|| = 1 we get the first inequality in (2.12) and the
one from the first branch in the second.

For x € H, ||z|| = 1 we also have that

(2.14) Az + z|* = | Az — Mz||* + 4Re (A Az, z),
which, on taking the supremum over ||z|| = 1, will produce the second part of the
second inequality in (2.12). I

It is well known, in general, that the semi-inner products (-, ), are not com-
mutative. However, for the Banach algebra B (H) we can point out the follow-
ing connection between (A, I) vsi) (A) and the quantities (I, 4) , and
(I,A), , where A€ B(H).

n(w) —
i,m 7

Corollary 2. For any A € B (H) we have
1
(2.15) v (A) € 5 (LA, + (LAY, | <v.(4).

Proof. We have from the second part of the second inequality in (2.12) that

U [JA+e)* = A" A—¢)* — Al
2.1 = — <wv, (A
(2.16) 2 ot 21 < vs(4)
for any t > 0.

Taking the limit over t — 0+ and noticing that
A—tI|? = A
g JAZHI DA
t—0+ 2t s,m i,n

we get the second inequality in (2.15).
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Now, writing the second inequality in (2.15) for —A, we get

v (—4) 2 5 (1= ), + (1, -4),,

1

- -3 [(L Ay, + A>z~,n} )

which is equivalent with the first part of (2.15). I

Utilising a similar approach for the numerical radius instead of the operator
norm, we can state the following result:

Proposition 2. For any A € B(H) and A € C we have the double inequality:
1 -
(2.17) = [w2 (A) + |/\|2} > v, (AA)

L [w? (4) + V] = Sw? (4= D),
>
1 [w? (A+ M) —w? (A= AD)].

The above result has the interesting consequence:

Corollary 3. For any A € B(H) we have
1
(2.18) v (4) < 3 [(I,A)syw + (I, A>i7w} < v, (A).

Remark 1. Since w(A) > ||Al|, hence the first inequality in (2.17) provides a
better upper bound for v ()\A) than the first inequality in (2.12).
3. REVERSE INEQUALITIES IN TERMS OF OPERATOR NORM

The following result concerning reverse inequalities for the numerical radius and
operator norm may be stated:

Theorem 2. For any A € B(H)\ {0} and X € C\ {0} we have the inequality:

31 (04| - w(A) < A - o, <|§A) < L

A— 2.
<o | |

In addition, if ||A — N|| < ||, then we have:

O R

and

(3.3) (0 <) A2 — w? (4) < A —o? (|§|A)

<2 (W= = 1A= an1?) o (5r4)
(=2 (W= V= 1a-rF) ).

respectively.
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Proof. Utilising the property (v), we have

oo ()2 () ().

for each A € C\ {0} and the first inequality in (3.1) is proved.
By the arithmetic mean-geometric mean inequality we have

1A + A7) = A4l

DN | =

which, by (2.12) provides
_ 1 2
vs (AA) > M| Al - 5 A=A

that is equivalent with the second inequality in (3.1).
Utilising the second part of the inequality (2.12) and under the assumption that
[lA — AI]| < |A| we can also state that

nmf+<wM2mxmﬁj.

By the arithmetic mean-geometric mean inequality we have now:

HAW+(¢M2|MAmﬁ

- 1
(3.4) Vs (AA) > 5

2

(3.5) > AP = A= AT,

1
2

which, together with (3.4) implies the first inequality in (3.2).
The second part of (3.2) follows from (v).
From the proof of Proposition 1 we can state that

(3.6) |Az||”> + |\* < 2Re (A Az, z) + 72, [z =1

where we denoted 7 := ||A — M || < |[A|. We also observe, from (3.6), that Re (A Az, z)
>0 for z € H, ||z|| = 1.

Now, if we divide (3.6) by Re <%Ax,x> > 0, we get

Azl2 2 NE
(3.7) & < 2|+ u - |7 | for |[lz|| = 1.
Re<ﬁAm,x> Re<ﬁAm,x> Re<|—§\“A$7x>
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If in this inequality we subtract from both sides the quantity Re < By Az m> , then

we get

Azl
L R

<‘/\|Ax x>

2 2
§2|)\|+74_¢ < Amx>
Re<%Ax x> Al

=2\ — l Axm -2 \)\| —r2

Re Ax ac

2(A|—m),

which obviously implies that

(38) | Az|]® < ( <|i|Ax w>)2 +2 (|/\| — AP - r2) Re<|i|Am x>

for any x € H, ||z| = 1.
Now, taking the supremum in (3.8) over x € H, ||z| = 1, we deduce the second
inequality in (3.3). The other inequalities are obvious and the theorem is proved. I

The following lemma is of interest in itself.

Lemma 1. For any A € B(H) and v,T € K we have:

1 r |2
(39) wl(4” =30 1 = )] = {10 = - |4 - L5
Proof. We observe that, for any u,v,y € H we have:
1 utv|?
(3.10) Re(U*y,y*w:ZIIU*vIIQ* ‘y 5

Now, choosing u =Tz, y = Az, v = yx with z € H, ||z|]| = 1 we get

1 r|?
Re Tz — Az, Az — yx) = Z|F—7|2— HA —ix

giving

v+ T 2

inf Re((A* —4I)(T'I —A)z,z) = |F v? = sup ||Az —

llzll=1 l|lz]|=1

which is equivalent with (3.9). I

€z )

We recall that the bounded linear operator B € B (H) is called strongly m— accretive
(with m > 0) if Re(By,y) > m for any y € H, ||y| = 1. For m = 0 the opera-
tor is called accretive. In general, we then can call the operator m—accretive for
m € [0, 00).

The following result providing a characterisation for a class of operators that
will be used in the sequel is incorporated in:



BOUNDED LINEAR OPERATORS IN HILBERT SPACES 9

Lemma 2. For A € B(H), v, € K with T # ~v and q € R, the following
statements are equivalent:

(i) The operator (A* —~I) (T'I — A) is ¢>—accretive;

(ii) We have the norm inequality:

vy+T

2
(3.11) HA -

1 2
<SS T=q"—¢~

The proof is obvious by Lemma 1 and the details are omitted.

Remark 2. Since the self-adjoint operators B satisfying the condition B > ml in
the operator partial under “>”, are m—accretive, then, a sufficient condition for
Cyr(A) :== (A* —7I) (TI — A) to be ¢>—accretive is that Cyr (A) is self-adjoint
and Cy 1 (A) > ¢°1.

Corollary 4. Let A€ B(H), v,I € K with T' # +v and q € R. If the operator
C,r (A) is ¢>—accretive, then

L+7% )
3.12 0 |All —w(A) < ||A]| —vs | =——A
(312) 09141 = w(4) < 4] - v, (L
1 J1 ) 2}
<~ 2=~ = ¢,
|y +T) L' -

Remark 3. If M, m are positive real numbers with M > m and the operator
Cm.m (A) = (A* —mlI) (MI — A) is ¢*—accretive, then

(3.13) (0 ) JA]] —w (A) < JA]l — vs (A)
= M1+m [zll(Mm)QqQ] :

Remark 4. We observe that for ¢ =0, i.e., if C, r (A) respectively C, pr (A) are
accretive, then we obtain from (3.12) and (5.13) the inequality:

(3.14) (0 ) [[Al = w (A) < [|[A]l = vs (M@
=P
~ 4|0+
and
(3.15) (0 <) |4 = w (A) < [|A]l = vs (A) < m

respectively, which provide refinements of the corresponding inequalities (2.7) and
(2.84) in [4].

Remark 5. For any bounded linear operator A we know that % > %, therefore
(5.2) would produce a useful result only if

2

7

1
1— || AT

1

— <

5 S
which is equivalent with

V3
(3.16) FESVERLDY
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In conclusion, for A € B(H)\ {0} and X € C\ {0} satisfying the condition (3.16),
the inequality (3.2) provides a refinement of the classical result:

1 < w(A)7
1A]l
Corollary 5. If ||[A — M| < |)|, then we have

(3.17) A€ B(H).

(3.18) O IAI - w? (4) < 41 - 2 (504
_ AP A ArP
TP

The proof follows by the inequality (3.2). The details are omitted.
The following corollary providing a sufficient condition in terms of ¢ —accretive
property may be stated as well:

Corollary 6. Let A€ B(H)\{0} andv,T € K, ' # —v, ¢ € R so that Re (T'y) +
q* > 0. If Cy r (A) is ¢>—accretive, then

C+5
Re () +¢* _ % (\FJ\A) o w(4)

3.19 < <1
(3.19) T+ 1Al jay <Y
and
L+7
3.20 0< A2—w2A<A2—U§( A)
(3.20) 0 <) A - w? (4) < | A| e
211A
BTV [ rop ]
T 4|

2
AP -5
2|0 +4]

Proof. By Lemma 2, the fact that C., r (A) is ¢*—accretive implies that
2
(3.21) HA - —1I

Since, obviously
1 1 _
1 T +* - L T = qz} =Re () +¢° 20,

hence HA - %IH < % IT" + 7| and we can apply the inequality (3.2) for A = %

to get:
\/‘wr Ja- V+FIH oo (£4)
(3.22) < A
B 4]
and since, by (3.21),
2 2 2
v+T v+T v+T 1 2 9
Tl a1 > -
‘ 2 H 2 =12 g M=l +a

= Re (') +¢*
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hence by (3.22) we deduce the desired inequality in (3.19).
The inequality (3.20) follows from (3.19). We omit the details. I

Remark 6. Ifv,T and q are such that |T 4+ | < 4y/Re (I'y) + ¢2, then (3.19) will
provide a refinement of the classical result (3.17).

Remark 7. If M > m > 0 and the operator Cy, 1 (A) is q*>—accretive, then
2
M+ _v.(4) _w(4)

(8.23) medr = Ap = jap <Y

and

320 ORI 2 )
[ ]

Remark 8. We also observe that, for g =0, i.e., if Cy r (A) respectively Cp, a (A)
are accretive, then we obtain:

Re(Fﬁ)<:vS(&%;%A> _ w4

(3.25) T+ = 4 — JAI’
2vVMm _ vs(4) _ w(A)
(3.26) m M = 4] = TA
(3.27) (0 <) AII* = w? (4) < | A* - <517A>
kel
2|0 ++]
and
(3.28) (0 A" = w® (4) < A" =03 (4)
A" (M = m)”
2(m+ M)

respectively, which provides refinements of the inequalities (2.17), (2.81) and (2.20)
in [4], respectively. The inequality between the first and the last term in (3.28) was
not stated in [4].

Corollary 7. Let A€ B(H), v, T € K, T' # —v, q € R so that Re (I'y) + ¢* > 0.
If C r (H) is ¢*—accretive, then

) L+7
(3.29) (0 <) A" = w? (4) < || A]* - <|F+W|A)

L+7 >
T+

< <|F+7|—2 Re (T'y) +q2)vs(

§<|1“+7|—2 Re (I7) +q)w

The proof follows by the last part of Theorem 2 on utilising a similar argument
to the one employed in Corollary 6. The details are omitted.
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Remark 9. If M > m > 0 and the operator Cp, a1 (A) is ¢*—accretive, then
(3.30) (0 <) A7 = w? (4) < A" = 03 (4)

< (M+m—2 Mm +¢? ) s (4)

< (M—i—m—Q Mm+q¢? ) (A).

Remark 10. Finally, for ¢ =0, i.e., if Cyr (A) respectively C,, p (A) are accre-
tive, then we obtain from (3.29) and (3.30) some refinements of the inequalities
(2.29) and (2.33) from [4].

4. REVERSE INEQUALITIES IN TERMS OF NUMERICAL RADIUS

In Section 2 we established amongst others the following lower bound for the
numerical radius w (A)

(4.1) |vs@i) (A)] < w (A)

for any A a bounded linear operator, where

(4.2) sy (A) = (A, D) ;) = sup <|i?f 1) Re (Az,z) .
=zl=1 \l=i=

It is then a natural problem to investigate how far the left side of (4.1) is from
the numerical radius w (A4).
We start with the following result:

Theorem 3. For any A € B(H)\ {0} and A € C\ {0} we have

A A
v | —A )| <w(A) — v, <A)
()| o= (5
< Lo (<L AP
— 2]) — 2[) '
Moreover, if w (A — AI) < |A|, then we have:

(4.4) \/1_w2</1\A_1) 15'&)) < Uglf )‘

(4.3) (0 Dw(A4) —

and
(45) 0 <0 ()~ o2 (74)
<2 (|A| — AP - w4 M)) " (&A)
(s2(W-Vir-wa-an)ww).
respectively

Proof. From (4.1), we obviously have that

i =o(0) e () 2 (1)

for A€ B(H) and A € C\ {0}.
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Now, utilising the inequality (2.17) and the elementary arithmetic-geometric
mean inequality, we have

Vs (;\A)

v

% [w? (4) + 2] - %uﬂ (A=)

I\ w (A) — %wQ (A—AD)

v

which is clearly equivalent with the third inequality in (4.3).
Under the assumption that w (A — AI) < |A|, on making use of (2.17) and the
arithmetic mean-geometric mean inequality, we can also state that

w? (A) + (\/l/\|2 w2 (A AI))Q]

> w (A)\/IAP — w? (A= AT),

which is clearly equivalent to (4.4).
Let us denote p := w (A — AI) <|A|. Then for any = € H, ||z|| = 1 we have

p* > |(Az,z) = A\° = [(Az,2)[* — 2Re [A (Az,2)] + |\
which yields that
(4.6) [(Az, z)|> + |N* < 2Re [X (A, 2)] + p?

for any z € H, ||z| = 1.
Making use of an argument similar to that in the proof of Theorem 2, we can
get out of (4.6) the following inequality:

(4.7)  |(Az,z)]* < (Re <§\\|A:c,:v>>2 +2 (|>\| —\/IA? = p2) Re <|i|A:c,x>

for any x € H, ||z| = 1.
Taking the supremum over z € H, ||z|| = 1, we deduce the desired inequality in

(4.5). 1

Then following lemma is of interest in itself.

v (M) >

Lemma 3. For any A € B(H) and v, € K we have

(48) inf Rel((T] ~ 4)a.2) (o, (4~ 9D))] = 1 T = o[ ~? (A2 )

Proof. We observe that for any u, v,y complex numbers, we have the elementary
identity:

(49) Reflu= 1) (- o) = = of = fy - *5

If we choose in (4.9) u =T, y = (Hx,x) and v = vy with « € H, ||z|| = 1, then by
(4.9) we have:

1 r 2
(4.10) Re[(TT - 4)z,2) (&, (A= 7I)2)] = 7 [T — 2—‘<<A - 7"glr) xx>
for each x € H, ||z|| = 1.
Now, taking the infimum over ||z|| = 1 in (4.10) we deduce the desired identity

(4.8). 1
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Remark 11. We observe that for any x € H, ||z|| = 1 we have
(A7, 1) () :=Re[{(TT — A) z,z) (x, (A — ~I) )]
= (ReT' — Re (Az,z)) (Re (Az,z) — Rew)
+ (ImT — Im (Az, z)) (Im (Az, z) — Im~)

and therefore a sufficient condition for pu(A;~,T)(x) to be nonnegative for each
x € H, ||z|| =1 is that:

ReT > Re (Azx,x) > Rey
(4.11) , x€H, ||z|| =1.
ImI > Im (Az,z) > Im~y

Now, if we denote by s, (A;7,T) := inf|; =1 p (4;7,T') (z), then we can state
the following lemma.
Lemma 4. For A€ B(H), ¢,® € K, the following statements are equivalent:
(i) p (A;¢5@) = 0;
.. P
(i) w(A-2521) < L |0 —g].
Utilising the above results we can provide now some particular reverse inequali-
ties that are of interest.

Corollary 8. Let A € B(H) and ¢,® € K with ® # +¢ such that either (i) or
(ii) of Lemma 4 holds true. Then

o+ o+
(4.12) (0 <)w(A) — |vs <|¢+¢|A)‘ < w(A) s (MA>
1 |®— g
BECEEE

Remark 12. If N > n > 0 are such that either ji; (A;n, N) > 0 orw (A — 2587T) <

1 (N —n) for a given operator A € B(A), then ’
1 (N —n)
(@13)  OSw ) o (A)] S w(d) - v (4) < - T

From a different perspective, we can state the following multiplicative reverse of
the inequality (4.1).
An equivalent additive version of (4.4) is incorporated in the following:

Corollary 9. If w (A — XI) < |)|, then we have

3 2 2 _
Al Al
[LA][?w? (A=AT)
Pj 2 2
_ N _ AP 14 =)
= = 2
w?(A)||A=\I||? Ry
[A[?

In applications, the following variant of (4.4) can be perhaps more convenient:
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Corollary 10. Let A € B(H)\ {0} and ¢,® € K with ® # —¢. If Re (®¢) > 0
and either the statement (i) or equivalently (ii) from Lemma 4 holds true, then:

(4.15) 2\/W< s (i54) < Qi%A)‘ (<1)
: o+® —  w(d) —  w(4) -
and
(4.16) (0 )w? (A) —v2 (@1;14)
1.\@*‘25\2”2 ¢+
=1 Re(®0) S(|¢+<I>|A>
1 |®2-o¢f , 1|0 — ¢ 2
(<3 R @ Ry )

The proof follows by Theorem 3 on utilising a similar argument to the one
incorporated in the proof of Corollary 6 and the details are omitted.

Remark 13. If N > n > 0 are such that either u; (A;n, N) > 0 or, equivalently

(4.17) w(A—n—;N>§;(N—n),
then
2v/nN v, (A)
(4.18) n+N§w(A)(§1)7
419) (0<)w(A A<<\/N_ﬁ>2 A <(\/N—\/ﬁ)2 A
(419) (0 =)w(A) =05 (4) £ 20 (A) | < 2o w (4)
and
(4.20) 0 <)w2(A)—v2(A)<Mv2(A) << (N‘”)Qw?(A)).
- s - 4nN ° —  4nN

Finally, we can state the following result as well:

Corollary 11. Let A € B(H), ¢,® € K such that Re (®¢) > 0. If either
i (A;0,®) > 0 or, equivalently

w( —‘I’;%)s;@—m

then

(4.21) (0 <)w? (A) — v (jiiA)

foro- ] (324
(< [lo+ 2l -2/Re(@0)| wia).
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Remark 14. If N > n > 0 are as in Remark 13, then we have the inequality:

42 090 () -2 < (V- vi) u () (< (VI - va) wi)).

(1
2]

(3]
(4]
(5]
(6]

[10]
[11]
(12]
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