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1 Introduction
The problem of studying the quasilinearity properties of functionals associated with
some celebrated inequalities such as the Jensen, Cauchy-Bunyakowsky-Schwarz, Holder,
Minkowski and other famous inequalities has been investigated by many authors during
the last 50 years.

In the following, in order to provide a natural background that will enable us to construct
composite functionals out of simple ones and to investigate their quasilinearity properties,
we recall a number of concepts and simple results that are of importance for the task.

Let X bealinear space. A subset C C X is called a convex cone in X provided the following
conditions hold:

(i) x,ye Cimplyx+ye C;

(i) x€ C,a >0 imply ax € C.

A functional /1 : C — R is called superadditive (subadditive) on C if

(iii) A(x+y) > (<) h(x) + h(y) for any x,y € C
and nonnegative (strictly positive) on C if, obviously, it satisfies

(iv) h(x) > (>) 0 for each x € C.

The functional / is s-positive homogeneous on C for a given s > 0 if

(v) h(ax) = a*h(x) forany e >0 and x € C.

If s = 1, we simply call it positive homogeneous.

In [1], the following result has been obtained.

Theorem 1 Let x,y € C and h: C — R be a nonnegative, superadditive and s-positive
homogeneous functional on C. If M > m > 0 are such that x — my and My — x € C, then

M°h(y) > h(x) > m*h(y). (L.1)
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Now, consider v: C — R an additive and strictly positive functional on C which is also
positive homogeneous on C, i.e.,

(vi) v(ax) = av(x) forany o« >0 and x € C.

In [2] we obtained further results concerning the quasilinearity of some composite func-

tionals.

Theorem 2 Let C be a convex cone in the linear space X and v : C — (0,00) be an additive
functional on C. If h: C — [0,00) is a superadditive (subadditive) functional on C and
p,q>1(0<p, q<1), then the functional

Uy, C—[0,00), W, () = K™ () (12)
is superadditive (subadditive) on C.

Theorem 3 Let C be a convex cone in the linear space X and v : C — (0, 00) be an additive
functional on C. If h: C — [0,00) is a superadditive functional on C and 0 < p,q <1, then
the functional

1
Vq(l—;)(x)

®,,:C—[0,00), D, q(x) = )

1.3)

is subadditive on C.
Another result similar to Theorem 1 has been obtained in [2] as well, namely

Theorem 4 Let x,y € C, h: C — R be a nonnegative, superadditive and s-positive homo-
geneous functional on C and v be an additive, strictly positive and positive homogeneous
functional on C. If p,q > 1 and M > m > 0 are such that x — my, My —x € C, then

1 1
qu+q(1 ”)‘I’p,q()/) > “I"p,q(x) > msq+q(1 p)\pp’q(y), (1'4)
where W, , is defined by (1.2).

As shown in [1] and [2], the above results can be applied to obtain refinements of the
Jensen, Holder, Minkowski and Schwarz inequalities for weights satisfying certain condi-
tions.

The main aim of the present paper is to study quasilinearity properties of other com-
posite functionals generated by monotonic and convex/concave functions and to apply

the obtained results to improving some classical inequalities as those mentioned above.

2 Some general results
We start with the following general result.

Theorem 5 (Quasilinearity theorem) Let C be a convex cone in the linear space X and

v:C — (0,00) be an additive functional on C.
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(i) Ifh:C — [0,00) is a superadditive (subadditive) functional on C and
® : [0,00) — R is concave (convex) and monotonic nondecreasing on [0, 00), then the
composite functional ne : C — R defined by
h(x)
No(x) := v(x)®| —— (2.1)
v(x)
is superadditive (subadditive) on C.
(i) Ifh:C — [0,00) is a superadditive (subadditive) functional on C and
d: [0,00) — R is convex (concave) and monotonic nonincreasing on [0,00), then the
composite functional ne is subadditive (superadditive) on C.

Proof (i) Assume that / is superadditive and @ : [0,00) — R is concave and monotonic
nondecreasing on [0, 00). Then

h(x +y) > h(x) + h(y) foranyx,yeC,

and since v(x + y) = v(x) + v(y) for any x,y € C, by the monotonicity of ®, we have

hix+y)\ _ hx +y)
q’(v(xw)) - q’(v(x)w(y))

. q)(h(x) +h(y>>
- v(x) + v(y)
v(x) - h + v(y) -5 h(y)
- d’( ) 22
foranyx,y e C.
Now, since @ : [0,00) — R is concave,
v(x) - ff(x + v(y)
CD( v(x) + v(y) )
v(x)cp(’;g ) + v(y) c1>(
v(x) + v(y)
V(@) D(29) + v(y) D(5H)
= (2.3)
v(x +y)

for any x,y € C.
Utilizing (2.2) and (2.3), we get

Hx ) ®) h()
V(“”q’<v(x+y)>— W(x) (()> @)@(V—w) 2.4)

for any w,y € C, which shows that the functional 14 is superadditive on C.

Now, if #: C — R is a subadditive functional on C and ® : [0,00) — [0, 00) is convex
and monotonic nondecreasing on [0, 00), then the inequalities (2.2), (2.3) and (2.4) hold
with the reverse sign for any x,y € C, which shows that the functional 7¢ is subadditive
on C.

(ii) Follows in a similar manner and the details are omitted. O

Page3of 13
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Corollary 1 (Boundedness property) Let C be a convex cone in the linear space X and
v:C — (0,00) be an additive and positive homogeneous functional on C. Let x,y € C and
assume that there exist M > m > 0 such that x — my and My — x € C.
(@) Ifh: C— [0,00) is a superadditive and positive homogeneous functional on C and
d: [0,00) — [0,00) is concave and monotonic nondecreasing on [0, 00), then

Mno(y) = ne(x) = mne(y). (2.5)

(aa) Ifh:C — [0,00) is a subadditive and positive homogeneous functional on C and
d : [0,00) — [0, 00) is concave and monotonic nonincreasing on [0,00), then (2.5)

is valid as well.

Proof We observe that if v and / are positive homogeneous functionals, then ¢ is also a
positive homogeneous functional, and by the quasilinearity theorem above, it follows that
in both cases 14 is a superadditive functional on C. By applying Theorem 1 for s = 1, we
deduce the desired result. O

Remark 1 (Monotonicity property) Let C be a convex cone in the linear space X. We say,
forx,y € X, thatx >¢ y (x is greater than y relative to the cone C) if x—y € C. Now, observe
that if x,y € C and x >¢ y, then under the assumptions of Corollary 1, by (2.5), we have
that ne(x) > n¢(y), which is a monotonicity property for the functional 7¢.

There are various possibilities to build such functionals. For instance, for the finite fam-
ilies of functionals v; : C — (0,00) and %, : C — [0,00) with i € I (I is a finite family of
indices) and @ : [0,00) — R is concave/convex and monotonic, then the composite func-
tional o0g: C — R defined by

oo (x) = Zvi(x)fb<hi(x)) (26)

iel vi(x)

has the same properties as the functional 1.
If, for a given cone C, we consider the Cartesian product C" := C x --- x C C X" and
define, for the vector x := (xy,...,%,) € C", the functional wg : C" — R given by

oo (X) = ZV(xi)“D(M), (2.7)

i v(x:)

where v and /4 defined on C are as above, then we observe that @ has the same properties

as Ne.-
There are some natural examples of composite functionals that are embodied in the

propositions below.

Proposition 1 Let C be a convex cone in the linear space X and v : C — (0,00) be an
additive functional on C.
(i) Ifh:C— (0,00) is a superadditive functional on C and r > 0, then the composite
functional n,: C — (0,00) defined by
[v(x)]""

n(x) := T (2.8)

_r®

e is subadditive.

is subadditive on C. In particular, n;(x)

Page 4 of 13
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(i) Ifh:C — [0,00) is a superadditive functional on C and q € (0,1), then the
composite functional 14 : C — [0, 00) defined by

ng () = [v@)] [h)]? (2.9)

is superadditive on C. In particular, n15(x) = /v(x)h(x) is superadditive.
(iti) Ifh:C — [0,00) is a subadditive functional on C and p > 1, then the composite
functional n, : C — [0,00) defined by

[

T @)t

np(x) : (2.10)

12 (x)

X is subadditive.
x)

is subadditive on C. In particular, ny(x) =

Proof Follows from Theorem 5 for the function ® : (0,00) — (0,00), ®(£) = £* which is
convex and decreasing for s € (—00,0), concave and increasing for s € (0,1) and convex

and increasing for s € [1, 00). The details are omitted. O

The following boundedness property also holds.

Corollary 2 Let C be a convex cone in the linear space X and v : C — (0, 00) be an additive
and positive homogeneous functional on C. Let x,y € C and assume that there exist M >
m > 0 such that x — my and My —x € C. If h : C — [0,00) is a superadditive and positive

homogeneous functional on C and q € (0,1), then

M) rO)]" = [v@)] T [h)]T = m[v)] k()] (2.11)
In particular,
M*v()h(y) > v(x)h(x) > m*v(y)h(y). (2.12)

Proposition 2 Let C be a convex cone in the linear space X and v: C — (0,00) be an
additive functional on C.
(i) Ifh:C — [0,00) is a subadditive functional on C, then the composite functional
&y : C — (0, 00) defined by

Eq(x) := v(x) exp(avl/zg)> (2.13)

is subadditive on C provided o > 0.

(ii) Ifh:C — [0,00) is a superadditive functional on C, then the composite functional &,

is also subadditive on C when o < 0.

The proof follows from Theorem 5. The details are omitted.
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Remark2 Similar composite functionals can be considered for the functions @ : [0, c0) —
R defined as follows:

®(t) = arctan(t), which is increasing and concave on [0, 00);

1
d(¢) = sinh(t) := 3 (¢ =€), which is increasing and convex on [0, 00);

1
®(t) = cosh(t) := 3 (¢' +e7*), which is increasing and convex on [0, c0);

Lt

®(f) = tanh(f) = ©

. s which is increasing and concave on [0, 00);
et +e

t —t

e +e
.
el —et

®(t) = coth(t) := which is decreasing and convex on (0, 00).

For instance, if we consider the composite functional

Narctan (%) := V() arctan<M> ,

v(x)

where i : C — [0, 00) is a superadditive functional on C, v: C — (0, 00) is an additive func-
tional on C and C is a convex cone in the linear space X, then by the quasilinearity theorem,
we conclude that 1y : C — [0, 00) is superadditive on C. Moreover, if v: C — (0, 00) is
an additive and positive homogeneous functional on C, /1 : C — [0, 00) is a superadditive
and positive homogeneous functional on C and x,y € C such that there exist M > m > 0

with the property that x — my and My — x € C, then

h(y) h(x) h(y)
Mv(y) arctan<v—(y)) > v(x) arctan<@> > mv(y) arctan(v—(y)>.

The same properties hold for the composite functional generated by the hyperbolic tan-
gent function, namely

)5 () exp(4) — exp(-49)
Ntanh (X) 1= V(X () )
exp(w) + eXP(—W)

however, the details are omitted.

Taking into account the above result and its applications for various concrete examples
of convex functions, it is therefore natural to investigate the corresponding results for
the case of log-convex functions, namely functions W : I — (0,00), I is an interval of real
numbers for which In W is convex.

We observe that such functions satisfy the elementary inequality
V(1 -0a+h) < [W@)] [¥®)]
forany a,b € I and t € [0,1]. Also, due to the fact that the weighted geometric mean is less

than the weighted arithmetic mean, it follows that any log-convex function is a convex
function. However, obviously, there are functions that are convex but not log-convex.


http://www.journalofinequalitiesandapplications.com/content/2012/1/276

Dragomir Journal of Inequalities and Applications 2012, 2012:276
http://www.journalofinequalitiesandapplications.com/content/2012/1/276

Theorem 6 (Quasimultiplicity theorem) Let C be a convex cone in the linear space X and
v:C — (0,00) be an additive functional on C.
(i) Ifh:C— [0,00) is a superadditive (subadditive) functional on C and
F :[0,00) — (0,00) is log-concave (log-convex) and monotonic nondecreasing on
[0, 00), then the composite functional &r : C — (0, 00) defined by

v(x)
£ ()= HM)} (214)

v(x)

is supermultiplicative (submultiplicative) on C, i.e., we recall that

Er(x+y) > () WEL () (2.15)

forany x,y € C.

(i) Ifh:C — [0,00) is a superadditive (subadditive) functional on C and
F :[0,00) — (0,00) is log-convex (log-concave) and monotonic nonincreasing on
[0, 00), then the composite functional ng is submultiplicative (supemultiplicative)

on C.
Proof We observe that
h(x)
log&p (%) = v(x) log[F <—>] = Niog(r) (%)
v(x)
forany x € C.
Applying now the quasilinearity theorem for the functions log(f ), we deduce the desired
result.
The details are omitted. O

Corollary 3 (Exponential boundedness) Let C be a convex cone in the linear space X and
v:C — (0,00) be an additive and positive homogeneous functional on C. Let x,y € C and
assume that there exist M > m > 0 such that x — my and My —x € C.

(@) Ifh:C— [0,00) is a superadditive and positive homogeneous functional on C and

F :[0,00) = [1,00) is log-concave and monotonic nondecreasing on [0, 00), then

e\ 1" h@\ 7" AT
G =GR =G @
(aa) Ifh:C — [0,00) is a subadditive and positive homogeneous functional on C and

F :[0,00) — [1,00) is log-concave and monotonic nonincreasing on [0, 00),
then (2.16) is valid as well.

There are numerous examples of log-convex (log-concave) functions of interest that can
provide some nice examples.

Following [3], we consider the following Dirichlet series:

OB Z—Z (2.17)

n=1

Page 7 of 13
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for which we assume that the coefficients a,, > 0 for n > 1 and the series is uniformly
convergent for s > 1.

It is obvious that in this class we can find the zeta function

and the lambda function

1 —s
- Z 2n +1)s - (1_2 ){(s),

n=0

where s > 1.
If A(n) is the von Mangoldt function, where

logp, n=p* (pprime, k> 1),

0, otherwise,

A(n) :=

then [4, p.3]:

£+ A(n)

L

n=1

If d(n) is the number of divisors of n, we have [4, p.35] the following relationships with the
zeta function:

oS 2O o) )
¢ (S)_Z n ;“(2s)_2 n Z(2s) Z n

n=1 n=1 n=1

and [4, p.36]

(25) Z

n=1

a)n

where w(n) is the number of distinct prime factors of .
We use the following result, see [3]

Lemma 1 The function  defined by (2.17) is nonincreasing and log-convex on (1, 00).

Utilizing the quasimultiplicity theorem and this lemma, we can state the following result

as well.

Proposition 3 Let C be a convex cone in the linear space X and v : C — (0,00) be an ad-
ditive functional on C. If h : C — [0, 00) is a subadditive functional on C and { : (1,00) —
(0, 00) is defined by (2.17), then the composite functional &, : C — (0,00) defined by

h v(x)
Ey(x) = [w (%)} (2.18)

is submultiplicative on C.

Page 8 of 13
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Proof We observe that the function F () := ¥ (¢ + 1) is well defined on (0, 00) and is non-
increasing and log-convex on this interval. Applying Theorem 6, we deduce the desired
result. O

3 Applications
3.1 Applications for Jensen’s inequality
Let C be a convex subset of the real linear space X and let f : C — R be a convex mapping.

Here we consider the following well-known form of Jensen’s discrete inequality:

1 1
f(;[ Zpixi) =5 > pif ), (3.1)

iel iel

where I denotes a finite subset of the set N of natural numbers, x; € C, p; > 0 for i € I and

P] = Zie]pi > 0.
Let us fix I € P¢(N) (the class of finite parts of N) and x; € C (i € I). Now, consider the
functional J : S, (I) — R given by

0= Sps ) - (5 Yopin) 0, (52)

iel iel

where S, (I) := {p = W))ieslp: = 0,i € I and P; > 0} and f is convex on C.
We observe that S, (/) is a convex cone and the functional J; is nonnegative and positive

homogeneous on S, (I).
Lemma 2 ([5]) The functional J;(-) is a superadditive functional on S, (I).

For a function @ : [0,00) — R, define the following functional é¢; : S, (I) — R:

1 1
£o,1(P) = PICD(P_I ;sz(xi) —f(E ;Pm)). (3.3)

By the use of Theorem 5, we can state the following proposition.

Proposition 4 If ® : [0,00) — R is concave and monotonic nondecreasing on [0, 00), then
the composite functional £¢ 1 : S, (I) — R defined by (3.3) is superadditive on S, (I).

If ®:[0,00) — R is convex and monotonic nonincreasing on [0,00), then the composite
functional &4 1 is subadditive on S.(I).

Proof Consider the functionals v(p) := P; and X(p) := J;(p). We observe that v is additive,

h is superadditive and

ne(p) = V(p)d><@> =&0,1(P).
v(p)

Applying Theorem 5, we deduce the desired result. O
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Corollary 4 Ifp,q € S,(I) and M > m > 0 are such that Mp > q > mp, i.e., Mp; > q; >

mp; for each i € I, then

wtio(4 Epn (5

iel iel
(Q ZEZIqJ(x» f( Zqu))
( IEZIpo ( ijx)) (3.4)

forany ® :[0,00) — [0, 00) concave and monotonic nondecreasing function on [0, 00).

The proof follows from Corollary 1 and the details are omitted.

On utilizing Proposition 1, statement (ii), we observe that the functional &;; : S.(I) —
[0, 00), where g € (0,1) and

£4(p) = ( Y pif(x) f( me))

iel iel
= (P}H > pif () - ( me)) : 3.5)
iel iel

is superadditive and monotonic nondecreasing on S, (/).
If p,q € S.(I) and M > m > 0 are such that Mp > q > mp, then

A& B )

iel iel
Zqu i) < qu)
iel iel
g P, 1/q
zm\ &, pr(xl) ~f Zplx, (3.6)
iel iel

Now, if we consider the following composite functional &ycan s : S1(I) — [0, 00) given by

Surclan,](P) = PI arctan( Zplf xl) f< ZP:’Q)) (37)

iel iel
then by utilizing Remark 2 we conclude that &ucans is superadditive and monotonic non-
decreasing on S, (I).

Moreover, if p,q € S, (I) and M > m > 0 are such that Mp > q > mp, then

()3 S A )

iel

> arctan( > aif @) - ( > qm))

iel iel

zm<%> arctan( > pif () f< Zwa)) > 0. (3.8)

iel iel

Page 10 0of 13
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It is also well known that if f : C — R is a strictly convex mapping on C and, for a given
sequence of vectors x; € C (i € I), there exist at least two distinct indices k and j in I so
that x; #x;, then

0= i) -2 (5 i) 0

iel iel

for any p €S, ()= p= (pi)ieILUi >0,ieland P; > 0}.

In this situation, for the function f and the sequence x; € C (i € I), we can define the
functional

~ P}+r
[T pf ) = P (5 i i)

n1(P) : (3.9)

that is well defined on S, (/). Utilizing the statement (i) from Proposition 1, we conclude
that n,;(-) is a subadditive functional on S, (I).
We know that the hyperbolic cotangent function coth(t) :=

eltet
el—e~t

is decreasing and con-

vex on (0, 00). If we consider the composite functional

1 1
Econ1(P) := Py COth(P_I Zp(f(xi) _f(ITI Zpixi))

iel iel

for a function f : C — R that is strictly convex on C and for a given sequence of vectors
x; € C (i e I) for which there exist at least two distinct indices k and j in I so that x; # x;,
then we observe that this functional is well defined on S, (J), and by the statement (ii) of
Theorem 5, we conclude that & (+) is also a subadditive functional on S, (I).

3.2 Applications for Holder’s inequality
Let (X, || - [|) be a normed space and I € P(N). We define

E(I):={x = (x)jeslaj € X,j € I}
and
K(I) = {1 = (W)jerldj €K, j €1}.

We consider for y, 8 > 1, % + % = 1 the functional

1 1
Hy(p, o7, B) 1= (ijw) ' (Zp;||x,||ﬂ) = > pi|.
jel jel jel
The following result has been proved in [1].
Lemma 3 For any p,q € S,(I), we have
Hi(p +q,4%,B) = Hi(p, A, %7, B) + Hi(q, 4, %7, B), (3.10)

where x € E(I), . e K(I) and v, 8 > 1 with % + =1

1
B

Page 11 0f 13
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Remark 3 The same result can be stated if (B, || - ||) is a normed algebra and the functional
H is defined by

Z Pixiyi

iel

’

Hi(p, L%y, B) = <Zpi||xi||y) ' (Zpiuyl-nf’)ﬂ -

iel iel

where x = (%;)icr, ¥ = 0:)ier C B, p € S:(I) and y, 8 > 1 with % + % =1.

For a function @ : [0,00) — R, define the following functional we; : S, (I) — R:

) (3.11)

wq),l(p):zpjcb(( Zp,|)\|) ( Zp,lx,H) H—Zp,/\x,

jel jel jel

By the use of Theorem 5, we can state the following proposition.

Proposition 5 If ® : [0,00) — R is concave and monotonic nondecreasing on [0, 00), then
the composite functional we : S, (I) — R defined by (3.11) is superadditive on S, (I).

If @ :[0,00) — R is convex and monotonic nonincreasing on [0,00), then the composite
functional we is subadditive on S, (I).

By choosing various examples of concave and monotonic nondecreasing or convex and
monotonic nonincreasing functions ® on [0, o), the reader can provide various examples
of superadditive or subadditive functionals on S, (). The details are omitted.

3.3 Applications for Minkowski’s inequality
Let (X, || - [|) be a normed space and I € P¢(N). We define the functional

1q8
M;( p,x,y,a)—[(Zplnxlua) (Zp,-nyin") } = pillxi+yill’, (312)

iel iel iel
where p € S,(I), § > 1and x,y € E(I).
The following result concerning the superadditivity of the functional M;(-,x,y;8)
holds [1].
Lemma 4 For any p,q € S,(I), we have
M;(p + q,%,y;8) = M(p,,;8) + Mi(q, %, ;8),

where x,y € E(I) and § > 1.

For a function @ : [0,00) — R, define the following functional >4 : S, (I) — R:

o[ Em) (s 5ww) |

iel iel

- Zp,nxl + il ) (3.13)

iel

By the use of Theorem 5, we can state the following proposition.
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Proposition 6 If ® : [0,00) — R is concave and monotonic nondecreasing on [0, 00), then
the composite functional s : S.(I) = R defined by (3.13) is superadditive on S, (I).

If ®:[0,00) — R is convex and monotonic nonincreasing on [0,00), then the composite
functional »q is subadditive on S, (I).

We notice that, by choosing various examples of concave and monotonic nondecreas-
ing or convex and monotonic nonincreasing functions ® on [0, 00), the reader can pro-
vide various examples of superadditive or subadditive functionals on S, (). The details are
omitted.

Remark 4 For other examples of superadditive (subadditive) functionals that can provide
interesting inequalities similar to the ones outlined above, we refer to [6—9] and [10-12].
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