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Abstract

Let (X, A, 1) and (Y, B, ) be two probability measure spaces, I an interval of the real line,
f e L'(w), f(z) €I for each z € X, and ¢ a real-valued convex function on I. First we show
that, if wo and wy are two appropriate weight functions on X x Y, then

go( /. fdu> < [ AR A0 < [ (0o Hin

where A denotes the arithmetic mean of ¢ on the closed interval with end points Fy(y) and
Fi(y), and for A-almost all y € Y'’s

Fily) = /X f@wr@yda(@)  (k=0,1).

Then using this refinement, we give some nice applications in refining some important in-
equalities between means and the information inequality.

Key words and phrases: Jensen’s inequality, Product measure, Weight function, Mean, Information

Inequality.
2000 Mathematics Subject Classifications. 26D15, 26A51, 28A35.

1. INTRODUCTION

Throughout this paper, we assume that (X, A, u) and (Y,B,A) are two probability measure

spaces, I is an interval of the real line, f € L*(u), f(x) € I for each 2 € X, and ¢ a real-valued

convex function on I. The classical integral form of Jensen’s inequality is as follows [2]:

<ﬂ</deu) S/X(swf)du-
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We mean a weight function on X x Y, an A x B-measurable mapping w : X x Y — [0, 400); see

e.g. [8], such that
/ w(z,y)du(x) =1 foreachy €Y,
X

and
/ w(z,y)dA(y) =1 for each z € X.
Y

For example, if X and Y are the unit interval [0, 1] with Lebesgue measure, then

w(x,y) =1+ (sin 27x)(sin 27y)

is a weight function on [0,1] x [0, 1].
In [4] the following refinement of Jensen’s inequality (1) is achieved.

Theorem A.
With the above assumptions, if w is a weight function on X x Y, then

X ( /. f(x)w(x,y>du<x>) ()
is meaningful, and we have
@( / fdu> </ w( /. f(x)W(z,y)dﬂ(z)> 2w < [ (oo Din

The following important inequality is a consequence of Theorem A:

Corollary B.
If ¢ is a real-valued convex function on a closed interval [a,b], then we have Hermite-Hadamard

inequality:

w(a+b)< 1 /j@(t)dfﬁw(a);w(b)-

2 “b—a

2. MAIN RESULTS

In this section, we extend Theorem A for two weight functions.

3)

According to the proof of

Theorem A, for each weight function w, the integral [ f(z)w(z,y)du(z) is existed and finite for
A-almost all y € Y's. Fix an o € I. Let wy and w; be two weight functions on X x Y. There exists

a measurable set E with A(E) = 0 such that for each y € Y\ E the integrals

Fily) == /X f@w@ydp(e)  (k=0,1)

=0,1). Clearly, for each 0 <¢ <1,

are existed and finite. We set on E, Fj(y) = a (k
Cdt(l',y) = (1 - t)wo(x, y) + twy (x7y)

is a weight function on X X Y, and the integral

/ @)z, y)du(z) = (1 - 1) / F@)wole, y)du(z) + t / F(@)wr (@, y)du(z)
X X X

(4)



is existed and finite for each y € Y\ E. Thus, if for each 0 < ¢ < 1, we set

Fy(y { fX Wtax ,y)dp(z) :Z 2 E\ E, (5)

the function Fy(y) = (1 — t)Fo(y) + tF1(y) € I belongs to L1(\); [4].

First we prove the following lemma.

Lemma 2.1
Let 1 be an arbitrary positive measure on X and h = u — v : X — (—00, +00], where 0 < u < +00
and 0 < v < 400 are measurable functions on X. Now, if [  vdn < oo, then / « hdn is meaningful

and
/hdn:/ udn—/ vdn. (6)
X X X

Proof

Since h™ < w, we have [, h™dn < [ vdn < oo, and so [ hdn is meaningful. Now, since h* 4+ v =
h™ +u, we have [, htdn+ [, vdnp= [, h=dn+ [, udn, and so

/hdn:/ h+dn—/h_dn:/udn—/vdn.
X X X X X
Theorem 2.2

With the above assumption, [, A(p; Fo(y), Fi(y))dA(y) is meaningful and

<P< /. fdu) < [ AR A ) < [ (oo (7)

where the arithmetic mean A for an arbitrary integrable function g over a closed interval with end
points a and b, is defined by

b
Algiat) = 7 [ g(a)ia. (®)

Proof
By Theorem A, for each 0 <t <1, [y, ¢~ (Fi(y))dA(y) < oo and

o ([ ran) < [ emmann < [ o nan

© </X fdu> + /Y ¢~ (Fi(y)) dA(y) < /Ysﬁ (Fi(y)) d\(y) 9)
< [ ondu+ [ o (RO,
On the other hand, the function Y x [0, 1] — I with

(1) = p(Fi(y)) = »((1 = O Fo(y) + tFi(y))

is product-measurable. So, integrating each side of (9) with respect to ¢ on [0, 1], we have

cp( /X fdu> / / (Fi(y)) dA(y)dt < / / dA(y)dt
< [ oo nin+ / | ¢ Ea)ixwa. (10)

So,



Fix an sg € int I. There is a real number m, such that

p(s) = m(s = s0) + ¢(s0) (s € 1).

Thus,
@™ (s) < |m(s = s0) + @(s0)| < [ml|s] + [m]]so| + ¢(s0)] (sel).

In particular, for each ¢t and y, letting s = Fi(y), we have

e (Fi(y)) < [mllFi(y)| + Imllsol + |¢(s0)]
< [m|[((1 =) Fo(y)| + t{Fi(y)]) + [m|so] + [ (s0)]-
So for each y € Y,
1
/0 p (Fy(y))dt < |m|—|FO(y)| ;L Fiy)] + [m|]so| + |¢(s0)] < o0 0<t<1),
and
/| / y)dtdA () < mll| 1l + lmllso| + lp(s0)| < oo,

because,

d\(y)

/|Fk ) dA(y /’/f Jwr (2, y)du(x)
< [ [ 1r@lateniu@irg = [ 17@ldnte) [ wtenarm)

- /X F@ldu(@) = 1fln (k=0,1).

Therefore, applying Lemma 2.1 for the function ¥ — (—o0, +o0] with

1 1 1
y—>/0 w(Ft(y))dt=/O @+(Ft(y))dt_/0 ©~ (Fy(y))dt,

the integral [, fol ©(Fy(y))dtd\(y) is meaningful and

Ry R §

Now, changing the order of integrations, we conclude from (10) that

@(/X fdﬂ) S/y/O1<P(Ft(y))dtd>\(y) S/X(@Of)du-

/ o(F(y))dt = / o((1— )Fo(y) + tFy () dt,
0 0

which with the change of the variable u = (1 — t)Fy(y) + tFi(y), we have

But,

1 1 Fi(y) A P
/o (Fi(y))dt = E(y)—Fb(y)/Fo(y) p(u)du = A(p; Fo(y), F1(y))-



This completes the proof. O

Remark 2.3
In the discrete case, when m and n are two positive integers, and z; € I (1 < i < m), consider-
ing X = {1,--- m} Y ={1,---,n}, A =25 B =2 uli} = w, A\{j} = N\, f(i) = 2; (i =
1.+, mj—l )Wehave[5]
@ (Z um) <Y NA(g Folh), Fu(d)) < Zuzw i), (11)
i=1 j=1
where

Fr(i) =Y wn(i, j)pix; (k=0,1; 1<j<n).
In the following sections, we give some applications of (7) in refining of some important inequalities

between means and the information inequality. Considering (11), these are extensions of the results
obtained in [5], [6] and [7] previously.

3. APPLICATIONS TO INEQUALITIES BETWEEN MEANS

In this section, we give some refinements of several important inequalities between means, such
as, AGM, Ky Fan and Sandor inequalities.

Theorem 3.1 (First refinement of AGM inequality)
With the above assumptions, if f : X — (0, +00) belongs to L(u), then

exp ( [ fdu> <exp [ WI(Fo(w) FW)dNG) < [ (12)
X Y X
where the identric mean I of each a,b > 0, is defined by
1 (b e .
Hapy={ t(&)7 ez (13)
a ;a=0.

This is a refinement of AGM inequality exp (fX In fdu) < fx fdu; see e.g. [8].

Proof
The function ¢(t) = —Int is convex on (0, +00), and we have

A(ln; a,b) =1Inl(a,b) (a,b>0). (14)
Now, the assertion follows from (7). O

Theorem 3.2 (Second refinement of AGM inequality)
With the above assumptions, if g : X — (0,00) and Ing € L'(u1), then

exp ( / lngdu> < [ Les(Eatn)exp(Fi ) Ao < [ g, (15)

where for M\-almost all y € Y's

Fuly) = /X I g(o)or (o, )du(z)  (k=0,1),



and the Logarithmic mean L of each a,b > 0, is defined by

b—a
— Inb—Ina @ 7& b’
Lt = { w07 (16)
Proof
The function ¢(t) = exp(t) is convex on R, and we have
Alexp; a,b) = L(e®, eb) (a,b € R). (17)
Now, the assertion follows from (7) by taking f = Ing. O

Theorem 3.3 (A refinement of Ky Fan’s inequality)
With the above assumptions, if f: X — (0, %] belongs to L'(p), then

L= [ fde [T Fyy) 1~ ) N
Tt = p/yl TR ) W< p/xl 7

f _
which is a refinement of Ky Fan’s inequality fjxfd/ P <exp fX In %d,u; [1].

fdu7 (18)

Proof
The function ¢ : (0, 3] — R with ¢(t) = In 1% is convex on I = (0, 1], and we have
I(1—-a,1-0)
Al =ln—F - ——=* 0 b<1).
(pra,b) = In == (0<ab<1)
Now, the assertion follows from (7). O

Theorem 3.4 (A refinement of Sandor’s inequality)
With the above assumptions, if f: X — (0, 3] belong to L'(u), then

1 1 1 1
o < KR ) L<1Fo<y>,1F1<y>>)dA(y)

[ e

which is a refinement of Sandor’s inequality T ;.d# — 1_1-; T < fX %du — fX ﬁdu; see [9] and

IN

also [1].
Proof
The function ¢ : (0, 1] — R with ¢(t) = 1 — 1L is convex on (0, 1], and

1 1
L(a,b) L(1—a,1—b)’

A(p; a,b) = (0<ab<1).
Now, the assertion follows from (7). O

4. APPLICATIONS TO INFORMATION THEORY

Let (X, A,n) be a positive measure space and p,q : X — (0,+00) be A-measurable and

u/ﬂhz/qw=l
X X



The information inequality [3] states that

p
Dipllg) = [ pinlay=0. (20)
D¢ q
In this section, we give some refinements of the Information Inequality (20).

Theorem 4.1
With the above assumptions, we have

D(pllg) > — /Y I (Fo(y), Fi(4)) dA(y) > 0, (21)

where I is the identric mean (13), and for A-almost all y € Y’s,

) = [ a@enendniz)  (k=0.1)
Proof
The function ¢(t) = —Int is convex on (0, +00), and so the assertion follows from (7) by considering
dp = pdn, f = 1 and (14). O
Theorem 4.2

With the above assumptions, we have

Fo(y)+F1 (y)
D(pllq) > /Yln \/(I(Fo(y))27(F1(y))2) = dAy) =20 (22)
where I is the identric mean (13), and for A-almost all y € Y’s,
) = [ p@wnlenin)  (k=0.1)

Proof
The function ¢(t) = tlnt is convex on (0,+00) and it is easily seen that

a+b
4

A(p;a,b) = InI(a?,b%) (a,b>0).
Now, the assertion follows from (7) by considering du = qdn and f = E. O

Theorem 4.3
With the above assumptions, if pln§ € L*(n), then

Dipllg) = ~1n [ L (M0, eR0) ary) = 0,
Y

where L is the logarithmic mean (16), and for A-almost all y € Y’s

q(z
) = [ 8o ypeine =0
x  p@)
Proof
The function ¢(t) = exp(t) is convex on R. Now, the assertion follows from (7) by taking du = pdn,
f=In %, and considering (17). O
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