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Abstract—Changes in human body hydration leading to excess
fluid losses or overload affects the body fluid’s ability to provide
the necessary support for healthy living. We propose a time
dependent circuit model of real time human body hydration,
which models the human body tissue as a signal transmission
medium. The circuit model predicts the attenuation of a propa-
gating electrical signal. Hydration rates are modelled by a time
constant τ which characterises the individual specific metabolic
function of the body part measured. We define a surrogate
human body anthropometric parameter θ by the muscle-fat ratio
and comparing it with the Body Mass Index (BMI), we find
theoretically, the rate of hydration varying from 1.73 dB/minute,
for high θ and low τ to 0.05 dB/minute for low θ and high τ . We
compare these theoretical values with empirical measurements
and show that real time changes in human body hydration can
be observed by measuring signal attenuation. We took empirical
measurements using a vector network analyser and obtained
different hydration rates for various BMI, ranging from 0.6
dB/minute for 22.7 kg/m2 down to 0.04 dB/minute for 41.2
kg/m2. We conclude that the galvanic coupling circuit model can
predict changes in the volume of the body fluid which are essential
in diagnosing and monitoring treatment of body fluid disorder.
Individuals with high BMI would have higher time-dependent
biological characteristic, lower metabolic rate and lower rate of
hydration.

Index Terms—Galvanic Coupling, Signal propagation, Atten-
uation, Hydration , Metabolic rate and BMI.

I. INTRODUCTION

STUDIES in human body composition are essential because
it is linked to the risks of unhealthy states of the body.

For example, changes in fluid levels in the body can affect its
ability to provide the necessary support for healthy living[1].
Conditions leading to excess fluid losses in the body usually
result in problems such as dehydration, while fluid overload
can lead to heart failure and death in some cases [2]. Hydration
in this context is defined as the process of gaining tissue water
and the rate of hydration as the amount of change in the level
of tissue water with respect to time. Hydration measurements
are used to determine the amount of fluid in the body and as
a symptom for diseases associated with excess fluid or low
level fluid in a human body [3]. Two major techniques for
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measuring total body hydration are bioelectrical impedance
analysis [4] and urine specific gravity [5][6]. These techniques
assume a constant hydration factor and cannot be applied to
a specific area of the body. For instance, the bioelectrical
impedance analysis method is based on a hypothetical relation-
ship between impedance and the electrical volume. It assumes
that the entire human body is a cylindrical conductor and
tissues are electrically isotropic with no reactance component.
However, it has been shown that human tissue should be
modelled as having both resistive and reactive components
since cell membrane capacitance contributes significantly to
the effective impedance of electrical signals across tissues [7].
Schwan further showed that biological tissues have frequency
dependent electrical properties that could classify them into
three frequency regions (α, β, γ)[8]. Current treatment of body
fluid disorders such as lymphoedema are mostly monitored by
changes in body weight, circumferential limb measurements,
limb volume measurements, and water displacement methods
which have issues with hygiene and problems with tracking
sequential changes in weight and limb circumference [9].
A new method is required to measure body fluid levels
effectively.

We propose a circuit model that models tissue layers as an
electrical network with capacitive and resistive components.
The resulting circuit model has a transfer function that de-
scribes the signal attenuation (negative gain) when an electrical
signal is galvanically transmitted through the human body.
These attenuations can be measured allowing us to quantify
hydration effects empirically and hygienically while tracking
changes in the fluid volume on a specific area of the body.

A. Signal Propagation Through The Human Tissue

Electrical signal propagation across tissues are influenced
by frequency-dependent dielectric properties of tissues. These
are primarily affected by the extracellular and the intracellu-
lar fluids in the body. Fig.1 and Fig.2 depict the dielectric
relationship with frequency of common human tissues. The
high relative permittivity at lower frequencies implies that
signal propagation across human tissues would have higher
attenuation which we shall use for our investigation. Since
relative permittivity of tissue is higher at low frequencies
(Fig.2), we propose observing signal attenuation on tissues
at low frequencies to measure variabilities in human body
hydration with respect to time. In addition high frequencies are
affected by external factors such as the human body antenna
effect and possible radiation. Our frequency range lies within
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Fig. 1. Conductivity (S/m) of tissues at different frequencies. Data source
[17]

Fig. 2. Relative permittivity of tissues at different frequencies. Data source
[17]

the β dispersion region [8] which is related to the cellular
structure of biological materials. At higher frequencies, dipolar
reorientation of proteins and organelles can occur which is not
favourable. To the best of our knowledge, previous models
of signal propagation across the human tissue, either by
finite-element method [10-11], finite difference time-domain
methods [12], equivalent electric circuit [13-14] and quasi-
static dielectric principles [15] are all based on the assumption
of static tissue impedance. This assumption is less accurate
considering that the average quantity of water consumed by a
normal person to replace lost fluid in a temperate environment
is between 2600 - 2700 ml per day [16]. These dynamic
changes in the body fluid level, which also changes the
impedance of the body, and the high relative permittivity at
low frequencies is our motivation for a real-time human body
circuit model to describe human body hydration.

The rest of the paper is organised as follows: In section
II we propose a first-order model of human body hydration
with a mathematical expression of the transfer function derived
from our circuit model containing a time varying impedance
component. In section III we present our experimental set-up
for the empirical measurements and in section IV the results.
Finally, the paper concludes with the discussion in section V
and the conclusion in section VI.

II. HYDRATION MODEL

A. Previous Circuit Model of The Human Body

In previous work, Wegmueller et al. [18] proposed a four-
terminal circuit model with five body tissue impedances
(Fig.3), which was later improved by Song et al [13] and
most recently by our group [14]. Our previous model included
ZES representing the impedance of the contact interface to the

Fig. 3. Simplified four terminal galvanically coupled IBC circuit showing
approximations of the impedance components [18]

body at the transmitter and the receiver nodes, Zi and Z0 are
the input and output impedances which corresponds to the
transverse impedance ZT . ZA is the longitudinal impedance
of the transmission path corresponding to ZL in (Fig.4). The
impedance ZL in our previous model consisted of the skin,
fat, muscle, and bone, which we have extended to six layers
by including a body fluid layer and the cortical bone and
bone marrow because the cortical bone and bone marrow have
different dielectric properties [7].

B. Proposed Model of Hydration as a Time Dependent Circuit

We propose a variable impedance component ZF (t) (Fig.4)
that changes with a change in volume of the body fluid. The
body fluid increases or decreases primarily by hydration or
dehydration. We assume an average arm radius of 50 mm.
The corresponding tissues consist of 3% skin, 17% fat, 55%
muscle, 12% cortical bone, and 13% bone marrow [19]. We
used these to calculate the tissue anthropometric parameters
(the thickness of the tissue layers at different arm radii),
then by optimization, we calculated the corresponding amount
of the thickness of the body fluid layer. However, although
body parts have multifaceted geometry with complex internal
structures, we assume a homogeneous concentration of these
proportions including a fluid layer over the entire arm. We
calculated the impedance of the six body tissue components
in this model using the formula in [13] since our previous
model assumed negligible diagonal impedance Zb (Fig.4) and
like other circuit models did not consider the effect of the
dynamic changes in the body fluid.

We postulate that the changes in the amount of water in
the body directly changes the resultant impedance of the
body tissues which causes an increase or decrease in the
received signal attenuation. The body fluid consists mainly
of aqueous solutions of ions and cations which influence the
signal propagation [7].

C. Estimation of the Fluid Component of the Arm

The effects of hydration changes have not been taken into
account in human body circuit models. To introduce the
variable fluid component, we have an approximation of a
separate fluid layer among the tissues using Fig.5, Fig.6 and
table II. Water contributes up to 60% of total body weight
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Fig. 4. Improved circuit with variable impedance component from dynamic
changes in human body fluid volume

Fig. 5. The cross section of the arm with radius r, showing the different tissue
layers used in our simulation experiment

Fig. 6. Approximating the fluid layer by optimization

(TBW) of an adult [1]. The dipole nature of water results in
ions which contribute to electrolytic conductivity [7]. Table 1
shows some of the human body electrolytes.

TABLE I
EXAMPLE OF BODY ELECTROLYTES [7]

Cations Anions
Na+ Cl−

K+ HCO3−
Ca2+ Protein−

Mg2+ PO2−
4

H+ S02−
4

Both the intracellular and the extracellular electrolytes sup-
port electrolytic conductivity which causes potential differ-
ences that influence current flow. The conductivity is related
to the movement of the electrolytes; adipose tissues contain
relatively less water than muscle tissues causing conductivity
to be less in fat than in muscle and skin [7]. To estimate the
body fluid we assume a non-homogeneous lower arm with a
homogeneous distribution of the fluid.

Let Fn denote the thickness of fluid in the nth layer of the
arm, consisting of the skin s, fat f , muscle m, cortical bone

bc and bone marrow bm; therefore, the thickness of the fluid
layer, FT would be

FT = Fs + Ff + Fm + Fbc + Fbm (1)

As depicted in Fig.6, each layer includes a fluid layer F with
subscript as shown in equation 1. Similarly, if r is radius of the
arm [18] and tn the thickness of the nth layer of the arm from
skin, fat, muscle, body fluid, bone cortical and bone marrow,
the cross sectional area of first layer with arm radius r =
50mm would be

π(r2 − (50 − t1)2) (2)

while the other layers would be

π((50 − tn−1)2 − (50 − tn−1 − tn)2) (3)

TABLE II
PERCENTAGE OF WATER ON BODY TISSUES [1, 20]

Tissue Type Percentage of Water Thickness on arm radius (50 mm)
Skin 44 3
Fat 10 17

Muscle 70 55
Bone 22 a) Cortical bone 12

b) Bone Marrow 13

From table II and Fig.6 and computing with equations 1-
3, we have the total thickness of the fluid layer FT to be
approximately 23 mm.

D. First-Order Model of The Changes in Human Body
Impedance As a Result of Hydration

Based on Fig.4 the transfer function can be derived. Since
the circuit is symmetrical, we have that the new circuit would
have a variable impedance component ZF (t) in both the
transverse and longitudinal sides, ZT and ZL respectively.
Vi is the transmit voltage while V0 is the output voltage at
the receiver end with load Rl. Therefore, we infer that any
dynamic change in the impedance caused by a change in the
human body hydration state would result in a change of the
impedance of ZT , ZL, and Zb as following:

ŹT = ZT + ZF (t) (4)

ŹL = ZL + ZF (t) (5)

Źb = Zb + ZF (t) (6)

V0 = I0Rl =
ViRlσ5
σ2

(7)

Hence, the circuit model from Fig.15 is

V0
Vi

=
−Rlσ5
σ2

=
−2RlŹ

2
T (Źb + ŹL)

σ2
(8)

where σ2 =

8Z2
ES(Ź2

L + ŹLŹT + ŹbŹL + ŹbŹT ) + 4ZESŹ
2
L(ŹL + ŹT +

Źb) + 4ZESŹT (ŹLŹT + ŹbŹL+ ŹbŹT ) + 2Ź2
LŹT (ŹL+ Źb);
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and σ5 = 2ŹbŹ
2
T + 2ŹLŹ

2
T ;

The details of the derivation can be found in Appendix A.

We propose that a measurable change in the amount of body
fluid will result in a change in a time-dependent impedance
element ZF (t) for time t after fluid intake and hydration
occurs. This means that the transfer function (equation 8) is
also time-dependent i.e

V0
Vi

= g(t) (9)

And the signal gain

G = 20log
V0
Vi

(10)

also varies proportionally with the time-varying changes in
the impedance of the body as a result of the changes in the
body fluid volume.

After fluid intake, as hydration occurs, the impedance of
the body fluid ZF (t) decreases. This causes a decrease in
the signal attenuation of the electrical signal passing through
the tissues. If we denote the initial state of the impedance
at t = 0 just before hydration as Zf0, we propose that as
the body fluid increases, the time-dependent impedance of the
body fluid decreases in the form of a first order process given
by

ZF (t) = Zf0 − Zw(1 − e−
t
τ ) (11)

where t is the time for the change in impedance to occur,
Zf0 is the impedance at time t = 0 just before hydration
begins, tf is time to reach the state of water balance, Zw
is the impedance resulting from the water consumed and the
ratio t

τ is a characteristic that predicts the rate of hydration. τ
is the time constant that characterises a particular individual.
Therefore, assuming an initial fluid volume Vib before hydra-
tion, Vw is the amount of fluid consumed then the body will
hydrate to a fluid volume Vb given as

Vb = Vib + Vwe
t
τ ; t = 0;Vb = Vib (12)

We propose equation (12) as the formula for estimating human
body hydration at time t after fluid intake. Vw is the amount of
water consumed by the subject, t is the time to absorb Vwe

t
τ

amount of water. Fig.7 shows the effects of τ on the rate of
hydration.

To verify the effects of the anthropometric measurements,
we propose θ to denote the muscle-fat ratio as a surrogate
measure of body fat, similar in definition to the body mass
index, BMI measured in (kg/m2) [21]. We set the dimensions
of the tissues contributing to the longitudinal impedance to the
distance between the transmitter and receiver electrode pairs
and use the cross-sectional area of muscle and fat to calculate
θ as

θ =
Am
Af

(13)

=
π(r2 − (50 − (t1 + t2 + t3 + t4))2)

π(r2 − (50 − (t1 + t2))2)
(14)

Fig. 7. The effect of τ on the rate of hydration with initial body fluid volume
set at 45,000 ml and 500 ml water intake.

Am is the cross-sectional area of muscle to the distance
between the transmitting and receiving electrodes and Af
the cross-sectional area of fat to the same distance between
the transmitting and receiving electrode pairs. t1 − t4 is the
thickness of the tissue layers in the arm corresponding to the
skin, fat, fluid and muscle layers respectively (Fig.6). Table
III is our classification of the anthropometric measurements
to represent different indices of the proportion of body fat,
by varying the proportions of Am and fm in (14), where for
the purposes of our simulation 0 < θ < 1. We define our
anthropometric ratios as high θ corresponding to low fat index
or low BMI and low θ corresponding to high fat index or high
BMI.

TABLE III
ANTHROPOMETRIC MEASUREMENT INDEX, MUSCLE-FAT RATIO

Index Ratio
θ1 0.9
θ2 0.6
θ3 0.3
θ4 0.2

Based on the discussions above, we propose a new ex-
pression for signal attenuation (G), in a galvanic coupled
human body circuit as G(f, t, τ, θ), where f is the input signal
frequency, t is the real time of observation, τ is specific
to time varying characteristic of the subject, and θ is the
anthropometric measurements of the body. The changes in
attenuation (negative gain) can be calculated from equation
8

G(f, t, τ, θ) = 20log(
−2RlŹ

2
T (Źb + ŹL)

σ2
) (15)

where τ is found by equating the measured attenuation to
the transfer function equation (15). Fig.8 depicts the effect of
different values of τ on the rate of hydration at constant θ
while Fig.9 shows the graph corresponding to different pro-
portions of τ and θ that represent different combinations of the
individual biological characteristic τ and the anthropometric
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Fig. 8. Graph of attenuation versus time at 800 kHz, showing the effect of
changes in τ , at θ = 0.9.

Fig. 9. Model predictions of attenuation for simulated hydration at 800 kHz
and 1 MHz when τ is inversely proportional to θ. This indicates low BMI
equals lower time-dependent metabolic rate [24], higher rate of hydration [25]
and more body of water [27]

ratio θ. Again, we show in Fig.10 is the converse combination
of the individual biological characteristic τ and anthropometric
ratio θ. Fig.11 is the simulated graph of gain against frequency
on an individual with physiological combination of τ and θ.

III. EXPERIMENTAL SET-UP

A. Determination of the variability of fluid impedance with
changes in the volume of water

The measurement set-up is as shown in Fig.17. A mini Pro
VNA, frequency range 100 kHz to 200 MHz, manufactured
by Mini Radio Solutions, baluns (Coaxial RF transformers,
FTB-1-1+, turns ratio of one, manufactured by Mini-Circuits,
and frequency range 0.2-500 MHz), and round pre-gelled

Fig. 10. Model predictions of attenuation for simulated hydration at 800 kHz
and 1 MHz where τ is proportional to θ. The result shows high BMI has high
hydration rate and low time-dependent metabolic rate. This is not supported
by empirical results and is not explained physiologically

Fig. 11. Attenuation against frequency as hydration occurs with τ = 5 and
θ = 0.9.

self-adhesive Ag/AgCl snap single electrodes (1 cm diameter,
manufactured by Noraxon) were used. The baluns were used
to electrically isolate the two ports of the VNA to ensure
the return current does not pass through the common earth
ground of the two ports. The VNA is set to sweep the constant
interval frequency of range 300 kHz to 5.4 MHz in 49 points
with 0 dBm output power. This is well below the safety limit
set by International Commission on Non-Ionizing Radiation
Protection (ICNIRP, 1998) and World Health Organization
(WHO, 1993) [22]. The Noraxon self-adhesive Silver/Silver-
Chloride electrodes (Ag/AgCl) are preferred because it reduces
the effects of motion artifacts and reflection. The distance
between the transmit and receive electrodes and the inter
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Fig. 12. Galvanic-coupling circuit on the lower left arm, the four terminal
silver-silver chloride surface electrodes are attached to the body and connected
to the VNA via a balun. The output signal shows on the laptop screen fitted
with the VNA software

electrode separation is 20 cm and 4 cm respectively. A small
harmless electrical current (<1 mA) is transmitted into the
arm via a pair of Noraxon surface electrodes (transmitter
electrodes) and received 20 cm at the receiver end as shown in
Fig.12. Six healthy volunteers participated in the experiment.
First the subjects were asked to abstain from fluid after supper
to 10.00 am. The subjects were given 500 ml of water and
measured separately after fluid intake. All the subjects sat on
a plastic chair with arms by the side to ensure the current was
confined within the arm and avoiding external physical contact.
Since individual metabolism is different at different times of
the day, our experimental protocol was designed to ensure that
all measurements were done at 10.00 am and that the average
room temperature was maintained at 25 ± 0.1oC. Repeated
measurements were taken after abstinence from fluid and at
5 minutes interval following fluid intake of 500 ml of water
and the average used to minimise measurement uncertainties.
Subjects followed ethics procedures mandated by the Victoria
University Human Ethics Research Committee.

IV. RESULTS

The theoretical graphs show different rates of hydration as
a result of time-varying changes in the impedance of the body
and the effects of the changes in τ . Based on our model, we

are proposing to measure the rate of hydration by changes
in signal attenuation in dB/minute. From Fig.8, the rate of
hydration is 1.73 dB/minute when τ is 5 and 0.05 dB/minute
when τ is 150. the graph shows that low τ is associated
with high rate of hydration and high τ with low rate of
hydration. Fig.9 is our model prediction of attenuation as
hydration occurs at 800 kHz and 1 MHz. At state 0, just
before hydration begins, signal gain at 800 kHz for θ = 0.2
and τ = 150 is -78.0 dB. This is about 6 dB difference with
subject A, BMI 20.1 at 800 kHz and about 8.0 dB difference
with subject F, BMI 41.2. Similar observation was also made
at 1 MHz. Our combinations of θ and τ is based on our
earlier definition of θ as being related to BMI and τ as
related to specific individual metabolic processes and since
small values of τ resulted in higher rates of hydration, we
therefore relate high θ to low τ and low θ to high τ as shown in
Figs.8-9. This means that individuals with low anthropometric
ratios θ are predicted to have low hydration rates while
high θ would have higher rate of hydration. Fig.10 shows
the converse combination of τ as proportional to θ which
does not match our empirical results at both 800 kHz and 1
MHz. Fig.11 shows that attenuation is affected by time across
each frequency. Further comparison of the empirical graphs
(Figs.13-14) with the theoretical simulations show that in both
cases, all the subjects showed that signal attenuation decreases
as the body hydrates, in line with our theoretical prediction
(Fig.10). This means that the human body impedance varies
with time as the fluid level changes. Again, the six subjects
have different anthropometric ratios defined by their BMI
which contributed to the individual rate of hydration. Subjects
A, B and C have higher rates of hydration and lower BMI
ranges. For example, subject B (BMI 22.7) has average rate
of hydration as 0.6 dB/minute and 0.7 dB/minute at 800 kHz
and 1 MHz respectively. Similarly, subjects with high BMI (D,
E and F) have almost a flat rate of hydration corresponding to
their low anthropometric values as predicted by our theoretical
definition. The decrease in attenuation is across all the subjects
and at different rates, characterised by their differences in
τ and θ, have been predicted by our simulation results. A
comparison of the theoretical anthropometric parameters and
the BMI ratios of the body show high BMI corresponding to
low θ and longer time dependent characteristic factor τ , while
low BMI corresponds to high θ with a corresponding low τ .

V. DISCUSSION

In this paper we proposed a time-dependent impedance
circuit model of real-time human body hydration and found
that similar to our theoretical predictions, the attenuation of
an electrical signal passing through the body tissues changes
as the fluid level changes. This change is affected by external
factors such as changes in atmospheric temperature, which
was minimised in our experiment, as well as individual
anthropometric ratio and metabolic rates. The human body
regulates the movement of water between the intracellular and
the extracellular tissue spaces to maintain effective osmolarity
of solutes within each compartment and to maintain a state of
water balance. These dynamic variations underline a constant
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Fig. 13. Changes in signal gain at 800 kHz as hydration occurs on 6 subjects
after fluid intake

Fig. 14. Changes in signal gain at 1 MHz as hydration occurs on 6 subjects
after fluid intake

and varying change in the body impedance as the fluid level
changes. A further water intake above obligatory water loss,
in a healthy person, is usually excreted in dilute urine [23].
Hence, fluid intake after the state of water balance is reached
does not cause hydration. Also fluid absorption rates varies
per individual and peak rates are reached at different times.

This study presents a model for evaluating human body
hydration by measuring the changes in electrical signal at-
tenuation as it propagates across tissues. We modelled a time-
dependent circuit of the body tissues that captures the fluid
changes resulting from hydration. We proposed a time constant
τ which represented the dynamic metabolic activities of an
individual that affects the body hydration rate. We found
that smaller values of τ are associated with higher rates of
hydration and larger values of τ with lower rates of hydration

(Fig.8). Since τ is representative of the time for complex
processes of an individual metabolism, our observation on
τ (Fig.8) coincides with Webb’s findings [24] that subjects
with lower fat free mass have higher time-dependent metabolic
characteristic. This is exhibited in Fig.9 for example where
τ is inversely proportional to θ and attenuation increases if
the proportion of fat increases and decreases if the proportion
of fat decreases. Our investigation of the rate of change
in attenuation at two separate frequencies 800 kHz and 1
MHz (Fig.9) showed that when θ is 0.9 and τ is 5 the rate
of hydration denoted by the rate of change in attenuation
is 1.7 dB/minute and when θ is 0.6 and τ is 20 the rate
of hydration is 0.5 dB/minute. At θ = 0.2 and τ = 150,
the rate of hydration is slower. This matches physiological
expectations where lower fat has higher rate of hydration [25].
Fig.10 is the converse prediction of attenuation when τ is
proportional to θ. At both 800 kHz and 1 MHz the result is not
supported by empirical graphs (Figs. 13-14) and not explained
physiologically. Therefore, our parameter θ is related to BMI
and BMI is known to be related to metabolic rate. For example,
the Mifflin-St. Jeor equation [26] for resting metabolic rate
(RMR) shows that metabolic rate is highly proportional to
BMI. This means that θ and τ are interrelated.

Our empirical measurements confirm this conjecture and
follows the trend predicted by our theoretical model in Fig.9
where τ is inversely related to muscle-fat ratio, θ. Since θ is
BMI related, we can then conclude that τ is related to RMR.
Indeed, our empirical results show subjects with higher BMI
(low θ) having lower hydration rates (high τ ) and lower BMI
(high θ) having higher rate of hydration (low τ ). This also
matches physiological expectations that High BMI (low θ) is
associated with a higher proportion of fat and smaller body of
water [27]. Thus the theoretical hydration patterns of people
with different body mass indices in our model (Fig.9 and
Fig.11) are supported by the empirical measurements (Figs.13-
14). We conclude that under similar conditions and healthy
states, individuals with high BMI would have longer time-
dependent metabolic process τ , and lower rate of hydration
than persons with low BMI. While θ is a measure of the
muscle-fat ratio, τ is a complicated mixture of human body
metabolic processes which affects hydration.

VI. CONCLUSION

This study presents a new method of measuring the rate of
hydration in real time by measuring the changes in the ampli-
tude of a galvanically coupled signal passing through body tis-
sue. We show that real-time changes in signal attenuation can
be predicted by a circuit model which incorporates the rate of
hydration τ , and human anthropometric measures. Our model
will potentially assist in the development of new body fluid
monitoring technologies which are essential for diagnosing
fluid disorders and a tool for studying fluid requirements in the
body. However, a wider experiment is required to determine
an explicit model of τ and to determine the effects of other
parameters of the body such as age, sex and height.
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APPENDIX A
TRANSFER FUNCTION EQUATION

Considering the current flow diagram, using KVL:

Vi = 2I1ZES + I2ŹT (16)

I4ŹL = I2ŹT + I5Źb (17)

I2ŹT + I6ŹL = I4ŹL + I7ŹT (18)

I6ŹL = I5Źb + I7ŹT (19)

I4ŹL + I7ŹT = I3Źb (20)

I7ŹT = I8(2ZES + ŹL) (21)

From KCL:

I1 = I2 + I3 + I4 (22)

I2 = I1 + I5 + I6 (23)

I4 = −I5 + I7 + I8 (24)

−I3 = I7 + I6 + I8 (25)

Vi = 2I1ZES + ŹT I2 + 0 + 0 + 0 + 0 + 0 + 0 (26)

0 = 0 + I2ŹT + 0 − ŹLI4 + I5Źb + 0 + 0 + 0 (27)

0 = 0 + 0 + 0 + 0 + I5Źb − ŹLI6 + I7ŹT + 0 (28)

0 = 0 + 0 − I3Źb + I4ŹL + 0 + 0 + I7ŹT + 0 (29)

0 = −I1 + I2 + I3 + I4 + 0 + 0 + 0 + 0 (30)

0 = I1 − I2 + 0 + 0 + I5 + I6 + 0 + 0 (31)

0 = 0 + 0 + 0 − I4 − I5 + 0 + I7 + I8 (32)

0 = 0 + 0 + 0 + 0 + 0 + 0 + −I7ŹT + (2ZES + ŹL)I8 (33)

The corresponding matrix from the above equations is
V i
0
0
0
0
0
0
0

 =


2ZES ŹT 0 0 0 0 0 0

0 ŹT 0 −ŹL Źb 0 0 0

0 0 0 0 Źb −ŹL −ŹT 0

0 0 −Źb ŹL 0 0 ŹT 0
−1 1 1 1 0 0 0 0
1 −1 0 0 1 1 0 0
0 0 0 −1 −1 0 1 1

0 0 0 0 0 0 −ŹT 2ZES + ŹL



I1
I2
I3
I4
I5
I6
I7
I8


Solving for I from the above equations

Fig. 15. The equivalent circuit showing directions of the current flow

I =



Vi(2ŹbŹT σ0)+2ŹbŹLŹT σ1

4ŹbŹ
3
T
σ4σ3σ2

Vi(2ŹbŹT σ0)+2ŹbŹLŹT σ1

4ŹbŹ
3
T
σ4σ3σ2

−Viσ1

2ŹT σ4σ3σ2

Viσ1

2ŹT σ4σ3σ2
−Viσ0

2ŹbŹT σ4σ3σ2

2ViŹ
2
T (σ4σ2+σ5(σ6+σ7+4ŹbZES ŹL+2ŹbŹLŹT )

2ŹT σ4σ3σ2

Vi(ŹT σ4σ2+σ5(σ6+σ7+4ŹbZES ŹL+2ŹbŹLŹT ))
σ4σ3σ2

Viσ5
σ2


σ0 =

2Ź2
T (σ4σ2 + σ5(σ6 + σ7 + 4ŹbZESŹL + 2ŹbŹLŹT ))σ4

−4ŹLŹ
3
T (σ4σ2 + σ5(σ6 + σ7 + 4ŹbZESŹL + 2ŹbŹLŹT ));

σ1 =

(2ŹT (σ4σ2+σ5(σ6+σ7+4ŹbZESŹL+2ŹbŹLZT ))−2ŹTσ5σ3)σ4

+4Ź3
T (σ4σ2 + σ5(σ6 + σ7 + 4ŹbZESŹL + 2ŹbŹLŹT ));

σ2 =

8Z2
ES(Ź2

L+ ŹLŹT + ŹbŹL+ ŹbŹT ) + 4ZESŹ
2
L(ŹL+ ŹT + Źb) +

4ZESŹT (ŹLŹT + ŹbŹL + ŹbŹT ) + 2Ź2
l ŹT (ŹL + Źb);

σ3 =

σ6 + Ź2 +2ŹLŹ
2
T +σ7 +4ŹbZESŹL+4ŹbZESŹT +2ŹbŹLZT +

4ZESŹLŹT ;

σ4 = 2ŹbŹT + 2ŹLŹT ;

σ6 = 4ZESŹ
2
L;

σ7 = 2Ź2
LŹT ;
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