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Asynchronous H,, filtering for switched stochastic

systems with time-varying delay *

Jie Lian T Chunwei Mu T and Peng Shi *

Abstract— This paper considers the H,, filtering problem of discrete-time switched delay systems. Attention
is focused on the design of an exponentially mean-square stable filter taking the asynchronous switching and
missing measurements into account. New results on exponential mean-square stability and a weighted l5-gain
analysis for filtering error system are given, where the system is allowed to be unstable during the unmatched
interval, in which the switching signal of filter is different from that of the system. By using the average dwell
time (ADT) method and the Lyapunov-Krasovskii function method, delay-dependent sufficient conditions for
the desired Hy, filter are derived in terms of linear matrix inequalities (LMIs). A numerical example is provided
to demonstrate the effectiveness of the proposed design approach.

Keywords: Asynchronous switching, Hy, filtering, Discrete-time switched systems, Exponential mean-square

stability, time-varying delay.

1 Introduction

Switched system is one of the most important classes of hybrid systems in engineering applications.
It comnsists of a family of subsystems operated by a particular type of switching rule. According to this
switching rule, one of these subsystems will be activated along the system trajectory at each instant of
time [1]. Due to the theoretical development as well as practical applications, analysis and synthesis
of switched systems have recently gained considerable attention [2-4]. Since time delay frequently
appears in the real systems and is a source of the poor performance and even instability, switched

delay system has been extensively investigated [5-7].

On the other hand, it is very difficult to know precisely the statistics of the additive noise actuating
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in the systems, the noise sources are always arbitrary deterministic signals with bounded energy, or
bounded average power. Thus, this paper resorts H., filter, which is concerned with the design of
estimators ensuring that the stability and the lo-gain of the filtering error system. In addition, Hy,
filtering is insensitive to uncertainty in the exogenous signal statistics as well as that in dynamic
models. H filtering problem can be described as follow: given a dynamic system with exogenous
inputs and measured outputs, design a filter to estimate an unmeasured output such that the mapping
from the exogenous input to the estimation error is minimized or no larger than some prescribed level
in terms of the norm [8]. Recently, some attempts on the Hy filtering problem have been investigated

for switched systems [9-13].

While, when considering the filtering problem of switched system, a very common assumption is that
the filter is switched synchronously with the switching of system modes, which is quite unpractical. In
reality, it takes time to identify the system modes and active the matched filter. So the phenomena of
asynchronous switching between system modes and filter candidates generally exist. The necessities
of considering asynchronous switching for efficient control design have been shown in mechanical or
chemical systems [14]. Recently, the asynchronous switching problem has been investigated and various
methodologies have been developed [15-20]. The stabilization of asynchronous linear system has been
included in [15]. Stability, lo-gain and asynchronous Hs, control of discrete-time switched systems are
considered in [17]. Then, the results are expanded to filtering in [20], which discusses the stability and

lo-gain of switched systems.

In almost all the works mentioned above, the hypothesis of consecutive measurements have been
made implicitly. Unfortunately, in many practical applications, such a hypothesis does not hold. For
example, due to sensor temporal failures or network transmission delay/loss, at certain time points,
the system measurements may contain noise only, indicating that the real signal is missing. Switched
system with missing measurements has received much attention during the past few years. Using
binary switching sequence, the missing measurement phenomena can be modeled. The binary is
specified by a conditional probability distribution taking its values of 0 and 1. Much work has been
done on such model [21-28]. However, if the asynchronously switching and missing measurements
happen simultaneously in the systems, it is hard to deal with the stability. All of these motivate us

to shorten such a gap in the present investigation.

This paper investigates the asynchronous H filtering problem for a class of discrete-time switched
delay systems with missing measurements. Based on the average dwell time approach, delay-dependent
sufficient conditions on exponential mean-square stability and a weighted ls-gain are developed for the

filtering error system. It is noted that system is allowed to be unstable within a bounded unmatched



interval. Then, the corresponding condition for the existence of desired filter is established in terms of
LMIs. Finally, a numerical example is given to demonstrate the effectiveness of the proposed design

approach.

The remainder of this paper is organized as follows. The asynchronous H, filtering of switched
systems is formulated in Section 2. Section 3 presents our main results. A numerical example is given
in Section 4, and then we conclude this paper in Section 5.

Notation: The notations used throughout the paper are standard. The superscript "1’ stands
for matrix transposition; R"™ denotes the n-dimensional Euclidean space; N represents the set of
nonnegative integers; the notation P > 0 means that P is real symmetric and positive definite; I3 [0, c0)
is the space of square-integrable vector functions over [0,00); diag{---} stands for a block-diagonal
matrix; Apmin(P)(Amaz(P) ) denotes the minimum (maximum) eigenvalue of symmetric matrix P; || - ||
denotes the Euclidean norm of a vector and its induced norm of a matrix. In symmetric matrices or

long matrix expressions, we use a star () to represent a term that is induced by symmetry.

2 Problem description and preliminaries

Consider a class of discrete-time switched delay systems given by
Tpi1 = Ao + AdoT—q, + Bowy,

2k = Coxp + CgoTh—q, + Dowy,
U = Coot, + CogoT—a;, + Dogwy, (1)

where z3, € R™ is the state vector, wy, € RP is the disturbance input which belongs to l2 [0, 00) , 2 € R?
is the signal to be estimated. o is a piecewise constant function of time k called a switching signal,
which takes its values in the finite set Z = {1,--- , N}, and N > 1 is the number of subsystems. The

positive integer dj, denotes the time-varying delay satisfying
dyy < dy, < dar. (2)

where d,,, and dj; denotes the lower bound and upper bound of the time-varying delay, respectively.

In system (1), g is the ideal system output that always contains the real signal. However, in
practical engineering systems, the system output usually contains probabilistic missing data. Then,

the actual system output can be described by

Y = (Coixy + Cogitp—q,,) + Dajwy, i € Z, (3)



where the stochastic variable ~y; is a Bernoulli distributed white sequence specified by the following

probabilities:

Prob{y, =1} = E{w} =, (4)
Prob{yy =0} =1—E{w}=1-p, (5)

with a known constant p > 0. Obviously, for a stochastic variable 7 , we have the mean value

E{vk} = p and variance ¢*> = p(1 — p).

Next, we are interested in designing a full-order filter described by
Tg1 = Acik + Beilk,

ék = Cczfik + Dciyka (6)

where Z;, € R"™ is the state estimate; 2, € R? is an estimate for zi; A, Bei, Co; and D; are matrices

to be determined.

It is assumed that the subsystem is activated at the switching instant k;,Vl € N . Owing to the
real switching time of filters exceeds or lags behind that of the subsystems, so the switching instant of
the filter is k; + T(x,, , &) V! € N, where T, 1, represents the intervals during which the switching
signals of filter are different from that of the subsystem. Also, we use 7, _,) to denote the length

Of ﬁlirl,kl)‘

Therefore, from (1) and (6), we can get the resulting filtering error system as follows:

Thy1 = Afﬁk + Ad‘ij—d + Bwk,
' 7z~ ‘ i ) " 71 Vk € (ki ki + 721.31“7/”))
Zr = Cixp + Cqi HTp—g, + Diwy,

Ppy1 = Aidy + A HE gy, + Biwr,
l ' ' Z vk € (ki + ﬁkz“,kl)’ k1)

Zr = CN'ZCINJ]C + C'dink—dk + Diwlm

where,
~ T ~ A~
xk:[m’g jg},ZkZZk—Zk,HZ[I 0},
_ A; 0 - A; 0 _ Ay - Ay
Ai = ’ 7Ai = ' 7Adi = & 7Adi = & 5
YeBejCoi  Acj YeBeiCoi  Aci Yk BejCaai Ve BeiCadi
_ B; - B; _ _
B; = ,B; = Ci=| C; —D¢jCo —Cej |+Cai = Cai — Yk DejCoui,
B.jDy; B Dy;

Ci=| C; — vDCo —Co ] ,Cai = Cgi — Y. D¢iCagiy Di = D; — D.jDa;, D; = D; — De; Doy,



For convenience, we denote

_ A; 0 _ 0 0 _ Ay _ 0
Ay = , Agi = Artgi = , Aogi = ;
pBejCo  Aej B.jCy 0 pBjCoy; BejCaqi

Cri = [ Ci — pD¢iCo  —Cq;j } ,Cai = [ D¢;Co 0 } , Crdi = Cai — pDejCagis Caai = DejCoui,

i 4 o | . 0o o] - Ay ] 0
Ay = ,Agi = s Ardgi = , Aggi = ,
pBeiCoi  Aci B.iCs 0 pBiCogi B.iCogi

C = [ C; — pDyiCo —Clu } ,Co = [ D.iCo 0 } ,C1di = Cai — pDciCaai, Cagi = DiCoa;.

We give the following definitions, which will play important roles in deriving our main results
subsequently.

Definition 1 [2]: For any 77 > T5 > 0, let N(11,T5) be the switching number of o over [11,T5)
I N(Th,Ts) < No + (Th — T») /7, hold for Ny > 0 and 7, > 0 , then Ny and 7, are called chatter

bound and average dwell time, respectively. As commonly used in the literature, we choose Ny = 0.

Definition 2: Consider the filtering error system (7), suppose that there exist constants ¢ > 0,

o0 o0
d € (0,1) and f > 1 such that E{|| zx||*} < cd"E{|| zx,||*} and > frE{Z[z,} < wlwy
k=k k=k

0
hold, then the filtering error system is said to be exponentially mean-square stable with w; = 0 under

switching signal ¢ and has a weighted lo-gain no greater than ~.

3 Main results

3.1 Stability and H,, performance analysis

In this section, delay-dependent sufficient conditions on exponential mean-square stability with a

weighted l3-gain are derived for the filtering error system (7) via the average dwell time approach.

Theorem 1: Givenscalars 0 < a < 1, § > 0 and v > 0, the filtering error system (7) is exponentially

mean-square stable with a weighted lo-gain v, = ’y\/plﬁTmaX(l — &p}/T")/(l - dﬁﬂnax/mp}/m) under
ADT switching signals o, if there exist symmetric and positive definite matrices P;, Q;, Rp;, Zci, and

matrices €;, My, Ne, b=1,2, ¢c=1,2,3, such that the following inequalities hold

[y —ap, HTML + HTNEL HTMIL + HTNI 2, & ]
* —atQ); 0 Ei2 E
* * —2I S5 = <0, (8)
* * * =4 0

i * * * *  Ep |




[ w1 — 3P HTML+HTNE HTMEL+HTNL Z4 & |
* —BmQ; 0 S
. i 21 S5 55 | <0, )
* * * =4 0

L * * * * |

[1]2

é1c = [ _Nci —MCZ' T11Mci 7'12Nci } y—1 = [ C’ﬂ qC‘%; AEQZT qfl%;QZT HT(AZT —I)Zgi ],

[1]x

Sa= [ Ch, oChy ATOT A0l ATzy | Za=[DF 0 BTOT 0 Bz |.
é4:dm9{ —a%m Ry —a™ Ry —m1Zu  —TiaZai },é5:dm9{ —I -1 Wy Py —Zs }7
Sie=| “Na —Ma mMa 1N |.Z1=| CT, oCf ALQT qARQT HT(AT —1)Zy |,

S2= | O, CL, AT,OT qALT ALzy |, Ss=| DI o BrQT 0 BIZy |,
E4=dm9{ —Bim Ry —BIM Ry —101Z1; —ToaZai }735 :dmg{ —I —1 9o 9o —Zs }v
Y1 = HT(1Q; + Ry + Rog)H + My;H + HT M + Ny H + HENL, by = P — QF — Q,
o =P = Qf =y, Z3i = dy Zvi + din Zoi, 711 = (67N — 1)/a, T = (@~ — 1)/O<,
To1 = (1—B‘dM)/ﬁ, Top = (1—B—dm>/ﬁ, T=dy—dn+1, B=1+8 a=1-aq,
and the average dwell time 7,
To > Ty = —(Tmax In60 + Inp1ps) /In (10)

where, § = 3/a, p1 = meaIX{/fzi/mz‘} , K4i = Amin(F5) + dimn T Amin (Qi) + dmAmax (R1i) + darAmax (R2i),

P2 = ijrgg;j {k1i/k3;} s K3i = Amin(Pi) + dmnTAmin(Qi) + dim@@™ Aax (R1;) + dara™ Apax (Ra;i),
R1i = )\max(Pi) + dMTBdM Amax(Qi) + dMBdM )\max(RQi) + d%WBdM AmaX(Zli) + d%ngdm)‘maX(ZQi)’
A
Koi = Amax(P) + AT Amax(Qs) + darAdmax (R2i) + daydmax (Z1:) + A2 A max (Z2:), Trnax = max Tlky 1 —ky)-

Proof: Denote 1, = z;41 — x; and choosing the following Lyapunov-Krasovskii function as

i(k) = Vig(k) + Vai(k) 4 Vai(k) + Vai(k),  Vk € [k, ki + T k) )
~Z(k‘) = ‘711(]{) + ‘72@(]{) + ng(k?) + ‘le(k), Vk € [k‘l + 72]@[+17kl), /{?l+1)
where, Vai(k) = Vii(k) = &} Py,
) k=1 k=dm k=1
Vai(k) = > Bl Qi+ > Y Bl Qua,
I=k—dy, J=k—dy+11=j



k-1

k—1
Vai(k) = Z BE1 T Ry + Z =10 Rosay,

I=k—dm I=k—das
k—1 k- k=1 k—
k—l—1 k—l—1
Wl S S A e S Sz
J=k—dn 1=j Jj=k—dm =]
1 k' dm -
ki1, k=11,
Vai(k)= > a [Qim+ Za | Qiwr,
I=k—dj, j=k—dn+11=j
k-1 k-1
—1-1_T ~k—l—-1_T
Vai(k a1l Ry + Z a zy Rojxy,
I=k—dum I=k—dar
k=1 k-1 k=1 k-1
y ~k— ~k—l—1_T
Vii(k) = a nl Zum + Za m Z2im;
j=k—dps I=j j=k—dm I=j

When k € (ki + Tk, , ky)s K141) 5 denote AVi(k) = Vi(k +1) — f/z(k:) , we can get

E {AVM(k) + af/l,;(k)} = E{if, Py — asl Py} . (12)
Note that
k k k—dm
E Z & el Qi p < B Z aF el Qi + Z "l Qi 3
I=k+1—dp41 l=k+1—dy, l=k+1—dp;s
Thus, we can get
y ¥ T ~dp..T P& T
FE {AVQZ'(k) + OéVQZ’(k)} <F TX, Qi — & kxk_deixk,dk + Z v Q;xy
I=k+1—dy (13)
s T ~dnr T
- Y a&a Qi =FE {TSUk Qizy — & Ml“k_deﬂk—dk} .
I=k+1—dp;

Similarly, we can obtain

E {A‘Z‘)ﬂ(k‘) + af/gl(l{?)} =F {aj‘g(Rh + Rgi)xk — ddml‘gﬁdleil‘k_dm —&dM.%%ldMRzil‘k_dM} . (14)

k=1
E{AVii(k) + aVii(k) } = {dMn,Zzlmwdmn,Z’Zm— Skl Zum
I=k—dy;

(15)
- Z dklanZQinl} .
On the other hand, by means of the Newton-Leibniz formula, it gives rise to
k—1
Th—Thody — Y, M=0, Ty —Tpa, — P m=0.
l:k?—d]w l:k_dm



Then, we have

k—1 k-1
25;5M2 Tk — Th—dyy — Z n| = 0, 2€£Nz T — Tk—dpy, — Z m| = Oa (16)
l=k—dps l=k—dm
T T
Where é-k? = |: ii.{ xz—dk wlz: xz:—dnL x%‘_dl\/l i| ’ M’L - |: Mlj; MQT; Mg; O 0 ] ’

T
Niz[Nf; NE NI 0 0}

From (12)-(16), we can get the following matrix inequality
E {sz(k) +aVi(k) + & 2 - VQWgwk}

- N k=1
= {AVi(k) + aVi(k) + 2L 2, — yPwlwy, + 26 M; [wk — Th—dy — D 771]
I=h—ds

k-1
+ 25.N; |z — Th—q,, — 771] }
l=k—dm (17)
< E{& (@i + M Z[' MT + 1o N Z5, ' NIV + 21 23 + 2] Pidgeys + 0l Zsimk
k-1
- > [gMi+a Il zulat Rz [MT G+ 6 Zum)
I=k—dy,
Rl ~k—1 ~l—kr—1 ~k—1
— > [¢FNi+aF il Zy)al R 25 [INFE + &R Zom] b
I=k—dm
where
Y —aP;, H'ML+HTNL HTML+HTNL  —Ny —My;
* —a™Q; 0 —Na; —My;
®; = * * —y2I —N3; —Ms3;
* * * —&dlei 0
* * * * —a®M Ry,

Since Z1; > 0 and Zy; > 0, the last two terms are all non-positive definite. By Schur complement,

we have
E{Af/i(k)Jraf/i(k)} <0. (18)

E{AVi(k) + aVi(k) + 5 2 — 7wl we } <0. (19)

if the following inequality holds,

[y —ap, HTML + HTNL HTMI + HTNI 2, 6, |
* —ahQ); 0 E12 Oy
* * -2 E13 O3 | <0, (20)
* * * 34 0

i * * * * (:)4 ]




where, ©; = { Cr ¢CLE AT qAL HT(AT —1)Zs } ;03 = [ DI o Bl o BlZz; ]7

)

(:)2: [ éfdz qégdz A{dz q;lgdi A?i;Z?)i]’ézl:diag{ -1 -I _Pi_l _p-1 — 73 }

From the fact (P; — Q;)P; (P, — ;)T > 0, we have the following inequalities: —Q; P, 1QF < P, —
Q; — QI . Then pre- and post-multiplying (20) by diag{ I I I I 111 T1T1 Q QI }
and diag{ I I I I I I I I I Q;f Q;f T } respectively, then we can get (8). This means
that if (8) holds, (20) is true.

When k € (ki, ki + T(r,, | ky))> following the similar proof line, from (9), we obtain

E{AV;(k) - BVi(k)} <O0. (21)
E{AVi(k) — BVi(k) + 2} 2 — yPwiw} <0. (22)
From (11), we can get
Vo, ki 4 T k) < 21V, (ki 4 T k) (23)
Vo, (k1) < paViy, (k). (24)

Combining with (18), (21) and (23)-(24) we have

E{Vok(xk)} <E{ T U, (475, kl))}

< E{d(k_kl_ﬁ’“*’“l))plvokl (wkﬂrT(k,k))} { (h—F1) 70— 01 Vo, (xk;l)}

<E {d(’“—kl)97—<k—k1>p1p2f/akl_l (mkl)} <FE {a("“_kl—lquk*k““(plpz) Vo—kl_z(xk:z_l)} (25)
<. <E {d(k—ko)9<N0<k,ko>+1)Tmax (prp2) Vo SR, 7, (:cko)}

5 k—ko —
S E {pleﬁnax (aeTmax/Ta (p1p2)1/7ﬂ) 0

Vi, (@ )} .

Then, we can obtain
min K & {Il zx I} < E{Vi(k)} < max k1ip10 7 (G0 (pypo) VT )RR B (| g |17} (26)

From (10), we can obtain @@7max/7a(p )t/ < 1. Therefore, according to Definition 2, the filtering

error system (7) is exponentially mean-square stable.
Next, we will analysis the Hy, performance of the filtering error system (7).

We denote I's = 27, — v2wlwg , and consider (19), (22)-(24), we can get

> k—1
E{Vo’ (l’k)} < E{p GR—ki— —Tk— le (xkl+7—(kl,k)) — Z dk—s—lrs}

s=ki+T(k,k;)
~ k4T, k) —1 k=1
<FE dk_leT(k_kl)ppoVJk —1($kz) - Z ézk_s_19[414‘7‘(]6_}6[)75711711—‘5 - Z dk_s_lrs} .
: s=k; s=ki+T(k,k))



Then, we can get

E{Vo,, (11)} < E {&k_koem”m) (p1p2) VM py Vo ()

ot TGt et 1 N(k,ko) k=t k—s—14T; Nk ko)

A —S— — —S5— ) AR—S— — )
- Y. QNIRRT Ik T (py po ) T gy Iy — Y. AVTITONR) (pypg) T
s=ko 5:k0+7—(k17k0)
k14T k)1 k—1
T ~h—s—1 ki —s—1 L ks

- Z ak 3 10 : 1+T(k7kl_1) ° p%pQFs - Z ak ® lg,r(k_kl)ppoFs

s=kj_1 s=ki—1+T(k;,k,_1)
kit T,y —1 AT . k—1
N Z GF—s—1gkitT(k—r)—s— pils — Z dkfsfll"s
s=k; s:kl"—T(k,kz)

Under zero initial condition (ko) = 0, we know that

k0+7'(k:1,k0)_1 ki1—1
~k—s— k Tie— —s—1 ) AT T(re— N k’k
E > GF LRt Temro) =51 (py po ) NIRRO) T2 4 > =510 (py py) N ko)
s=ko S:k0+7—(k1,’€0)
T Ao Tean™ ~k—s—1 gh1—1+7( —s=1 9 T S ~k—s—19T(
X2g 25+ o0+ > GRS oz s + > QTR0 R pypy
s=kj_1 s=ki—1+T(k; k1)
T A+ T~ k—s—1pki+T; 1T i k—s—1,T
X zazs+ Y, AFTSTYNTIG )T g al e — 0 > @ sl 2
s=k; s=ki+ T (k k)
ko+T(ky kg)—1 -1
< (o) Fk—s—=1gko+T(k—kg)—s—1 N(kko),, ~2 T " aR—s=19Th—k1) N(k;ko)
< > a 0 (P1p2) P1y°ws ws + > @ U (p1p2)
s=ko 5=ko+T(ky,ko)
ki1 4Tk, 01 ky—
- h—s—1 ki 1+ T 1 L ks
xy2wlws + -+ > ak=s=LgR T T oy 2T g + > k=5 pips
s=ki_1 s=ki—1+T(k,k;_1)
kitT (ke k) —1 k—1
U k)2 w? T + ) dk—s—lgkz-ﬂ’(kfh)—S—lpl,wag“ws_ 3 ak—s— 172wTws
s=k; 5=ki+T (k)
erefore, we can obtain tha
Therefore, btain that
A st N(k,s) T e N(ks) 7 2 K se1aT
—k—g— ,8) =T =~ o ,S —k—o—1~7T ~
ES > a" (pip2) Z3Zs p=Eq > a" " (pip2) Zs 4o+ > abmsizl s
s=ko s=ko s=k;
ko+Tx ko)1 _
< E ko) qE—s=1gko+T(k—kg)—s—1 N(kko),, T S FE—s=19T(k—k1) N (kko)
< > a 0 (P1p2) p125 Zs + > a U (p1p2)
s=ko 5=ko+T(ky ko)
i1+ Ty k)1 bt T o k-1 -
x2lzg 4+ > GR—s—1gM1 T k) pipozl zs + > aF=s=19 0=k p 1 py
s=ki_1 s=ki—1+T(k;.k,_1)
kit-T(k k) —1 k-1
T g sk—s—1pki+Tg—xy—s—1_ T ~k—s—1,T
X252z + Z «Q 0 ! D125 zs + Z o Rs Zs
s=k; Szkl‘i’ﬁk,kl)
ko+Tw K —1 _
< (E1;ko) ~k—s—19k0+7—(k—k y—s—1 N(k,ko) 2,.T S ~k—s—107'(k_k ) N (kko)
< > a 0 (P1p2) P1Y Wy ws + > a v (p1p2)
s=ko 5=k0+Tk ko)
ki1 4Tk, 1 by —
w~v2T ! ~k—s—l‘9kl71+7’(k—kl,1)7571 2. 2 T < ~k—s—1
Yows ws + -+ > a pPip2Y Wy ws + > a p1p2
s=kj_1 s=ki—1+T(k, k;_1)
k4T (k1) —1 k-1
w7 (k- kl),y w? Tiog + 3 dk—s—lgkﬁﬁk_kl)*Sflpl,wasTws . D ak—s— I’YQLUTwS
s=ky SzlirT(kykz)
k-1
PR , N(k,
S Z ak’ S 10(N(k,$)+1)dex(p1p2) ( S)pl,Yng—’ws
s=ko

10



—k/Ta

Multiplying both sides by p, yields

K ko1, k—s/7a —8/7asT " 19T, Tinax i —5/Ta, —5/Ta 2 T
E z]:c a —Ss— pl ap2 azs Zs S z];: a —Ss— 0( 75) max/Ta+ maxPl “pQ ap17 ws W
S=K0 CES )

k—1
A fe—g— — k—s/Tq
S Z Oék S 16(k 5)7;nax/7—a+7;rla>(p1 S/T pl’YQWgWs
s=ko

This is equal to the following inequality

0o 00
Z Z Jo S 1 k— S/Tap2 8/Ta ~T25 < Z Z&kfsflQ(ka)Tmax/Tapllf*S/TaeTmaxpl,waZws' (27)
s=kg k=s s=ko k=s

Then, from (10), we can get that dGﬂ"ax/T“pi/T‘l < 1. Then

E i LZ’T% < Z 1 pleTmax ’YQWTCU
5t/ Ta s ~ 1/7a ~ s Vs
s=ko (1 - Oép / ) s=ko 1— OzeTmaX/Tapl/ (6%
Finally, we can get
T

—5/Ta 1‘9 m“x(l — apl 2

Z py B {Z] 5} < - 1/Ta p. /T Zw Ws. (28)

s=kog —a @ /max/Ta a—Fo

Therefore, according to Definition 2, the filtering error system has a weighted l2-gain

"}/8 = ’}/\/pleTrndx(]_ —_ dpi/T”‘)/(l J— deTmax/Tapi/Ta).

This completes the proof.

Remark 1: Note that the switched systems activate in the intervals constituting of matched inter-
vals and unmatched intervals. And the system maybe unstable in the unmatched intervals, in other
words, the Lyapunov function maybe increased. However, the possible increment will be compensated
by the more specific decrement (by limiting the lower bound of ADT), therefore, the system ener-
gy is decreasing from a whole perspective. Thus, we can get the filter error system is exponential
mean-square stability with a weighted lo—gain ~s.

Remark 2: The proof of disturbance attenuation level is different from [20], in which the result is
got under zero conditon V;(zy,) = 0. In our paper, we provided a better result about weighted l5-gain
under zero initial conditon Vj(zg,) = 0; besides the result is suitable for any positive number Tpax,
which has no the limit of Tr,ax > 1 in [20]. On the other hand, we can get the result of [13] under the

condition without considering the missing measurement and asynchronous switching.

3.2 H, filter design

Now, based on the conditions on exponential mean-square stability with a weighted ls-gain in Theo-
rem 1, sufficient conditions for the existence of filter (6) are presented in the following theorem. Then,

the admissible H, filter parameters can be given.
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Theorem 2: Given scalars 0 < a < 1 and > 0, an Hy filter (6) can be designed such that the
filter error system (7) is exponentially mean-square stable with a weighted lo-gain s under an average
dwell time switching satisfying (10), if there exist symmetric and positive-definite matrices P;, @,

Ry, Zq; and matrices Me;, Nei, X, Yi, Z;, Ay, B;, C; and D; satisfying the following inequalities

[y —aP, HTMI + HT'NE HTME + HTNL 2 5 |
* —adm Q) 0 S1a 3y
* * —’yQI §13 23 <0, (29)
* * * = 0

i * * * x  Es |

[ — P, HTME + HTNE HTMI + HTNE Z 5 |
* —34mQ; 0 S 2o
* * —2I Ei3 X3 | <0, (30)
* * * = 0

i * * * x s |

where, ¥, = [ CT qCT 31 qpy HT(AT —I)Zs; ] ¥ = [ Cly aCL, @2 qps AL Zs }

Ss=| DI 0 @5 0 B'Zy |.S1=| CL 0% &1 qpa HT(AT —1)Zy |,

S2=[ CT, 0Ly @ aps AGZy | Ss=[ DI 0 @5 0 BIZy |,

5T XiAi +pBiCoi Ay T XiAgi + pBiCoq; ST XiBi +B;iDy;
ZiAi + pBiCy A | | ZiAai + pBiChai Z;B; + B;Dy;
@T B X]Al —|-ij021‘ Aj @T B XjAdi +ij02di @T B XJBZ + B]’Dzi
1 — 9 2 — ’ 3 — )
ZjAi +pB;Coi Aj | | ZjAdi + pB;Cagi ZiB; + B;Dy;
7 BiCy 0 7 B;iCadi 7 B;Cs 0 r B;Cadi
Py = 5 = ) = y P5 =
B;Cy O B;Coa; B;Cy 0 B;Cog;

Moreover, if feasible solutions exist, the parameters of an admissible filter of (6) are constructed as

A =Y 'A;, By =Y 'B;, C.y =C;, Dy =Dj.

Proof: We denote matrices ; =

X Y
Z; Y

(31)

, Vi € Z, then can obtain (29). By the similar proof

line, we can also get (30). In addition, the admissible filter parameter matrices are given by (31), the

proof is completed.
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4 Numerical example

In this section, we give an example to demonstrate the effectiveness of the proposed method.

Example: Considering system (1) with two subsystems, and the parameters of each subsystem are

given as follows:

0.33 —-0.12 0.25 0.28 0.07 —-0.02 0.08 —0.03
A= y Ay = VA = JAgp = ,
0.36 —0.37 —0.14 —-0.19 0.02 0.06 0 0.1
—0.09 0
By = ,Ba = ,C1 = [ 0.64 —0.79 } ,Co = [ —0.16 —0.02 } , D1 =0.19,
0.01 —0.01

Dy = —0.55, Da1 = 0.04, Dyy = —0.55,Cy1 = [ 0.2 0.04 } ,Caz = [ —0.39 0.04 } ,
Ca1 =1 093 0.14 } ,Cop = [ 0.23 0.74 } ,Coq1 = [ 0.58 0.49 } , Coga = [ —1.11 0.18 } .

Let d, = 1,dyr = 2,0 = 0.5, 8 = 0.01 and Tax = 2, we consider the asynchronous switching in the
design phase and turn to Theorem 2, by utilizing LMI Toolbox, we can get 7 = 7.5258 , v = 1.9874

and vs = 11.0333, and the filter parameters are obtained as follow:

0.1126  0.00237 0.0899 0.0276 —0.0745 0.0954
cl = y {1c2 = y Del = ch2:

0.0371 —0.1404 0.0380 —0.0947 —0.0881 0.0310

Ca = [ 0.0286 0.2278 } , Cep = [ 0.1283 0.2259 } , D1 =0.9347, Dey = 0.8880.

Using the filter in (31) and given switching sequences with 7, = 10.0, the state responses of the
resulting system are given in Fig.1.(a)-(d). Fig.1.(a)-(d) show the switching signals of system and
filter, the output error of Hy filter system, the state and estimation of (1) and x(2),respectively. It
can be seen that the designed filter in (31) under the admissible switching signals is effective despite

asynchronous switching.

5 Conclusion

In this paper, the H filtering problem for a class of discrete-time asynchronous switched systems
with time-delay and missing measurement has been investigated. By the aid of Lyapunov-Krasovskii
and average dwell time method, the H filter has been designed such that the filter error system is
exponential mean-square stable with a weighted ls-gain. By allowing the system to be unstable within
the unmatched intervals, the more general conditions for H, filter has been derived and formulated

in terms of LMIs, then the corresponding filter is obtained.

13
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Fig.1. (a) switching signal; (b) output error ; (c) state and its estimation; (d) state and its estimation
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