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Abstract

Compartment �res are de�ned as �res in enclosed spaces� They are labeled

as oxygen driven �res and are non	stationary growth phenomenon� A gap exists in

the knowledge of deterministic �re growth models and stochastic �re growth models�

In this thesis we develop non	stationary stochastic models in an endeavor to bridge

the gap�

The class of Epidemic models for infectious diseases are non	stationary growth

models� In the �rst part of the thesis the Deterministic Simple Epidemic� Determin	

istic General Epidemic and the Stochastic General Epidemic models are investigated

to develop equations for the growth of compartment �res by drawing analogies be	

tween the epidemic variables and the compartment �re variables� The Percolation

and Contact processes are investigated for the spread of compartment �res� A

mechanism for converting deterministic di
erential equations to stochastic di
eren	

tial equations based on the theory of Martingales is presented�

In part two of the thesis� two deterministic models based on the risk assess	

ment model of the National Research Council Canada �NRCC� are developed and

vii



calibrated� One of the deterministic models is a fuel driven model and the other

is an oxygen driven model� The oxygen driven deterministic model is converted to

a stochastic model� based on the theory of Martingales� and used as an input to

calculate a �re severity measure� called Heat Load� Statistical tests are applied to

the Heat Load data set to determine its distribution� A non	parametric statistical

test� W	Test� is used to calculate the upper quartiles of the heat load�

A third model based on the NRCC model is built� This model is closer to the

Epidemic models and its parameters do not require tedious optimisation algorithms

to calculate� They are evaluated from the initial conditions of the physical process�

In this model we make the assumption that the gas temperature inside the com	

partment is a function of the burning rate and develop a two variable model based

on the burning rate and oxygen fraction� A change of variable is applied to simplify

the di
erential equations� the equations are solved implicitly and their parameters

evaluated using the initial conditions� The temperature equation is modelled using

a �rst order di
erential equation with the burning rate and is solved separately�

Finally part three of this thesis investigates automatic sprinkler systems and

the mathematical theory of optimal control� Optimal control theory is applied to

automatic sprinkler systems to model sprinklered compartment �res� To reduce

water damage inside a compartment due to sprinkler activation from small �res�

we model the water spray rate� Two cases are considered� the �rst when the water

damage is proportional to the total amount of water and the second when the

water damage is proportional to the integral of the square of the water 
ow rate�

Pontryagin�s principle is used to solve the integrals and obtain the water spray rate

equations�
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Chapter �

Introduction

Compartment �res continue to pose problems on risk to public life and material

costs to building owners� The methods of statistical analysis described here are

aimed at improving our understanding of compartment �res and their growth and

spread through buildings� with the hope that such additional knowledge will help

in the control of these costs�

A major motivation for developing stochastic models for compartment �re

data is that one can gain knowledge which is useful for determining strategies for the

control of the �re� One useful information is to determine the mechanism of growth

and then use this to estimate the mean duration�s of the �re inside a compartment�

Another useful information is to be able to determine the extent of variations in

these durations and then use this to determine the minimum required precautions

to prevent major �res�

An overview of �res and more speci�cally of compartment �res will initially

be brie
y discussed� It is envisaged that this will provide the reader with some

familiarity with the topic and enable a better understanding of the information

contained within the following chapters�
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��� Combustion In The Di�usion Flame Phenomenon

Fire is de�ned primarily as rapid oxidation accompanied by heat and light� In

general� oxidation is the chemical union of any substance with oxygen� The rusting

of iron is oxidation but it is not �re because it is not accompanied by light� Heat

is generated� but so little that it can hardly be measured� Burning can occur as a

form of chemical union with chlorine and some other gases� but for our purpose we

need only consider �re that involves oxygen�

����� The Classic Triangle Concept of Fire

Fire can usually take place only when three things are present� oxygen in some form�

fuel �material� to combine with the oxygen� and heat su�cient to maintain combus	

tion� Removal of any one of these three factors will result in the extinguishment of

�re� The classic ��re triangle�� see �gure ������ is a graphical symbolisation of the

recognised elements involved in the combustion process� Opening the triangle by

removing one factor will extinguish a growing �re� and keeping any one factor from

joining the other two will prevent a �re from starting�

����� The Tetrahedron Concept of Fire

Recent research suggests that the chemical reaction involved in �re is not as simple

as the triangle indicates and that a fourth factor is present� This fourth factor is a

reaction	chain where burning continues and even accelerates� once it has begun�

Haessler������� in his study of �re� formulated the theory of the di
usion


ame combustion phenomenon as a tetrahedron� Haessler preferred to symbolise

his concept of �re as a tetrahedron instead of a square because in the tetrahedron

the four entities are adjoining and each is connected with the other three entities�

This reaction	chain is caused by the breakdown and recombination of the

molecules that make up a combustible material with the oxygen of the atmosphere�

A piece of paper� made up of cellulose molecules� is a good example of a combustible
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Figure ���� Fire Triangle

material� Those molecules that are close to the heat source begin to vibrate at an

enormously increased rate and� almost instantaneously� begin to break apart� In a

series of chemical reactions� these fragments continue to break up� producing free

carbon and hydrogen that combine with the oxygen in the air� This combination

releases additional energy� Some of the released energy breaks up still more cellulose

molecules� releasing more free carbon and hydrogen� which� in turn� combine with

more oxygen� releasing more energy and so on� The 
ames will continue until fuel is

exhausted oxygen is excluded in some way� heat is dissipated� or the 
ame reaction	

chain is disrupted�

Supporting this concept has led to the discovery of many extinguishing agents

that are more e
ective than those that simply manage to open the triangle� Because

of this discovery� we must modify our �re triangle into a three	dimensional pyramid�

known as the �tetrahedron of �re�� see �gure ������ This modi�cation does not

eliminate old procedures in dealing with �re but it does provide additional means

by which �re may be prevented or extinguished�
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��� Fire Spread

The rate at which �re will develop will depend on how rapidly 
ame can spread from

the point of ignition to involve an increasingly large area of combustible material�

Flame spread is considered as an advancing ignition front in which the leading edge

of the 
ame acts both as the source of heat� to raise the fuel ahead of the 
ame front

to the �re point� and as the source of pilot ignition� There are various factors which

are known to be signi�cant in determining the rate of 
ame spread over combustible

solids� Material factors and Environmental factors�

Environmental factors consist of composition of atmosphere� temperature�

imposed heat 
ux and air velocity� Composition of the atmosphere refers to the

oxygen concentration� Combustible materials will ignite more readily� spread 
ame

more rapidly and burn more vigorously if the oxygen concentration is increased�

Higher rates of 
ame spread are observed with e
ective oxygen enrichment which

enhances 
ame stability at the surface� Temperature refers to the temperature of

the fuel� Increasing the temperature of the fuel increases the rate of 
ame spread�

�



the higher the initial fuel temperature the less heat required to raise the una
ected

fuel to the �re point ahead of the 
ame� An imposed radiant heat 
ux causes

an increase in the rate of 
ame spread� by preheating the fuel ahead of the 
ame

front� Con
uent air movement enhances the rate of 
ame spread over a combustible

surface� Friedman ������� reports that the rate will increase quasi	exponentially up

to a critical level at which extinction will occur�

Material factors are further divided into chemical and physical factors� The

chemical factors consist of composition of fuel and presence of retardants� The

physical factors consist of initial temperature� surface orientation� direction of prop	

agation� thickness� thermal capacity� thermal conductivity� density� geometry and

continuity� As an example� of surface orientation e
ect� Alpert and Ward �������

point out that the spread of a 
ame along a vertical surface accelerates exponentially�

For theoretical models of 
ame spread� the rate of heat transfer across a

surface determines the rate of �re spread� The �fundamental equation of �re spread�

is a simple energy conservation equation� William �������

�V�h � q �����

where q is the rate of heat transfer across the surface� � is the fuel density� V is the

rate of spread� and �h is the change in enthalpy a unit mass of fuel is raised from

its initial temperature �To� to the temperature �Ti� corresponding to the �re point�

If it is possible to identify q in a given �re spread situation� some insight can be

gained into the factors that a
ect the rate of 
ame spread�

��� Compartment Fires

Compartment �res are de�ned as �res in enclosed spaces� typically thought of as

rooms in buildings� Compartment �res are discussed usually in growth stages� These

can be categorised as�

�� Ignition

�



Figure ���� Graph of the change in temperature over time in compartment �res�

�� Growth

�� Flashover

�� Fully developed �re and

�� Decay�

Figure ����� shows an idealised form of temperature variation with time de	

scribed by the growth stages�

The growth period is described as the point from where �re is initiated to the

stage where 
ashover occurs� Walton ������� de�nes a 
ashover as the �transition

from a growing �re to a fully developed �re within the compartment in which all

combustible items are involved in the �re��

All �res manifest an ignition stage but� beyond that� may fail to grow through

all or some of the growth stages listed�
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��� Deterministic and Non�Deterministic Modelling

Modeling the growth and spread of �re can be categorised under two general head	

ings� deterministic and non	deterministic� Deterministic models attempt to derive

equations which model the experimental data gathered on some of the chemical

and physical interactions involved in a �re� They are generally too complicated to

accommodate stochastic variation� Non	deterministic models attempt to model the

inherent variability of �re� using simpli�ed approximations to the �re phenomenon�

Ramachandran ������ provides a description of deterministic and non	deterministic

models and an explanation of the type of questions�problems that can be modelled

in compartment �re research using these models�

A Stochastic Process �non	deterministic model� is the mathematical abstrac	

tion of an empirical process whose development is governed by probabilistic laws�

From a non	mathematician�s point of view a stochastic process is any probability

process� that is� any process running along in time and controlled by probabilistic

laws� Numerical observations made as the process continues indicate its evolution�

Ramachandran ������ classi�es stochastic models as dynamic as they are capable of

predicting the course of �re development in a particular building� In these models�

the various states� realms� or phases occuring sequentially in space and time dur	

ing �re growth are speci�ed together with the associated probability distributions�

A set of deterministic equations can be turned into a set of stochastic di
erential

equations by adding on the right	hand side forcing functions which are white noise

multiplied by some function of the variables and�or endowing the parameters with

probability distributions�

Ramachandran ������ provides an overview on the application of several

probabilistic and stochastic models in non	deterministic modelling of �re spread�

The probability models reviewed are probability distributions� logic trees and the

probabilistic version of a deterministic model� Several papers in each of the prob	

ability models have been reviewed and Ramachandran provides an explanation for

�



the appropriate application of the probability models in compartment �re research�

He points out that probabilistic models� treat critical events during �re spread as

random and independent� They model �nal outcomes such as extent of spread� area

damaged and �nancial loss� These models are ideal for �re protection and insurance

problems concerned with collective risk in a group of buildings�

The stochastic models reviewed are the state transition stochastic model�

Markov models� Network theory� Epidemic theory� Branching processes� Random

walk and Percolation processes� The state transition stochastic model for a com	

partment �re with four states is developed using a probability tree to describe the

development of a �re through the states� For the Markov model� Network theory�

Epidemic theory� Branching process and Percolation process several papers in the

application of compartment �res is reviewed� Ramachandran draws an analogy be	

tween random walk and �re spread� Using the exponential form of the random walk

and making the assumption that damage is proportional to heat output he develops

an equation for the damage exceeding a given value� as a pareto distribution� In this

paper Ramachandran points out that stochastic models describe the critical events

occurring sequentially in space and time� hence� a particular building with speci�c

design features and �re protection measures can be modelled� Ramachandran also

points out that most of the stochastic models� except for the simple version� involve

computations more complex than probabilistic models�

Ramachandran ������ discusses stochastic modelling of �re spread and two

types of stochastic models are discussed in detail� ���Markov Chains and ��� Net	

works� Then some attention is given to other stochastic models such as random

walk� di
usion process� percolation theory� epidemic models and branching pro	

cesses� Ramachandran points out that probability models used to model the growth

of a �re involves complex calculations when the spread to other compartments are

tried to be incorporated� He suggests using network models for �re spread through

a building to simplfy the calculations�

�
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Figure ���� Structure of the Fire Safety System Model�

��� Thesis Objectives

The Fire Safety and Engineering Project report� published by the Warren Centre

for Advanced Engineering� Beck ������� suggests a signi�cant gap exists in the

knowledge of modelling of �re risk in buildings�

The Centre for Environmental Safety and Risk Engineering �CESARE� at

Victoria University of Technology is conducting a program of research to improve �re

safety and develop cost	e
ective design solutions for �re safety systems in buildings�

One of the projects is to develop an integrated risk assessment model for

�re risk in buildings� CESARE is currently developing a Fire Safety System Model

�FSSM�� This is a mathematical model that can be used to provide a systematic

methodology to identify those combinations of building subsystems that provide the

requisite level of safety to the occupants in a cost	e
ective manner�

The FSSM consists of two parts� the Risk Assessment Model �RAM�� and

the Fire Safety Submodels �FSS�� see �gure ������ The FSS are used to represent

the physical processes associated with �re growth and spread� human behavior� and

building design� The results obtained from the FSS are transferred to the RAM�

The RAM is used to integrate the results of the submodels and to calculate two

parameters� expected risk	to	life safety and �re	cost expectation�
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Smoke      Fire Safety Submodels Flame
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Figure ���� Structure of the Fire Safety Submodels�

Beck ������� has de�ned the submodels within the FSS as follows� also see

�gure ������

� Fire Growth and Development�

� Smoke Spread�

� Flame Spread�

� Occupant Response�

� Occupant Avoidance and

� Fire Brigade Response�

One essential component of the FSS is a stochastic model for compartment

�res� This is because multiple interactions of physical and chemical processes and

the composition of a variety of burning material and their geometric arrangements

in a substance produce inherent randomness in �re development�

��



This research will look at the development of models to predict the time

dependent� non	stationary and stochastic behavior of �re growth and development

in multistory buildings for the submodel Fire Growth and Development� Including a

stochastic model which accommodates the inherent randomness in �re development

will produce a more realistic and accurate model for �re development� The stochastic

models incorporate uncertainty which enables them to estimate the variability as

well as averages of output parameters� Once the submodels are re�ned and tested

the FSSM will be routinely used by professionals to identify cost	e
ective �re safety

system designs for buildings�

Current time	dependent models used to describe the spread of a �re in a

compartment are deterministic mechanical models without appropriate risk compo	

nents� Platt ������� see section ������ has developed a time dependent probability

model to attempt to estimate the cumulative probabilities of �re spread in buildings

over in�nite time�

Ling and Williamson ������ model post
ashover �re spread from room to

room using a stochastic analysis beginning with the development of a probabilistic

network and followed by a method for solving the network for discrete probability

distributions� These authors Ling and Williamson have made the assumption that

the �re in a room has to 
ashover before it can spread�

The authors Ling and Williamson have developed the probabilistic network

to represent �re spread using the following three steps�

�i� The 
oor plan of a building is transformed into a graph grid� where rooms

are nodes and walls and other �re barriers are links between the nodes� Each link

in the graph represents a possible route of �re spread�

�ii� The graph is then transformed into a probabilistic network by introducing

one node for representing the pre
ashover state and another node for representing

the post
ashover state of each room with the link between them representing the

probability of 
ashover and the time characteristic to 
ashover� Three di
erent

��



types of links are identi�ed� �� �re growth in a compartment� �� the �re breaching

the barrier element� and �� the �re spreading along the corridor�

�iii� The �re spread probabilistic network is transformed into an equivalent

network which has multiple links between the nodes to represent the uncertainty

intrinsic to �re spread� Mirchandanis equivalent network and procedure is used for

the shortest path calculation�

Finally a numerical example is solved in which the source node is the room in

which the �re originated and the sink node is a section of the corridor� The analysis

examines the possible 
ows through equivalent networks and the probability of a

source node connecting with the sink node as well as the expected shortest travel

times are calculated� Ling and Williamsons modelling o
ers a number of advantages

over deterministic �re spread models� It allows a quantitative comparison of the �re

scenarios� It directly addresses uncertainty and allows quantitative assessment of

risk when generating equivalent safety in building designs which do not meet the

traditional code categories� It can also be used as a framework for analysing building

and �re codes�

This thesis will look at using stochastic growth models to model the time

dependent growth and spread of a �re� We have divided the thesis into three parts�

In part one we investigate the class of Epidemic models of infectious diseases

for �re growth� By an infectious disease we mean a disease which is infectious in

the sense that an infected host passes through a stage� called his infectious period�

during which he is able to transmit the disease to a susceptible host� either by a

direct �su�ciently close� host	to	host contact or by infecting the environment and

the susceptible host then making �su�ciently close� contact with the environment�

In chapter ��� we demonstrate how to convert deterministic di
erential equations

to stochastic di
erential equations by making use of the fact that forcing functions

are Martingale Di
erences�

Part two of the thesis focuses on building deterministic models based on the
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risk assessment model from the National Research Council Canada �referred to in

this thesis as NRCC�� The deterministic models are converted to stochastic models

using the theory of Martingales in chapter ���� Using the stochastic di
erential

equations we simulate the heat load� see chapter ���� of a compartment �re� Then

in chapter ��� we derive a two variable model closer to the General Epidemic model�

Finally in part three we investigate sprinklered compartment �res since in	

creased application of sprinkler protection through a building can reduce �re losses

signi�cantly� However� in many small compartment �res the water damage is far

more extensive than the 
ame damage� We examine the possibility of controlling

the 
ow of water from sprinklers in an optimal way so as to minimise the water

damage and the overall property damage� Two cases are considered� The �rst when

the water damage is proportional to the total amount of water and the second when

it is proportional to the integral of the square of the water 
ow rate�
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Chapter �

Literature Review

There appears to be no textbook which describes the modelling of �re growth and

spread using non	deterministic mathematical models� However� some papers have

been published in some of the �re journals which attempt to incorporate probability

in their models�

The probability and statistical contents of the papers by Platt ������� Takeda

and Yung ������ and Berlin ������ have been summarised to show the level of

statistics and probability theory used in the growth and spread of �re modelling�

Although these papers have very little relevance with this research project they do

show a gap between elementary probability models and stochastic models in the �re

research area�

��� Time Dependent Probability Model

Platt ������� has developed a time dependent probability model� He has made an

attempt to estimate the cumulative probabilities of �re spread in buildings over

in�nite time� Three steps were used to calculate the probability of �re spread� they

are�
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�� The initial calculations are the probabilities for the three ways in which �re

can spread from a compartment to any of the adjacent compartments� PFS �

Platt divides the way in which �re spreads into three sets to calculate the

probability of �re spreading from a compartment to any of the adjacent com	

partments� The three sets are�

� Spread through open doorways  D!� The probability of �re spread via an

open door is assumed to be the probability that the door is open� P��

� Spread vertically up the facade of a building via external windows  W !�

The probability of �re spreading via external windows is the probability

that the height of the external 
ame is greater than or equal to the height

of the spandrel�

� Spread by the failure of an internal barrier  B!� The probability of the �re

spreading via an internal barrier is the probability that the �re resistance

of the barrier is less than the �re severity�

PB � P  R � S!

where�

R � barrier resistance  time! and

S � compartment �re severity  time!�

He has assumed that R and S are independent lognormal variables�

The three ways �re can spread are ranked to form three mutually exclusive sets�

see �gure ������ Then the probability �re spreads to an adjacent compartment

is the sum of the individual probabilities�

PFS � P  D � �W � "D� � �B � "W � "D�!

� P  D! # P  �W � "D�! # P  �B � "W � "D�!
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Figure ���� Fire Spread Events 	 Venn Diagram

Assuming the three events are independent the above sum can be simpli�ed

to

PFS � P  D �W �B! � �� ��� P  D!���� P  W !���� P  B!��

�� In the second step Platt uses conditional probability for calculating the ex	

pected time it will take for the �re to spread from a compartment to any of

the adjacent compartments� given that it does spread� E�T	FS��

�� In the third step Platt calculates the probability of a �re spreading from a

compartment to any other compartment� via any path in a given length of

time� given that a �re starts in compartment i� Platt employs a stochastic

network representation of �re spread with spaces represented as nodes and the

barriers between nodes being represented as probabilistic links of the network�
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��� Deterministic Fire Growth Models

����� Computer Models For Fire Protection

A paper was compiled by Friedman ������ that categorises the ��� and an additional

�� more recently available� computer programs for �re protection identi�ed in a re	

port based on an international survey presented at the ���� Forum for International

Cooperation on Fire Research� The categories are zone models for compartment

�res� �eld models for compartment �res� submodels for �re endurance� submodels

for building evacuation� submodels for actuation of thermal detectors� �re	sprinkler

interaction models and other �re models and submodels� Friedman also provides a

general discussion of models dealing with a growing and interacting �re in an enclo	

sure and describes the features and advantages of �eld models and zone models�

Friedman ������ in his discussion of computer models for a �re in a com	

partment overviews compartment inputs and �re inputs that are required for the

computer models� For the �re inputs he talks about a �re being speci�ed with

various complexities� �a� the heat release rate continuing at a constant rate for a

speci�ed interval then stopping� �b� heat release rate varying in a known manner�

�c� burning rate reducing according to the percentage of oxygen decrease in the

compartment� and �d� the radiative feedback of energy from the compartment to

the burning surface� Friedman highlights the di�culties that prevent the accurate

modelling of the burning rate or spread rate�

After the outputs from the computational models are listed� he outlines ad	

ditional uncertainties incorporated with compartment �res and makes some remarks

on the method of validating computer models� Finally� Friedman points out that

due to the complexity of compartment �res� computer models need to incorporate

variations in the output parameters due to the inherent uncertainties�

Friedman classi�es the NRCC� model as a zone model for compartment

�res� As the NRCC model is used to develop our non	deterministic models� a detail
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account of this model follows�

����� NRCC Model

Takeda and Yung ������� have developed a simpli�ed one	zone compartment �re

growth model which is used in the NRCC computer model� The model incorporates

vitiated oxygen conditions and combustion e�ciency based on compartment size�

This model includes the two main external factors a
ecting the 
ame spread

rate on a burning object in a compartment� The two external factors are the ra	

diative heat 
ux from the hot ceiling layer and the oxygen concentration in the

compartment� The lateral 
ame spread rate measured by Quintiere and Harkleroad

������ is used to include the e
ect due to the radiative heat 
ux� The varying

oxygen concentration is built into the model using the �nding by Tewarson and

Pion ������� that the burning rate decreases with decreasing oxygen concentration

and 
aming combustion ceases when the oxygen concentration is lower than ��$

regardless of what the external heat 
ux may be�

An equation described by Tewarson and Pion ������ for the mass burning

rate is used but� with the burning surface area being calculated assuming that the


ame spreads radially on the burning object with a speed Vf � where Vf is the speed

based on Tewarson and Pion �������

The oxygen concentration in the gas mixture at any time is obtained using

two di
erent equations� one when the concentration is above ��$ and the other

when the oxygen concentration falls below ��$� This ensures that the oxygen

concentration does not drop too fast and thus cause the �re to be extinguished

prematurely�

The heat loss rate through the compartment walls is obtained by solving the

one	dimensional heat conduction equation with some boundary conditions�

The air ventilation rate through the compartment opening is calculated using

the empirical equations derived by Steckler and Quintiere ������ and Prahl and Em	
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mons ������ with a correction factor to take into account the e
ect of compartment

size�

The CO and CO� concentrations in an air ventilated �re are obtained using

a stoichiometric equation� experimental data and the mass ratio of CO to CO��

In a smoldering �re the burning rate� R� at any time� t� is determined by

Quintiere and Birky ������ as

R � ���t# ������t�

The CO and CO� concentrations are calculated using the following equations

for the smoldering �re

YCO � ����YPRO

YCO�
� ����YPRO

where YCO�
is the concentration of CO� �weight $�� YCO is the concentration of

CO �weight $� and YPRO is the product gas concentration �weight $��

This model of Takeda and Yung ������ is implemented using the algorithm

in �gure ����� in the NRCC�s� risk cost assessment model for evaluating the �re risk

and protection costs in apartment buildings

��� Stationary Stochastic Models in Fire Research

Berlin ������ describes a number of simple probability models which can be applied

to �re protection problems� He describes how they can be used in estimating the

annual losses due to �res from a randomly selected transformer in terms of the three

outcome measures� property damage� injuries� and deaths�

Markov chains are described relating to how they could be used to model

a �re in a residence given by the Building Fire Simulation Model� This is done

by dividing the time over which a �re develops into a �nite number of stages and

assigning probabilities to the likely transition from one stage to another� From this

model it is possible to answer questions like
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Figure ���� Computation algorithm of the NRCC �re growth model

�� What is the maximum extent of the �re growth%

�� What is the expected number of transitions between any stage and another%

The major weakness of this model is the assumption of constant transition proba	

bilities�

Queuing models are described modelling a Fire Brigades availability� where

the arrival process corresponds to �re alarms� and the service rate is the time to

respond to the emergency and then return to the station�

Stress	Strength models are used for the situation where a component accom	

plishes its intended function� provided it is strong enough to sustain the opposing

forces of the operating environment�

The section on Markov Chains by Berlin ������ has some relevance to this

research� The probability and statistical models described by Berlin� have not been

applied to experimental data to estimate model parameters�

Stochastic �re and smoke spread models available at present are time depen	

dent� Elms and Buchanan ������� Beck ������� Beck ������� Ramachandran �������

��



Existing models are extremely limited in their ability to accurately predict the levels

of risk to life safety because the time	dependent nature of �re spread is not included�

Fire growth and spread are phenomena that exhibit all the hallmarks of

growth� intrinsic randomness and high variability between one occurrence and the

next� It is necessary to develop new models specially adapted to the description

of �re growth and spread� As a stepping stone into the modelling of �re growth

and spread in buildings this work will examine modelling compartment �res using

several non	stationary stochastic growth models and introduce the use of Percolation

Processes and Contact Processes for the spread phenomena�

��� Stochastic Growth Models

There are several models in the class of Epidemic processes� see chapter ��� for a

de�nition� which could be used to model the growth of compartment �res� The

essential characteristics of any epidemic process is the transfer of infection� The

equivalent characteristic in compartment �res is the transfer of 
ame��re� We will

initiate our research with an examination of the Epidemic models and then try to

equate compartment �res to these equations� Detailed accounts of the epidemic

models are given by Becker ������ and Bailey �������

Hammersley ������ de�nes a percolation process as typically the spread of

a 
uid through a medium under the in
uence of a random mechanism associated

with that medium� see chapter ��� for a review and a graphical representation of

the percolation process� This model has analogies with �re spreading along a level

of a building� this is investigated further in chapter ����

Bezuidenhout and Grimmett ������� de�ne a Contact process as a stochastic

model for the spread of disease amongst the members of a population distributed

about a d	dimensional space� Zd see chapter ��� for a review and a graphical repre	

sentation of the Contact Process� A contact process is a type of oriented percolation

process� This model has analogies with �re spreading through the levels of a build	

��



ing� this is investigated further in chapter ����

The three non	stationary stochastic models described above have two com	

mon characteristics which are also revealed in the physical properties of compart	

ment �res�

�� They are non	stationary growth models�

�� They have a threshold theorem�

With �re the threshold appears to be the point at which 
ashover is reached� but

further investigation and modelling is required to be more conclusive�

��



Part I

NON�STATIONARY MODELS

FOR COMPARTMENT FIRES
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There are several models in the class of non	stationary processes which could

be used to model the growth and spread of �res inside compartments� Three epi	

demic models are considered for the growth of a �re inside a compartment� The De	

terministic Simple Epidemic� the Deterministic General Epidemic and the Stochastic

General epidemic� Two additional non	stationary stochastic models are considered

for the spread of a �re through a building� The Percolation process and the Contact

process� In the �nal chapter of this part we develop a methodology for converting

deterministic equations into non	deterministic �stochastic� equations�
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Chapter �

Epidemic Models

��� Introduction

The essential characteristic of any epidemic process is the transfer of infection� Be	

fore looking at some speci�c epidemic models� we will make a number of assumptions

which will be common to all of these models�

� The disease is transmitted by contact between an infected individual and a

susceptible individual

� There is no latent period for the disease� hence the disease is transmitted

instantaneously upon contact

� All susceptible individuals are equally susceptible and all infected individuals

are equally infectious�

� Susceptibles and infectives mix together homogeneously�

��� Deterministic Simple Epidemic Model

The simple epidemic model describes the spread of a relatively mild infection through

a �nite population in which none of the infected individuals is removed from the
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population by isolation� recovery or death� This means that no births� deaths or

migration occurs�

To calculate the equations of the model we let time be represented by t

and a small change in time by 
t� The number of infected individuals at time t is

represented by I�t� and the number of susceptible individuals �healthy individuals�

at time t is represented by S�t�� The average number of contacts between susceptible

and infected individuals which lead to a new infective per unit of time per infective

per susceptible in the population is represented by ��

Since everyone in the population is either susceptible to the disease or else

infected with the disease� We have S�t� # I�t� � N � where N is the total number

in the population�

It is a simple matter to deduce the number of susceptible individuals at time

t # 
t in terms of the number of susceptibles at time t� Clearly� S�t # 
t� is just

the number of susceptibles at time t� S�t�� minus the number of susceptibles who

contract the disease in the time interval from t to t# 
t� In mathematical notation�

S�t # 
t� � S�t�� �S�t�I�t�
t�

Epidemics are discrete phenomena� However� we approximate them with

continuous variables due to large populations�

Next� rearrange the equation into the form�

S�t # 
t�� S�t�


t
� ��S�t�I�t�

and then let 
t � �� This yields

dS�t�

dt
� ��S�t�I�t��

Using S�t� # I�t� � N
dS�t�

dt
� ��S�t� N � S�t�!�

This is a nonlinear di
erential equation� but the equation can be solved using the sep	

aration of variable method of solution as for a linear di
erential equation� Rewriting
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as
�

S�t� N � S�t�!

dS�t�

dt
� ���

Expanding the left	hand side using partial fractions we obtain

�
�

NS�t�
#

�

N  N � S�t�!
�
dS�t�

dt
� ��

Integrating both sides with respect to t�

Z
�

NS�t�
dS�t� #

Z
�

N  N � S�t�!
dS�t� �

Z
��dt

gives
�

N
 lnS�t�� ln�N � S�t��! � ��t # c

or
S�t�

N � S�t�
� ke��Nt�

Simplifying further gives

S�t� �
N

� # �
ke

�Nt
�

Solving for the integration constant� k� from initial conditions� S��� � N�I��

gives

k �
N � I�
I�

S�t� �
N�N � I��

�N � I�� # I�e�Nt
�

In addition� since the total population size is always N � and since all individuals are

either susceptible or infected� using I�t� � N � S�t� we can solve for I�t��

I�t� �
NI�

I� # �N � I��e��Nt
�

A typical solution as a function of time is shown in the �gure ������

The graph suggests that in a large population with a small initial number

of infectives� at �rst the epidemic �as measured by the total number of infectives�

grows exponentially� and then� as fewer susceptibles are available� the rate of growth
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Figure ���� Change in Susceptibles into Infectives over time�

decreases� but the epidemic does not end until everyone in the population has con	

tracted the disease�

The more usual quantity to report is the �epidemic curve� which records the

rate at which the disease spreads in the population� For the present model the

epidemic curve� W �t�� is the rate of change in the number of infectives� thus

W �t� �
dI�t�

dt
� �S�t�I�t�

�
�N��N � I��I�e�Nt

 �N � I�� # I�e�Nt!�

A graph of this function is in �gure ������

This model is an extremely simple �rst model� and has a rather unrealistic

aspect� Notice that whenever an epidemic gets started� everyone in the population

ultimately contracts the disease� The reason for this can be traced to the fact that

infectives remain infected forever� A more realistic model must take into account

that for most diseases infectives either recover or else they die�

����� Deterministic Simple Epidemic Fire Growth Model

To adapt the Simple Epidemic model to describe the growth of a �re inside a com	

partment table ����� draws an analogy between the variables in the �re growth
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W(t)

TimeFigure ���� The Epidemic Curve� W �t��

model and the Simple Epidemic model�

To calculate the equations of the model we let time be represented by t and a

small change in time by 
t� The amount of burning material at time t is represented

by F �t� and the amount of combustible material at time t is represented by M�t��

As �re spreads by the contact between 
ames and the combustible material� the

average number of contacts between combustible and burning material which lead

to a new burning material per unit of time per combustible per burning material in

the compartment is represented by ��

FIRE EPIDEMIC

Combustibles Susceptibles

Burning Material Infectives

Table ���� Analogy between �re growth and Simple Epidemic variables

Assumptions of the deterministic �re growth model�

�� When a material catches �re it is immediately capable of spreading the �re

�no latent period��

�� Combustible material is subject to homogeneous mixing� We can relax this
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assumption by using the modi�cation introduced by Becker ������ for non	

homogeneous mixing�

For the deterministic simple epidemic model for �re growth� if we let

N � Total amount of combustible material in a compartment

t � epoch time

M � combustible material remaining

F � amount of material on �re �burning material�

The average number of contacts between combustibles and burning materials

which lead to a new burning material per unit of time per burning material per

combustible in the compartment be represented by ��

We have M�t� # F �t� � N �

It is a simple matter to deduce the amount of combustible material at time

t# 
t in terms of the amount of combustible material at time t in exactly the same

way as we did for the simple epidemic model�

M�t # 
t� � M�t�� �M�t�F �t�
t

Solving the equation gives

M�t� �
N

� # �
ke

�Nt

Solving for the integration constant� k� from initial conditions� M����N	F�� gives

k�N�F�
F�

M�t� �
N�N � F��

�N � F�� # F�e�Nt

In addition� since the total combustible material is always N � and since all material

are either combustible or burning� using F �t� � N �M�t� we can solve for F �t��

F �t� �
NF�

F� # �N � F��e��Nt
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A typical solution as a function of time is shown in the �gure ������

The graph suggests that in a large compartment with a small initial number

of burning material� at �rst the �re �as measured by the total amount of burning

material� grows exponentially� and then� as fewer combustible material is available�

the rate of growth decreases� but the �re does not end until all of the combustible

material in the compartment has contracted the �re�

A more useful quantity to report would be the ��re curve� which records the

rate at which the �re spreads in the compartment� For the present model the �re

curve� X�t�� is the rate of change in the amount of burning material� thus

X�t� �
dF �t�

dt
� �M�t�F �t�

�
�N��N � F��F�e�Nt

 �N � F�� # F�e��Nt!�

A graph of this function is in �gure ������

This model is a very simple �rst model and has a rather unrealistic aspect�

Notice that whenever a �re gets started� everything in the compartment ultimately

contracts the �re� The reason for this can be traced to the fact that burning material

remain burning forever� A more realistic model must take into account that for most

�res burning material either stop burning or else they burn out�
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TimeFigure ���� The Fire Curve�

��� Deterministic General Epidemic Model

Since for many diseases a natural immunity occurs� it is further assumed that former

infectives enter a new class which is not susceptible to the disease� the Removals� The

General Epidemic model considers the transfer of infection by contact between the

members of the population� as well as the removal of infectives from the population

by recovery� death or isolation�

By introducing a class of removed individuals� we have managed to avoid a

precise statement of the severity of the disease being modelled� The removals may

be recovered and immune� or they may be quarantined and thus out of circulation

or they may be dead� All that is necessary is that the disease not be available

to any individual more than once� Therefore� the basic parameters in the General

Epidemic model are the infection rate� �� and the removal rate� �� In addition to

the variables de�ned in the Simple Epidemic model� let�

R�t� � number of removed individuals at time t� Removed from the infected group

and

� � average rate of removal of infectives from circulation per unit time per infective

in the population�
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Assumptions of the General Epidemic model are�

�� Any individual who has recovered from the disease has permanent immunity�

�� The disease has a negligible short incubation period� no latent period� When

a susceptible is infected it is assumed that he immediately becomes infectious�

�� The assumption of homogeneous mixing�

Since the new class of individuals� the removals� in no way interacts with the sus	

ceptibles� the governing equation for the susceptibles is unchanged from the simple

epidemic model� Thus the di
erential equation is

dS�t�

dt
� ��S�t�I�t� �����

The di
erential equation developed previously for the number of infectives must be

modi�ed to take into account the removals� Using an argument similar to the one

for the Simple Epidemic model� it is not hard to deduce the equation

dI�t�

dt
� �S�t�I�t�� �I�t� �����

The individuals who are removed from the ranks of the infectives then contribute

to the number of removed individuals according to the relation

dR�t�

dt
� �I�t� �����

Since all individuals in the population are either susceptible� infected or removed

and the population is constant in size�

S�t� # I�t� # R�t� � N �����

By di
erentiating this last expression with respect to time� it follows that the three

governing equations must sum to zero �as they in fact do�� In addition� the last

expression guarantees that once the size of any two of the classes is known� the size

of the third follows by simple arithmetic�
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To complete the speci�cation of the model it is necessary to know the initial

state of the population� Assume that at time t � � there are no removed individuals�

a very small number� I�� of infectives� and the remainder of the population� S�� is

susceptible� Thus� S��� � S� � N � I�� I��� � I� �� N and R��� � �� Before

attempting to �nd a solution to the set of governing equations� it is informative to

look carefully at the equations� Speci�cally� look at the equation for the number of

infectives in the form

dI�t�

dt
� � S�t�� �!I�t� � � �

�

�
�

where � is de�ned as the relative removal rate�

Clearly� since I�t� � �� the sign of the term in square brackets is the same as

the sign of dI�t�	dt� hence dI�t�	dt � � if and only if S�t� � �� Further� since S�t�

is a monotonically decreasing function of time �since susceptibles become infected

and no new susceptibles are made� if S��� � � then S�t� � � for all t �� and

dI�t�	dt � � for all future time�

In other words� if the initial number of susceptibles is smaller than some

critical number� �� there will not be an epidemic �where here the word epidemic is

used in the technical sense of a large� one	time outbreak of the disease��

We proceed now to analyse the model in detail� To do so� begin by eliminating

the explicit dependence on I�t� between the �rst and the third of the governing

di
erential equation to get

dS�t�

dt
� �S�t�

�

R�t�

dt

Separating variables� multiplying through by dt and integrating leads to

S�t� � S�e
�R�t����

Next� make use of the relation S�t� # I�t� # R�t� � N in the equation for R�t��

dR�t�

dt
� �I�t� � � N � R�t�� S�t�!
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and then use the expression just derived to eliminate S�t�� thus

dR�t�

dt
� �I�t� � � N �R�t�� S�e

�R�t���!

Note that R�t� is the only one of the dependent variables which appears in this

equation� Although it is possible to solve this di
erential equation exactly� the

methods are rather complicated� We therefore seek an approximate solution� Since

this di�culty in solving the equation results from the presence of the exponential

term� we proceed to replace the exponential by a polynomial� To do so we expand

the exponential in a Taylor Series about the only point at which we know the value

of R�t�� Speci�cally� we expand about R��� � �� this leads to�

e�R�t��� � �� �
R�t�

�
� #

�

�
�
R�t�

�
�� � �

�
�
R�t�

�
�� # ���

Clearly� if one attempts to retain the entire in�nite series� nothing has been gained�

By truncating the series after the �rst few terms� a separable di
erential equation

which is fairly easily solved will result� The question remains� how many terms

should be retained% It is not di�cult to show that if only terms up to the linear one

are kept� only an absurd answer is possible� On the other hand� if terms up to the

cubic one are kept� the resulting integration is very hard� We therefore choose to

keep terms up to the quadratic one� thereby balancing realism against solvability�

Following a bit of rearranging� the resulting equation is�

dR�t�

dt
� � I� # �

S�
�
� ��R�t�� S�

���
R�t��!

Separating variables and integrating leads to the expression�

R�t� �
��

S�
 
S�
�
� � # � tanh�

��t

�
� ��!

where � �  �S�	�� ��� # �S�I�	�
�!��� and � � tanh�� �S�	�� ��	�!�

Developing this solution is straightforward� but does involve a considerable

amount of rather messy algebra�
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As with the Simple Epidemic model� we are really more interested in knowing

the shape of the predicted epidemic curve� W �t�� than the cumulative number of

removals� R�t�� Since cases of the disease are counted as victims seeking medical

attention� and this is also the time at which individuals are removed from active

circulation� it is customary to assume that

W �t� �
dR�t�

dt
�
�����

�S�
sech��

��t

�
� ��

Note that this expression describes a function which rises to a single maxi	

mum at time t � ��	�� and then dies away symmetrically� This is very similar to

the result for the epidemic curve in the Simple Epidemic model� however� in this

model not all susceptibles need to be infected�

����� Deterministic General Epidemic Model For Fire Growth

To adapt the General Epidemic model to describe the growth of a �re inside a

compartment we let the burning rate be denoted by � as �re spreads by the contact

between 
ames and the combustible material� The rate of removal or decrease of

combustible material in the building can be represented by the burnout rate� ��

Table ����� draws an analogy between the variables in the �re growth model and

the General Epidemic model�

FIRE EPIDEMIC

Combustibles Susceptibles

Burning Material Infectives

Burnt Material Removals

Table ���� Analogy between �re growth and General Epidemic variables�

Assumptions of the deterministic �re growth model�

�� Material burnt is removed permanently or immune to catch �re inde�nitely

��



�� Independent isolated material of a given size is subject to homogeneous mixing

�� When a material catches �re it is immediately capable of spreading the �re

�no latent period�

�� All combustible material are equally combustible and all burning material are

equally capable of spreading �re�

For the deterministic general epidemic model for �re growth� if we let

N � Total amount of combustible material in a compartment

t� epoch time

M � combustible material remaining

F � amount of material on �re �burning material�

B � amount of material combust�burnt	out material��

Then M�t� # F �t� # B�t� � N at any time t� At time t � � if one unit amount of

substance is on �re� F � �� B � � and the remaining N � � combustible material

is available to catch on �re� Hence N � M��� # F ��� # �� If the rate of �re growth

�burning rate� is proportional to both the amount of combustible material and the

amount of material ignited� then the amount of new material burnt in the time

interval 
t can be written as �MF
t� where � is the burning rate�


M � ��MF
t

or

M�t��M�t # 
t� � �MF
t

writing this as di
erential equation

dM

dt
� ��MF�

��



Likewise for the increase in the amount of burnt	out material

dB

dt
� �F

where � is the rate of removal or decrease of combustible material in the building�

the burnout rate� Also for the increase in the amount of burning material

dF

dt
� �MF � �F�

Approximate solutions to the above equations can be found by assuming �

and � constant� If we let � � �
� � the relative removal rate of combustible material

then

F � N � B �M

M � M�e
�B��

B � �� 
M�

�
� � # � tanh�

��t

�
� ��!	M�

where � �  �M�	�� ��� # �M�F�	�
�!��� and � � tanh�� �M�	�� ��	�!�

The equations for the variables of this compartment �re model can be deter	

mined similar to the deterministic General Epidemic model�

��� Stochastic General Epidemic Model

In the preceding models we have studied deterministic growth models� Such an

analysis is usually satisfactory for the study of a reasonably large population� De	

terministic systems are incompatible for modelling the changes in a small population�

When one is interested in modelling the changes in small populations then the de	

terministic approach is not appropriate� When one is concerned with relatively few

individuals� then the growth of the system may be strongly in
uenced by chance

events� If the model is to be useful in connection with the explanation and predic	

tion of observable phenomena� then these chance events cannot be ignored� and we

are led naturally to consider stochastic models�
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The predictions produced by the deterministic and stochastic models are in	

trinsically di
erent� Whereas the deterministic model provides a function giving the

size of the population for any speci�ed time� the stochastic model gives a probability

distribution of population size for each time� Thus our goal is to produce a family

of probability distributions� one for each instant in time in which we are interested�

Studying deterministic models is in no way a waste of time� Using determin	

istic models we can gain some insight into the mechanism of large scale phenomena�

and the results will suggest various features worth examining more carefully when

we come to stochastic models�

A set of deterministic equations can be turned into a set of stochastic dif	

ferential equations by either adding on the right hand side forcing functions which

could be for example white noise multiplied by some function of the variables and�or

endowing the parameters with probability distributions�

When dealing with deterministic equations we generally use continuous vari	

ables as it is okay to make this assumption when the populations are large� In the

case of stochastic equations we use discrete variables as it gives new light for the de	

terministic case� Deterministic models can be viewed as an average of the stochastic

model�

If at time t there are S�t� susceptibles� I�t� infectives and R�t� removals in the

population� and if N is the total population size we have S�t�#I�t�#R�t� � N � Then

from Becker ������� the General Epidemic model can be summarised in table �����

using the probabilities of the associated transitions for a time increment �t� t # h��

and the initial conditions S��� � k� I��� � I� and R��� � ��

Using these transition probabilities we are able to write the equations of the

Stochastic General Epidemic model� see Bailey�������

Becker ������� states that associated with the Stochastic General Epidemic

model is the Stochastic Epidemic Threshold theorem� which states essentially that

for large k
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TRANSITION PROBABILITY

�S� I� R�� �S � �� I # �� R� �SI # o�h�

� �S� I � �� R# �� �hI # o�h�

� �S� I� R� no change �� �hI � �SI # o�h�

Table ���� Transition probabilities for the Stochastic General Epidemic model�

Pr �minor epidemic� � � 	 Pr �major epidemic�

� min��� �
�

k�
�I��

Here the initial infection rate� k�
� � where � is the infection rate and � is the removal

rate� determines the probability of a major outbreak�

����� Stochastic General Epidemic Model For Fire Growth

The Deterministic General Epidemic Model for Fire Growth can be made into a

Stochastic General Epidemic Model for Fire Growth from the transition probabilities

of the model� as done in the Stochastic General Epidemic model� The probabilities of

the associated transitions for a time increment �t� t#h� for the General Epidemic Fire

Growth model can be summarised in a table using the initial conditions M��� � M��

F ��� � F� and B��� � �� see table ������

TRANSITION PROBABILITY

�M�F�B� � �M � �� F # �� B� �MF # o�h�

� �M�F � �� B # �� �hF # o�h�

� �M�F�B� no change � 	 �hF � �MF # o�h�

Table ���� Transition probabilities for the Stochastic General Epidemic Fire Growth
model

To write the equations of the Stochastic General Epidemic Model for Fire

Growth suppose that at t � � there are n units of combustibles and a units of
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1

Pr(flashover fire)

Go
1

Figure ���� Probability of a 
ashover �re versus initial ignition rate�

burning material� If we write PMF �t� for the probability that at time� t� there are

M combustible units still to burn and F units of burning material� and the relative

burnt	out rate is given by� � � �
� � Using the time	scale given by 
 � �t instead of t

leads to the di
erential	di
erence equations given by Bailey�������

dPMF

d

� �M # ���F��PM���F�� � F �M # ��PMF # ��F # ��PM�F��

and
dPna
d


� �a�n # ��Pna�

where � �M # F � n # a� � �M � n� � � F � n # a and initial condition

Pna��� � � where Pna is the probability that at time t � � there are n units of

combustible material and a units of burning material�

These di
erential	di
erence equations cannot be solved exactly but� some

asymptotic solutions based on the pure birth	death process exist for the General

Stochastic Epidemic equations�

Using the Stochastic Epidemic Threshold theorem from Becker ������ we

can state the threshold for the Stochastic General Epidemic Model of Fire Growth�

��



Pr�non	
ashover �re� � �	 Pr �
ashover �re� � min��� � �
�M�

�F��� Here the

initial ignition rate� G� � � �
�M�

�F� � determines the probability of a 
ashover �re�

Pr�
ashover �re� � �	���G��

The graph of the above equation is in �gure ������ It shows how the proba	

bility of a 
ashover �re increases with increasing initial ignition rate�

��� Conclusion

As a �rst approximation these epidemic models appear �ne but for �re growth they

have limited physical interpretation� From the �re literature the three main factors

a
ecting the growth of a compartment �re are the gas temperature in the room� the

burning rate and the oxygen concentration� In part II of this thesis we look at �re

growth models which use these three factors�
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Chapter �

Fire Spread Using Percolation

and Contact Processes

��� Introduction

The rate at which �re will develop will depend on how rapidly 
ame can spread from

the point of ignition to involve an increasingly large area of combustible material�

Flame spread is considered as an advancing ignition front in which the leading edge

of the 
ame acts both as the source of heat� to raise the fuel ahead of the 
ame

front to the �re point� and as the source of pilot ignition� There are various material

and environmental factors which are known to be signi�cant in determining the rate

of 
ame spread over combustible solids� composition of atmosphere� temperature�

composition of fuel and surface orientation are just some of them�

In this chapter we will attempt to model spread of a �re along a level of a

building using a Percolation process and the spread of a �re through the levels of a

building using a Contact process�
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Figure ���� Two dimensional representation of a Percolation process�

��� Percolation Process

A percolation process is typically the spread of a 
uid through a medium under the

in
uence of a random mechanism associated with that medium�

Hammersley ������� considers the medium to be made up of an in�nite set

of atoms bonded together with either an undirected bond or a directed bond� An

undirected bond is de�ned as one which allows passage from either atom to the other

and a directed bond is one which will allow passage from one atom to the other but

not vice versa� Each bond has an independent probability p of being undirected and

q � �� p of being directed�

The spread of a 
uid in the medium can occur only via undirected bonds�

Hammersley ������� de�nes a 
uid as wetting an atom in the medium when it

spreads along the undirected bonds of the medium�

The percolation process is above its threshold if there is at least one path of

undirected bonds where a 
uid can travel from one end of the medium to the other�

This model can be represented on a two dimensional lattice as in �gure ����� where

� represents atoms of the medium with directed bonds and the � represents atoms

in the medium with undirected bonds� The path represented by the thick black line

indicates the system is above the threshold of the medium�
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In this sense a percolation process can be considered to be a restricted random

walk�

����� Modelling the Spread of Fire Along a Level of a Building

Using a Percolation Process

The spread of a �re through a level of a building under the in
uence of a random

mechanism associated with the building can be thought of as a percolation process�

The level of a building �medium� can be considered to be made up of a set of

compartments �atoms� separated by barriers �bonds�� The barriers are considered

either as walls with openings� doors and�or windows �undirected bonds�� or solid

�re rated walls without openings �directed bonds�� The walls with openings can be

de�ned as barriers which allow the passage of 
ame from one compartment to the

other following or prior to 
ashover and the solid �re rated walls can be de�ned as

barriers which do not allow the passage of 
ame from one compartment to the other�

Each barrier has an independent probability p of being a wall with an opening and

q � �� p of being a solid �re rated wall� The analogy is summarised in a table �����

as follows�

FIRE IN A BUILDING SPREAD OF FLUID IN A MEDIUM

Barrier Bond

Fire Fluid

Building Medium

Walls with openings Undirected Bonds

Solid �re rated walls Directed Bonds

Compartment Atom

Table ���� Analogy between a �re in a compartment and a percolation process�

Table ����� provides an analogy between a percolation process de�ned by the

spread of a �re on a level of a building and the spread of a 
uid in a medium�
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Figure ���� Two dimensional Percolation process for the Spread of Fire�

The spread of a �re in the level of a building can occur only via barriers

which are walls with an opening� The building in this percolation process is above

its threshold when there is at least one path of barriers which are walls with an

opening where the �re can travel from one end of the level of a building to the

other�

This model can be represented on a two dimensional diagram as in �gure

����� where the solid lines� �� represents compartments of the building with solid

�re rated barriers and the dotted lines� 	 	 	� represents compartments in the building

with barriers which contain openings� The existence of a path represented by the

shaded region indicates the system is above the threshold of the level of the building�

��� Contact Process

Bezuidenhout and Grimmett ������� de�ne a Contact process as a stochastic model

for the spread of disease amongst the members of a population distributed about a

d	dimensional space� Zd�

If � is taken as the rate at which an individual infects their neighbour and 


is taken as the rate at which an infected individual is cured� then from Bezuidenhout

��
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Figure ���� A graphical representation of a contact process�

and Grimmett ������� there is a critical value �c of the ratio � � �	
 such that the

probability ����� 
� that the disease survives forever from a single initial infective

satis�es

����� ��

���
��

� � if �	
 � �c

� � if �	
 � �c

One technique for studying contact processes is via graphical representation�

see �gure ������ If we consider the graph Zd 
  ����� in which Zd represents the

spatial component and  ���� represents time� Along each time line X 
  ���� is

positioned a Poisson process of points �with intensity 
� called deaths and between

each ordered pair X�
 ���� and X�
 ���� of adjacent time lines� there is a Poisson

process �with intensity �� of crossings oriented in the direction X� to X��

From this de�nition ����� 
� can be de�ned as the probability that there is

an unbounded directed path from the origin of Zd 
  ����� using time lines in the

direction of increasing time but crossing no deaths� together with crossings in the

direction of their orientations�

The thick lines represent the crossings which have a Poisson process with

parameter � and the shaded ovals represent the deaths� which have a Poisson dis	
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tribution with parameter 
� along each Xi�

A contact process is a type of oriented percolation process�

����� Modelling the Spread of Fire Through a Building Using a

Contact Process

From Bezuidenhout and Grimmett ������� we can de�ne a Contact process as a

stochastic model for the spread of a �re through the levels of a building�

If � is taken as the rate at which �re spreads from one level to the next and 


is taken as the rate at which burning material is burnt	out� then from Bezuidenhout

and Grimmett ������� there is a critical value �c of the ratio � � �	
 such that the

probability ����� 
� that the �re spreads through all levels from a single initial �re

satis�es

����� ��

���
��

� � if �	
 � �c

� � if �	
 � �c

If we consider the graph Zd 
  ����� in which Zd represents the building and

 ���� represents time the �re travels along a speci�c level� then along each level

L
 ���� is positioned a Poisson process of points �with intensity 
� at which the �re

burns out and between each level L� 
  ���� and L� 
  ���� of adjacent levels� there

is a Poisson process �with intensity �� of crossings� points where the �re spreads

from one level to the next oriented in the direction X� to X�� Using this de�nition

we can represent the Contact process for the spread of �re in a building graphically�

as in �gure ������

The thin horizontal lines represent the crossings� openings in the levels within

a building where �re can spread� which have a Poisson process with parameter �

and the thick lines represent the deaths� solid �re rated walls which can stand the

load of the �re� which have a Poisson distribution with parameter 
� along each Li�

The existence of a path represented by the shaded region indicates the system is
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Figure ���� A graphical representation of a contact process for Fire Spread�

above the threshold of the building�

��� Conclusion

The two non	stationary stochastic models described above have two common char	

acteristics which are also revealed in the physical properties of compartment �res�

�� They are non	stationary growth models� and

�� They have a threshold theorem�

These models can be studied using asymptotic theory� as n approaches in�n	

ity� However� in modelling compartment �re spread there are only a �nite number of

compartments and levels� Hence the asymptotic theory of Percolation and Contact

processes would not be applicable�
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Chapter �

Converting Deterministic

Di�erential Equations to

Stochastic Di�erential

Equations

��� Introduction

The idea of using a mathematical model to describe the behavior of a physical

phenomenon is well established� In particular� it is sometimes possible to derive a

model based on physical laws� which enables us to calculate the value of some time	

dependent quantity nearly exactly at any instant of time� If exact calculations were

possible such a model would be entirely deterministic� Deterministic models attempt

to derive deterministic di
erential equations which model the experimental data

gathered on some of the chemical and physical interactions involved in a process�

Probably no phenomenon is totally deterministic� because unknown factors

can occur� In many problems we have to consider a time	dependent phenomenon
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in which there are many unknown factors and for which it is not possible to write

a deterministic model that allows exact calculations of the future behavior of the

phenomenon� Nevertheless� it may be possible to derive a model that can be used

to calculate the probability of a future value lying between two speci�c limits� Such

a model is called a probability model or a stochastic model�

Deterministic di
erential equations may be thought of as a degenerate form of

a stochastic di
erential equation in the absence of randomness� Hence deterministic

models are a subset of stochastic models� In this paper we will present a method

to convert ordinary di
erential equations into stochastic di
erential equations� But

�rst it is useful to review some of the basic properties of a di
erential equation and

a stochastic process�

��� Ordinary Di�erential Equations

Di
erential equations are separated into ordinary and partial as well as deterministic

and stochastic� Ordinary di
erential equations are di
erential equations with only

one independent variable�

&x �
dx�t�

dt
� r�t� x�x�t�� �����

Partial di
erential equations are di
erential equations where there are two or more

independent variables and partial derivatives are used� In our research we deal only

with ordinary di
erential equations�

Equation ����� is the simple population growth model� where x�t� is the size

of the population at time t and r�t� x� is the relative rate of growth� We can write

equation ����� in the symbolic di
erential form

dx�t� � r�t� x�x�t�dt �����

or� as an integral equation

x�t� � x� #
Z t

t�

r�s� x�s��x�s�ds �����
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where x�t� � x�t� x�� t�� is a solution satisfying the initial condition x�t�� � x��

Regularity assumptions� such as Lipschitz continuity� are usually made on r to

ensure the existence of a unique solution x�t� x�� t�� for each initial condition� These

solutions are then related by the evolutionary property

x�t� x�� t�� � x�t� x�s� x�� t��� s� �����

for all t� � s � t� which says that the future is determined completely by the

present� with the past being involved only in that it determines the present� This

is a deterministic version of the Markov property�

A stochastic process is a mathematical abstraction of an empirical process

whose development is governed by probabilistic laws� Numerical observations made

as the process continues indicate one realization of the stochastic process� With this

background for guidance� Karlin ������ de�nes a stochastic process as any family

of random variables

Xt���� t�T�

where Xt��� is the observation at time t� T is the time range and � is the outcome

space�

The distinguishing feature of a stochastic process Xt��� is the dependence

structure the random variables� Xt���� for t�T � This dependence is� speci�ed by

giving the joint distribution function of every �nite family Xt����� �����Xtn��� of the

variables of the process�

Stochastic processes are a function of two variables t and �� that is� we can

write Xt��� as X�t� ��� For a �xed value of � it is just a function of t and is called

a sample function� If T is the set of real numbers� the sample function is merely an

ordinary function of a real variable� On the other hand� for a �xed value of t� the

single observation is a random variable�

��



��� Heuristic Approach

To introduce stochastic variation into the simple population growth model� equation

������ we will assume that r is not completely known� but subject to random e
ects�

Hence we can replace r�t� x� by r�t� x� # �noise�� Equation ����� can now be written

as
dX�t�

dt
�  r�x� t� # �noise�!X�t�� �����

If we let r�x� t�X�t� � a�t� X�t�� and �noise�X�t� � b�t� X�t���t then equation �����

can be written as
dX�t�

dt
� a�t� X�t�� # b�t� X�t���t� �����

where a�t� X�t�� is the deterministic term� b�t� X�t�� is the space	time dependent in	

tensity factor� �t is white noise and b�t� X�t���t is the noisy di
usive term� Equation

����� can be written in a di
erential form as

dX�t� � a�t� X�t��dt# b�t� X�t���tdt� �����

At this point we can compare equations ����� and ����� with equations ����� and

������ The �rst term� a�t� X�t�� in the stochastic equation is an average drift term

and is equivalent to the term� r�t� x�x�t� in the deterministic di
erential equation�

The stochastic equation has an extra term included� b�t� X�t���t� This extra term

is the forcing function multiplied by white noise� it is responsible for introducing

the stochastic variation� At this point we will de�ne Gaussian white noise and its

relationship to the Wiener process�

��� Gaussian White Noise and the Wiener Process

Gaussian white noise is an idealization of stochastic phenomena encounted generally

in engineering systems analysis� Gard ������ de�nes Gaussian white noise as being

a model for a completely random process whose individual random variables are

normally distributed� Gaussian white noise is mathematically de�ned as a scalar
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stationary Gaussian process ��t� for �� � t � � with E���t�� � � and a spectral

density function f��� which is constant on the entire real line� that is� if C�t� �

E���s���t# s��

f��� �
�

��

Z �

��
e�i�tC�t�dt �

K

��
� ��R�

for some constant K� Also since

C��� �

Z �

��
f���d� � ��

the variance of �t is in�nite� and such a process cannot be realised� Hence white noise

is not a stochastic process in the usual sense� Furthermore� there is a relationship

between Gaussian white noise and the standard Wiener process� The covariance of

the derivative of the Wiener process is the covariance of white noise� see Gard�������

The Wiener process is the mathematical description of the physical process

known as Brownian motion� The standard Wiener process� W � W �t�� t � �� is

de�ned by Kloeden ������� It is a continuous Gausian process with independent

increments such that

W ��� � �� w�p���

E�W �t�� � � and

var�W �t��W �s�� � t� s

for all � � s � t� Also from this de�nition W �t� � W �s� is a Gaussian process�

N��� t� s�� for � � s � t�

Using these de�nitions and descriptions we can now de�ne the stochastic

integral�

��� Rieman and It	o
s Integral

The stochastic integral equation for equation ����� is

Xt��� � Xt���� #
Z t

t�

a�s�Xs����ds#
Z t

t�

b�s�Xs�����s���ds� �����
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�s���ds can be written as dWs��� as white noise is the derivative of a Wiener process�

Thus

Xt��� � Xt���� #
Z t

t�

a�s�Xs����ds#
Z t

t�

b�s�Xs����dWs���� �����

Even with this substitution� equation ����� still has the problem that a Wiener

process Wt is almost nowhere di
erentiable� Strictly speaking the white noise process

�t does not exist as a conventional function of t� Thus the second integral in equation

������ cannot be an ordinary integral� A method known as It�o�s Integral is used to

address this issue�

Rieman integrals are the ordinary integrals we are taught in calculus in sec	

ondary school and �rst year university to solve deterministic problems� The Rieman

integral is de�ned by Kaplan ������ as follows�

Let f�x� be de�ned for a � x � b� Then the de�nite integral

Z b

a
f�x�dx

is de�ned as a limit

lim
h��

nX
i��

f�x�i ��x� ������

In this limit one is considering subdivisions of the interval a � x � b by values

a � x� � x� � x� � ��� � xn � b� The �ix � xi � xi��� x�i is the sampling number

which is between xi�� � x�i � xi� h is the largest of ��x� �����nx� we call h the mesh

of the subdivision� The limit of equation ������ is said to exist and have value c if for

every � � �� one can choose 
 � � so small that for every such subdivision of mesh

h less than 
 and no matter how the x�i are chosen in the interval xi�� � x � xi�

one has �����
nX
i��

f�x�i ��ix� c

����� � ��

There is also a theorem� Kaplan ������� which states that if f�x� is a con	

tinuous real function of the real variable x for a � x � b� then the Rieman integral

Z b

a
f�x�dx

��



exists�

It�o�s integral is one of the bases for an analysis of solutions of stochastic

equations along the lines of the approaches used in ordinary di
erential and integral

equations�

The second integral of equation ������
R t
t�
b�s�Xs����dWs���� can be approx	

imated using a sum
nX
i��

b�x�i � X�x�i ���Wi� ������

where �Wi � W �ti� � W �ti��� and x�i is the sampling number which is between

xi�� � x�i � xi� This sum converges in the mean square sense to di
erent values

of the integral depending on the value of the x�i � If the x�i are taken as xi���

then the It�o integral results� Comparing the It�o integral with the Rieman integral

we see that for the Rieman integral the x�i can be chosen anywhere in the interval

xi�� � x � xi� but for the It�o�s integral the x�i must be taken at the beginning� xi���

Another base for the analysis of stochastic equations is the Stratonovich integral�

The Stratonovich integral results when the x�i in equation ������ is taken as the

midpoint� �	��xi�� # xi�� The stochastic integral of It�o�s�

Z b

a
g�t�dW �t��

satis�es

E 

Z b

a
g�t�dW �t�! � �

and

E

�����
Z b

a
g�t�dW �t�

�����
�

�
Z b

a
E jg�t�j� dt�

The reason for using It�o�s integral instead of the Stratonovich integral is that when

the It�o integral is viewed as a function of the upper limit of integration� it forms a

Martingale� see Gard ������ for a more detailed discussion� Hence when necessary�

the rich theory of martingales can be used for estimating parameters in the models�
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��� An Example with the General Epidemic Model

Using the Deterministic General Epidemic and the Stochastic General Epidemic

models we will pointing out the similarity with deterministic and stochastic equa	

tions when the stochastic equations are written in Martingale form�

A Martingale is a random process� which evolves over time� whose properties

are speci�ed in terms of conditional expected values� and indeed most Martingale

theory is driven by expected values� The Martingale property is essentially deter	

mined by the fact that its expected value at any future point in time is equal to its

current value�

In a more mathematically precise de�nition a Martingale is de�ned as follows�

A process M � fMt� t � 
g is a Martingale if� for all t � 
 �

E�jMtj� �� ������

this is a boundedness condition which generally applies in real world applications

and

E�Mt�xjHt� � Mtfor all x � 
� ������

This captures the character of a Martingale and is called the Martingale property�

Recall that for the General Epidemic model we have two independent equa	

tions as the third is derived from the relation S�t� # I�t� # R�t� � ��

From equations ����� and ����� we can write the deterministic equations as

dS # �SIdt � �

and

dR� �Idt � ��

The corresponding Martingale form of the stochastic general epidemic equations are

dS # �SIdt � dM�
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and

dR� �Idt � dM��

Where dM� and dM� are Martingale di
erences� This provides a motivation to

turning deterministic di
erential equations into stochastic di
erential equations by

adding to the right hand side of the deterministic equations a forcing function

fi�S�dWi where fi�S� is an appropriately chosen increasing function of S and dWi

is a standard Brownian motion with independent components �each with mean zero

and variance dt�� The forcing functions fi�S�dWi are Martingale di
erences�

��� Vector form of Stochastic Integrals

Stochastic di
erential equations are usually written in di
erential form with the forc	

ing function being a standard Brownian motion di
erential dW with independent

components �each with mean zero and variance dt� multiplied by an appropriate

function of the variables� The standard vector form is

dX# ��X� t�dt � ��X� t�dW ������

where X� � and dW are vectors of length n and � is an n 
 n matrix� Since the

future behavior of the vector X is independent of its past values� given its present

value� it is a Markov vector�

��
 Conclusion

A set of ordinary �deterministic� di
erential equations can be turned into a set of

stochastic di
erential equations by adding on the right	hand side forcing functions

which are white noise multiplied by some function of the variables� Once this is

done� the next step is to determine the amount of stochastic variation to add� This

can be done by varying the forcing function so that the model is as close as possible

to the experimental data�
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Part II

MODELS BASED ON NRCC

MODEL
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The models developed in this chapter are derived from physical principles

and the NRCC model� In chapter ��� the deterministic model is calibrated against

the NRCC model and then it is made into a stochastic model using the motivation

in chapter ���� The use of stochastic models is illustrated with the evaluation of

the heat load for �re severity� Finally in this part we develop a two variable model

by making an assumption of a relationship between the gas temperature and the

burning rate inside the compartment�
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Chapter �

One�Zone Fuel Driven Fire

Model

��� Introduction

A variety of models have been developed to represent the environment in an enclo	

sure during a �re� For example� Takeda and Yung ������ have developed a one	zone

model which can be used to predict the �re environment for a range of �res includ	

ing 
aming non	
ashover and post	
ashover �res� Based on the model of Takeda

and Yung a fuel driven model for the growth of a �re inside a compartment will be

developed� To model the growth of a fuel driven �re we develop three di
erential

equations for three variables� the gas temperature T �degrees Celsius�� the mass

burning rate R �kg	min�� and the amount of burnt	out material B� The three dif	

ferential equations are solved in three stages to derive the equations for the three

variables� Finally the parameters in the models are evaluated using the three stages�
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��� Heat Balance Equation

If we assume the heat loss is directly proportional to the temperature� T � then we

can write
dT

dt
� �R� �T

where �R � rate of heat production �scaled�� �T � rate of heat loss �scaled� and

T ��� � ��

��� Burning Rate Equation

Simpli�ed from Quintiere and Harkleroad ������ we have

dR

dt
� kT as long as R � Rmax�

where k is a positive parameter and Rmax is the maximum burning rate� When R

reaches Rmax� dR	dt � �� Further changes in R are controlled by B� hence we can

write
dR

dt
� f�T�R�B��

��� Burnt�Out Material Equation

dB

dt
� R� and B��� � �

so B�t� �
R t
� R�u�du� When B�t� � Bmax� where Bmax is the total amount of

combustible material�
dR

dt
� �bR�

Thus the three di
erential equations are�

dT

dt
� �R� �T �����

dR

dt
� f�T�R�B� �����

dB

dt
� R �����

��



where

f�T�R�B� �

������
�����

kT for R � Rmax

� for R � Rmax

�bR for B � Bmax

with initial conditions T ��� � �� R��� � R�� and B��� � ��

��� Solving Equations ������ ����� and ����� in Three

Stages

To solve the three di
erential equations we need to solve them in three stages� as

the di
erential equation for dR	dt has three parts�


�	�� Stage �� When R � Rmax for � � t � t�

For small t� the three di
erential equations become

dT

dt
� �R� �T �����

dR

dt
� kT and �����

dB

dt
� R� �����

Di
erentiating equation ����� we get

d�T

dt�
� �

dR

dt
� �

dT

dt
�����

Substituting di
erential equation ����� into di
erential equation ����� we get

a linear homogeneous second order di
erential equation�

d�T

dt�
# �

dT

dt
� �kT � � �����

The characteristic equation of equation ����� is x� # �x� �k � �� There are

two real roots to this equation� the �rst root is positive� ��� and the second root is

negative� ����
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By substituting the eigen values back into the characteristic equation� we

will �nd relationships between the eigen values and the constants �� � and k� These

relationships will be used to simplify equations further in our calculations of the

solution� Since the eigen values are roots of the characteristic equation� we can

write the characteristic equation as�

�x� ����x # ��� � ��

Multiplying this out

x� # ��� � ���x� ���� � ��

Now equating coe�cients with the original characteristic equation�

� � �� � �� �����

�k � ���� ������

Now continuing with the solution for temperature� The general solution for

the temperature is

T �t� � Ae��t # Be���t� ������

Di
erentiating equation ������� substituting it into equation ����� and using

the initial conditions T ��� � � and R��� � R�� we can solve for A and B�

A �
�R�

�� # ��
and B � � �R�

�� # ��
�

Hence

T �t� �
�R�

�� # ��
e��t � �R�

�� # ��
e���t

T �t� �
�R�

�� # ��
�e��t � e���t�� ������

To calculate the burning rate equation we have

dR

dt
� kT�
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Substituting equation ������ into equation ����� gives

R�t� � R� # k

Z t

�
T �z�dz

� R� #
k�R�

�� # ��

Z t

�
�e��z � e���z�dz

� R� #
k�R�

�� # ��
 

�

��
e��z #

�

��
e���z !t�

� R� #
k�R�

�� # ��
 �

�

��
e��t #

�

��
e���t�� �

�

��
#

�

��
�!

� R� #
k�R�

�� # ��
 
��e

��t # ��e
���t � ��� # ���

����
!�

From equation ������� since �k � ���� we can write

R�t� � R� # R� 
��e

��t # ��e
���t

�� # ��
� �!

R�t� �
R�

�� # ��
 ��e

��t # ��e
���t!� ������

Substituting equation ������ into equation ����� and integrating gives

B�t� �
����R�

�� # ��
����e

��t � ���e
���t� # K�

where K is the constant of intergration� Note� dT
dt � �R�

�����
���e��t # ��e

���t� � ��

Hence� T is always greater than � in this stage and so is R since dR
dt � kT �


�	�� Stage �� When R � Rmax for t� � t � t�

When R reaches Rmax say at t � t�� the di
erential equations become

dT

dt
� �R � �T ������

dR

dt
� � ������

dB

dt
� R� ������
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At t � t�� B�t � t�� � B� and R�t � t�� � Rmax� hence

B�t� � Rmax�t� t�� # B� ������

Since R � Rmax for t� � t � t�� then di
erential equation ����� becomes a

linear non	homogeneous equation

dT

dt
# �T � �Rmax ������

with solution

T �t� �
�

�
Rmax��� e���t�t��� # T�e

���t�t�� ������

where T� � T �t � t���


�	�� Stage �� When B � Bmax for t � t�

When B�t� reaches Bmax say at t � t� we have T �t�� � T� and the di
erential

equations become

dT

dt
� �R� �T ������

dR

dt
� �bR ������

dB

dt
� � sinceB�t � t�� � Bmax� ������

Since R � Rmax for �t� � t � t��� this initial condition can be substituted into

equation ������ once it is integrated to get

R�t� � Rmaxe
�b�t�t���

To �nd the solution of T �t� we substitute R�t� into the di
erential equation ������

dT

dt
� �Rmaxe

�b�t�t�� � �T�

Using T �t�� � T� we solve to get

T �t� � T�e
���t�t�� #

�

b� �
Rmaxe

��t�  �� e��b����t�t��!�

��



We see that both R and T decay exponentially to zero from their values at

t��

��� Evaluation of Parameters

Assuming that the T and R curves are available� by inspection of the R curve we

obtain the �ve values t�� t�� Rmax� R�� and t��

From stage � �� � t � t��

k �
R�t��� R�R t�
� T �z�dz

From stage � �t� � t � t��

� �
T �t��

R t�
t�
T �z�dz �  T �t��� T �t��!

R t�
� T �z�dzR t�

� R�z�dz
R t�
t�
T �z�dz � R t�t� R�z�dz

R t�
� T �z�dz

and

� �
T �t��

R t�
t�
R�z�dz �  T �t��� T �t��!

R t�
� R�z�dzR t�

� R�z�dz
R t�
t�
T �z�dz � R t�t� R�z�dz

R t�
� T �z�dz

�

From stage � �t� � t � t��

b �
R�t��� R�t��R t�

t�
R�z�dz

��� Conclusion

A simpli�ed one zone deterministic model for the growth of a compartment �re

based on physical principles was constructed�

The equations derived in stages �� � and � can be made into stochastic

equations by endowing the parameters k� b� � and � with probability distributions

or introducing a stochastic forcing function on the right	hand sides of the equations�

The method of using forcing functions was covered in chapter ��� and its use will

be demonstrated in chapter ����
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Figure ���� General features of the temperature and burning rate graphs over time�

The simpli�ed one zone model developed in this chapter is a fuel driven com	

partment �re model� Generally compartment �res must be considered to be oxygen

driven� as they burn in enclosures where the 
ow of air or the oxygen concentration

are critical for the growth of the �re� For this reason in the next chapter we build

an oxygen driven model�
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Chapter �

Oxygen Driven Compartment

Fire Model

��� Introduction

In this chapter we develop an oxygen driven compartment �re model� Using the

physical laws of conservation of mass� energy and momentum� deterministic di
er	

ential equations are developed to model the three variables temperature� oxygen

de�ciency� and burning rate� The stability conditions of the di
erential equations

are investigated and their parameters evaluated by comparing the equations to a run

of the NRCC model� Finally the deterministic equations are made into stochastic

equations using the method in chapter ����

The compartment is considered to be a room rectangular in shape with equal

and parallel 
oor and ceiling areas� and the room has a single vent that may or may

not be open at any given time� A vent may be a door� window� leak� or other

openings in the vertical boundaries of the enclosure� We assume that there are no

horizontal vents� i�e�� no openings in the 
oor or ceiling�

Fire� in a basic sense� is an object that releases heat energy into an enclo	

sure� The rising plume gases collect below the ceiling and form a hot� smoky layer�

��



This layer may continue to grow while the �re exists� This hot� smoky gas layer�s

temperature is one of the variables to be described as a function of time�

The compartment �re model which we are going to develop is an Oxygen

Driven Zone Model� Zone models are the most common type of physical models

used in engineering� They are widely accepted and applied due to their relatively

simplistic approach to the modelling problem� Other common names for zone mod	

els are control volume or engineering models� The compartment can be divided into

several distinct zones� the greater the number of zones the more complex the deter	

ministic equations become� For simplicity we will consider the compartment to be a

single zone� The layer is considered to be isothermal and composed of homogeneous

gases�

��� The Deterministic Model

The basic physical laws used to derive the equations here are also used by Takeda

and Yung ������ in the derivation of their model� Drysdale ������� gives a detailed

discussion of these laws in chapters � and ��� See in particular Section ������

�Mathematical models for compartment �re temperatures� where the compartment

is regarded as a calorimeter and its temperature is obtained from a heat balance

equation�

The model which we are about to develop describes the time	varying condi	

tions produced by a �re within an enclosure� The model consisting of three variables�

the gas temperature T �degrees Celsius�� the rate of fuel burning R �g�min�� and

the oxygen fraction in the compartment x�We shall eventually convert x into the

percentage oxygen de�ciency D � ��� ���x� The initial temperature is T� � ��oC

and the time t is measured in minutes�
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����� Notation

The notation used is given in this subsection� The values of the variable parame	

ters are those used in the NRCC model run that were used for calibration� These

particular values refer to a 
ashover �re� They were chosen because the emphasis

of the model in this chapter is on post	
ashover concepts�

Variable Parameters

V � volume of compartment m� � ����m��

S � inside surface area of compartment m� � �����m��

A � area of opening m� � ���m��

Bmax � total fuel mass kg � �����kg�

R� � Initial burning rate g	min � ����g	min�

h � height of opening m � �m�

Fixed Parameters

� � gas speci�c gravity g	m� � ���g	m� at ����C

� �� ���g	m� at ���C

cp � speci�c heat of gas kJ	gK � �����kJ	gK

� � Stefan Boltzman constant � ���x���	kJ	minm�K


� � gas emissivity � �����

� � mass of oxygen used up by �g of fuel � ����g

����� The Heat Balance Equation

Heat for ignition can come from many sources� open 
ame� the sun� electricity�

friction� and so on� The intensity of heat required to start the chemical action

of combustion varies with each type of fuel� This ignition temperature� is de�ned

as the minimum temperature to which a substance �fuel� must be heated in order

to initiate or cause self sustained combustion independent of another heat source�

Most solid materials have an ignition temperature between ����C and ����C� These
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temperatures� however� vary with conditions� time of exposure� size and shape of

container� concentration of oxygen� humidity� and others� Wood� for instance� when

subjected to ����C for a short time� will normally start to burn� But� if exposed to

a much lower temperature� say ����C to ����C for about half an hour� it will begin

to smoke and give o
 gases that are readily ignited�

For combustion to take place most substances must be heated rather rapidly�

After ignition temperature has been reached� burning will continue as long as the

fuel remains above this temperature� The heat to maintain the ignition temperature

is usually produced by the chemical reaction between the oxygen in the air and the

substance that is burning� The amount of heat produced is called the heat of

combustion� Heat of combustion also varies with every type of fuel and is usually

expressed in kilo Joules �kJ�� While this unit is important in determining the

amount of potential heat in a quantity of fuel� remember that it does not indicate

the momentary intensity of the �re as it burns� Intensity depends upon the rate at

which oxygen is supplied�

If we have a material that needs less heat to reach ignition temperature than

the material will produce as heat of combustion� we have the possibility of a self	

sustaining combustion� A few substances that are not combustible themselves may

cause heating and if combustible material is present start a �re� The most common

example of this is unslaked lime� When water is added to unslaked lime� the reaction

generates considerable heat� ���� kJ per kilogram of lime� to be precise�

In simple terms the amount of heat Q in a mass m with a speci�c heat cp

and temperature T can be written as

dQ � mcpdT� �����

Equation ����� can be written on a total or time rate of change basis� As a time

rate of change basis the equation is

dQ

dt
� mcp

dT

dt
� �����
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Considering the compartment as a calorimeter� its temperature can be ob	

tained by solving the heat balance equation�

QROOM � Qc � �Ql # Qw # Qr # Qb�� �����

where QROOM is the heat in the room� Qc is the heat release due to combustion� Ql

is the heat loss due to replacement of hot gases by cold air� Qr is the heat loss by

radiation through the openings� Qb is the heat stored in the gas volume and Qw is

the heat loss through the walls� ceiling and 
oor�

Using equation ������ equation ����� can be simpli�ed and written in a time

rate of change basis as

mcp
dT

dt
�
dQc

dt
� dQLOSS

dt
�

where the left hand side is the rate of heat change in the compartment� dQc

dt is the

rate of heat change due to combustion and dQLOSS

dt is the net rate of heat loss from

the enclosure�

Let us denote the net rate of heat loss from the enclosure by QL and replace

m by �V � Then the heat balance equation reads

cp�V
dT

dt
� HBR� QL

where HB is the net combustion heat per gram of fuel� R is the burning rate in

grams per minute and � is taken to be some average gas speci�c gravity� We can

rewrite the above equation as

dT

dt
� �R� q�T � �����

where � � HB	cp�V and q�T � � QL	cp�V�

The Heat Loss QL Formula

In a general sense� heat transfer is the study of energy transfer that takes place

between material bodies due to a temperature di
erence between the bodies� Heat
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transfer can occur due to conduction� convection� radiation� or any combination of

the three� All three modes are present in compartment �res�

We will consider heat loss to be made up of two components� as the loss of

heat via conduction is negligible relative to the other two forms�

The radiation loss rate QR� Thermal radiation involves transfer of heat by

electromagnetic waves con�ned to a relatively narrow width� wavelengths between

��� and ��� �m� in the electromagnetic spectrum� From Drysdale ������ using the

Stefan	Boltzmann law and replacing T by �T # ���� to account for us using degrees

Celsius instead of degrees Kelvin� the radiation loss rate is given by

QR � �� �T # ����
� �T� # ����
!�S # A��

where S is the inside surface area of the compartment� A is the area of the opening�

� is the e
ective emissivity of the gases and � is the Stefan	Boltzman constant�

The convection loss rate Qc� Convection is the mode of heat transfer to or

from a solid involving the movement of surrounding 
uid or gas� From Drysdale

������ the convective heat transfer coe�cient is known to be a function of the 
uid

properties� the 
ow parameters and the geometry of the surface� From Drysdale

������� using the empirical relationship �rst discussed by Newton� this is given by

Qc � cpma�T � T���

where ma is the ventilation rate in g	min�

The total heat loss rate is QL � QR # QC � Dividing by cp�V we can rewrite

the formula for heat loss as�

q�T � � ' �T # ����
� �T� # ����
! # (�T � T�� �����

where ' and ( are some calibration parameters�

����� The Oxygen Mass Balance Equation

Most �res draw their oxygen from the air� which is a mixture of approximately ��

percent oxygen �� percent nitrogen and small amounts of other gases� If a �re burns
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in a closed room the oxygen will gradually be used up and the �re will diminish�

If no additional supply is available� the �re will go out� However� if a limited but

continuous supply is provided �which is often the case� the �re will smoulder�

Since oxygen is so readily available from the air� eliminating the oxygen side

of the �re tetrahedron� refer to chapter ��� for an explanation� to prevent �res is

not always possible� However� one common method of suppressing a growing �re is

by removing the source of oxygen� referred to as �smothering� the �re�

Let the oxygen fraction in the incoming air be y�� ������ Then� assuming

homogeneous mixing� from Takeda and Yung ������� the oxygen concentration in

the gas mixture inside the compartment is

x # dx �
�xV # ymadt� �Rdt

�V # madt # Rdt
�

In the numerator the �rst term is the initial amount of oxygen� the second term is

the amount of oxygen entering the compartment and the third term is the amount

of O� used by the �re� In the denominator the �rst term is the initial amount of

gas� the second term is the amount of gas entering the compartment and the third

term is the amount of gas produced by the �re� This yields the di
erential equation

dx

dt
�
ma

�V
�y � x�� �x # ��R

�V
�

Changing x to D � ��� ���x� we obtain the equation

dD

dt
� 
�k� �D�R� �D �����

where 
 � �	�V � k� � ����y# �� and� � � ma	�V� It is assumed that equation�����

applies only as long as the oxygen concentration is above � percent� When this value

is reached� it remains steady at that value until the burning rate starts diminishing�

at which point the oxygen concentration recovers exponentially with the same pa	

rameter � as in equation������ In other words� the oxygen de�ciency D obeys the

di
erential equation
dD

dt
� ��D
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when the burning rate starts diminishing�

It should be noted that the algorithm just described results in �re curves

which are less smooth than those obtained from the NRCC model in the transition

phase from increasing burning rate to steady burning rate�

����� The Burning Rate Equation

The di
erential equation for the burning rate R is based on two assumptions�

�� R is an increasing function of the gas temperature T � but rises only slowly for

low temperatures�

�� When the oxygen fraction falls below ������ the burning rate stops increasing�

Moreover� when most of the combustible material has been consumed� the

burning rate quickly decreases exponentially�

The above features are incorporated in the equation as follows �as long as

there is still some fuel not burning�

dR

dt
� ��k �D�Z �����

where Z is some function of T which is slowly increasing for small T � In this thesis

we use the calibration formula

Z�T � � ��T ��� �

� # ������T ��
�� �����

The amount of fuel burned � in kg� is

B�t� �
�

����

Z t

�
R�u�du�

After B�t� reaches Bmax� R obeys the exponential decay equation

dR

dt
� �bR�

The initial burning rate R� must be given�
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It has been demonstrated that modelling air and smoke as ideal gases and

by considering the pressure within the �re enclosure as a constant allows several

attractive simpli�cations� The computer code to model this compartment �re is

written in a statistical computer package� S	plus� a copy of the code can be found

in appendix A�

��� Stability Conditions

The di
erential equations ������ ����� and ����� developed in section ����� are�

dT

dt
� �R� �q�T �

dD

dt
� 
�k� �D�R� �D

dR

dt
� ��k �D�Z

To investigate the stability condition of the above di
erential equations� the

system of three non	linear di
erential equations are reduced to a system of three

linear di
erential equations if we take t to be small�

dT

dt
� �R� ���T � T�� �����

dR

dt
� �k��T � T�� ������

dD

dt
� 
�R� �D ������

Equations ������ ������ and ������ can be written in matrix notation as�

�
�����

dR	dt

dT	dt

dD	dt
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�����

� �k� �

� ��� �


� � ��

	




�

�
�����

R

T

D

	




�#

�
�����

��k�T�
��T�

�

	




� ������

The characteristic equation of equation ������ is

det�B � �I� � ��

��



where B is the square matrix in equation ������� � is an eigen value and I is the

identity matrix� Simplifying the characteristic equation gives

���� ��

�������
�� �k�

� ��� � �

�������
� � ������

� ���� �� ������� ��� ��k�! � �

� �� # �� ����� �� # ��k�! � �

� ��� # �� �� # ��� � ��k�! � � ������

From equation ������ we can �nd the eigenvalues of the characteristic equation�

�� � ��

The second and third eigenvalues are found using the quadratic formula

���� �
��� �p��� # ���k�

�
�

Hence

�� � ��
�� #

p
��� # ���k�

�
�

and

�� �
��� #

p
��� # ���k�

�
�

From above we see that �� is 	ve� �� is 	ve and �� is #ve� From the theory

of homogeneous systems the solution approaches in�nity if and only if at least one

eigenvalue is � �� Otherwise the solution approaches zero� See Zitecki ������ for a

detailed discussion on Nonhomogeneous Systems�

As �� is #ve� the solution approches in�nity and the system is said to be

asymptotically unstable�

The general solution for an homogeneous system is of the form

x
"

� c�u
"�
e��t # c�u

"�
e��t # c�u

"�
e��t�

��



Finding the corresponding eigenvectors by substituting the eigenvalues into the char	

acteristic equation ������� the general solution of our homogeneous system is

�
�����

R

T

D
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p
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To �nd the c�s we solve the equation E�t� � c�u
"�
e��t # c�u

"�
e��t # c�u

"�
e��t�

were E�t� is �
�����

��k�T�
��T�

�

	




� �

The solution shows that the �re increases exponentially until the combustible

material is burnt�

��� Comparison With The NRCC Model

The parameters of the three non	linear di
erential equations ������ ����� and �����

will be calibrated using a particular run of the NRCC model�

The data from the NRCC model was obtained by executing the program with

the parameter values described in subsection �������� The output data consisted of

time �t� incremented in ���� minutes� the gas temperature �T �� the burning rate

�R�� and the oxygen concentration �x�� See appendix E for the data from the

NRCC program�

To calibrate the parameters of the non	linear di
erential equations ������

����� and ����� they were made into di
erence equations� as they cannot be solved

explicitly� and evaluated discretely�

��



� The di
erence equations for the time equation is�

t r # �! � t r! # dt�

were dt � ���� of a minute�

� The di
erence equations for the heat loss equation is�

QL r! � ���GT  r! # ����
 � �GT  �! # ����
� # �GT  r!� ������

were QL r! is the heat loss at interval increment r and GT  r! is the gas tem	

perature at interval increment r�

� The di
erence equations for the heat balance equation ����� is�

T  r # �! � GT  r! # ��R r!�QL r!�dt� ������

GT  r # �! � min������ T  r# �!�� ������

were T  r#�! is the temperature in the room at interval r#�� Equation ������

calculates the temperature for the next interval using the previous tempera	

ture� heat loss and burning rate values� Equation ������ is used to ensure that

the gas temperature does not exceed ����oC�

� The di
erence equations for the burning rate equation ����� is�

B r # �! � B r! # R r!dt� ������

Z r! � ���GT  r!��� �

� # ������GT  r!��
�� ������

ifB r! � Bmax� ������

R r # �! � R r! # max��� �k�D r!��Z r!dt� ������

elseR r # �! � R r!� RDECAYR r!dt� ������

Equation ������ calculates the amount of burnt material� B r # �!� using the

burning rate� R r!� Equation ������ calculates the temperature function� Z r!�

��



for the interval r which is used in the calculation of the burning rate value�

Equation ������ tests if the combustible material is all burnt� Bmax� Equation

������ calculates the burning rate value for the interval r#� if equation ������

is satis�ed� Equation ������ is used to calculate the decaying burning rate if

equation ������ is not satis�ed�

� The di
erence equations for the oxygen de�ciency equation ����� is�

D r # �! � min���� D r! # �
�k��D r!��R r!�� �D r!dt� ������

were D r! is the oxygen de�ciency�

The above di
erence equations were run with varying values of the parame	

ters through an optimisation algorithm� The values of the parameters were calcu	

lated by minimizing the distance function

� � 'c���TN � T �� # c���RN �R�� # c���DN �D��� ������

where c� � ����� c� � ����� and c� � ��� The values of the c�s were chosen so

as to obtain comparable �ts for the three variables at their maximum values� See

appendix B for the computer code� written is S	plus� which optimises the distance

function �������

��
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Figure ���� Comparison of the Gas Temperature�

The values of the calibration parameters obtained were as follows�

� � ���

� � ������

( � �����

' � �����x�����


 � ���x����

� � ����

k � ����

k� � ���

Bmax � ����kg

R� � ���g	min

b � �����min�l�

A comparison of the time	dependent variation of the burning rate R the temperature

T and the oxygen percentage ���D with the corresponding output of the NRCC

model is shown in �gures ������ ����� and ������
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��� Discussion

Some of the more complex mathematical models evaluate the heat transfer activities

within enclosures at each calculated time step� These models have detailed subrou	

tines that calculate the heat transfer from 
ames to fuels� from the hot layer to fuel

surfaces� from heated walls and ceilings to fuel surfaces� and so forth� The inclusion

of subroutines increases the model�s ability to successfully model an enclosure �re�

but do so at the expense of long and complex computer codes and run times� Drys	

dale ������ points out that a simple but acceptable engineering approximation of

the conditions within an enclosure is desired� In this regard� this is a more simplis	

tic approach to the variety of heat transfer activities that are continually occurring

within enclosure �res�

In deriving the simpli�ed equations of our model� we have replaced a number

of parameters which are clearly highly variable by �xed values� and ignored the

e
ect of certain variables on some other parameters� while retaining the e
ect of

other variables� This approach has been justi�ed by the fact that the general shape

of the �re curves have been retained� For example� the gas speci�c gravity � is well

known to be inversely proportional to the gas absolute temperature� but is treated

in our model as constant� Similarly the ventilation rate ma is highly dependent on

the gas temperature� but that e
ect is ignored� What we propose is to consider only

the dependence of ma on the area A and the height h of the opening in the form

ma � m�A
p
h� Such a formula is clearly purely nominal� but an appropriate choice

of the calibrating constant m� as well as of the other calibrating constants enables

us to mimic the �re curves of the NRCC model very closely�

The compartment dimensions which clearly a
ect the size of the �re are the

volume V� the surface area of the walls S� the area of the opening A and its height

h� Thus� we propose the following nominal formulae for the parameters appearing

��



in the three equations of our model�

� � ��	V

' � '��S # A�	V

( � (�A
p
h


 � 
�	V

� � ��A
p
h	V�

The form of these formulae is obtained directly from the derivation of the model

equations given above� The calibrating constants from the �tting described in Sec	

tion ����� turn out to be�

�� � ����

'� � ����x�����

(� � ������


� � ����x����

�� � �����

The decay constant for R �taken here to be ������ appears to be simply based on

experimental evidence�

As far as the total amount of fuel Bmax is concerned� the value that provides

the best �t is� as mentioned above� ����kg� which is slightly less than half the value

used by the NRCC model� The discrepancy is due to the fact that in the NRCC

model the 
ame is assumed to spread radially on the top surface of the burning

object with a speed which is independent of geometry� This makes the burning

rate a function of the radius of the burning area� In contrast� in our model �the

burning rate does not depend on the geometry of the burning surface� only on the

temperature and the oxygen concentration�

A similar argument applies to the burning rate at the start of the �re� The

value used in the NRCC model is ����g	min while the value we use is ���g	min�

��



��� The Stochastic Model

The set of deterministic equations derived in Section ����� can be turned into a set

of stochastic di
erential equations� as described in chapter ���� by adding on the

right	hand side forcing functions which are white noise multiplied by some function

of the variables� The purpose of these forcing functions is to model the intrinsic

variability of the �re phenomenon due to the turbulent behaviour of the hot gases�

Stochastic di
erential equations are usually written in di
erential form with

the forcing function being a standard Brownian motion di
erential dW with inde	

pendent components �each with mean zero and variance dt� multiplied by an appro	

priate function of the variables� The standard form for describing the behaviour of

a set of n coupled variables is

dX# ��X� t�dt � ��X� t�dW

where X� � and dW are vectors of length n and � is an nxn� matrix� A typical

example of a single	dimensional stochastic di
erential equation is the �Langevin�

equation developed to model Brownian motion� The equation reads

mdv # �vdt � �dW

where m is the mass of a free particle� v is the component of the particle velocity

along the x	axis� � is the damping constant and �dW represents the momentum

due to the irregular force exerted on the particle by molecular collisions� See Soong

������ for a more detailed exposition of the elements of Stochastic Di
erential Equa	

tions� Since the future behaviour of the vector X is independent of its past values�

given its present value� it is a Markov vector�

For our purposes� we shall not make � and � depend explicitly on the time�

i�e�� they will be functions of X only� Moreover� we shall assume at this preliminary

stage that the forcing functions for each of T�D�R are independent� This implies

that the matrix� � is diagonal� Furthermore� it is a plausible assumption that the

��



randomness of the �re will increase with increasing temperature� Bearing in mind

that the variance of a scalar forcing function di
erential �dW is ��dt� we obtain the

following set of stochastic equations to describe the �re�

dT � �Rdt # q�T �dt � f��T �dW� ������

dD � 
�k� �D�Rdt # �Ddt � f��T �dW� ������

dR� ��k �D�Zdt � f��T �dW� ������

where q�T � is given by equation ����� and Z�T � by equation ������ The functions

f��T �� f��T � and f��T � are appropriately chosen increasing functions of T �

At this point of time� there is a great paucity of information about the

intrinsic variability of enclosure �res� so that a more precise formulation for the

functions f�� f� and f� must await further experimental results speci�cally designed

to identify these functions� Some experiments are being planned at present�

It remains to tackle the problem of the statistical variability whose source

is our lack of knowledge of the parameters governing the �re� Assuming that we

are dealing with a well	de�ned enclosure for which the geometry is de�ned and the

amount and nature of the fuel is accurately known� the most important unknown

parameter is the initial burning rate R�� Since it is by de�nition a non	negative

quantity� we propose to assign to it a lognormal distribution� However� at this

point� it is not possible to give any guide	lines for choosing the parameters of that

distribution �i�e� the mean and the variance��

Of course� if the other parameters a
ecting the �re� such as the geometry of

the compartment� the size of the openings and whether they are open or shut and

the nature� amount and position of the fuel load are also unknown� then further

parameters of the model must be allocated a probability distribution to cater for

the added uncertainty�

��
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Figure ���� Stochastic output comparison of the Gas Temperature�

��
�� A simulation illustration

To illustrate the capacity of the model to simulate the intrinsic variability of a �re�

a Monte	Carlo simulation of a �re with the parameters given in Section ����� was

carried out� using equations ������� ������ and ������� The functions fi were chosen

as follows�

f��T � � �T	����

f��T � � ���T	����

f��T � � ���T	����

Figures ������ ����� and ����� are an examples of the output by running the stochastic

equations and plotting the results with the NRCC model results� See appendix C

for the S	plus code used to produce �gures ������ ����� and ������

By varying the parameter �� varying degrees of stochasticity may be achieved�

Figures ����� �� � ���� ����� �� � ���� and ����� �� � ���� illustrate the

type of �re curve obtained�

As far as varying the value of R� is concerned� the general form of the result

can be guessed by remembering that �T�R�D� is a Markov vector and that initially

��
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Figure ���� Stochastic output comparison of the Burning Rate�
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Figure ���� Stochastic output of the Gas Temperature 	 � � ����

all three components increase monotonically� so that any decrease in R� will just

shift all three curves to the right� Thus� choosing a random value for R� and a

non	zero value for � will produce curves for T�R and D similar to �gures ������

����� and ������ but shifted either to the right or to the left�

��� Conclusion

The main advantage of our proposed model over the present complex models based

on 
uid mechanics is that it is extremely easy to simulate and its output realistically

models the observed behaviour of �res� By realistically we mean that the readings

recorded in an experiment on the gas temperature� burning rate and oxygen fraction

show non	smooth plots� With the addition of reasonable assumptions regarding the

variability of the phenomenon �intrinsic or due to lack of knowledge�� the probability

of extreme values of the �re load can be estimated by a Monte	Carlo simulation and

can be used as an input to the probabilistic �re risk analysis of the building under

consideration�
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Chapter �

Calculating the Upper Quantiles

of Heat Load using W�test


�� Introduction

The main projected use of the stochastic �re curves developed in the previous chap	

ter is as an input to modules which will calculate the e
ect of the �re on proposed �re

barriers� and subsequently trace the possible spread of the �re to adjacent compart	

ments� As an illustration of the kind of result obtainable� one particular measure

of �re severity� namely the �Normalized Heat Load� proposed by Harmathy and

Meha
y ������ was studied� For a full discussion see Harmathy ������� We ignored

the normalising parameters and simply evaluated the variable H de�ned by

H �

Z 


�
fdt

where f is heat 
ux penetrating the enclosure boundaries� t is the time and 
 is the

time when the burning rate is reduced to a negligible value�

To calculate the upper quantile of heat load we will cover a statistical test

in Non	parametric Estimation of Failure Probabilities� developed by Hasofer and

Wang ������� known as the �W	Test�� The W	test enables the failure probability to

��



be accurately estimated from a sample� provided the sample size is large enough�

without making any assumptions about the underlying joint distribution�

In this chapter a brief outline of Extreme Value Theory is given� followed by

a description of the W	test� and �nally a simulation is run to calculate heat loads

and apply the W	test�


�� Extreme Value Theory

Extreme value theory is concerned with probability calculations and statistical in	

ferences connected with extreme values in random samples and stochastic processes�

Environmental extremes and Structural reliability are the two main areas where Ex	

treme Value theory is used� Examples of environmental extremes are river 
ow� wind

speed� temperature and rainfall� Structural reliability is the study of the strength of

materials where it is the maximum load� the weakest component or part of a system

which is ultimately responsible for failure�

Other areas where extreme value concepts are being increasingly applied

include �nancial calculations such as probabilities of large insurance claims� mon	

itoring of air pollution �ozone� acid rain� etc�� and some rather more novel ones

such as horse races and athletics records� Finally� there are applications of extreme

value theory in other areas of statistics� such as testing for outliers and change point

problems�

In recent years a lot of research has been conducted on the calculation of

small probabilities of failure� Almost all of the work assumed that the distribution

of the physical variables was multivariate normal� When the joint distribution is

not multivariate normal� Hohenbichler and Rackwitz ������ advocate the use of

the Rosenblatt transformation to transform the variables to joint normality� It

is then necessary to specify a family of conditional distributions to carry out the

transformation� Provided one stays in the realm of theory� this can be done� at least

in principle� If the vector of physical variables is known only through a sample�

��



either by simulation or from �eld measurements� then it is not possible to calculate

the required conditional probability distributions�

����� One Dimensional Case

Let the upper ��quantile q��� of a random variable X be de�ned by P  X � q���! � ��

where � is some small number� Suppose that we are interested in evaluating the

quantile q���� and the probability distribution of X is not known explicitly� The

only information we have about X is either�

� a random sample of size n� or

� some algorithm for simulating such a random sample�

In classical statistics it is customary to postulate a parametric form for the distri	

bution of X depending on one or more unknown parameters� The validity of the

form of the distribution would be tested by applying some goodness of �t test such

as the chi	squared test� The parameters are then estimated from the sample and

the estimators used to obtain an estimator �q��� of the required quantile�

A typical example of such a procedure would be to assume that X is normally

distributed with mean � and standard deviation �� The parameters � and � are

estimated by �� �
P
Xi	n and ��� �

P
�Xi � �X��	�n�� The quantile q��� is then

estimated by �q��� � �� # k����� where k��� is the corresponding quantile of the

standard normal distribution�

����� Brief Mathematical Description of Extreme Value Theory

Suppose X�� X�� 	 	 	 � Xn is a random sample from the distribution function F �x��

Let X�n� X�n� 	 	 	 � Xnn be the corresponding descending order statistics� satisfying

X�n � X�n � 	 	 	 � Xnn� Then� of course� X�n is the maximum of X�� X�� 	 	 	 � Xn�

and

lim
n�� P �X�n � x� � lim

n��Fn�x� �

���
��

� if F �x� � �

� if F �x� � ��
�����

��



We are interested in �nding a sequence of real constants an and bn� n� ����	 	 	
such that Fn�anx#bn� converges �weakly� to a non	degenerate distribution function

D�x�� If such a sequence exists� the distribution function F �x� is said to belong to

the domain of attraction of the extreme value distribution D�x�� The sequences an

and bn are called the coe�cients of attraction of F �x��

The central result of extreme value theory is that the distribution D�x� must

be� up to a change of scale and origin� of the form

D��x� � exp ��� # �x�����!�

� For � � �� D��x� is de�ned as

D��x� � lim
���

D��x�

� exp � exp��x�!� �� � x ��

This distribution is known as Type I �or Gumbel� extreme value distribu	

tion� The Negative Exponential� Normal� Exponential� Weibull� Lognormal�

Rayleigh and Gamma �including chi	square�� distributions belong to the do	

main of attraction of Type I

� For � � ��

D��x� �

���
��

exp ��� # �x�����! for x � ��	�

� for x � ��	��
�����

This distribution is known as Type II extreme value distribution� The Cauchy�

Pareto and t	distributions belong to the domain of attraction of Type II�

� For � � ��

D��x� �

���
��

� for x � ��	�

exp ��� # �x����! for x � ��	��
�����

This distribution is known as Type III extreme value distribution� The Uni	

form and Negative Gamma �i�e� the distribution of 	Y where Y is Gamma

distributed� belong to the domain of attraction of Type III�

��



It is easy to see that if X has distribution D��x� then

Y �  exp��X�� �!	�

has distribution D��x� and conversely� if Y has distribution D��x�� then

X � ln �� # �Y ����!

has distribution D��x��

The above theory has been developed in terms of the distribution of the maxi	

mum of a sample� If we are interested in the asymptotic properties of the minimum of

the sample� we simply use the fact that min�X�� X�� 	 	 	 � Xn� � �max��X���X�� 	 	 	 ��Xn�

and modify the equations appropriately�

It should be emphasised that although the Type I distribution belongs to the

continuum of extreme value distributions� as shown above� it di
ers fundamentally

from Type II and Type III and has to be treated separately� In essence� a Type I

variable basically behaves like the logarithm of a Type II or Type III variable�


�� Wang
s Procedure � W�Test

The W	Test is a non	parametric test in extreme value theory used to calculate the

upper and lower quantiles of a measure� In this section the major concepts and the

procedure of the W	Test from Hasofer and Wang ������ is outlined�

����� Estimation of High Quantiles for Type I

Using Weissman�s estimator which is an asymptotically minimum variance estimator

�q��� for the quantile q��� based on the top k order statistics X�n� X�n� ���� Xkn when

F �x� belong to the domain of attraction of Type I� It is given by

�q��� � �aln�k	n�� # Xkn

��



where

�a � �
kX
i��

Xin�	k �Xkn�

Because it is linear in the order statistics� this estimator is also the Best Linear

Unbiased Estimator ��BLUE�� of q����

����� Test for Extreme Value Domain of Attraction

Before Weissman�s estimator can be applied� it must be determined that the hypoth	

esis that F �x� belongs to the domain of attraction of Type I is consistent with the

relevant data� namely the high order statistics of the given sample� If that hypothe	

sis is rejected� a suitable transformation of the variable studied must be carried out

to ful�ll the above requirement� Hasofer and Wang ������ have developed a simple

but e
ective statistic �based on the top k order statistics� to test the hypothesis

that F �x� belongs to the domain of attraction of Type I� It is denoted by W and is

given by the formula

W �
k� "X �Xkn��

�k � �� 
Pk

i���
"X �Xin��!

�����

where

"X � �
kX

j��

Xjn�	k�

The W	test can be considered as a generalisation of the Shapiro	Wilk test of nor	

mality� It is easy to see that W is invariant under a linear transformation of X �

�which will apply the same linear transformation to each order statistic��

The null hypothesis is that F �x� belongs to the domain of attraction of Type

I� while the alternatives are that F �x� belongs to the domain of attraction of Type

II or of Type III�

The critical regions of the test are as follows� Let WL and WU be the lower

and upper chosen percentage points of W � Then if W � WL we accept H� � X

belongs to the domain of attraction of Type II� while if W � WU we accept H� � X

��



belongs to the domain of attraction of Type III� Otherwise� we accept that X belongs

to the domain of attraction of Type I and use Weissman�s estimator as it is�

The rationale for the above choice of critical regions is as follows� We recollect

that the extreme value domains of attraction can be indexed by a parameter �

varying from �� to #�� � � � corresponds to Type II while � � � corresponds

to Type III� But it can be shown� see Hasofer and Wang ������� that as � increases

the distribution of W shifts continuously towards the left� Thus large values of W

correspond to Type III� while low values correspond to Type II and intermediate

values to Type I�

The upper and lower percentage points of W �asymptotic for large n� are

given as functions of the number k of high	order statistics� see Table � of Hasofer

and Wang ������� For larger values of k� W may be taken to be normally distributed

with mean �	k and standard deviation �	k����

����� Estimating quantiles for Type III

The most serious departure from Type I occurs when the W test indicates a Type

III domain of attraction� This is because in this case the variable X must have an

upper bound� Of course all physical variables are theoretically bounded� but often

the bound is so high that it is of no practical signi�cance �e�g� wind velocity� and

the variable may be assumed to be unbounded� However� some load variables have

a practically signi�cant upper bound� e�g� rainfall and earthquake magnitude� On

the other hand� practically all resistance variables have a signi�cant lower bound�

simply because they cannot be negative�

Let X have a �nite upper bound ��� and let as before X�n � X�n � 	 	 	 �
Xkn be the k top order statistics from a sample of size n� Clearly we must have

�� � X�n�� It can be shown that the limiting distribution of the Yin � �ln��� �
Xin� �i �������k�� is after a transformation of scale and origin by a suitable pair

of sequences� the limiting distribution of the top k order statistics corresponding

��



to Type I� We recollect that the statistic W is invariant with respect to a linear

transformation of the order statistics� and is thus only a function of the Xin and of

the additional parameter ���

To estimate �� we use a recently developed method called the �estimating

equation method�� This consists in �nding a function G of the sample and of the

required parameters that has zero mean �when the parameters take the correct

value� and then solving the equation G � � for the parameters� Special cases of

the �estimating equation� method are the method of moments� the method of least

squares and the method of maximum likelihood� One great advantage of the method

is that it is often possible to �nd a G that excludes some nuisance parameters�

thus considerably simplifying the form of the estimators� Let Y ��� be the vector

�ln�� �X�n�� 	 	 	 ��ln�� �Xkn�� We shall take as an estimating function for ���

G � W  Y ���!�E�W  Y ���!	� � ����

Clearly E�G� � � when � � ��� Also� for large k� we have approximately E�W	� �

��� � �	k� Simulation work indicates that this value can be used in the estimating

equation for k as low as ���

The important fact that gives the proposed method the edge over other

methods which have been proposed to estimate �� is that if the W	test rejects the

null hypothesis that X belongs to the domain of attraction of Type I in favour

of the alternative that X belongs to the domain of attraction of Type III with a

signi�cance level of less than �� percent� then our estimating equation has always a

unique solution� This follows from the properties of W given in Hasofer and Wang

�������

Indeed� it is then clear that W  Y ���! increases monotonically from �	�k����

which is less than E�W  Y ���!j� � ��� to W �X�n� ���� Xkn� which is greater than

WU � E�W  Y ���!j� � ��� for k � �� so that our equation has a unique solution�

Moreover� it can be shown that the obtained estimator is consistent as k tends to

in�nity� see Hasofer and Wang ������� In the reference just quoted will be found

��



numerous simulation results which indicate that the proposed estimation method

for �� as well as for the high quantiles of the variable under study is e�cient and

easy to use�

High quantiles in the situation under consideration are obtained by carrying

out the transformation

�Yin � ln��� �Xin��

where ��� is the obtained estimator of ��� evaluating the required quantile of �Y by

using the Weissman estimator� and then carrying out the reverse transformation to

obtain the estimator of the quantile of X �

����� Estimating quantiles for Type II

When the W	test indicates that X is in the domain of attraction of Type II� this

is not as critical as in the case of the domain of attraction of Type III� Indeed�

the sequence an may be taken to be null without a
ecting the asymptotic results�

Thus� the limiting distribution of Yin � ln�Xin� will be of Type I and the Weissman

estimator may be applied to it�

However� in the practical application of the method� where the asymptotic

theory is applied to �nite samples� this approach is unsatisfactory on two counts�

�� A quantile estimator should be invariant under translation� in the sense that

if the underlying variable is increased by some amount X� then the quantile

estimator should be increased by the same amount� This is clearly not the

case with the algorithm just described�

�� There is no good reason to believe that all sample values will be necessarily

positive� For example� our sample may measure sea levels below some refer	

ence level� If some sample values are negative� taking logarithms will not be

possible�
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For the above reasons� we advocate the use of the transformation Yin � ln�Xin�����
with �� � Xkn� when the W	test rejects the null hypothesis that X belongs to the

domain of attraction of Type I in favour of the alternative that X belongs to the

domain of attraction of Type II� We use again the estimating function method to

obtain an estimator of ��� Let Y ��� be the vector ln�X�n � ��� ���� ln�Xkn� ��� As

previously� we shall take as an estimating function for �

G � W  Y ���!�E�W  Y ���!j� � ����

Clearly E�G� � � when � � ��� Also� for k � ��� we still have approximately

E�W j� � ��� � �	k�

Here W �X�n� 	 	 	 � Xkn� is less than E�W  Y ���!j� � ���� since it is less than

WL at a signi�cance level of less than �� percent� Also� E�W  Y ���!j� � ���� which

is approximately �	k for large k� is less than unity and this ensures the existence

of a unique solution for the estimating equation� As for Type III� it can be shown

that the obtained estimator is consistent as k tends to in�nity� see Hasofer and Li

������� In that reference will be found numerous simulation results which indicate

that the proposed estimation method for �� as well as for the high quantiles of the

variable under study is e�cient and easy to use� Evidence is also brought out to

show that the assumption that �� � � may lead to serious error in �nite samples�

High quantiles in the situation under consideration are obtained by carrying

out the transformation

Yin � ln�Xin � �����

where ��� is the obtained estimator of �� evaluating the required quantile of �Y by

using the Weissman estimator� and then carrying out the reverse transformation to

obtain the estimator of the quantile of X �

����	 The choice of k

There have been two main approaches to the selection of the appropriate sample size

in the one	dimensional case� the �threshold� method and the k top order statistics

���



method� In the threshold method some high level u is chosen and only the sample

values above u are considered� In the alternative method it is the number k of top

order statistics which is chosen� In this chapter attention will be to focused on the

k top order statistics method�

The choice of an optimal value for the number k of high order statistics to be

used involves con
icting considerations� On the one hand� the standard deviation

of the quantile estimator �q is approximately equal to �	k� More precisely

���q� � cn ��n
�k � ��

k�
#
��

�
�Rk!

���

where �n � ln�k	n��� cn � q��	ne�� q��	n�� �e � ���������� and Rk �
Pk��

n����	n���

In the formula just given q��� denotes the true quantile corresponding to

�� which is of course unknown� However� the standard deviation of �q can be esti	

mated from the above formula by replacing q��	ne� and q��	n� by their Weissman

estimators�

Thus� to enhance the precision of the estimation� k should be chosen as large

as possible� However� when k	n is taken too large� bias is introduced by departure

from the asymptotic distribution� To balance the e
ects of variance decrease against

bias increase the recommendation is� for � � ����� k	n � ���� for �� � n � ��� and

k	n � ��� for ��� � n � �� ���� In Hasofer and Wang ������� investigations suggest

that k can be taken to equal approximately ���
p
n�

It is worth noting that as long as k � n�� �q is a monotonically increasing

function of the order statistics� except Xkn� To ensure that the coe�cient of Xkn

be positive as well� the additional condition k � �����n� should be ful�lled� This

will ensure that Lind�s Principle of Reliability and Consistency� Lind ������� will be

satis�ed�

A more sophisticated approach to the determination of the optimal k has

been proposed by Wang ������� The proposed procedure treats as a whole the

two problems of determination of the domain of attraction and selection of k� It

consists in calculating for each value of k � �� �� 	 	 	 the value of W based on X�n �

���



X�n � 	 	 	 � Xkn� The values are then plotted against k on a graph� together

with the corresponding values of WL and WU for some chosen signi�cance level�

If the graph of W shows an early downward or upward trend� this is taken as an

indication that the domain of attraction is Type II or Type III respectively� An

appropriate logarithmic transformation is then carried out and a new set of W

values is computed� These transformations� by their very nature� will bring back W

to the region between WL and WU � We then take the optimal k to be equal to the

�rst value of k for which W leaves the region between WL and WU minus one� A

further improvement would be to then recalculate the parameter of the logarithmic

transformation and repeat the procedure�


�� Calculating the Upper Quantile of Heat Load

The destructive potential of compartment �res was traditionally measured assuming

that the temperature history of the compartment �re is the primary descriptor of

its severity� As a rule the time integral of the temperature	time curve above some

arbitrarily selected level was taken� Harmathy ������ rejected this traditional con	

cept and introduced a measure known as �heat load� �H� to measure the destructive

potential of compartment �res� Heat load is de�ned as the total heat absorbed by

a unit surface area of an enclosure during a �re� and is evaluated by

H �

Z 


�
fdt�

where f is heat 
ux penetrating the enclosure boundaries� t is the time and 
 is the

duration of the �re�

Some key load	bearing elements of compartment boundaries for example

steel and reinforced concrete depend highly or solely on the maximum tempera	

ture reached� Hence if we are able to quantify the maximum temperature we have a

measure for the destructive potential of a compartment �re� Harmathy and Meha
y

������ state that Harmathy ������ went on to prove that heat load is a measure of
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the maximum temperature attained by key load	bearing elements of the enclosure

boundary as a result of �re exposure� Hence it is of great importance to be able

to calculate the upper quantile of heat load as it is a measure of the destructive

potential of a compartment �re�

If we were able to assume that the heat load was normally distributed we

could use basic probability theory to calculate the q��� quantile of heat load� As

this can be shown not to be the case� we demonstrate the use of the non	parametric

estimator of extreme value theory known as� Wang�s procedure to estimate the q���

quantile of heat load�

����� Heat load generated by a �re in a compartment

In this subsection the �Normalized Heat Load� proposed by Harmathy and Meha
y

������ is studied� We ignored the normalizing parameters� The values of heat load

are stored in a vector of length ���� and the vector is refereed to as hload� The

stochastic model for compartment �res developed by Hasofer and Beck ������ has

been used for the Monte	Carlo simulation of a compartment �re to calculate heat

load� see appendix D for the S	plus code�

Figures ����� and ����� show histograms of the values of H based on �����

simulations of the stochastic �re model when R� and Bmax are �xed and random

respectively� It is interesting to note that for some simulations the �re was extin	

guished at the outset� and for some others the heat load remained low� However�

the main body of the data is bell shaped and there are no particular anomalies at

the upper end�

Using the data for �gure ����� the mean of H was ������ and the standard

deviation ������ A test of normality �Kolmogorov	Smirnov� was applied to the heat

load vector and the normality hypothesis was rejected� even when the outliers at

the lower end were removed� This was clearly due to the non	linearities in the

compartment �re equations� As the normality assumption is rejected we will use
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the non	parametric method� W	Test� to calculate the upper quantile of heat load�

Using equation �����

W �
k� "X �Xkn��

�k � �� 
Pk

j���
"X �Xin��!

where

"X �
�
Pk

j��Xjn�

k
�

and Xkn is the kth smallest order statistic�

To calculate the W	statistic in Wang�s algorithm we used the statistical pack	

age �S	plus�� the function is as follows�

� wtest

function�k�

�

lk �� length�k�

muk �� mean�k�

den �� sum��muk � k����

W �� �lk 	 �muk � k
������
��lk � �� 	 den�

W

�

To calculate the values of W for k � �� �� 	 	 	 we wrote a function in S	plus called

WANG

� WANG

function�hload� size�

�

Calculates values of W for WANG�S TESt

W �� rep��� ���

for�j in ������� �

order �� hload
����� � size
j��������
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W
j� �� wtest�order�

�

W

�

To determine an appropriate value for k� the W	test was applied to the data

with various values of k� The results� together with the � percent con�dence limits

for W � from Table ����� of Hasofer ������� are plotted in Figure ������ From the

plot� the W values show an early upward trend� hence� we take it to be a domain of

attraction of Type III� Domain of attraction of Type III is the most serious departure

from Type I� The optimal k appears to be k � ��� � � �� as the ��th value crosses

the upper bound� To estimate the �nite upper bound� ��� the �estimating equation�

method is used� If Y ��� � fln���X�n�� ln���X�n�� � � � � ln���Xkn�gThe estimating

function of �� is

G � W  Y ���!�E�W  Y ���!	� � ����

���



Since for large k E�W	� � ��� � �	k

G � W  ln�X � Sample�!� �	k�

This is written as a function in S	plus called W� and is optimised using the

function uniroot in S	plus�

� W�

function�x� sample�

�

W� � W�log�x�sample����
k

k �� length�sample�

r �� length�x�

y �� rep��� r�

for�i in ��r� �

y
i� �� wtest�log�x
i� � sample�� � �
k

�

y

�

The �nite upper bound� ��� was found to be ������ for heat load�

The next step is to carry out the transformation

H� � � loge���� ���� hload��

using the value of �� � ��� ���� to transform hload to the domain of attraction of

Type I�

Using the vector H� a new set of W values� W � with various values of k are

plotted� The results are shown in �gure ����� from which we now conclude that H�

may be assumed to be in the domain of attraction of Type I�

From �gure ����� the values of W � appear to belong to the domain of attrac	

tion of Type I� The optimum k appears to be k � ���� � � ����
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Figure ���� Graph of transformed values of W � versus k�

We will now calculate the upper quantile using Weissman�s estimator as we

assume that the cumulative distribution function� F �x�� belongs to the domain of

attraction of Type I�

�q��� � �a ln�
k

n�
� # Xkn

where �a �
�
Pk

i��
Xin�

k �Xkn

�q������ � ����������

Transforming �q��� back to the original heat load we �nd

�q������ � ��� ���� exp����������� � ���������

Finally some quantiles of H� were calculated� using the Weissman estimator

and the corresponding value of H found� For comparison purposes the quantiles were

also calculated on the assumption that H belonged to the domain of attraction of

Type I� and also on the assumption that H was normally distributed with the mean

and standard deviation given above� The results are given in Tables ������������and

�����
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� Type I Type III Normal
�� � ��� ���

���� ���� ���� �����

���� ���� ���� ����

���� ���� ���� ����

Table ���� Quantiles when k���� mean������� s�d�������

� Type I Type III Normal
�� � ��� ���

���� ���� ���� �����

���� ���� ���� ����

���� ���� ���� ����

Table ���� Quantiles when k����� mean�������� s�d�������

k � � ���� � � ���� � � ���� � � ����

�� �������� �������� �������� ��������

�� �������� �������� �������� ��������

�� �������� �������� �������� ��������

�� �������� �������� �������� ��������

�� �������� �������� �������� ��������

�� �������� �������� �������� ��������

�� �������� �������� �������� ��������

��� �������� �������� �������� ��������

Table ���� Quantiles Assuming Type I

k � � ���� � � ���� � � ���� � � ����

�� �������� �������� �������� ��������

�� �������� �������� �������� ��������

�� ������� �������� �������� ��������

�� �������� �������� �������� ��������

�� �������� �������� �������� ��������

��� �������� �������� ������� ��������

Table ���� Quantiles Assuming Type III with �� � ��� ���
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From the above tables it can be seen that quantile estimation in this case

is insensitive to the choice of domain of attraction as well as to the precise value

of k� On the other hand� it is quite clear that quantile evaluation under the nor	

mality assumption is grossly in error� For � � ���� the quantile is overestimated

by more than half a standard deviation) Of course� as is to be expected� the error

diminishes as the tail probability increases� but since in reliability applications it

is small tail probabilities which are of interest� the example illustrates dramatically

the superiority of the method advocated in this paper over methods based on the

entire sample�


�� Conclusion

In this chapter we provided a brief outline of Extreme Value theory and provided a

detailed account of the W	Test� The measure Heat Load was de�ned and used to il	

lustrate the superiority of the W	Test compared to assuming the normal distribution

of the data�

���



Chapter 	

Simpler Oxygen Driven

Compartment Fire Model

��� Introduction

Even though the deterministic General Epidemic model and the �re growth model

proposed by Hasofer and Beck ������ are not the same� they do show similarity�

Since equation ����� relates the three di
erential equations together� the General

Epidemic model is given by any two of the following three di
erential equations�

The di
erential equation describing the susceptibles is

dS�t�

dt
� ��S�t�I�t�� �����

the di
erential equation describing the number of infectives is

dI�t�

dt
� �S�t�I�t�� �I�t�� �����

and the di
erential equation describing the number of removals is

dR�t�

dt
� �I�t�� �����

���



Since all individuals in the population are either susceptible� infected or removed

and the population is constant in size�

S�t� # I�t� # R�t� � N� �����

The assumptions of the General Epidemic model are�

�� Any individual who has recovered from the disease has permanent immunity�

�� The disease has a negligible short incubation period� no latent period� When

a susceptible is infected it is assumed that he immediately becomes infectious�

�� The assumption of an independent isolated group of given size� subject to

homogeneous mixing�

The �re growth model proposed by Hasofer and Beck ������ is comprised of�

� The heat balance equation

dT

dt
� �R� q�T �� �����

where

q�T � � ' �T # ����
 � �T� # ����
! # ��T � T��� �����

� The oxygen mass balance equation

dD

dt
� 
�k� �D�R� �D� where D � ��� ���x� �����

� And the burning rate equation

dR

dt
� ��k �D�Z�T �� �����

The deterministic General Epidemic model has a product term S�t�I�t� appearing

and the model by Hasofer and Beck ������ has� D�t�R�t� and D�t�Z�T �� The two

sets of di
erential equations are a system of three non	linear di
erential equations

and need numerical methods to be solved�

���



To make the �re growth model set of equations closer to the General Epidemic

model set of equations� we simplify the model by Hasofer and Beck ������ by making

the assumption that the rate of increase in temperature is a function of the burning

rate only� Thus we can ignore the gas temperature at �rst and write a set of

di
erential equations which describe a compartment �re based only on the burning

rate and the oxygen concentration� We then introduce the gas temperature by

�nding a relationship between gas temperature and burning rate� We chose to use

this method to reduce the system of three non	linear di
erential equations to a

system of two non	linear di
erential equations and to have only one product term

which will make it more like the General Epidemic model� Aligning the Hasofer

and Beck ������ model closer to the deterministic General Epidemic model will

reduce the computer processing time� and further more if the new set of equations

is aligned close enough to the General Epidemic model we can use the available rich

asymptotic theory of epidemic models�

��� Two Variable Oxygen Driven Model

Let R �g�min� be the burning rate and x be the oxygen fraction in the compartment�

If we assume no air comes into the room� the rate of decrease of the oxygen fraction is

directly proportional to the burning rate� Then we can write a di
erential equation

for the oxygen fraction as
dx

dt
� �k�R �����

where k� is a constant� Also since the rate of increase in burning rate depends on

the current burning rate and the oxygen fraction� the di
erential equation for the

burning rate can be written as
dR

dt
� k�xR ������

where k� is a constant� Solving these two equations numerically and plotting them

shows x�t� has negative values� see �gures ����� and ������ As they stand these

���
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equations are not appropriate for modelling the �re growth within a compartment�

To make physical sense� equations ����� and ������ are modi�ed� Instead of

writing the oxygen fraction equation as dx	dt � �k�R� we modi�ed it to

dx

dt
� �k�R # k��x� � x� ������

where x� is the oxygen fraction at time t � � and k� is a constant� This di
erential

equation says the rate of the oxygen fraction is decreased due to increased burning

rate� �k�R� and is increased due to new oxygen coming into the compartment�

k��x� � x��

Also� instead of writing the burning rate equation� dR	dt � k�xR� we modi	

�ed it to
dR

dt
� k��x� x��R

where x� is the oxygen fraction at which the �re is extinguished� This di
erential

equation says that the rate of change in burning rate is increased with burning rate

increase and oxygen fraction increase above the threshold x��

To stop �x�x�� from becoming negative we introduce max���x�� the max���x�

can be re�ned by introducing the function pos�w� ��� The pos�w� �� is a smoothed

���
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version of max���x��

pos�w� �� � max �� w��� �

�� # w��
�!�

see �gure ����� for a graphical illustration of the pos�w� �� function�

Hence the two di
erential equations for the compartment �re are�

dx

dt
� �k�R # k��x� � x� ������

and
dR

dt
� k�pos��x� x��� ��R� ������

The initial conditions for equations ������ and ������ are R��� � R� and x��� �

x� � ����� From Hasofer and Beck ������ the oxygen concentration at which the

�re is extinguished is x� � ������

To simplify equations ������ and ������ we introduce a change of variables

by dividing the time t by tcap and R by R��

dx

d�t	tcap�
� �k��R	R��tcap # k�tcap�x� � x� ������

���
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and
d�R	R��

d�t	tcap�
� k�tcappos��x� x��� ���R	R��� ������

We represent the new variables as 
 � t	tcap and � � R	R� and choose tcap such

that R�k�tcap � p�� Also equating k�tcap � � and k�tcap � p�� the equations reduce

to�

dx

d

� �p�� # �x� � x� ������

and
d�

d

� p�pos��x� x��� ���� ������

Now the initial conditions imply ���� � �� since ��t � �� � R�t���
R�

� R�

R�
� ��

x� � x�t � �� � ���� and x� � ������

��� Behaviour

The variable � increases from � to �max at time 
�� see �gure������ The parameters

���
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� and �max are both functions of p� and p�� After 
�� � remains constant at �max

because x � x��

The variable x decreases steadily from � to 
�� At 
��
dx
d
 is negative� We

introduce �dxd
 �
�
� � ��� Then we have �� � �p��max # �x� � x��� Note �

depends on �max� p� and p�� So �max � �
p�

 � # �x� � x��!�

After 
� the behaviour of x is governed by the equation

dx

d

� p��max # �x� � x�

with initial condition 
 � 
� and x � x��

The di
erential equation

dx

d

# x � �p��max # x�

has a transient solution x � Ce�
 � and a particular solution x � x��p��max� Hence

the general solution is

x � Ce�
 # �x� � p��max��

���
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To �nd C we substitute the initial condition into the above equation�

x� � Ce�
� # �x� � p��max�

C � e
�  p��max � �x� � x��!

� e
���

So

x � �e��
�
�� �� # x�

� �e��
�
�� # x� ��

� x� ����� e��
�
����

So the asymptotic value of x is�

x� � x� ��

� x� � p��max�

See �gure ����� for an illustration�
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��� Method For Evaluating The Parameters

From the data of the NRCC model run we observe at t � �� R � R� and x � x��

the oxygen concentration reaches its threshold at t � t�� and at this point R � R�

and x � x�� the burning rate reaches it maximum value Rmax at t � t�� Finally�

the lowest asymptotic value the oxygen fraction approaches is x � x��

Now �max � Rmax	R�� which we can calculate� Using �max and x� we

calculate an approximate value of p��

x� � x� � p��max�

which implies p� � x��x�
�max

�

Knowing p� we can �nd the value of p� using the S	Plus function �approx�

on the simulation results of the S	Plus Two Parameter Model� see appendix �G� for

the code�

Finally we �nd

tcap �
t�


��p�� p��

���



where t� is observed� Using the relationship


 �
t

tcap

and the observed values when t � t� � ���� minutes� x � x�� When x � x�� 
 � 
��

see �gures ����� and ������ Hence 
� is found from the simulation run in calculating

p� and tcap is calculated using

tcap �
t�

�
�

Using tcap� R�� p� and p� we can calculate the parameters k�� k� and k� of

the di
erential equations ������ and ������ using�

k� �
p�

R�tcap

k� �
�

tcap

k� �
p�
tcap

�

Finally using these parameters we can solve the di
erential equations ������ and

������ numerically using di
erence equations�

��� Fitting The Equation To The NRCC Model

From Hasofer and Beck ������� at t � �� x � x� � ������ and R � R� �

����g	minute� at x � x� � ������ t � t� � ���� minutes and R � R� � �� ������g	minute�

Also at t � t� � ���� minutes� R � Rmax � ����g	minute and the asymptotic value

of x � x� is approximately x� � �������

�max �
Rmax

R�
�

����

����
� �������

p� �
x� � x�
�max

�
������� ������

�������
� �����
 ���


From the simulation run p� � ������� and 
� � �����

���



To calculate tcap� we have the relationship 
 � t	tcap or tcap � t	
 � At

x � x�� t � t� � ���� and 
 � 
� � ����� Hence tcap � ����
���� � �������

We can now evaluate the parameters k�� k� and k� of the di
erential equation�

k� �
p�

R�tcap
�

�����x���


����x������
� ����
 ����

k� �
�

tcap
�

�

������
� ������

k� �
p�
tcap

�
�������

������
� ��������

Hence equation ������ and equation ������ can be written as

dx

dt
� �����x����R # �������x�� x� ������

dR

dt
� �������pos��x� x��� ��R ������

The deterministic di
erential equations ������ and ������ are non	linear au	

tonomous systems� They cannot be solved explicitly� so we will use numerical solu	

tions using S	plus�

Before we represent equations ������ and ������ as di
erence equations� we

will �nd the relationship between the burning rate and the gas temperature in the

compartment�

��� Gas Temperature Equation

Making the assumption that the rate of increase in temperature is a function of the

burning rate� we can write
dT

dt
� �R� �T ������

This says that the rate of change in temperature increases with burning rate and

decreases due to heat loss� We have assumed that the heat loss is a simple linear

function of temperature� This assumption ensures that the di
erential equation is

a �rst order di
erential equation which can be solved explicitly�

���



Rewrite the above equation

dT

dt
# �T � �R�

As R�t� is the solution of a non	linear di
erential equation we will solve equation

������ numerically with equations ������ and �������


�
�� Parameter Evaluation

When dT	dt � �� T � Tmax and R � Rmax� Substituting this condition into

equation ������ we obtain

�Tmax � �Rmax� ������

Hence

� �
�Tmax

Rmax
�

Tmax and Rmax are constants� and can be obtained from the NRCC model� Due to

this relationship only � needs to be evaluated�

A method for evaluating the parameter � of the model is to use ten points

on the temperature curve of the NRCC model and minimise the sum of the squared

di
erences between the temperatures at these points�

Sum �
��X
i��

�TNRCC�i� � TPRED�i��
� ������

The S	plus algorithm for the above optimisation is given in appendix F�


�
�� Parameters of The Temperature Equation

From Hasofer and Beck ������� at t � �� x � x� � ������ and R � R� �

����g	minute� at x � x� � ������ t � t� � ���� minutes and R � R� � ����g	minute�

At t � t� � ���� minutes� R � Rmax � ����g	minute and x � x� � ������� The

maximum temperature observed is approximately ���oC at t � �� minutes� Hence

� �
���
 �

����
�

���



The ten time and temperature points respectively are ������ ������ ������

������� ������ ������� ������ ������� ������ ������� ������ ������� ������ ������� ������

������� ������� ������ and ������� ������� Using these points with the S	plus opti	

misation algorithm in appendix F gave the following results� Minsum in table �����

is the result of equation �������

From the table ����� we see that the optimum estimate of � is

� � �����

and as a result

� � �������

Hence the di
erential equation ������ is

dT

dt
� ������R� �����T� ������

To calculate the gas temperature in the compartment with the di
erence

equations� we calculate T at each time step using equation ������ with the value of

R at that time step�

��� Di�erence Equations

To compare the non	linear di
erential equations ������� ������ and ������ with the

NRCC model they are made into di
erence equations� as they cannot be solved

implicitly� and evaluated discretely�

� The di
erence equation for the time equation is�

t r # �! � t r! # dt�

were dt � ���� of a minute�

� The di
erence equations for the burning rate equation ������ is�

B r # �! � B r! # R r!dt� ������

���



Values of � Minsum

��� ����������������

��� ����������������

��� ����������������

��� ���������������

��� ����������������

��� ����������������

��� ����������������

��� ����������������

���� ����������������

���� ����������������

���� ����������������

����� ����������������

���� ���������������

����� ����������������

���� ����������������

����� ����������������

���� ����������������

����� ����������������

���� ����������������

��� ����������������

���� ����������������

���� ����������������

���� ����������������

��� ����������������

��� ����������������

��� ����������������

��� ����������������

��� ����������������

��� ����������������

��� ����������������

��� ����������������

Table ���� Optimisation Results for the Parameter �
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if B r! � Bmax� ������

R r # �! � R r! # �������� 
max��� �x r!� ������� 
R r!dt�� ������

else R r # �! � R r!� RDECAYR r!dt� ������

where RDECAY is a decay constant evaluated in Hasofer and Beck �������

Equation ������ keeps a record of the amount of fuel burnt� B� If equation

������ is satis�ed� the amount of fuel burnt is less than the total amount of fuel

available� Bmax� equation ������ is used to calculate the burning rate value for

the interval r # �� If equation ������ is not satis�ed� there is no unburnt fuel

left� equation ������ is used to calculate the decaying burning rate value for

the intervals following�

� The di
erence equation for the oxygen concentration equation ������ is� If

equation ������ is satis�ed� the amount of fuel burnt is less than the total

amount of fuel available� Bmax� equation

x r # �! � �k�R r! # u�x r!� ��dt# k��������� x r!�dt� ������

is used to calculate the oxygen fraction value for the interval r#�� If equation

������ is not satis�ed� there is no unburnt fuel left� equation

x r # �! � x r!� ��x r!� �������dt� ������

is used to calculate the increasing oxygen fraction value for the interval r # ��

� The di
erence equations for the gas temperature equation ����� is�

T  r # �! � T  r! # �������T  r!dt� # �������R r!dt�� ������

��
 Comparison With The NRCC Model

The three non	linear di
erential equations ������� ������ and ������ have been com	

pared with the data of the NRCC model in section ������ see appendix E for the data

���
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Figure ���� Comparison of the Burning Rate�

from the NRCC program and appendix G for the code of the di
erence equations

using S	plus�

A comparison of the time	dependent variation of the burning rate R� the

oxygen percentage x
��� and the gas temperature T with the corresponding output

of the NRCC model is shown in �gures ������ ����� and �������

Using the forcing functions for oxygen fraction� burning rate and gas tem	

perature equations outlined in chapter ��� the above equations can be made into

stochastic di
erential equations�

��� Conclusion

The advantage of the compartment �re model in this chapter over the one in chapter

��� is that this model is simpler i�e� it has fewer parameters to evaluate� The

optimisation algorithm to estimate the parameters of the temperature equation is

���
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extremely simple and quick in comparison to the optimation algorithm in Hasofer

and Beck ������� Hence it is easier and quicker to use with Monte	Carlo simulations

in probabilistic �re risk analysis�

���



Part III

OPTIMAL CONTROL OF

COMPARTMENT FIRES

WITH SPRINKLERS

���



Automatic sprinkler systems are by far the most important type of �re pro	

tection� They provide a continuous protection against �res by both detecting and

�ghting a �re� This part of the thesis has three chapters� The �rst chapter covers

a brief review of an automatic sprinkler system� In the next chapter we describe a

topic in mathematical theory known as Optimal Control� Finally in the last chapter

we combine the operation of sprinklers and the theory of optimal control to model

the 
ow of water from sprinklers to minimise water damage�

���



Chapter �


Automatic Sprinkler Systems

���� Introduction

An automatic sprinkler installation consists of a water supply connected by pipes

to sprinkler heads� The sprinkler head is a heat sensitive valve� it is the sprinkler

head which automatically detects the �re and as a consequence an alarm is given

and water delivered to the seat of the �re� Thus� the �re is extinguished or kept

under control until the �re brigade arrives� Figure ������ is a picture of one of the

commonly used sprinkler heads�

When sprinkler systems are being designed for a building� the building is

classi�ed into one of three hazard classes�

� Extra Light Hazard� Buildings where the amount and combustibility of the

material is low�

� Ordinary Hazard� Buildings involving the handling� processing and storage of

material in which intensely burning �res are unlikely to develop in the initial

stages�

� Extra High Hazard� Buildings with abnormal �re loads�

See FPA ������ for a more comprehensive account of the hazard classes� Sprinkler

���



Figure ����� Medium velocity sealed and open spray sprinkler head�

heads are also rated into classes according to their operating temperature� See

section ������ for a short outline or Bush and Mclaughlin ������ for a detailed

account�

The literature on sprinkler systems is very rich and as a result frequent

reference is made to some of these publications for a detailed account of the topic�

To help us with the chapters to follow some general features of automatic sprinkler

systems are brie
y described� This chapter is divided into three sections� The �rst

section provides a brief description of sprinkler heads and their spacing� Then in the

second section some time is spent on the pipework and the water supply� Finally�

in section three some of the major factors which contribute to the 
uctuation of the

operating temperature of the sprinkler head are discussed�

���� Sprinkler Heads

A sprinkler head is a heat sensitive valve which opens when its heat sensitive element

reaches a speci�c temperature� Changes in the design of sprinkler systems and their

components have arisen in various ways over the years� both by experience from

within the industry and by requirements from the users and the approving bodies�

The �rst �modern� sprinkler was the Grinell type of ����� The standard

���



sprinkler head is the result of a complete redesign of the de
ectors during ����

and ����� This design creates a spray pattern shaped much like an umbrella with

the open side down� the discharge covers a circular area� The �rst statement of

the relationship between �response time and time constant� occurred in ����� The

heat sensitive detector was developed �fteen years later and was known as the �fast

response� or �life safety� sprinkler� The second area of development started with

the need to use the water discharged as economically and as e
ectively as possible�

with the realisation that the spacing of the sprinklers in an array could be increased

considerably without danger of the �re �getting away� once it was surrounded�

The result was the so called �spray� sprinkler which had a much larger de
ector

plate than the conventional sprinkler� designed to throw the water further and more

uniformly than the previous ones� The third area of development has arisen because

of the requirement to use sprinklers in places where their appearance has been

important� such as in hotels� and public places� This has led to more smaller and

decorative sprinklers being made�

According to Bush and McLaughlin������� an ordinary sprinkler will operate

at temperatures between ����oC and ����oC� This type is used where the ceiling

temperatures do not exceed ����oC� Intermediate sprinklers are used when the ceiling

temperatures do not exceed ����oC and operate between ����oC and ���oC� High�

extra	high and very extra high rated heads may be obtained for unusual ceiling

temperatures up to ���oC�

There are two basic types of operation� the Frangible bulb and the Soldered

Strut� see �gure ������� With the Frangible bulb� the sealed glass bulb contains

liquid and a small gas bubble which can accommodate small changes in the volume

of the liquid due to temperature changes� High temperatures cause the liquid to

expand su�ciently to absorb the bubble� the resultant increase in pressure fractures

the bulb� see �gure ������� allowing water to 
ow through the pipe work�

With the Soldered Strut sprinkler head� heat melts the solder allowing the
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Figure ����� Soldered Strut and Glass Bulb sprinkler heads�

Figure ����� Breaking of the glass of the Frangible Bulb sprinkler head�
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Figure ����� Spray patterns of Conventional type sprinkler heads�

strut of soldered strut types to part� letting water escape� Solders are alloys of tin�

lead� cadmium� bismuth and antimony�

The water distribution pattern of the head depends on the type of de
ector

used� Conventional sprinklers produce a spherical discharge pattern with some of

the water being thrown up towards the ceiling� See �gure ������for an illustration of

the water spray pattern of a Conventional Sprinkler head� Spray sprinklers produce

a hemispherical discharge below the sprinkler with little or no water reaching the

ceiling� Side wall sprinklers are situated close to a wall� They de
ect most of

the water away from the wall� Figure ������ shows pictures of the three di
erent

de
ector types�

Sprinkler heads should be spaced so that the area covered by each sprinkler

overlaps that of its neighbour leaving no part of the 
oor unprotected� The standard

method for arranging sprinklers is to locate them in square or rectangular formula	

tion within the protected area� see �gure ������� There are regulations according to

hazard classes� specifying the maximum�minimum distance allowed between sprin	

kler heads and their height below the ceiling or roof� see FPA ������ for details�

The minimum distance is to prevent sprinklers from wetting adjacent heads which
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Figure ����� Types of sprinkler head de
ectors� Side Wall� Conventional and Spray�

Range
Pipes

        Sprinkler
Heads

Figure ����� Square or Rectangular spacing of sprinkler heads�
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might result in the cooling of these heads and so prevent their opening�

Sprinklers are suitable protection for all domestic and most industrial and

commercial buildings� They have traditionally been used to protect property� Their

ability to protect life is now also being increasingly recognized� With a few special

exceptions sprinklers should be installed throughout a building because sprinkler

systems are designed to control small �res and not designed to control large �res

which have developed and spread from an unprotected area�

������ Pipework And Water Supply

Pipework above ground is normally medium grade steel tube� Pipes have di
erent

names according to their position in the system� Range pipes are pipes on which

sprinklers are attached either directly or via short arms� Distribution pipes are

horizontal pipes feeding range pipes� Risers are vertical pipes connecting installation

valves with distribution pipes� or range pipes with distribution pipes� See �gure

������ for an illustration of these pipes in the sprinkler system� The sizes of these

pipes are determined by hydraulic calculations� either individually or by reference

to precalculated tables to achieve the designed discharge density over the assumed

maximum area of operation� They vary according to where they are positioned

in the installation and the degree of hazard the installation is designed to meet�

Typical sizes are ��	�� mm internal bore for range pipes and ��	��� mm internal

bore for risers and distribution pipes� see FPA ������ for a more comprehensive

speci�cation�

Every automatic sprinkler system must have at least one water supply with

adequate pressure and volume to meet its demand� The standards provide a guide

to the amount of water required� For a light hazard occupancy the amount of

water required varies from ����l	min for a small system to ����l	min for a large

installation� Ordinary hazards require from ����l	min to ����l	min� or even more�

Water supplies for a sprinkler system need to be reliable� at a suitable pressure�
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Figure ����� Sprinkler system 	 general layout�

and be able to supply a su�cient 
ow of water� long enough� to �ght the largest

expected �re�

Pressurized water for a sprinkler installation may be obtained from one or

more of� Town mains� preferably fed from both ends� Gravity tank or elevated

private reservoir where pressure is supplied by the height of the supply above the

control valves�

������ Factors A�ecting Sprinkler Operation

The temperature of operation is not constant even for similar sprinkler heads �sprin	

kler heads for the same hazard class�� Several factors play an important role in the

variation of the operating temperature of similar sprinklers� According to Nash

������ these factors are�

�� Actual operating temperature of sprinkler

�� Thermal capacity of those parts of the sprinkler which a
ect operation
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�� Ease of transfer of heat from the air to the a
ected parts of the sprinkler

�� Rate of growth of the �re in terms of its convective heat output

�� Height of the ceiling below which the sprinkler is mounted

�� �Shape� of the ceiling� e�g� 
at� paneled� concave� north	light

�� Thermal qualities of the ceiling assembly

�� Distance between sprinkler and ceiling

�� Horizontal distance of sprinkler from the �re

��� Any extraneous factors a
ecting the pattern of 
ow of the hot gases from the

�re to the sprinkler� e�g� lift shafts and staircases� or venting arrangements

��� Rate of rise of air temperature surrounding the sprinkler�

Factors ���� ��� and ��� are controlled by the design of the sprinkler� Factor ��� de	

pends upon the type of combustible material involved in the �re� method of stacking�

aeration� etc� and can vary enormously with di
erent classes of occupancy and types

of goods� Factors ���� ���� ���� ���� ��� and ���� are controlled by the design of the

building and the layout of the sprinkler array� Their in
uence� and that of factor ���

will result in the speci�c value of factor ���� which will determine� in conjunction

with factors ���� ��� and ���� the actual time of operation of the sprinkler after the

start of the �re�

The glass bulbs are made and �lled in various ways by di
erent manufactur	

ers� The quantity of liquid in them� the thickness of glass in the walls� the shape of

the bulbs and the type and condition of the glass used� can vary quite widely be	

tween manufacturers and between the bulbs made to any one �nominal temperature

rating� by one manufacturer� These disparities result in a variation of the actual

operating temperatures of di
erent samples of the same type of sprinkler�
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Glass bulbs are also subject to some degree of �aging� or crystallisation of the

glass under the compression of the assembly and water pressure forces within the

sprinkler� this may also� in time� further increase the range of operating temperatures

of sprinklers of one nominal rating� Some glass bulb manufacturers include special

devices in their bulbs to ensure uniform and regular operation� For example� carbon

particles or a coil of wire in the liquid of the bulb will tend to ensure operation at

a speci�c temperature� regardless of the rate of rise of temperature�

In the case of soldered	strut type sprinklers� the solder used for the struts is

usually a eutectic alloy of low melting point components� generally bismuth� lead

and tin� with small quantities of cadmium� silver and antimony according to the

melting point required� The eutectic point is sharply de�ned and a small change

in the composition of the alloy can result in a relatively large change in its melting

point 	 and hence in the operating temperature of the sprinkler�

Aging of the solder can also produce variations� The �rst of these is due

to the migration of one or more of the metallic components of the solder into the

parent metal of the strut� with a consequent increase in the melting point of the

remainder� In one extreme case of a soldered	strut type sprinkler manufactured

in ����� the Fire Research Station found in ���� that this would not operate after

prolonged heating because the solder had migrated completely into the parent metal

of the strut so that the latter had become virtually a single piece� In other cases�

the crystallisation of the solder 	 to which these fusible alloys are particularly prone

	 has weakened the solder to such an extent that it has collapsed under non	�re

conditions�

���� Conclusion

There is a recognition that sprinklers provide a reliable method of controlling �re

spread and raising the alarm� hence� their installation can mean that a lower stan	

dard of structural �re precautions is acceptable than would otherwise be necessary
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for building types which exceed normal compartment size limits� Still adequate

means of escape must be provided� but a good case can be made for fewer and

larger �re	resisting compartments �or compartments of a lower �re resistance stan	

dard� if sprinklers are provided� Greater 
exibility in the construction of building

and layout of plant can be achieved at the design stage of new projects if sprinklers

are incorporated�

Two common factors in large �res are a delay in the discovery of the �re

�because the premises were unoccupied� and�or a delay before �re �ghting begins�

Sprinklers overcome both factors and are thus extremely successful in keeping in	

cipient �res small and 
ame damage to a minimum�

An automatic link between the sprinkler system and the �re brigade or a

central alarm depot reduces the possibility of unnecessary water damage resulting

from delay in calling the �re brigade to �res in unoccupied premises� For even if the

�re took ten minutes to respond and if the �re was small enough for the sprinkler

to extinguish the 
ame then ����s if not �����s of litres of water would be dumped

from the sprinkler into the compartment possibly causing an enormous amount of

water damage�

In order to reduce the water damage after the �re is extinguished� we propose

the use of solenoid valves to vary the water spray rate according to the burning rate

inside the compartment�
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Chapter ��

Optimal Control

���� Introduction

Optimal control is about controlling a system in some �best� way� The optimal con	

trol strategy will depend on what is de�ned as the best way� This is usually achieved

in terms of a performance index or criterion� For example consider sprinklers try	

ing to extinguish a �re inside a compartment� A control problem would be that of

choosing a set of parameters �rate of water spray� the number of sprinklers� so that

some aim is achieved ��re is extinguished�� An associated optimal control problem

would be to choose the controls to achieve the aim with� for example� minimum

water or minimum time�

���� Functionals

A large number of problems involve �nding� subject to varying constraints� an ex	

tremum value of an integral of the form

J �
Z t�

t�

F �x� &x� t�dt ������

where F depends on the function x�t�� its derivative &x � dx	dt and the independent

variable t� The function x�t� is the evolution of the system and is de�ned for
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to � t � t�� For a given function� say x�t� � x��t�� equation ������ gives the

corresponding value of J � say J � J�� For a second function� say x�t� � x��t��

equation ������ gives a value of J say J � J�� In general J� �� J�� and we call

integrals of the form ������ functionals�

The above problem is solved using a branch of mathematics known as Vari�

ational Calculus�

If the function x�t� is to have an extremum value� F must satisfy the equation

Fx � d

dt
�F 
x� � � ������

where Fx means �F	�x and F 
x means �F	� &x� Equation ������ is known as Euler�s

equation� For a more extensive discussion of Euler�s equation see Burghes and

Graham �������

���� General Problem

Using Variational calculus it is possible to de�ne and solve the general optimal con	

trol problem when the controls are continuous and unbounded� Often� the problem

is to �nd the optimal control u�t�� where u is a function of t� which yields extremal

values of

J �

Z t�

�
f��x�u� t�dt

subject to the di
erential constraint equations

&xi � fi�x�u� t� �i � �� �� ���� n�� ������

where x �  x�x����xn!�� and u �  u�u����um!��

We introduce the Lagrange multipliers� say pi�i � �� �� ��� n� usually called

the adjoint variables and form the augmented functional

J� �

Z t�

�
ff� #

nX
i��

pi�fi � &xi�gdt�
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We also de�ne the Hamiltonian� H� as

H � f� #
nX
i��

pifi

so that

J� �
Z t�

�
�H�

nX
i��

pi &xi�dt�

The integrand F � H �Pn
i�� pi &xi depends on x� u and t� and we form �n # m�

Euler equations� namely

�F

�xi
� d

dt
�
�F

� &xi
� � � �i � �� �� ���� n�

that is�

&pi � ��H
�xi

������

which are known as the adjoint equations� and

�F

�uj
� d

dt
�
�F

� &uj
� � � �j � �� �� ����m�

that is�
�H

�uj
� �� ������

The optimal solution for x� u and p �  p�� p�� ���� pn!� is determined from the ��n#m�

equations given from ������� ������ and ������� If we assume the boundary conditions

xi��� �i � �� �� ���� n� and xl�t�� �l � �� �� ���� q� are given� then the remaining values

xq���t��� xq���t��� ���� xn�t�� are free� and so we can apply the free end point condition

�F

� &xi
� � �k � q # �� q # �� ���� n� at t � t��

A more detailed explanation of the General Optimal Control problem can be found

in Burghes and Graham �������

���� Pontryagin
s Principle

In the above explanation we dealt with optimal control problems� where the controls

were continuous and no restrictions were put on the range of possible values of the

���



controls� For many practical applications� the control will be bounded� and it might

well be possible to have discontinuities in the control values�

Pontryagin and his colleagues published a general principle �referred to as

a minimum principle� which deals not only with continuous controls but also with

unbounded and possibly discontinuous controls� Pontryagin�s minimum principle

states that on the optimal control the Hamiltonian� H� is minimised with respect to

the control variable� u� Hence for discontinuous and�or bounded control variables

the optimal control is obtained by minimising the Hamiltonian with respect to the

control variable� This can occur at the boundary of the control region�

A typical example of a discontinuous control variable is the Bang�Bang con�

trol which is a control which has a switch �discontinuity� at time t � td and the

control takes only its maximum and minimum values�
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Chapter ��

Optimal Control of Sprinklered

Compartment Fires

���� Introduction

Compartment �res are de�ned as �res in enclosed spaces� typically thought of as

rooms in buildings� As presented by Hasofer and Beck ������� the three most

important physical factors which describe a compartment �re appear to be the gas

temperature� the burning rate� and the oxygen concentration inside the room�

The gas temperature� T � inside a compartment is discussed usually in growth

stages� All �res manifest an ignition stage but� beyond that� may fail to grow

through all or some of the growth stages listed in Tat and Hasofer �������

The burning rate� R� is an ambiguous� though useful expression� Quantita	

tively� it is expressed either as a mass loss rate� kg	min� or as a heat release rate�

kW�

Most �res draw their oxygen� O�� from the air� which is a mixture of ap	

proximately �� percent oxygen� �� percent nitrogen and � percent other gases� If a

�re is burnt in a closed room the oxygen will gradually be used up and the �re will

eventually diminish� If no additional supply is available� the �re will die out once the
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oxygen concentration reaches about � percent� However� if a limited but continuous

supply is provided �which is often the case� the �re will smolder� Smoldering causes

the fuel to vaporise into 
ammable gases that are only partly burned� since there is

not enough oxygen for complete combustion�

Figures ������ and ������ show the three factors �T � R� and O�� along in time

as the �re inside a standard compartment develops� The data was obtained from

a run of the NRCC model using the input parameters used by Hasofer and Beck

�������

The oxygen concentration a
ects the growth of the �re at time t � ��� min�

At this time the gas temperature inside the room is over ���oC and the room has

already reached 
ashover� thus most of the damage by the �re has already been

done� To prevent 
ashover inside a compartment� one measure of �re safety used is

the installation of wet pipe sprinklers throughout a building�

���� Wet Pipe Sprinklers

The automatic sprinkler system is one of the most e
ective means of �re protection

for both life and property� There is no doubt that increased application of sprinkler

protection throughout a building can signi�cantly reduce �re losses� The main

function of a sprinkler is to detect and control a compartment �re� in the early

stages� before it spreads beyond a limited area� and develops into a 
ashover �re�

By far the most common sprinkler system is the wet pipe type� A wet

pipe sprinkler system consists of an automatic sprinkler attached to piping that

holds water� and the pipes are connected to a water supply with adequate pressure

and volume to meet its demand� When heat melts the sprinkler�s fusible element�

water is discharged immediately� extinguishing any �re in the area� One of the

signi�cant extinguishing properties of water is cooling� see Marryatt ������ for the

other extinguishing properties of water� Water cools the surface of the combustible

material to below the point at which the material can produce vapor to support
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combustion� Water also absorbs the heat of combustion so that other material in

the vicinity of the �re is not heated to participate in combustion� For water to have

the maximum absorption e
ect it must reach the �re as droplets� This is because

all things being equal the rate of heat transfer is proportional to the free surface of

the liquid�

Present �re sprinklers are designed to activate when the temperature inside

the sensor reaches a certain temperature� Once the sprinklers are activated they

continue to spray water at a constant rate until the �re brigade arrives and turns

the water tap o
 when they believe the �re is out�

With sprinklers operating in this way we can have two major problems� One

is that if the sprinklers fail to activate� the �re will grow to 
ashover� damage the

entire compartment and put at risk the other compartments in the building� On the

other hand if the sprinklers are activated and spray out the �re� they are generally

left on far too long� and the water causes a lot of property damage as well�

���� Property Damage

In the �re literature property damage� PD� in the event of a �re is categorised into

three classes�

� Flame damage� FD� due to the 
ames of the �re�

� Water damage� WD� due to the water from sprinklers and

� Smoke damage� due to the smoke produced by the �re�

In this paper we will concentrate on the property damage due to 
ame damage and

water damage� We will assume that property damage can be written as a linear

sum of the 
ame and water damages�

PD � �FD # �WD ������

where � and � are some calibration parameters�
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Ramachandran ������� proposed an exponential model for 
ame damage�

Ramachandran states that experimental evidence supports the scienti�c theory that

heat output of a �re increases as an exponential function of time� t� and this implies

that the area damaged by direct burning� 
ame damage area� has an exponential

relationship with duration of burning�

A�t� � A��� exp �ata # �btb!

where A�t� is the 
oor area damaged in t minutes since ignition� A��� is the 
oor

area initially ignited� �a is the �re growth parameter and ta is the time� from time

of ignition to the time of �re brigade arrival at the scene of �re� �b is the �re growth

parameter and tb is the time� �re brigade arrival at the scene of �re to the time

when the �re is brought under control�

Using the 
ame damage model proposed by Ramachandran we can de�ne

the 
ame damage when sprinklers are involved as�

A�t� � A��� exp �iti # �sts! ������

where �i is the �re growth parameter and ti is the time� from time of ignition to the

time of sprinkler activation and �s in this case is the �re growth parameter and ts is

the time� from time of sprinkler activation to the time when the �re is extinguished�

In the survey of the �re literature� there was no mention of a quantitative

model for water damage� We will consider two functions of the water spray rate

to quantify water damage� First we will assume water damage to be directly pro	

portional to the integral of the water spray rate� This is because it makes sense

to assume the water damage to be proportional to the total amount of water dis	

charged� Secondly we assume water damage to be proportional to the integral of

the square of the water spray rate� This is because when the sprinkler is activated

the discharged water will absorb the heat produced by the �re� vaporise into steam

and escape with the smoke� resulting in very little water damage at the start� Then
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as the �re is brought under control the surplus water will increase and cause the

water damage to increase� hence the non linear function�

As cleaning up water damage is probably just as expensive as 
ame damage�

one way to minimise the water damage would be to install �re sprinklers which can

vary the amount of water being sprayed� As mentioned in chapter ���� one way

of varying the amount of water would be by controlling the water 
ow rate using

solenoid valves which are connected to a computer� Minimising the water damage is

a problem of optimal control� which is a branch of mathematics very well researched�

A brief review of the theory of optimal control was presented in the previous chapter�

���� Interaction of Burning RateWith Water Discharge

Rate

Let R�t� be the burning rate and u�t� be the rate of discharge of water at time t�

To model the use of a wet pipe sprinkler inside a compartment �re we would like

the sprinkler to activate once the gas temperature reaches a given temperature� say

Tact at time tact� This would correspond to a burning rate R�� If the water 
ow and

pressure is adequate to reduce the burning rate� we would assume that the burning

rate will start decreasing from R� to become zero� �re extinguished� at time text�

From the NRCC model graphed in �gures ������ and ������ the burning rate

has an approximate exponential growth until the oxygen concentration becomes

important� This occurs when the gas temperature inside the compartment is over

���oC� Since the activation temperature of the ordinary sprinkler is to be taken

as ����oC� as given by Bush and McLaughlin ������� and this is well below the

���oC� it seems reasonable to assume that the uncontrolled burning rate increases

exponentially with time� This assumption is also made in the Madrzykowski and

Vittori equation� Madrzykowski and Vittori ������ and the NIST equation� Fleming
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������� Thus the uncontrolled burning rate can be modelled by the equation

dR

dt
� �R ������

where � is a positive constant�

We further assume that the sprinkler e
ect is to reduce the change in burning

rate proportionally to the rate of water 
ow� We make this assumption as the

availble results are not suited for modelling the relationship between the burning

rate and the water spray rate� Equation ������ can be modi�ed to

dR

dt
� �R� �u ������

where � is a positive constant and � � u � Umax� where Umax is the maximum 
ow

rate determined by size of the pipe� as given in section ���������

Using the NRCC model� when we take the Tact to be �����C for an ordi	

nary sprinkler� this corresponds to the sprinkler activating at approximately tact �

��� min and at this stage the burning rate is approximately R � ��� kg	min�

���� Optimal Control of Sprinklers

The time to control or reduce the burning rate� R� of a compartment �re is dependent

on the activation time and the time required for the suppression agent to become

e
ective� If the suppression agent is not capable of reducing the burning rate we get

limited control� However� if the suppression agent is capable of stopping the burning

rate from increasing due to the �re� then we get control and if the suppression

agent is capable of decreasing the burning rate then we get extinguishment� This is

illustrated in �gure ������� The shape of the R curve following tact will be determined

by the agent and type of system� The paths sketched are there to indicate that R

can continue to increase� level out or decrease�

As mentioned� it would be useful to have the optimum amount of water to

extinguish the �re with the minimum amount of water damage� The solution of the
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Figure ����� Burning rate versus time of a compartment �re with an automatic
sprinkler

optimal control problem produces the function to be used to vary the amount of

water being sprayed�

���	�� Water damage proportional to total amount of water

If we assume that water damage is directly proportional to the total amount of

water discharged from the sprinklers� our functional� �see the previous chapter for

the de�nition of a functional� would be the integral of the water discharge�

J �
Z �

tact
u�t�dt� ������

Given R�t � tact� � R�� where tact is the time when the sprinkler has activated and

text is the time when the �re is extinguished� and R is free at t � �� i�e� text � ��

We need to calculate u�t�� tact � t � �� such that the functional is minimised�

subject to the equation ������

dR

dt
� �R� �u�

Since there is no restriction on R at the upper end point the optimal control

problem is a free end point optimal control problem� see Burghes and Graham ������

���



pg� ���� The free end point solution curve will also be the solution to the �xed end

point problem which has the same values as the free end point solution� it will also

satisfy the Euler Equation� see Burghes and Graham ������ pg� ����

We use the classical Hamiltonian approach to �nd the function u�t� to ex	

tinguish the �re with the minimum amount of water� If we introduce a Lagrange

multiplier� say p� we can de�ne the Hamiltonian� H� as

H � u # p��R� �u��

Using Euler�s equation ������ we get &p � ��H	�R � �p�� Hence

p � p�e
��t�

Since we are treating this problem as a free endpoint problem we apply the transver	

sality condition p��� � � which is automatically satis�ed� see Burghes and Graham

������ pg� ���� So the Hamiltonian can be written as

H � u��� �p�e
��t� # p��Re

��t�

Using Pontryagin�s principle� on the optimum control the Hamiltonian must be

minimised� As H is a linear function of u� when we try to minimise H with respect

to u it will attain its minimum value at the boundary� either at u � � or u � Umax�

� Case �

��� �p�e
��t� � �

From �gure ������� H is a minimum when u � �� hence

Uopt � ��

When Uopt � � equation ������ becomes

dR

dt
� �R�

The general solution to this equation is R � Ce�t� In this case R will increase

to in�nity unless C � �� This solution will apply for t � text�

���
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� Case �

��� �p�e
��t� � �

From �gure ������� H is a minimum when u � Umax� hence

Uopt � Umax�

If we take tact to be the reference point t � � and Uopt � Umax equation ������

becomes
dR

dt
� �R� �Umax�

The general solution to the above equation is

R � Ke�t #
�

�
Umax�

Using the initial condition R�t � �� � R�� we can solve for K�

K � R� � �

�
Umax�

Hence

R �

���
��

�R� � �
�Umax�e�t # �

�Umax when � � t � text

� when t � text�
������

The burning rate will go to zero provided Umax � �R�	�� This condition forces

the coe�cient of the exponential to be negative� The burning rate given by

equation ������ is sketched in �gure �������

By rearranging equation ������ and substituting R � � we can calculate the

time for the burning rate� R� to go to zero

text �
�

�
ln 

�
�Umax

�
�Umax �R�

!� ������

The optimal solution is of the Bang	Bang type

u �

���
��

Umax when � � t � text

� when t � text�
������

The Bang	Bang solution of u is illustrated in �gure �������
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Hence the optimum value of the water damage� J � can be obtained by substituting

equation ������ into the integral equation �������

Jopt � Umaxtext�

���	�� Water damage proportional to the integral of the square of

the water �ow rate

Let R�t� be the burning rate at time t and u�t� be the rate of discharge of water at

time t� The functional can be written as the integral of the square of the water 
ow

rate

J �

Z �

tact
 u�t�!�dt�

As before� R�t � tact� � R�� where tact is the time when the sprinkler has activated�

text is the time when the �re is extinguished� and R is free at t � �� i�e� text � ��

We need to calculate u�t�� tact � t � �� such that the functional is minimised�

subject to
dR

dt
� �R� �u ������

and

� � u � Umax�

Since there is no restriction on R at the upper end point we have an optimal

control problem with an upper free end point� Introducing the Lagrange multiplier�

p� the Hamiltonian� H� is de�ned as

H � u� # p��R� �u��

From Euler�s equation ������ &p � ��H
�R � �p�� Hence

p � p�e
��t�

Here again the transversality condition p��� � � is automatically satis�ed and the

Hamiltonian can be written as

H � u� � ��p�e
��t�u # p��Re

��t�

���
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Figure ����� Sketch of the Hamiltonian with respect to u

The Hamiltonian is a quadratic in u� The location of the turning point has four

di
erent cases� The sketch of the appropriate curve is given in �gure ������� For

this quadratic the minimum is at

Uopt �
�

�
p�e

��t

where p� must be positive for a meaningful solution�

If we take tact to be the reference point t � � and Uopt � p�	� equation

������ becomes

dR

dt
� �R� �

p�

�
�

� �R� ��

�
p�e

��t� �������

The general solution to equation ������� is

R � Ke�t #
��

��
p�e

��t�

Using the initial condition R�t � �� � R�� K � R� � ��p�	���

R �

���
��

R � �R� � ��


�p��e
�t # ��


�p�e
��t when � � t � text

� when t � text�
�������

���
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For R not to increase to in�nity� we must have p� � ��R�	�
�� By rearranging

equation ������� and substituting R�t � text� � � we can calculate the time for the

burning rate� R� to go to zero

text �
�

��
ln 

p�

p� � � �
��
R�

!�

Using the initial conditions we obtain

p� �
��R�e

�text

���e�text � e��text�
�

Substituting p� into R�t�

R � �R� � R�e
�text

e�text � e��text
�e�t # �

R�e
�text

e�text � e��text
�e��t� �������

For equation ������� not to increase to in�nity� we must have

e�text

e�text � e��text
� �

which is always true� See �gure ������ for the graphical illustration of equation

�������� Now substituting p� into Uopt

Uopt �
�R��e

��t

���� e���text�
�������

provided

Uopt��� � �R��

�
� �������

Hence the maximum value of Uopt� Umax is given by

Umax �
��R�

���� e���text�
� �������

We can now write

Uopt �

���
��

Umaxe
��t when � � t � text

� when t � text�
�������

See �gure ������� for the graphical illustration of equation ��������

Hence the optimum value of the water damage� J � is Jopt

Jopt �
Umax

��
��� e���text� �

R�

�
�

���



���� Discussion

A large percentage of building �res require only a small number of sprinkler heads

in operation� According to Marryatt ������� of �res where automatic sprinkler

systems have been involved in Australia and New Zealand �����$ of �res required

only one sprinkler head in operation and �����$ of �res required two or fewer

sprinkler heads for extinguishment or control� Marryatt ������� supports a quote

from the N�F�P�A� Handbook� �� Edition� that �Fear of water damage comes in

part from the thoughtless emphasis placed upon water damage in news reports of

�res�� However� a large percentage of �res� �according to him about ��$� are small

�res� and the water damage in these cases is far more extensive than the 
ame

damage� In this chapter we proposed the use of sprinkler heads with a solenoid

valve connected to a computer which will continue spraying water only until the

�re is extinguished� In this way we can optimise the amount of water used and

minimise the water damage� Further research and experimentation is required to

estimate the parameters of these models and to evaluate their appropriateness� In

addition research is needed to clearly de�ne water damage and develop appropriate

equations to quantify water damage� For building owners and insurance companies

this is an area of research which has the potential to save millions of dollars�

���



Part IV

THESIS CONCLUSION
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The �rst two parts of this thesis has tried to satisfy the growing need to

develop more realistic models which couples deterministic and stochastic methods to

take account of uncertainties governing the growth of actual �res in compartments�

In the �nal part of the thesis we have provided a solution to address the need to

minimise water damage in small compartment �res with sprinklers�

In part � of the thesis I have covered the stochastic models suggested by

Ramachandran ������� The epidemic models would have been interesting to de	

velop and apply as they are rich in theory� However� for �re growth in buildings

they have limited physical interpretation� The percolation and contact processes

as a �rst approximation to �re spread appear �ne� but these models are studied

using asymptotic theory� as n approaches in�nity� Since there are a small number

of compartments and levels in a building these processes were not applicable for �re

spread� In the �nal chapter of part � we present a method for converting deter	

ministic equations to stochastic equations as the theory of deterministic models are

extensive�

In part � of the thesis we have developed three deterministic models based on

the three main factors a
ecting the growth of compartment �res� The �rst model

is a one zone fuel driven model� This model does not incorporate the e
ect of

decreasing oxygen in compartments� which is a critical factor in compartment �res�

The second model is an oxygen driven model which is converted to a stochastic model

using the method in part �� This model is run through a Mounte Carlo simulation

to calculate the upper quartile of the heat load� The upper quartile of heat load

is calculated using the non	parametric statistic W	Test� This second model has a

tedious optimisation algorithm to calculate the parameters of the model� The third

model is also a one zone oxygen driven with simpler equation to solve� The equations

are simpli�ed by assuming that the oxygen fraction rate is dependent on the burning

rate and the incoming oxygen� and the rate of change in burning rate increases with

burning rate increase and oxygen fraction increase� These two equations are solved

���



together� The rate of change of temperature is assumed to increase with burning rate

and decrease with heat loss� where the heat loss is assumed to be a linear function of

temperature� The advantage of this model is that this model has fewer parameters

to evaluate� and even more� the estimation of the parameters is extremely simple

and quicker than the optimisation algorithm in Hasofer and Beck ������� As a result

this model is easier and quicker to use in Monte Carlo simulations for probabilistic

�re risk analysis�

In part � of the thesis we use optimal control theory to model the water spray

rate from sprinklers to minimise the water damage in small compartment �res� The

results show that the use of sprinkler heads with a solenoid valve connected to

a computer which will continue spraying water only until the �re is extinguished

will reduce the water damage in small �res� For building owners and insurance

companies this is an area of research which has the potential to save them millions

of dollars�

A problem with this thesis is the intended use of the developed models� It is

relatively easy to include or remove e
ects from a model� making it more complex

or simple as a result� However� methodological guidance is needed in making such

choices� The choice of the degree of approximation is very much helped by knowing

how the model is to be used� the output required of it and the quality and availability

of its sources of data� In this thesis� a number of alternative models are proposed

and described� but there is little basis given for comparison between them� as to

the preferred context� for instance� of their use� In practice� it would be important

that the parameters required for a model should be derivable from real data� Here�

however� parameters have been generated arti�cially by �tting the model results

to the results of a more complex computer model� The necessary connection with

real data is absent� Without this being present� changing from deterministic to

stochastic does not� on the face of it make sense� except as a demonstration that it

can be done�

���



We have taken the approach we have in this thesis due to a lack of exper	

imental and statistical data� We must remember that experimental data for com	

partment �res is very costly and hence slow coming� However� with all these models

further research and analysis of experimental and statistical data is still necessary

for applying and validating these models to practical problems in �re safety�

���
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Appendix A

Simulation of Oxygen Driven

Compartment Fire Model

FPAR


list�alpha � ���� beta � ������� gamma � ��������� rho � �����

sigma � �����e����� delta � ��������� mu � ����� k � ����� k� � ����

BMAX � ������ RDECAY � ������ time � ��� R� � ���� frac � �� dt � ����

FCURVE


function�FPAR�� tmax� dt�

�

FPAR �� FPAR�

alpha �� FPAR�alpha

beta �� FPAR�beta

gamma �� FPAR�gamma

sigma �� FPAR�sigma

delta �� FPAR�delta

rho �� FPAR�rho

mu �� FPAR�mu

���



k �� FPAR�k

k� �� FPAR�k�

BMAX �� FPAR�BMAX

RDECAY �� FPAR�RDECAY

time �� tmax � FPAR�time

R� �� FPAR�R�

n �� round�time
dt� ��

tt �� rep��� n�

GT �� rep��� n�
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Appendix B

Optimisation Algorithm for

Oxygen Driven Compartment

Fire Model
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Appendix C

Stochastic Oxygen Driven

Compartment Fire Model
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Appendix D

Simulation of Stochastic Oxygen

Driven Compartment Fire

Model for Heat Load
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Appendix E

NRCC Data
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Appendix F

Parameter Estimation For

Simpli�ed Oxygen Driven

Compartment Fire Model
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Appendix G

Two Variable Model for

Comartment Fires
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