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1. Introduction and Results

Let b € BMO(R"™) and T be the Calderén-Zygmund singular integral operator. The
commutator [b,T'] generated by b and 7' is defined by [b, T](f)(x) = b(z)T(f)(x) — T(bf)(x).
As the development of the Calderén-Zygmund singular integral operators, their commutators
and multilinear operators have been well studied(see [1-7][15-18]). In [10], Hu and Yang
proved a variant sharp function estimate for the multilinear singular integral operators. In
[18], C.Pérez and R.Trujillo-Gonzalez obtained a sharp weighted estimates for the singular
integral operators and their commutators. In [23], You proved that the commutator [b, T
is bounded in LP(R™) when T is a multiplier operator and b € Ag(R™). In [24][25], Zhang
studied the (Lp,Fpﬁ’oo)— boundedness of the commutator of the multipliers. In this paper,
we will introduce the vector-valued multilinear operator associated to the multiplier operator
and study the sharp function inequality of the vector-valued multilinear operator. By using
the sharp inequality, we obtain the weighted LP— norm inequality for the vector-valued
multilinear operator.

First, let us introduce some notations. In this paper, @ will denote a cube of R™ with sides
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parallel to the axes. For a cube @ and a locally integrable function b, let by = |Q|~* fQ b(x)dz.
The sharp function of b is defined by

b#(2) = sup — [ |b(y) — boldy.
() = sup 1o [ 16) ~ bl

It is well-known that (see [9])

1
b (z zsupinf—/ b(y) — c|dy
(x) = sup inf o0 [ ) —

and

Hb— kaQHBMO < CkHbHBMO for k> 1.

We say that b belongs to BMO(R"), if b belongs to L>(R") and define

bl Baro = (167 Lo

Let M be the Hardy-Littlewood maximal operator defined by

M(f)(x) = 228@ /Q FW)ldy,

we write that M,(f) = (M(f?))Y/P for 0 < p < oco.
We denote the Muckenhoupt weights by A; (see [9]), that is

A ={w: M(w)(z) < Cw(z),a.e.}.

A bounded measurable function k defined on R™\ {0} is called a multiplier. The multiplier
operator 1" associated with k is defined by

T(f)(z) = k(z)f(x), for f € S(R™),

where f denotes the Fourier transform of f and S (R™) is the Schwartz test function class.
Now, we recall the definition of the class M (s,[). Denote by |z| ~ ¢ the fact that the value of
x lies in the annulus {x € R" : at < |z| < bt}, where 0 < a <1 < b < oo are values specified
in each instance.

Definition 1. ([11]) Let [ > 0 be a real number and 1 < s < 2. we say that the
multiplier k satisfies the condition M(s,1), if

</ ‘Dak(fﬂsdé) " < cgn/slal
l¢l~R



for all R > 0 and multi-indices a with |«| <[, when [ is a positive integer, and, in addition,
if

([_toewie) - race - df)‘<c<' Ly gt
El~R R

for all |z| < R/2 and all multi-indices o with |a| = [I], the integer part of l,i.e., [|] is the
greatest integer less than or equal to [, and [ = [l] + 7 when [ is not an integer.

Denote D(R™) = {¢ € S(R") : supp(¢) is compact} and Dy(R") = {¢ € S(R"): ¢ €
D(R"™) and ngS vanishes in a neighbourhood of the origin}. The following boundedness property
of T on LP(R") is proved by Stromberg and Torkinsky (see [11-14]).

Lemma 1.([11]) Let k € M(s,1),1 <s<2,and !> 2. Then the associated mapping T,
defined a priori for f € Do(R™), T(f)(z) = (f * K)(z), extends to a bounded mapping from
LP(R™) into itself for 1 < p < 0o and K (z) = k().

Definition 2.([11]) For a real number [ > 0 and 1 < § < oo, we say that K verifies the
condition M (3,1), and write K € M(3,1), if

=

</ |D5‘K(x)§dac> < CRYF el R>0
|z|~R

for all multi-indices ]o;\ <[ and, in addition, if

</| » |DYK (z) — DK (z — z)|§dm> < C’(|ZR|)“R§””, if 0<v<l,

2l R
T

for all |z| < %, R > 0, and all multi-indices & with|&| = u, where u denotes the largest integer

) (log —)RE T, if v=1,

(/ DK (z) — DYK (2 — z)\gdx> <o
|z|~R

strictly less than [ with | = u+v.

Lemma 2. ([11]) Suppose k € M(s,1), 1 < s <2. Given 1 < § < 00, let r > 1 be such
that 1 = max{1,1—1}. Then K € M(3,]), where [=1—2 .

Lemma 3. Let 1 < s < 2, suppose that [ is a positive real number with [ > n/r,

1/r =max{1/s,1 —1/§}, and k € M(s,l). Then there is a positive constant a, such that
o\ 1/8 y
([ 1K@ =2) = Koo - a)faz) < catohny .
By,

Proof. We split our proof into two cases:
Case 1.1 <s<2and 0 <l—n/s <1. We choose a real number 1 < § < oo such that
s <35 andset [ =1— %> 0. Since k € M(s,1), then by Lemma 3, there is K € M(5,1).



When [ = [ — % < 1, noting that [ is a positive real number and [ > %. Applying the
condition K € M(3,1) for v =1 — % and u = 0, one has
1
(/ K (z —2) — K(2q — z>§dz)‘ < C27M=D 2k,
By
let a=1-7%, 1
(/ K (2 — 2) — K(zo — z)]gdz> " < caha(ohp)E,
By
When [ = [ — L = 1, we choose 0 < £ < 1, such that t!=¢log(1/t) < C for 0 < t < 1/2.
Noting that K € M (3,1), by Definition 2, for u = 0,v = 1,
i
(/ K (2 —2) — K(zq — z)|§dz> i
By
_ _ 2kp .
C(‘y $Q‘)§<|y xQ|)1—§(log )<2kh)n/s—n

2kh 2k ly — x|
02_k£(2kh)_n/§/,

IN

let a = &, then

</ka (K@= 2) = K(zg - Z)lgdfa)é < 2 ke (Qkp)—n/¥

Case 2. 1 <s<2and!l—n/s>1. Setd=[—n/s],if |l —n/s >11is not an integer,
andd=10—-n/s—1ifl —n/s > 1is an integer. Choose I; =1 —d; then 0 <l; —n/s <1
and 0 < Iy < I. So, from k € M(s,1) we know k € M(s,l;). Set [ =l —n/s; by Lemma 3,
KeM (8, lN) Repeating the proof of Case 1, except for replacing [ by /1, we can obtain the
same result under the assumption [ —n/s > 1. We omit the details here.

Certainly when 0 < §' < s, which is the same as the above.

Now we can define the vector-valued multilinear operator associated to the multiplier
operator T'. Let m; be the positive integers(j = 1,---,1), mi + - - -+ my = m and b; be the
functions on R™(j =1,---,1). Set, for 1 < j < m,

Ry 1t 2,9) = bi() = Y D by ()(w — )"

loo|<m

By Lemma 1, T(f)(z) = (K * f)(x) for K(z) = k(z). Given the functions f; defined on

R", i=1,2,..., for 1 <r < oo, the the vector-valued multilinear operator associated to T is
defined by
0o 1/r
Ty (f)(2)|r = (Z(Tb(fi)(x))r> 7
i=1



where l

Set
1/r

0 1/r [e%S)
T(f) ()] = (Z IT(fi)(x)\r> and [f(z)], = (Zlfi(x)V")
=1 i=1

Note that when m = 0, |T|, is just the vector-valued multilinear commutator of 7" and
b;(see [18]). While when m > 0, |T}|, is non-trivial generalizations of the commutator. It is
well known that multilinear operators are of great interest in harmonic analysis and have been
widely studied by many authors (see [2-5][7]). Hu and Yang (see [10]) proved a variant sharp
estimate for the multilinear singular integral operators. In [17], Pérez and Trujillo-Gonzalez
prove a sharp estimate for the multilinear commutator when b; € Osc,,,; - (R"). The main
purpose of this paper is to prove a sharp function inequality for the vector-valued multilinear
multiplier operator when D“b; € BMO(R™) for all a with |a| = m;. As the application, we
obtain the LP(p > 1) norm inequality for the vector-valued multilinear operator.

We shall prove the following theorems.

Theorem 1. Let 1 < r < oo and D*; € BMO(R") for all o with || = m; and
j=1,---,1. Then there exists a constant C' > 0 such that for every f € C§°(R"), 1 < s < 00
and T € R",

l
(IT(NINF (@) < CT] ( > HD“jijBMo) Mi(|f1r)(2)-

J=1 \|aj|=m;

Theorem 2. Let 1 < r < oo and D*; € BMO(R") for all a with || = m; and
j=1,---1. Then |Tp|, is bounded on LP(w) for any w € A; and 1 < p < oo, that is

l
TNl oy < C T ( > HD“jijBMO) 1l 2e ) -

7=1 \|ejl=m;

2. Proofs of Theorems

To prove the theorems, we need the following lemmas.
Lemma 4.([4]) Let b be a function on R"™ and D*b € L4(R") for all @ with |a| =m and

some q > n. Then

1/q
1
Bun(biz,y)] < Clo—y™ 3 ( /. |D%<z>\qdz> ,
Q(z, )| /Qw)

laj=m

where @ is the cube centered at = and having side length 5y/n]z — y|.



Lemma 5.([8][11]) Let T be the multiplier operator. Then, for every f € LP(R"),1
p < o9,
T (H)elle < ClIflrl|ze-

Proof of Theorem 1. It suffices to prove for f € C§°(R") and some constant Cp, the
following inequality holds:

1Ql / IT4(f) (@)l — Coldz < CH ( > \ID“jijBMo) Mi(|f]r)(2)-

J=1 \lej|=m;
Without loss of generality, we may assume [ = 2. Fix a cube @ = Q(z¢,d) and Z € Q. Let
Q = 5v/nQ and bj(z) = bj(z) — X i(Do‘bj)on‘, then Ry, 11(bj;2,y) = ij_,_l(l;j;a:,y)

|a|=m;

and D*b; = D%; — (D) g for | = m;. We split f =g+ h={g}+{hi} for gi = fixg
and h; = fz’XRn\Q- Write

H?:l ij (6]7 Z, y)

Ty(fi)(z) = - |a: — i K(xz —y)gi(y)dy
m b ;L T —y)* a1y,
S / 5 (b2 y)(m ™" Yo (y) K (z — y)gi(y)dy
ot ooy 1 B ==l
Ry, b 3Ly T —y)* az,
oy / (b y)(m D™ ety () K (2 — y)gs(y)dy
|az|=m2 az! Jre ==l
L[ (e y)mre DD
. [ (z—y) 1WD¥02) ke ) guy)dy
_arlas! Jpn |z — |

lon|=ma, |az|=m

1521 R, 41(bj32,y)

+ K(x —y)h;(y)dy
[ R K o)
9 =z
j— Rm b7 I
=T (H]_l _J<ni : )9i> (z)
|z —|
1 Rm (i)ga} )(x — -)alDalgl
_T - 2 ) ) Z
a1|z=:m1 Ozﬂ ‘x - ’m g (:U)
1 Rm ((~)1x )(.%' — ')aZDQQBQ
_T - 1 ? ) i
042|Z::m2 Oég! |x - |m g (l')
1 (l‘ — ')O‘1+O‘2Da1l~)1Da2l~)Q
o |oa ] Z| \ a1las! |z — ™ i | (2) + T(h) (),
ail=mi, |as|=m

then, by Minkowski’ inequality,

@/Q HTb(f)(x”r - |T13(h)($0)|r| dzx



1 e’} 1/r
< /Q (DTb(fi)(x)—T;(h»(a:ow’) de
=1

~ r\ 1/7
1 > ?:1 ij (bj; 2, ) 1
<k (S () @)

[e.9]

~ - r\ 1/r
1 1 Ry, (b, ) (2 — )™ Dby
- T - 2 Y Y i
v LS X 4 e D) @) ) e

Q =1 |a1|:m1
(e, ) — )02 Do) AN
| 1 Ry (bysa, ) (2 — )02 D2,
+— T — gi | () dx
Ao\ &\ 2 e T )

(o)
= T
+|Q\ Z Z aqloo! |z — ™

Q@ \i=1 |a1|=m1, |az|=m2

1 i 1/r
+|Q|/Q (; | Ty(hi) () = Ty (ha) (o) ) dx
= L+ Dh+I+ 1L+

| (p— yer+az parg, pasj, ) »

Now, let us estimate Iy, Io, I3, Iy and I5, respectively. First, for x € ) and y € Q, by Lemma
4, we get
Ron(bjs,y) < Clz —y[™ > [ID%bjl[amo,

ovj|=m

thus, by the Hélder’s inequality and L*-boundedness of |T'|,(Lemma 5), we obtain

L < C

2
Jj=

S ID%bsluo Kl), | )@

lej[=m;

: oy 1 s 1/s
]Hl lajlzijD billBmo (m/n‘T(g)(x)|rdm>
2

11

2 IPhllsve (@/}zn|g(l‘)|idaz)l/s

J=1 \|ey|=m;

1 1/s
S |1D% bl Bao <@/C?\f(m)idx>

7=1 \Jey|=m

[y

IN
Q

IN
Q

IN
Q
::w

2
< ¢TI = 1D%bilismo | Mlfl)@).
j=1

loj[=m;

For I, denoting s = pg for 1 < p < oo, g >1and 1/¢+ 1/¢' = 1, we have, by Lemma 5,

L < C Y ID%lsmo S /Q IT(D ) (2)], dx

|ovo|=m2 |t |=m

1
1l



< c‘ S 1D byllmar0 |Z (@/ T (Dalzélg)(:c)ygzdx)l/p
iz Bty
< ¢ X Ipmnlmo ¥ (), |Da1z31<x>||g<x>|£d:c)l/p
jaal=rmz josl=me
< C > ID*bllpyo Y <1~/|D"‘1b1(x)—(Do‘bj)~|1’f1/dx>1/pq’ <1~/|f(x)\pqu>1/pq
I jaal=m \|@I /@ ¢ QI Jg
<

2
o1l ( ) HD%jHBMo> M(|f1)(@).

7=1 \Jal=m;

For I3, similar to the proof of Iy, we get

2
13 < OH ( Z HDaijBMO) MS(|f|T)(j)

7=1 \Jal=m;

Similarly, for I, denoting s = pgs for 1 < p < 00, q1,¢2,93 > L and 1/q1 +1/q2 + 1/q3 = 1,

we obtain
I4 S C Z /’T Da1b1Da2b2g)( )‘ da
‘01|:m17|a2‘:m2 |Q|
1 7 = 1/p
< C Z (/ ‘T(DOleDOézbzg)(x)‘fdx)
|t |[=ma,|az|=m2 |Q‘ "
! h 7 1/p
< C Z (/ |Da1b1(aj)Da2b2(:E)||g(;p)|1;dx)
‘a1|:m1,|az‘:m2 |Q‘ R
: ! b Hpa 1 1/pas
< C = /~|Dajb»($)|qudx> <~/~|f($)|§gq3dx>
% H(lQ! Q ! o] Jo

|1 |=ma,|az|=ms j=1
< CH( > HD“ijBMO) M;(| f1r)().
Ial =m;

For I5, we write

1
+/Rn<|x_y‘m )Kwo— Hij (bj; ., y)hi(y)dy

K(zo —y)hi(y)dy

|x0 - y’m j=1
7 Rm B,ZC,
+/ (Rm1 (b1;2,y) Rm1(b1;x07y)) 2(72,,}/)-’((950 —y)hi(y)dy
Rn |950 - y|
( Rm1 (b1;$07y)

o,

. ng bg,.’E y RmQ(BQ;l‘an))

|zo — y|™

-



Z /n [ s b27$ y)(x — ) Ko —y) Ry (b2; 20, y) (0 — )™ K (20 — y)]

‘Olll —=my y‘m ‘xo_y|m

x Dby (y )h( )dy

K(xo — y)]

— Qa2 7. _ o
_ Z / m1 blyl' y)(l‘ y) K(x _ y) B le (bhmo,y)(fﬂo y)
0¢2| mg
x Dby (y)ha(y)dy
1 (x — y)a1+a2 (mo _ y)a1+a2
i / Kiz—-y)——————K(z0—
al|:m§a2|:m2 C¥1!042! n [ |1; — y|m ( y) ‘370 — y|m ( 0 y)

x Dby (y) D*2ba (y) hi(y)dy
i+ 12+ i 4 1 10+ 19+ 10,

By Lemma 4 and the following inequality(see [20])

1bg, — bg,| < Clog(|Q2|/[Q1])]|b]|Bmo for Q1 C Q2,

we know that, for z € Q and y € 25+1Q \ 2FQ,

| R (b; 2, )|

IN

Cla —yI™ > (1D*bl|ro + (D) g,y — (Db)g))

|laj=m

Cklx —y|™ Z || Dbl Brro-

|a|=m

IN

Note that |z — y| ~ |zo — y| for z € Q and y € R™\ Q, we have

2 [e’)
(1) ap . 2 — ) — _
15| < C 1] ( > IID bJIIBMo) g:o/?’““@\?kf?k |K(z —y) — K(zo — y)||fi(v)|dy,

i=1 \Jal=m;

thus, by the Minkowski’ inequality and Lemma 3, we obtain

o) 1/r 2 o)
(1) T « 2
(Z”% ||> < cn( > D bj||BMo>z/2WQ\2ka|K<a:—y>— K (2o~ )| 7()lrdy
i=1 j=1 \|a|=m; k=0
2 00 1/s
< CII{ X Dllao | S8 ([, Ifw)iay)
j=1 \|a|=m, k=0 2M1Q
1/s'
x ( Ly K =) = Ko =) dy)
<

2 1/s

i=1 \|a|=m, k=1



( 3 |rDaijBMo> S K2 (|1 (2)

o|=m; k=1

IN
. Q
N H'Ew

IN

cll

j=1

( > ||Dabj||BMO> M(|f[)(2).

loo|=m;

For [, 5()2), by the Minkowski’ inequality and Lemma 2, we obtain

N

|z0 —

o0 1/7‘ 2
I(2) 7‘) D% 2|SU |K o Td
(;H 5 |l < JH <|a|§;n]” HBMO) Z/WQ\M VB @0 =) 17 () ey
2

0o 1/s

< C |1Db; | Brmo k27" </ . |K(= —y)|8/dy>

1 (uz;n i ) 2 2HQPQ

1/s
<[ lF @)
2k+1Q

2 [e'¢) 1/s
< CII| X IID%bjllsmo Zk22_k< p / |dy)

J=1 \|a|=m; k=0 2 Q’

[\

< O[]
7j=1

( > ”DaijBMO> Mi([f]r)(2)-

lor|=m;

For Iég), by the formula (see [5]):
- - 1 .
R, (b;,y) — Ry, (b;w0,9y) = > @ij_m(l?’@b; x,20)(z —y)°
|Bl<m; ™

and Lemma 4, we have

|Rn, (b;2,9) — R, (i 20,)| < C Y > | = wo|™ Pl — y|IP1|| D] | s,

|Bl<m; |al=m;

thus, by the Minkowski’ inequality and Lemma 2, we obtain

) 1/7" 2
|z — 0]
||1<3>||r> < Db;||Bamo / K2E 20 K (g — o)1 £ () |edy
(E ; cII| X 1ol O N e (I

2 S 1/s'

< C HD%‘HBMO k22k</ i JK(xo—y)!S/dy)
1/s
(/ ~|f<y>;'ioly)

2k+1Q

<

2 00
CH ( > IID“ijBMo> > K2R T (2Rd) e M 1)) (7)

|oe|=m; k=0

10



IN

2
CII ( > HDaijBMO> M(|f]) ().

=1 \Jal=m,

Similarly,

0o 1/r
(z||f§4>w) <oH( 5 r|Dajbj|BMo) ML(UF) ().
=1

o [=m;

For IE()5), similar to the proofs of Ié ), IE()Q), IE() ) and 14, we get, for 1 < s1,82 < oo with
1/s1+1/sa+1/s=1,

IN

IA

IN

IN

IN

00 1/r
(Zuféf’)w)
c Z/ (@ =)

| Riny (b23 2,y) — Riny (b3 w0, y)|| K (z — y) D™ b1 ()| f ()] dy

laz|=my 7 (@) |z —y[™
(x —y)*  (xg—y)™ ~ o7
Y / [z —y[™ o —ym [ Bz (b23 20, y) K (2 — ) Db (y)[1f (y) |y
|041|=m1
| Ry (b2 20, )| (0 — )| o
S /(Q)c |z — y|™ |K(z —y) — K(zo — y)||[ D" br(y)|[ f () |- dy
|a1|=m1
.%0‘ ~
¢ 32 IDballsao / K (x — )| D™ 51 ()|1 £ () oy
Z. PP R =
HO X Il 53 [ KK ) = Ko=)l B @0y
|Oé| =msa ‘(J{ll mlk 0

1/s1
o —k o s1
C Y Dl Y Sk (/WQ\M\M y)| dy>

|o|=me2 |a1|=mq k=0

fe’e) 1/s1
« . _ - s1
+C > [[D%allsmo D Zk</2k+1é\2kQ\K(x y) — K(wo - y)| dy)

|a|=ma2 |ag|=mq k=0

" (/2’““@ D%ty )|52dy)1/82 (/2k+1Q f(y)!idy>1/s

2 o0 . N 1/s
0'1(2 ||Dbj|!BM)z:: (27" +27 <2kQ|/ \dy>

J |oe|=m;

( > HDO‘ijBMo) M;(1f1r)(Z)-

|or|=m;

C

—

1

J

11



Similarly,

(o) 1/T 2
(Z ||fé6>||’"> c1l ( > HD%ABMO) M,(|f1.)(E).
=1 J=1

|ovj|=m;
For Ié7), similar to the proofs of Ié )

1/s3+1/s =1,

(e’ 1/T
(Z HIé”W)
=1

and Iy, we get, for 1 < s1, 89,83 < 0o with 1/s1+1/s2+

D I B el O LA A I
< B T — «a «a ,
=C X |$_y|m P y 1(y 211 ()|rdy
{L‘ _ 061+042 . o
oy [ K — ) = G DB ) D ) )
laaf=m1, |az|=me oY
| - -
< C / K Dby () DB d
o kz o LK @ = DD B ) D)0y
+C / K(z —vy) — K(zo — y)|| Dby (y) D*?b d
|m|:m§a|:m21§ 2k+1@\2k@| (z —y) (zo — y)l| 1(y) 2 (I f (y)|rdy
oo 1/81 1/82
<oy Yo (/ ~ ~|K<gc—y>r“dy) ([ 10 nw) 2y
lon|=ma1, |al=ma2 k=0 PHQ 1Q
~ 1/s3 1/s
([ o) ([ If)kay)
2k+1Q 2k+1Q
1/s1
+C > Z(/ K(x—y)—K(fﬂo—y)lsldy>
ot [=mr, Jajmms k=0 \/2FT1Q\2Q
- 1/s2 - 1/s3 1/s
([ o) ([ @) ([ 1rwi)
2k+1Q 2k+1Q 2k+1Q
2 ) 1/s
« — —kKa 1 S
< CII| X IID%llsmo | D k(27" +2 k)<2k~ kﬂf(y)rdy)
i=1 \|a|=m; k=1 128Q| J2+@
2
< CII| > IID%bjllsmo | Ms(If]r)(E).
=1 \Jal=m,
Thus

2
IL<C]] ( > !IDO‘ijBMo) M (] f1:)(Z)-

J=1 \la|=m;
This completes the proof of Theorem 1.
Proof of Theorem 2. We choose 1 < s < p in Theorem 1 and by [8], we get

NT(Allre)y < M@ Lo < CHTE) || Lo )

12



IN

cll

l
1

( > HDaijBMo) M ([ £ e (w)

J loo|=m;
I
1l

j:

1

IN

( > ||Dabj||BMO) 1 F 1| 2e () -

loo|=m;

This finishes the proof.
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