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AFFINE AND FUNCTIONAL FORM OF JENSEN'S INEQUALITIY FOR
3-CONVEX FUNCTIONS AT A POINT

IMRAN ABBAS BALOCH AND SILVESTRU SEVER DRAGOMIR

ABSTRACT. In this paper, we give the refinement of an extension of Jenge
equality to affine combinations. Furthermore, we preseatftinctional form of
Jensen’s inequality for continuous 3-convex functionsraf gariable at a point.

1. INTRODUCTION

Let 2" be areal linear space. A set C 2" is affine if it contain all binomial affine
combinationsya+ Bb of pointsa, b € .7 and coefficientr, 3 € R of suma + 8 =1.
The affine hull of a sety C 2" as the smallest affine set that contaifiss denoted
with aff.#. A function f : & — R is affine if the equality

f(aa+ Bb) = af(a)+ Bf(b)

holds for all binomial affine combinations of points.ef.

Aset% c % is convex if it contains all binomial convex combinatioma+ 8b of
pointsa,b € " and non-negative coefficient, € R of suma + 3 = 1. The convex
hull of of a set.# C 2 as the smallest convex set that contaifiss denoted with
convw.#. A function f : % — R is convex if the inequality

f(aa+ Bb) = af(a)+Bf(b)

holds for all binomial convex combinations of points#f.

Let Q be a non-empty set, and B$tbe a subspace of linear space of all real functions
on the domaim. Also, assume that the unit function definedllfy) = 1 for every

x € Q belongs taX. Let.# C R be an interval, and lef , C X be asubset containing
all functions with image in#. If ag+ his a convex combination of functions
g,h € X ~, then the convex combinatiomg(x) + Bh(x) is in .# for everyx € Q,
which indicates that functions sEt, is convex.

A linear functionalL : X — R is positive (non-negative) if(g) > O for every non-
negative functiorg € X, andL is unital(normalized) iL. (1) = 1. If g € X, then every
unital positive functional, the numbet(g) is in the closed interval of real numbers
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containing the image of the functian
In 2015, Z. Pawi T3] gave the extension of Jensen’s inequality to affine comtions
in the following form

Theorem 1. Let a;, Bj, % > 0 be coefficients such that their sum= S, a;, f =
z’j“:lB,-, y= ZL:1M< satisfya +pB—y=1anda,p € (0,1]. Leta,bj,cc € R be
points such that,ce cony{a, b}, where

10 1m
a=—>» aig,b==Y Bjb;. (1.2)
a %% P=g 2P
Then the affine combination
n m |
aigi+ ) Bibj— ) Wk 1.2)
2,08 2 Bbi= 2

belongs to confa, b}, and for every convex functions: €on{a;,b;} — R satisfies
the inequality

n m I n " |
f(_;aiai + ;ijj - k;ym() < i;ai f(a)+ ;Bj f(bj) — k;ykf(ck). (1.3)

In 2014, Z. Paw T4] also gave the functional form of jensen’s inequality foe
continuous convex functions of one variable in the follogvform

Theorem 2. Let .# C R be a closed interval, lefla,b] C .7, let function ge Xap)
and function he X »\ ). Let f:.# — R be a continuous convex function such that
f(g), f(h) € X. If a pair of unital positive linear functionals,H : X — R satisfies

L(g) =H(h), (1.4)
then
L(f(g)) <H(f(h)). (1.5)
Furthermore, Z. Pagi[4] also gave some consequent results in the form of corol-
laries and using these corollaries, he gave another impaeault as follow

Corollary 1. Let.# C Rbe aclosed interval, let functiongX, . Let f: .# — R be
a continuous convex function such thagy € X. If a unital positive linear functional
L : X — R satisfies the implicatioril(4) = (1.5) of Theoren®lfor L = H, then

f(L(g)) <L(f(9)). (1.6)

Corollary 2. Let[ay,b] C ... C [an-1,bn1] € 7. Letfunction g € X[, p,}, let func-
tions & € Xz b\(ac b 1) fOr k=2,...,n—1, and let function g € X »\(a, 1 b, 1)-
Let f: .# — R be a continuous convex function such thég; f € X.

If an n-tuple of unital positive linear functionals LX — R satisfies

Li (gl) = Li+1(gi+1) fori= 17 e N— 17 (17)
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then
Li(f(a) < Liz1((gi+1)) fori=1,..,n—1 (1.8)

Corollary 3. Let.# C R be a closed interval, and let functions,g.,g, € X ~. Let
f : . — R be a continuous convex function such thég; f € X.

Then every n-tuple of positive linear functionals K — R with 3, Lj(1) = 1 sat-
isfies the inclusion

n
Li(g) € & (1.9)
i; | |
and the inequality

f(imgi)) < émugm. (1.10)

Theorem 3. Let .# C R be a closed interval, and lgg,b] ¢ .#. Let functions
01,00 € Xgp and hy,...,hm € X\ (ap). Let f: .7 — R be a continuous con-
vex function such that(§), f(h;) € X.

If a pair of n-tuple of positive linear functionals; lH; : X — R with 3 ; Li(1) =
Y L1 Hj(1) = 1 satisfies

_i'—i(gi) = E Hj(hj), (1.11)
i= =1
then i -
> Lit@) < 3 Hi(f(hy)). (1.12)
i= =1

2. RESULTS

In [A], I. A. Baloch, J. Pecari¢, M. Praljak defined a newsslaf functions which
is defined as follow

Definition 1. Letc € 1°, wherel is an arbitrary interval(open, closed or semi-open in
either direction) iR andl® is its interior. We say that : | — R is 3-convex function

in point ¢ (respectively 3-concave function in poia} if there exists a constam
such that the functioffr (x) = f(x) — %xz is concave (resp. convex) dm (—oo,c]
and convex (resp. concave) bn[c,). A f is 3-concave function in poirtif — f

is 3-convex function in point.

A property that explains the name of the class is the fac&fiatiction is 3-convex
on an interval if and only if it is 3-convex at every point oétimterval (se€ 1]). Note
that K{ () andK5(1)) denote the class of all 3-convex functions in parand the
class of all 3-concave functions in poimtespectively.

Theorem 4. Let aj, Bj, k > 0 and Aj, uj, vk > 0 be coefficients such that their sum
a=3Li0, B=3"1Bj, V= Skt satisfya+B—y=1and a,B € (0,1];



4 IMRAN ABBAS BALOCH AND SILVESTRU SEVER DRAGOMIR

A=3aA, u=3"pj, v="y  wsatisfyd +p—v=1>1andA,u € (0,1]. Let
a;,bj, ¢k € [a,c] be points such thatyo= cona;,b;} and 1, sj,tk € [c,b] be points
such that € conr;,s;} , where

a= %: aia , b= %Jiﬁjbj 1= )\1 i)\ ri,s= %glujsj.
Now, if
iai(ai)er g Bi(bj)? ~ lz W(o)? = ( Ziala + Z Bibj — lz W)
i= =1 K=1 i

n | n m |
=S A2+ S H()? - § vt (S A+ Y mis— Y vud)®  (2.1)
QN 2 ) T (G A 3 s 9 )
and also there exists€ |° (I = [a,b]) such that

max{miax{ai},mjax{bj},mlflx{ck}} <c< min{miin{ri},mjin{sj},mkin{tk}}.

(2.2)
Then for every & K{(l), the following inequality holds

n m

_Zlaif(a;)JrZB wa o) — f( Zior.a.JrZBij ZM(Ck)
i= =1

=

m |

giaif(ri)JrJ Z f(te) — f( Izla.r.JrZB,sJ Zlyktk) (2.3)

Proof. Sincef € K§(1), then there exists a constahsuch thaF (x) = f(x) — 5x2is
concave orl N (—eo,c] and fora;, b, cx € [a,c| be points such thai, € cona;, b },
so by using inequality (113) we have

n m

| n m '
0 > Zlaip(ai)Jr Z BiF (b)) — z M(F(ck)—F(ZlaiaHr z Bjbj — Z YiCk)
2 £ £ = K=1

=1
- .Ziaif(a;)JrgB Z v (o) — f( ZlohanrZBJbJ Z WeCk)
i =1
n |

- S{Ya@)?+ Zlﬂj(bj)z_kzlyk(ck)z_(i;aiai—FJZlijj—ZWCk)Z}

k=1
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Also, sincef € K{(I) is convex onl N[c, ), hence for;,s;j,tx € [c,b] be points such
thatt, € conV{r;,s; }, so by using inequality_(113) we have

3

n | |
0 < _;aiF(ri)Jr BJF(Sj)—ZWF(tk) F( ZiaerrZBJSJ Zwtk)

I

Il
iR

3

= .iaif(ri)—i_ Bjf Z W f () —f Zlalrl+ZBJSJ Z M(tk)
1= J

1

- = o ( W(tk)e — i+ Bisi A 2
{Zi i Z K? I; Z IS Z k) }
From above, we have

i;aif(ai)+glﬁj wa c) — f( Zi Z ibj — Zlykck)

_g{l_ a.(a)2+g Zy{(ck —(i;aia.JrZBJb, chk
<0<
n m | n m
Zla,f(r.)JrZl[}]f(sj)—kzlykf(tk)— f(_ air Z z Wit
1= = = 1= =1
n | n m |
—g{i;a.(r.)2+leﬁ,(sj)z—k_lw(tk)Z—(izlor.r.JrJZlB,sJ kZl ) } 24
So
n m | n m |
Onf(a)+Zlﬁjf(bj)—kzlwf(ck)— f(_zla.a+zlﬁjbj —kzlwck)
i= = = 1= 1= =
A D m | n m |
_E{IZ O’I(al)2+glﬁj(bj)z—k;W(Ck)z— (I;alat +J:1[31b1 - Z Wek)“ }

< et + 3 Aifls zw(f t) —f(Z1 3 Bisi— 3w

-5 (1) + S airi + S Bis; t)?
{Zia ZBJ 5)° z ; r ZBJSJ kZlW K}
by using [2.1), we ge[(Z].S).
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Remarkl. From the proof of Theorem 4, we have

+ZBJ (bj) — ZWf ) — f( i i klzlykck)
(2

M:

m

ai(a)? + Z ZWCk

=1

I\J|>

M:

n m |
(S aa+ Y Bbj— Y wa)’}
i= =1 k=1
(2.5)

and
n m |

-;O!if(ri)—i—Jﬂ z Fltd) - 7( |Zlalrl+zﬁjsj zlwk)

I n m I
> 2{ Zior. +Z Bi(si) —k;w(tk)z— (i;airiJrJ;Bjsj —kzlwtk)z} (2.6)

So under assumptlom.l), we can get a improvement df (2.B)llaws
| |

aif(a)+ Y Bif(by)— wa ) — f( Zla.aJrZB,b, > W)
=1 i

k=1

| n m |

<A{Sa@i+ 3 B2 Ko - (;aia+ 5 i3 5)’)

i= =1 k=1 i= k=1
_ é n . 2 m | 2
(=3{Yar)*+3 B Z IElor.rmLZB,sJ letk) 1)
S_iaif(ri)‘i' Z f(te) — f( Zialrl"i'ZBJSJ zwk) (2.7)

Assume that= max{a},b = maxj{b;},& = max{cc} andr’=min{ri},§=
min;{s;},f = min{t}. Also, letd = max{4, b,&} andf = min{f,5} Now, we give
the next result which weakens the assumptionl (2.1) suchirteguality (2.5) also

holds.

Theorem 5. Let o, Bj, %k > 0 and A;, i, vk > 0 be coefficients such that their sum
a=yli0i, B=3M1B V=31 satisya +B—y=1anda,B € (0,1];
A=3L A =30, v= Sheq Vk satisfyA +p—v =1andA,u € (0,1]. Let
a;,bj, ¢k € [a,c] be points such thatyo= cona;,b;} and £, sj,t € [c,b] be points
such thatt € conri,s;} , where

l n l m n l m
a==-Saa,b==5 Bib,r= Aiti,s== S uis.
PR PR PR T

>a||—\
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such that
a<ft (2.8)
and fc K§(1) for some = [&,F]. Then if
(a)
(8 >0
and
n ) m ) | ) (n m | )2
ai(a) + > Bi(bj) = > w(e) = (D aiai+ H Bibj— > W«
i= | J; Y kzl i; | J; H kzl
n ) m ) | ) (n m | )2
<SS AM)HY HisH) =y w(tk)— A4S s — Y Wk
or
(b)
f/(F)<0
and
n ) m ) | ) (n m | )2
ai(a) + > Bi(bj) = > w(e) = (D aiai+ H Bibj— > W«
i= | J; Y kzl i; | J; H kzl
n ) m ) | ) (n m | )2
>SN A+ His) =y w(tk) — A+ s — ) Wk
or
(©) N N
f’(@) <0< f/(f) and fis3— convex
then 2.3 holds.

Proof. The idea of proof is similar to proof of Theordrh 4. Hence, bygereding as
in the proof of Theorernl4. From the inequality]2.4, we have

n m | n m |
g[i;ai(ri)z-i' ,Zlﬁj(Sj)z_ k;vk(tk)z— (i;airi + JZlBij —kzlvktk)z
m | n m |
—{ 2 ai(a)’ + leﬂj(bj)z— I(;W(Ck)z - (i;aiaa + J;ijj - kzlwck)z}]
| n m |
S Z a5 Pif(s) =3 whto—f(3 arn+3 Pisi— 3 Wi
m | n m |
—{ Y aif@)+y Bif(b)— 3 wf(c)— f(ZiaiaHr > Bibj— 3 W)}

i= =1 K=1 i K=1
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Now, due to the concavity dF on [a, ¢] and convexity of on|c, bj, for every distinct
pointsa; € [a,a] andr; € [r,b], j = 1,2,3, we have
[a1,8p,83]f < A<[ry,ro,r3)f

Lettinga; ~ &andr; \, T, we get (if exists)

(& <A< f(F)
Therefore, if assumptions (a) or (b) holds, then

A D

E[I; 24 Z Bi( S] Z Y tk — Zlairi +§1[3ij _klzlwtk)z
S(Zatars 5 amr- 3 el (3 aat 3 A - 3 we’)]

is positive and we conclude the result. If the assumptiom@tds, thef” is left con-
tinuous, f is right continuous, they are both non-decreasing fhd f. Therefore,
there existx € [4f] such thatf € K§(I) with associated constait= 0 and again,
we can deduce the result. O

Remark2. Again from the proof of Theorem 5, we obtain the inequali@%) and
(2.8). Now, under assumption (a), (b) or (c) of Theolér & positive or negative or
zero respectively due to argument discussed in the proadrefbre, we get a better
improvement of[(2.13) the (2.7). in this case as follow

Fa)+ > Bif(bj) - wa o) — f( Zla.aJrZB,b, ZM(Ck)
=1 i =1

=}

n m | n m |

< g{ 2 Cf|(a|)2—|— leﬂj(bj)z _kzlw((ck)z_ (i;aiai + JZlijj —kzlw(ck)z}
n m | n m |

: g{ i;ai(ri)2+ leﬂj(sj)z_ k:1w<(tk)2_ (i;airi " Zlﬁjsj _kzlw(tk)z}

< Zal g Z f(te) — f( Za.r.+ZBJsJ Zlyktk) (2.9)

Under the assumption of Theoréin 4 witke K5(1), the reverse of inequality (2.3)
holds. Now, we give only the statement of Theorem with wealsrdition under
which the reverse of inequality (2.3) also holds foe K5(1).

Theorem 6. Let aj, Bj, i > 0 and A;, ij, vk > 0 be coefficients such that their sum
a=3" 10, B=3N1B y= Sk satisfya +B—y=1anda,B € (0,1];
A=ylaA, H=3Y Ly, v = Sheq Vk satisfyA +u—v =1andA,u € (0,1]. Let
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a;,bj, ¢k € [a,c] be points such thatkos cona;, b;} and 1,s;j,tc € [c,b] be points
such that € conr;,s;} , where

12 12 12 12
a=—>oa,b=—> ibj, r=—>%Ari,s=— iSj-
a "% 0T RO T g Moy e

such that

a<r (2.10)
and f e KS(1) for some c= [4f]. Then if
(@)
(8 <0
and
n m | n m |
i \2 .b.2_ 2 _ aj b — 2
= (@) +;1BJ( ) kzlyk((:k) (i;O{aHFJZlBJ : kzlyk(:k)
n m | n m |
>y A(ri)? 1(51) - 2= (S A iSj — ’
=’ (ri) +J;IJJ(SJ) kZle(tk) (gl F+J;ujsj kZletk)
or
(b)
f7(F) >0
and
n m | n m |
i \2 .b.2_ 2 _ aj b — 2
i= (@) +;1BJ( ) kzlyk((:k) (i;O{aHFJZlBJ : kzlyk(:k)
n m | n m | 2
<2 Ai(ri)® + J;uj (s)*— kZle(tk)2 - (i;)\ifi + J;u,-sj - kZletk)
or
(©)

(8 <0< /() and fis3— concave
then reverse 0f2.3J holds.

Remark3. From the proof of the Theorefd 6, we obtain the reverse of iaktips
(2.9) and[(2.5). Now, due to the convexityBfon [a, c] and concavity of on [c,b],
for every distinct points; € [a,a] andr; € [r,b], j = 1,2,3, we have

[aq,82,83]f > A> [ry,r2,r3)f
Lettinga; ~ &andr; \,F, we get (if exists)
f7(&) > A> f{(F)
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Now, under assumption (a), (b) or (c) of TheorgnA3s negative or positive or zero
respectively due to argument discussed above. Theref@egetva better improve-
ment in this case as follow

) a.f<a+>+glﬁ,f(bﬂ—élwf(ck)—f(lz aia+ 3 Pibi- 2 W)
> 53 et glmb,)z—k'_lw(ck) ~(3@ar 3 oo - 3 4o’
z%{: ai(ri)* + ,1 IZ Zlalr.+zms, zlwtk)z}
Ziaif(ri)Jer IZ f(te) — f( IZlor.r.JrZB,s, klzlwtk) (2.11)

Theorem 7. Let ¥ C R be a closed interval, lefa,b] C .7, let function g € Xg
and function he X ,\(ap) fori = 1,2. Let f € K{(.#) be continuous function such
that f(gi), f(h) € X. If a pair of unital positive linear functionals ,H : X — R
satisfies

L(gi) =H(h) and H(hf) —L(g}) = H(h}) —L(g3). i = 1.2, (2.12)
then inequality
H(f(hy)) —L(f(g1)) <H(f(h2)) - L(f(g2)) (2.13)
holds.

Proof. Since f € K§(.#), there exists a constadt such that=(x) = f(x) — 5x° is
concave on¢ N (—, c|, therefore by reverse df (1.5) féron .# N (—o,c|, we get

0 > H(F(h))—L(F(9))
= H(f ()~ L(T(@) ~ S(H(R) L)

Also, sinceF (x) = f(x) — §x? is convex ons N [c,), therefore by[(1l5) foF on
4 N(—o,c], we get

0 < H(F(h2))—L(F(g))
_ H(f(hz))—L(f(gz))—g(H(hg)—L(gg))
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From above, we have
A
H(f(hy)) —L(f(01)) — 5 (H(h) — L(g}))

2
<0<

(1))~ L((2)) ~ S(H(FB) ~L(@)).

T

So
H(f () — L(f(0)) — S (H(H) ~ L(@2))

< H(f(hg)) ~ L((g2) ~ S(H (W)~ L(cB).

therefore, by the use di(2.12), we det (2.13). O
Remarkd4. From the proof of the Theorem 7, we have
A
H(f(h))—L(f(g)) < §(H(h§)—L(9§)) (2.14)
and A
H(f(h2)) —L(f(g2)) > E(H(hi)—L(gé)) (2.15)

So, under assumptioh (2112), we can get a better improveoi¢Rfl3) as follow

HI(f ()~ L(F(@u) <
SRR~ L(@) (= SH M) - Lieh)
<H(f(h2)) —L(f(g2)) (2.16)

Corollary 4. Let.# C R be a closed interval, lefe, b] C .7, let function g € X5,
fori=1,2. Let f € K{(.#) be continuous function such thatgf) € X. If a unital
positive linear functionals LX — R satisfies implicationd. 12 = (213 forL=H
such that

L(gD) — (L(91))* = L(8}) — (L(g2))? (2.17)
then following inequality holds
L(f(g1)) — f(L(g1)) < L(f(g2)) — f(L(92)) (2.18)

Corollary 5. Let[as,b;] C ... C [ap_1,bh_1] C .#. Let function g,h; € Xiay by €L
Ok, hy € X[akbk]\(ak—hbk—l) fork=2,...,n—1, and let function g,h, € Xj\(%717bn71).
Let f € K{(.#) be continuous function such thatgf) € X.

If an n-tuple of unital positive linear functionalg LX — R satisfies

Li(gi) = Lit1(gir1) and L(h) = Liz1(hiy1) fori =1,...,n—1, (2.19)
such that
Liz1(97 1) — Li(g9) = Lipa(h? 1) — Li(h), (2.20)
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then
Liv1f(giv1) —Lif(9) <Lizaf(hiy1) —Lif(h) fori =1,...,n—1 (2.21)

Corollary 6. Let.# C R be a closed interval, and let functiongly € X » fori =
1,...,n. Let fe K{(.#) be continuous function such thatgf), f (h) € X.

Then every n-tuple of positive linear functionals K — R with 3 ; Lj(1) = 1 such
that

n n

lzL (@)?) - 12 L) = S L)~ (S L) @22

satisfies the inclusion

Li(9), > Li(gi) € 7 (2.23)
“=

M=

=1
and the inequality

1;Li(f(gi)) - f(lzll—i(gi)) < 1;Li(f(hi)) - f(I;Li(hi)) (2.24)

Theorem 8. Let.# C R be a closed interval, lgg, b] C .7, let function g, g € X(a
fori=1,.,nand hh € X @,y for j=1,..m Let f € K(.#) be continuous
function such that fg;), f(g), f(hi), f(h¥) e X

If two pair of n-tuple of positive linear functionals,L{,Hj,H; : X — R with

n

Li(1) :lzlLi*(l :E Z H (
= = =

M:

satisfy
J;Hj(hj) =i;Li(gi) and J;H,-*(h]*) =i;|-i*(9i*) (2.25)
and
J_lHj((hj)z) - i;'-i((gi)z) = J;Hj*((h]-‘)z) - i;L?‘((@J?‘)z)- (2.26)
Then

g ZLL f(g) gg f(hy)— ZL* (g's) (2.27)
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