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Abstract

Let f(A) = > 725 oty A" be a function defined by power series with complex coefficients
and convergent on the open disk D(0,R) € C, R> 0 and x,y € 13, a Banach algebra,
with xy = yx. In this paper we establish some upper bounds for the norm of the
Ceby§ev type difference f(L)f (Axy) — F(AX)f (Ay), provided that the complex number A
and the vectors x,y € I3 are such that the series in the above expression are
convergent. Applications for some fundamental functions such as the exponential
function and the resolvent function are provided as well.

MSC: 47A63;47A99

Keywords: Banach algebras; power series; exponential function; resolvent function;
norm inequalities

1 Introduction
For two Lebesgue integrable functions f,g : [a,b] — R, consider the Cebysev functional:

1 b 1 b b
cr.g)= o [ fogdr- = [ s [ et (L)
b-a a (b - ﬂ) a a
In 1935, Griiss [1] showed that
1
(9| < L (M —m)(N - n), (1.2)
provided that there exist real numbers m, M, n, N such that
m<f(t)<M and n<g(t)<N forae.telab]. (1.3)

The constant i is best possible in (1.1) in the sense that it cannot be replaced by a smaller
quantity.

Another, however, less known result, even though it was obtained by Cebyéev in 1882
[2], states that

1
€0 = Z I |l -, (14)

12
provided that f”, ¢’ exist and are continuous on [a,b] and ||f"[lec = SUpc(.p If'(£)]- The

constant é cannot be improved in the general case.
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The Cebysev inequality (1.4) also holds if f, g : [a,b] — R are assumed to be absolutely
continuous and f*,¢" € Loo[a, b], while [[f"|lcc = esssup,c(, [f'(£)].

A mixture between Griiss’ result (1.2) and Cebysev’s one (1.4) is the following inequality
obtained by Ostrowski in 1970 [3]:

C.9)] = 56— -], 13

provided that f is Lebesgue integrable and satisfies (1.3), while g is absolutely continuous
and g’ € Ly[a, b]. The constant é is best possible in (1.5).

The case of Euclidean norms of the derivative was considered by Lupas in [4] in which
he proved that

€.0] = 25 Ll 1,0 -0 06

provided that f, g are absolutely continuous and f’,¢’ € L[a, b]. The constant —; is the
best possible.
Recently, Cerone and Dragomir [5] have proved the following results:

v o\h
dt) , (1.7)

1 b
C.9)| < inf g =7l 5— ( }ﬂ)— 7 [ 1

wherep>1and}7+§=lorp=1andq=oo,and

) (1.8)

b
ess sup ’f(t) L / fls)ds
te(a,b) b-a a

provided that f € L,[a,b] and g € Ly[a,b] (p > 1, 117 + é =l;p=1l,g=0c0o0rp=00,q=1).
Notice that for g = 0o, p = 1 in (1.7) we obtain

ICVnging—ym~
yeR

. 1 1 [t
IC(f,9)] s;gﬂgllg—yllwmfa P(t)—mfa f(s)ds|dt

1 1 [t
< ”g”oo'm/a P(t)—m/a f(s)ds|dt (1.9)
and if g satisfies (1.3), then
. 1 1 [
IC(f,9)] s;gﬂgllg—yllwm/a P(t)—mfa f(s)ds|dt
n+N 1 b 1 b
<le- 57 7 [o-g ol
1 1
SE(N_H).b—a/; P(t)—m/a f(s)ds|dt (1.10)

The inequality between the first and the last term in (1.10) has been obtained by Cheng
and Sun in [6]. However, the sharpness of the constant %, a generalization for the abstract
Lebesgue integral, and the discrete version of it have been obtained in [7].
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For other recent results on the Griiss inequality, see [8—22], and the references therein.
In order to consider a Cebysev type functional for functions of vectors in Banach alge-
bras, we need some preliminary definitions and results as follows.

2 Some facts on Banach algebras
Let B be an algebra. An algebra norm on Bisamap || - || : B—[0,00) such that (5, ]| - ||) is
a normed space, and, further

labll < llalllbl

for any a,b € B. The normed algebra (B, || - ||) is a Banach algebra if || - || is a complete norm.

We assume that the Banach algebra is unital, this means that 3 has an identity 1 and
that ||1]| = 1.

Let B be a unital algebra. An element a € B is invertible if there exists an element b € 5
with ab = ba = 1. The element b is unique; it is called the inverse of a and written 4~
The set of invertible elements of B is denoted by Inv B. If 4, b € Inv BB then ab € Inv B and
(ab)™! = b1la L.

For a unital Banach algebra we also have:

(i) if @ € B and lim,_« ||@"||"* <1, then1-a € Inv B;
(ii) {aeB:|1-b| <1} CInvB;
(iii) Inv B is an open subset of B3;

or l.
a

(iv) the map InvB 3 a+— a™! € Inv B is continuous.
For simplicity, we denote A1, where A € C and 1 is the identity of B, by A. The resolvent
set of a € B is defined by

pla)={reC:r-aeclnvB};

the spectrum of a is o (a), the complement of p(a) in C, and the resolvent function of a is
R, : p(a) — Inv B, R,(X) := (A —a)~L. For each A,y € p(a) we have the identity

Ra(y) = Ra(2) = (A = ¥)Ra(MRa(y ).

We also have o(a) C {A € C: |A| < |la|}. The spectral radius of a is defined as v(a) =
sup{|r]: A € o(a)}.
If a, b are commuting elements in B, i.e. ab = ba, then

v(ab) <v(a)v(b) and v(a+b) <v(a)+ v(b).

Let B3 a unital Banach algebra and a € B. Then
(i) the resolvent set p(a) is open in C;
(ii) for any bounded linear functionals X : B —C, the function X o R, is analytic on p(a);
(iii) the spectrum o (a) is compact and nonempty in C;
(iv) for each n € Nand r > v(a), we have

1
a £"(E —a) " dE;

278 Jigl=r

(v) we have v(a) = lim,,_, o ||a"||'".
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Let f be an analytic functions on the open disk D(0, R) given by the power series f(A) :=
Z/?:Oo a;M (Jx| < R).If v(a) < R, then the series Z/?:Oo a;a’ converges in the Banach algebra
B because Z;’fo loj|| || < o0, and we can define f(a) to be its sum. Clearly f(a) is well
defined and there are many examples of important functions on a Banach algebra B that
can be constructed in this way. For instance, the exponential map on B denoted exp and

defined as
=1
expa:= E T‘a/ for eacha € B.
— !
j=0

If B is not commutative, then many of the familiar properties of the exponential function
from the scalar case do not hold. The following key formula is valid, however, with the
additional hypothesis of commutativity for « and b from B:

exp(a + b) = exp(a) exp(b).

In a general Banach algebra B it is difficult to determine the elements in the range of the
exponential map exp(B), i.e. the element which have a ‘logarithm’. However, it is easy to
see that if 4 is an element in B such that ||1 — || < 1, then a is in exp(B). That follows from
the fact that if we set

21
b==3 ~(-ay,
n=1

then the series converges absolutely and, as in the scalar case, substituting this series into
the series expansion for exp(b) yields exp(b) = a.

It is well known that if x and y are commuting, i.e. xy = yx, then the exponential function
satisfies the property

exp(x) exp(y) = exp(y) exp(x) = exp(x + y).

Also, if x is invertible and a, b € R with a < b then

b
/ exp(tx) dt = x7* [exp(bx) — exp(ax)].

Moreover, if x and y are commuting and y — x is invertible, then

1

fl exp((l —8$)x+ sy) ds= / exp(s(y - x)) exp(x) ds
0 0

- ( /0 1 exp(s(y —x)) ds) exp(x)

= (y - %) [exp(y - %) ~ I] exp(x)
= (y = %) [exp(y) - exp(x)].

Let f(A) = Y o2, a,A" be a function defined by power series with complex coefficients
and convergent on the open disk D(0,R) C C, R > 0 and x,y € B with xy = yx. In this paper


http://www.journalofinequalitiesandapplications.com/content/2014/1/294

Dragomir et al. Journal of Inequalities and Applications 2014, 2014:294
http://www.journalofinequalitiesandapplications.com/content/2014/1/294

we establish some upper bounds for the norm of the Cebysev type difference

S)f (xy) - f(x)f (Ly)

provided that the complex number A and the vectors x,y € 3 are such that the series in

(2.1) are convergent. Applications for some fundamental functions such as the exponential

function and the resolvent function are provided as well.

Inequalities for functions of operators in Hilbert spaces may be found in [23-26], the

recent monographs [27-29], and the references therein.

3 Theresults

We denote by C the set of all complex numbers. Let «, be nonzero complex numbers and

let

1
Ri=——.
lim sup |e;, | 7

Clearly 0 < R < 00, but we consider only the case 0 < R < oo.
Denote by

{zeC:|z| <R}, ifR< o0,

C, if R = oo,

D(0,R) =

consider the functions

A f(0):DO,R) > C,  f(1)i=Y ay”

n=0

and
hi> f4():DO,R) —> C,  fa(h):i= Y laulr".
n=0

Let BB be a unital Banach algebra and 1 its unity. Denote by

{xeB:|x| <R}, ifR<o0,

B, if R = 00.

B(0O,R) =

We associate to f the map

x> f(x): B(0,R) — B, f(x) = Zoc,,x”.

n=0

Obviously, f is correctly defined because the series Y oo o,x” is absolutely convergent,

since Y00l | < 300 leval 1"

In addition, we assume that s := > o) 1%|a,| < 00. Let sg := > ep lay| < 00 and s; :=

Y ol onlo| < oo.

Page 5 of 19
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With the above assumptions we have the following.

Page 6 of 19

Theorem 1 Let A € C such that max{|A],|A|?} < R < o0 and let x,y € B with ||x||, |yl <1,

and xy = yx. Then:
(i) We have

If - 1)f (xy) = f () (1) |
<2y min{lx - 1|, Iy - 11} (111%)

where
2 2
Y i=808 — 8.
(ii) We also have

If - 1)f Gaxy) = f (a)f (1)
< «/Emin{llx— 1, [ly - III}fA(IM)

A ANIAC B A B A

Proof For m > 1 and since xy = yx we have

= Xm: Xm:ana )Ln)ujx Z Zanaj)“n)hlx]y

n=0 j=0 n=0 j=0
m m m m
= Zaj)d ZunA”x”yn - Zoz,ﬂx’ Za,,)»”y”
j=0 n=0 j=0 n=0
m m m m
= Zaj)»] Zozn)\”(xy)” - Za,-k’x’ ZanA”yn
j=0 n=0 j=0 n=0

forany A € C.
Taking the norm in (3.4) we have

m m m m
Z ajkj Z a M (xy)" — Z ajijj Z a My
j=0 n=0 j=0 n=0

Y lellegl 2V (& = )" |
j=0

~.

m
D lanlloglA" By [ -] 7|
j=0

~.

m
D leallog A AV " = o | 1y1)”

Jj=0

i
(=]

(3.1)

(3.2)

(3.3)

(3.4)
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m m
<D0 lanlleglia Al [« - o
n=0 j=0
=2 > laulleglAl AV " - &),
0<j<n<m

forany A € Cand m > 1.
Observe that

Li= > el A" AV |7 - |

0<j<n<m
n-1
= Y lelloglA AP | D (5 - )
0<j<n<m L=j
n-1
j 4
= > lelloglA"al | Y at(e-1)
0<j<n<m L=j
n-1
j 4
<la=11 Y laallogl AP D )
0<j<n<m l=j

forany 2 € C and m > 1.

We have
n-1
Vi . l . 4
x||" <(n- max x| =<(n- max X
D_lxl" = =) max el < (=) max ]
t=j
and then

L<|x-1] max [x|° A AV (1 = ).
< le=1,_max 1”30 leullogllAF 0 ))

,,,,,

0<j<n<m

From the first inequality in (3.7) and since ||x| <1 we have

m m m m
Z Y Z )" (xy)" — Z a)x Z oy A"y"
j=0 n=0 j=0 n=0

<2x=11 Y lealloglIA" AV (2= )

0<j<n<m

m m
=l =10 letullog A" |21 | = jl.

n=0 j=0

(i) Using the Cauchy-Bunyakovsky-Schwarz inequality for double sums,

n=0 j=0 n=0 j=0 n=0 j=0

S5 pustnson < (z zpn,,az,,) (z S b2,

(3.5)

(3.6)

(3.7)

(3.8)

Page 7 of 19
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where p,j, a4, b, > 0 for n,j € {0,..., m}, we have

m m
DO lelloglIal al 1n -

n=0 j=0

m o om 12 /o m 1/2
s(ZDanna,HMZ"W) (ZDanna,Hn—jF)

n=0 j=0 n=0 j=0

m m m m 21/2
= ﬁ(Z |an||x|2"> [Zw > el - (an) } (3.9)
n=0 n=0 n=0 n=0

forany A € Cand m > 1.
From (3.8) and (3.9) we get the inequality

m m m m
Zajkj Za,,k"(xy)” - Zajijj Zay,)»”y”
j=0 n=0 j=0 n=0

m
<V2|lx-1]| (Z |an||x|2">

n=0

[Zw > e - (Zn|an|>2]m. (3.10)

n=0

Since the series
oo o0 o0 o0
Z oM, Z a, " (xy)", Z oM, Z a,A"y"
j=0 n=0 j=0 n=0

are convergent in 5, Y- [ot| |A|?" is convergent and the limit
24172
mlgnoo[z |an|Zn ot - (Zom«m) }
n=

exists, then by letting m — oo in (3.10) we deduce the desired result in (3.1) for x. Due to
the commutativity of x with y, a similar result can be stated for y, and taking the minimum,
we deduce the desired result.

(ii) Using the Cauchy-Bunyakovsky-Schwarz inequality for double sums,

where p,,j,a,; > 0 for n,j € {0,...,m}, we also have

m m
DO lealloglial Al 1n -
m o om V2 /m m 1/2
s(ZDanHa,ww) <ZZ|an||a, A A7 — ]|>

n=0 j=0

Page 8 of 19
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=ﬁ<i |an||x|")

n=0
m m m 2-11/2

x [Z letal I et 2] = (Zmanw) } (3.11)
n=0 n=0 n=0

forany A € Cand m > 1.
From (3.8) and (3.11) we have

m m m m
Z a,»)J Z a M (xy)" — Z ozjijj Z a Ay
j=0 n=0 =0 n=0

< ﬁnx—ln(z |an||x|">

n=0
m m m 2172
x [DannM"ZnﬂannM" - (Zmanw) } (312)
n=0 n=0 n=0

forany A € Cand m > 1.
If we denote f(u) := Y - ov,uu”, then for |u| < R we have

oo
Z no,u” = uf' (u)
n=0
and
Z o, u’ = u(ug/(u)),.
n=0
However
u(ug () = ug'(u) + g’ (u)
and then
Z n*a,u” = ug' (u) + u’g" (u).
n=0
Therefore
Y mPlal A" = [f (1) + AP (121)
n=0

and

m

> a1 = AF (1A])

n=0

for |A| < R.

Page 9 of 19
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Since all the series whose partial sums are involved in (3.12) are convergent, then by
letting m — o0 in (3.12) we deduce the desired inequality (3.3) for x. Due to the commu-
tativity of x with y, a similar result can be stated for y, and taking the minimum, we deduce
the desired result. O

Remark 1 If R = oo, Theorem 1 holds true. Moreover, in this case the restrictions

Illl, lyll <1 need no longer be imposed.

Remark 2 We observe that if the power series f(1) = Y-, @,A" has the radius of conver-

gence R > 1, then

Dlal =fu(0), D APl =£1(1) +£4(1)
n=0 n=0

and
> nloy| =£4 (D).
n=0
In this case V¥ is finite and
. " " 29172
V= nggmm[z ol Y %l - (an) ]
n=0 n=0 n=0
- BOHO +H] - (LT
Therefore, if A € C with |A[, |A|2, |A]ll%], 1|7l < R, then from (3.1) we have
[f G- 1)f (xy) = f (0)f Gy |
<V2{L[AHO + £ O] - [

x min{[lx = 1], lly = 1] }fa (IA%). (3.13)
Corollary 1 Under the assumptions of Theorem 1 we have the inequalities
[f G- 1f () = f2(h0) | < V29 llx = LiLfa (121) (3.14)

provided A € C with |A|, |1|% |A||lx]| <R, and

If (x - 1)f (Ax®) —f2(a) |
< V2% = 1||fa (12])

A A R A A e i (3.15)

provided ). € C with |A|, | M|l < R.

Page 10 of 19
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Theorem 2 Let f(L) = Y - o, A" be a function defined by power series with complex co-
efficients and convergent on the open disk D(0,R) C C,R > 0, and x,y € B with xy = yx and

llll, flyll < 1.
If » € Cwith M, [Mlx[l, Myl <R, then

e =10 lly -1l }[

|v<x-1v"(xxy>—f(xx>f"(xy>Hsmin{l_”xn,l_”y” (1) £ (22)] - (3.16)

where
Sz ()= e l*A" (317)
n=0

has the radius of convergence R?.

Proof As pointed out in (3.6), we have

n-1
Llx=1 > laalleglA"af Y I«
0<j<n<m t=j
m-1
Sla=10) 1l D lowlleglal"|ay (3.18)
£=0 0<j<n<m

forany A € Cand m > 1.
Denote

Kpi= Y laalloglIal"|a).

0<j<n<m

We obviously have

1[{& =
K= (Z jevullogl 12" AP =) |an|2|x|2”>
n=0

n,j=0
1 m 2 m
=5[<Z|an||x|"> —Z|an|2|x|2"}.
n=0 n=0

From (3.8) and (3.18) we get the inequality

m m m m
Z vy Z )" (xy)" — Z o) Z ayA"y"
j=0 n=0 j=0 n=0
m-1
<le=11 ) lxl
£=0

m 2 m
x [(me) —Z|an|2|x|2"}, (3.19)
n=0 n=0

forany A € Cand m > 1.
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Since all the series whose partial sums are involved in (3.19) are convergent, then by
letting m — oo in (3.19) we deduce the desired inequality (3.16) for x. Due to the commu-
tativity of x with y, a similar result can be stated for y, and taking the minimum, we deduce
the desired result. O

Remark 3 Since the power series f;2(1) := Y oo e, |*A" is not easy to compute, we can

provide some bounds for the quantity

Dy(In]) =2(1]) = £z (1),

where |A| < R, as follows.
If |A\] <1and a,, := sup,cyilanl} < 00, then

Kny<aj Y [A"A)

0<j<n<m
1 m 2 m
= 5% {(Z m") -2 W"}
n=0 n=0
and by taking m — oo in this inequality we get

1, 1\ 1
Df(lxl)fia@mKl_m) _1—|X|2:| (3.20)

for |A| < 1.
If [A\| <1and

m 2 m
ag = Tim [ (D el ) = lel* [ <00
n= n=

then

Ky,

IA

2
max (A" D lnley]

nef0,...,m .
0<j<n<m

()£

and by taking m — oo in this inequality we get

IA

Dr(IA]) < =aq, (3.21)

N -

for |A| < 1.
If the series Y oo || and Y o |o,|? are convergent, then

Dy(In]) < %Ki} Iowl) - i}: Ianlz} (3.22)

for |A] < 1.
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If|)\|<1,p,q>1with}%+%1:l,and

V;111—I>noo|:<z IOtan) i;lanlzq:| <00

then by Holder’s inequality we have

1/q
Kms( > |an|‘f|a;|q> ( > |A|P"|A|Pf)

0<j<n<m 0<j<n<m

CEE)
e

and by taking m — oo in this inequality we get

1 ” 1 2 1 1/p
Pl = 5, [(I—W) -I_W} 2

for |A| < 1.
If the series Y- |a,|? and Y2 |o,|*7 are convergent, then

00 ) Up 1 2 1 1/p
¥ (1) <—[<Z|an|q> ;w q} [(1—|w) —I_W,,] (3:24)

for |A| < 1.

1/p

The following result also holds.

Theorem 3 Let f(1) = Y - o, A" be a function defined by power series with complex co-
efficients and convergent on the open disk D(0,R) C C, R > 0, and x,y € B with xy = yx and

llll, flyll < 1.

Ifp,q>1 with ; + % =1and ) € Cwith 1|, |12, |Alx], |Ally]| <R, then

IF - 1)f Gaxy) = £ 0)f G |

3 o1 ly-1j
=, mn 1p’ 1
2 (1= [lxlIP)P™ (1 [lyllp)VP

x gL (1) = fae (102)]7, (3.25)
where
= lim_ 2%|an||a,~||n—j| (3.26)
nj=

is assumed to exist and be finite.
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Proof Using Holder’s inequality for p, g > 1 with % + % =1and (3.6), we have

n-1 1/p
Llle=101 D lewllgl A" A G2 = ) (Z ||x||“’>

0<j<n<m l=j

m-1 1/p
< lx-1] (Z ||x||"’> D lanlleglla" Al on - )M (327)
£=0

0<j<n<m

forany . € Cand m > 1.

Applying Holder’s inequality once more we have

D lanllogl A" |AV (n - )

0<j<n<m
1/q ) 1/p
5( > |an||a,»||x|”(n—j)) ( > |an||a,»||x|f””|x|”)
0<j<n<m 0<j<n<m
12 1/q
= (5 Z ety | —jl)
n,j=0

1 m 2 m 1/p
x <E[<Z|an||x|"f’> —DanFW"P])
n=0 n=0

1 m 1/q
= 5(2 |an||a,||n—f|)

n,j=0

Ip

m 2 m 1
x [(Zmum@) —Dammﬁ"”} (3.28)
n=0 n=0

forany A € C and m > 1.
From (3.8) and (3.28) we get the inequality

m m m m
Za,»)»’ Zank"(xy)” - Zajijj Zay,)»”y”
j=0 n=0 j=0 n=0

1 m-1 Up / m liq
< S le-1] (Z ||x||‘fp> (Z |ty I —j|>
£=0

7,j=0
m 2 m 1/p
X[(Zlanllkl””) —Z|an|2|x|2np} : (3.29)
n=0 n=0

forany A € C and m > 1.

Since all the series whose partial sums are involved in (3.29) are convergent, then by
letting m — oo in (3.29) we deduce the desired inequality (3.25) for x. Due to the commu-
tativity of x with y, a similar result can be stated for y, and taking the minimum, we deduce
the desired result. 0
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Remark 4 Observe that

[£2(09) = £ (127)] = D7 (1317)

and then further bounds for the inequality (3.25) may be provided by the use of Remark 3.

However the details are not mentioned here.
We can obtain a simpler upper bound for ¢ as follows.
Using the Cauchy-Bunyakovsky-Schwarz inequality for double sums

m om m m 12/ m m 1/2
2
2.2 pyay =\ 2D b | |\ 2Dl )
n=0 j=0 n=0 j=0 n=0 j=0
where p;j,a;; > 0 for i,j € {0,...,m}, we have

m m /2 1/2
> lellylin—jl < (Z anna,) (Zmna,nn /|>

n,j=0 n,j=0 7,j=0

m 291/2
=V2) |an|[2|an| > e - (anan|> ] (3.30)

n=0

for m>1.

If the series ) .- |a| is finite and v, defined by (3.2), is finite, then from (3.30) we have
o0

9 <V2) lauly. (331)
n=0

We observe that, if the power series f(A) = Y- a, A" has the radius of convergence R > 1,
then  is finite and

v = OGO + 0] - [HOT

We have from (3.31) the inequality

¢ =V2LOEOHO + O] - L0} (332)

4 Some examples

As some natural examples that are useful for applications, we can point out that, if

oo

_1” 1
f=>" %A” =In——, %eD(0,1);

n=1

% 1y
g(k)=z( )Aznzcosk, reC;

n=0 (21’1)‘ (4 1)
- (_1) 2n+1 '
h(,\)_;(zml)‘)\ =sini, A€GC;
1) = (-1y"a" ﬁ »eD(0,1)

n=0
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then the corresponding functions constructed by the use of the absolute values of the

coefficients are

=1 1
fa) =Y =a"=In——, 1eD(0,1);
= n 1-A
= 1 2n .
@)=Y (ZH)!A =coshi, AeC;
" (4.2)
= 1 2n+1 : .
hA(A)=Z(2n+1)!A =sinhA, AeGC;
n=0
o0 ; 1
L4y =) W =1, *eD0O1).

=
Il
(=}

Other important examples of functions as power series representations with nonnegative

coefficients are

1 [1+A 1
—1 =) — 21 % eD,1);
2“(1—A) 21:2;4—1 ©.1)

= Tn+i)

.1 2n+1
sin” (A) = ——\""", A eD(0,1); 4.3
@ ;ﬁ(2n+l)n! 0.1 (43)
o0
1
tanh-l(x)=§ ﬁ/\”—l, A € D(0,1);
7n—
n=1

oo

2File, By, A) = nz; nl ()L (B)T(n + y)

F(n+a)F(n+ﬂ)F(V)An o, B,y >0,A € D(0,1);

where I' is the Gamma function.
If we apply the inequality (3.13) to the exponential function, then we have

lexp[A(1 +xy)] - exp[A(x +»)]|| < ﬁemin{ =11, lly = 11} exp(II*) (4.4)

for any &,y € B with xy = yx, ||%||, [yl <1, and 1 € C.
If we take y = —x in (4.4), then we get

||exp[)»(1 —xz)] - 1|| < ﬁemin{”x— 1, |l + 1||}exp(|k|2) (4.5)

for any x € B with ||x|| <1and A € C.
If we apply the inequality (3.3) for the exponential functions we also have

||exp[k(1 + xy)] - exp[k(x +y)] H
< V2min{|lx~ 11} Iy - LI} A exp(21i), (46)

for any &,y € B with xy = yx, ||%||, [yl <1, and 1 € C.
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If we take y = —x in (4.6), then we get

lexp[A(1-4%)] - 1| < v2min{[lx 1]l [lx + 1] A" exp(2IA]). (4.7)
Now, consider the function f(1):= Y>> A" = ﬁ, A € D(0,1). If we apply the inequality
(3.3) for this function, then we get the result
[@-2)7a -2y - A -2 7 A -2)7|
. -3
< V2min{flx - 1]}, ly - LI}1A]"* (1 - |2]) (4-8)

for any x,y € B with xy = yx, ||%||, |yl <1, and A € C with |A]| < 1.

We have in particular the inequalities
A=) (1-222) " = A= 22)2| < V2l =12 (1= 1)) (4.9)
and

A=) (1+202) " = (1-2%2) 7

< V2min{flx - 1]}, Jlx + 1} A2 (1= 1)) (4.10)

for any x € B with ||x|| <1 and A € C with |A]| < 1.
Now, if we take A = % with |y | > 1 then we get from (4.8) the inequality

I =Dy —xp) ™ =y (v =) (v =)

. _ -3
<~2min{|lx 1], lly - 1}y 72 (ly1 - 1) "Iy 1%,
which is equivalent with

I =DMy —ap) =y =)y =7

<V2min{flx =11, Iy - 1}y 2 (vl - 1)

for any x,y € B with xy = yx, | x|, |yl <1, and y € C with |y|>1.
If we use the resolvent function notation, then we have the following inequality:

< V2minf[lx 1, Iy - 1}y P2 (ly1 - 1) (4.11)

for any x,y € B with xy = yx, || x|, ly]l <1, and y € C with |y|>1.
In particular, we have

| =)' Ra(y) - R()| < V2lx =11y (ly| -1) 7 (4.12)

for any x € B with ||| <1 and y € C with |y| > 1.
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Remark 5 Similar inequalities may be stated for the other power series mentioned at the
beginning of this paragraph. However, the details are not presented here.
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