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ON NEW REFINEMENTS AND REVERSES OF YOUNG’S
OPERATOR INEQUALITY

S. S. DRAGOMIR!:2

ABSTRACT. In this paper we obtain some new refinements and reverses of
Young’s operator inequality. Extensions for convex functions of operators are
also provided.

1. INTRODUCTION

Throughout this paper A and B are positive operators on a complex Hilbert
space (H, (-,-)) . We use the following notations for operators

AV,B := (1 —v) A+ vB, the weighted arithmetic mean

and
Af, B = Al/? (Afl/QBAfl/Q)VAl/Q, the weighted geometric mean.
When v = % we write AV B and AtB for brevity, respectively.

The famous Young inequality for scalars says that if a,b > 0 and v € [0, 1], then
(1.1) a7 < (1 —v)a+uvb

with equality if and only if @ = b. The inequality (1)) is also called v-weighted
arithmetic-geometric mean inequality.
We recall that Specht’s ratio is defined by [9)

BT it he (0,1)U (1, o)
(12) g (h) — eln(hh—1>

1ifh=1.

It is well known that lims—1 S (h) =1, S(h) = S(3) > 1for h > 0, h # 1. The
function is decreasing on (0, 1) and increasing on (1, 00).

The following inequality provides a refinement and a multiplicative reverse for
Young’s inequality

(1.3) S ((%)T) a7 < (1-v)a+vb< S (%) a' v,

where a,b > 0, v € [0,1], r = min {1 — v, v}.

The second inequality in (L3]) is due to Tominaga [I0] while the first one is due
to Furuichi [2].

The operator version is as follows [2], [10] :
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Theorem 1. For two positive operators A, B and positive real numbers m, m’, M,
M’ satisfying the following conditions (i) or (ii):

(1)) 0<m'I<A<mI<MI<B<MTI,

(1)) 0 <m'I<B<mlI<MI<A<MTI;

we have

(1.4) S(h")Af,B < AV,B < S(h) At, B
where h =4 p/ = % and v € [0,1].
We consider the Kantorovich’s constant defined by

(1.5) K (h) = %, h> 0.

The function K is decreasing on (0, 1) and increasing on [1,00), K (h) > 1 for any
h>0and K (h) = K (1) for any h > 0.
The following multiplicative refinement and reverse of Young inequality in terms

of Kantorovich’s constant holds
a

(1.6) K" (6) a7 < (1—-v)a+vb < KR (%) al=vp”
where a,b >0, v € [0,1], r =min {1 — v,v} and R = max {1 —v,v}.

The first inequality in (L8] was obtained by Zou et al. in [IT] while the second
by Liao et al. [g].

The operator version is as follows [I1], [8]:

Theorem 2. For two positive operators A, B and positive real numbers m, m’, M,
M’ satisfying the following conditions (i) or (i):
(i))0<m'I<A<mI<MI<B<MI,
(1) 0 <m'I < B<mlI<MI<A<MTI,
we have

(1.7) K" (h) A, B < AV,B < KT (h) A4, B

where h =M p/ = %, ve[0,1] r =min{l —v,v} and R = max{l —v,v}.

Kittaneh and Manasrah [5], [6] provided a refinement and an additive reverse
for Young inequality as follows:

(1.8) T(\/——\/E)2S(1—V)G+Vb—a1*l'bv§R(\/—_\/g)2

where a,b > 0, v € [0,1], » = min{l —v,v} and R = max{l —v,v}. The case
v = 3 reduces (L) to an identity.

For some operator versions of (L8] see [5] and [6].

In the recent paper [I] we obtained the following reverses of Young’s inequality
as well:

(1.9) 0<(1—-v)a+vb—a " <v(l—v)(a—0b)(na—Inb)
and
1- b
< d-pvatub aij}fbj— < exp {41/(1 —v) (K (%) - 1)} ,
where a, b > 0, v € [0, 1].
It has been shown in [I] that there is no ordering for the upper bounds of the
quantity (1 — v) a+vb—a'~"b” as provided by the inequalities (L&) and (I.9). The

(1.10) 1
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(1—=v)a+vb

al—vpv

same conclusion is true for the upper bounds of the quantity
in the inequalities (I3), (6] and (TIT).

By the use of two new refinements and reverses of Young’s inequality we establish
in this paper several other operators inequalities that are similar to those from
above. Extensions for convex functions of operators with some examples are also
provided.

incorporated

2. SOME PRELIMINARY RESULTS

We have the following result:

Lemma 1. Let f: I C R — R be a twice differentiable function on the interval ID,
the interior of I. If there exists the constants d, D such that

(2.1) d< f"(t)< D for anyt e IO,

then

(2:2) %V(l—V)d(b—a)2 <(A-v)fla)+vf(®)—f((1-v)a+wvb)
< %uu_y)p(b_a)?

for any a, be I and v € [0,1].
In particular, we have

(2.3) %(b—a)zdgf(a)+f(b)—f(a+b><%(b—a)2D,

2 2

for any a, bel.
The constant & is best possible in both inequalities in (23).

Proof. We consider the auxiliary function fp : I C R — R defined by fp (z) =
1Da? — f (z). The function fp is differentiable on I and fh(x)=D—f"(z) >0,
showing that fp is a convex function on I. )

By the convexity of fp we have for any a, b € I and v € [0,1] that

0<(1-v)fp(a)+vfp () — fp((1—v)a+vd)
— (- (%D(f —f(a)) ty (%Dlﬂ —f(b))

_ (%D((l—u)cﬂ—ub)z—fD((l—y)cH—yb))

N %D [(1=v)a? +vb = (1= v)a+ vb)’]

(L= ) f (@)~ vf B) + i (1—v)atob)
= (=)D (b=~ (1) [ @)~ vf () + o (L= v)at vb),

which implies the second inequality in (2.20).

The first inequality follows in a similar way by considering the auxiliary function
fa: I CR — R defined by fp(z) = f(z) — 3da? that is twice differentiable and
convex on 1.

If we take f(x) = 2?2, then (2] holds with equality for d = D = 2 and (2.3)
reduces to an equality as well. (|
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If D > 0, the second inequality in (22) is better than the corresponding inequal-
ity obtained by Furuichi and Minculete in [4] by applying Lagrange’s theorem two
times. They had instead of % the constant 1. Our method also allowed to obtain,
for d > 0, a lower bound that can not be established by Lagrange’s theorem method
employed in [4].

We have:

Theorem 3. For any a, b> 0 and v € [0, 1] we have
1
(2.4) ¥ (1 —v)(Ina—Inb)’min{a,b} < (1 —v)a+vb—a'~"b"

< Zv(1-v)(Ina — Inb)® max {a, b}

1
2
and

(I-v)a+vd
al—ubl/

(2.5) exp %V (1-v) mg)x;{c;) b}] <

(b-a)’

1
< Sy G ) U G N
= exp lQV( 2 min? {a, b}

Proof. If write the inequality (Z2]) for the convex function f: R — (0,00), f (z) =
exp (z), then we have

(2.6) v(1—v)(z—y)* min{expz,expy}

< (1= v)exp (2) + vexp (y) — exp (1 - 1) 2 + 1)
v(1—v)(z —y)* max {expz,expy}

for any =, y € R and v € [0,1].

Let a, b > 0. If we take x = lna, y = Ind in ([26]), then we get the desired
inequality (24)).

Now, if we write the inequality (Z2) for the convex function f : (0,00) — R,
f(z) = —Inz, then we get for any a, b > 0 and v € [0, 1] that

(2.7) %V(l_y)m(abﬁi{a)b} <In((l1-v)a+wvb)—(1—-v)lna—vind
1 (b—a)®
=2 ey

O

The second inequalities in (24) and (2X) are better than the corresponding
results obtained by Furuichi and Minculete in [4] where instead of constant % they
had the constant 1.

Now, since

(b-a)? (max{a,b} _1>2 nd (b—a)® (min{a,b} _1)27

min® {a¢,b}  \ min{a,b} max? {a,b}  \max{a,b}
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then ([Z8) can also be written as:
1 min {a, b} \?

(I1-v)a+vd
al—-vpv

< exp l%V(l_”) <%_1>21

for any a, b > 0 and v € [0,1].

Remark 1. Forv = % we get the following inequalities of interest

(2.9) % (Ina — Inb)® min {a, b} < ¢ _2|— b Vab < % (Ina — Inb)* max {a, b}
and
1 (b—a)’ ath 1 (b—a)?
2.1 Gt [P S e I GO
(2.10) <P lS max?2 {a,b}] ~ Vab ~ P 8 min? {a, b} |’

for any a,b > 0.

Consider the functions
P, (v,z):=v(l—v)(x—1)lnzx
and
Py (v,x) = %I/ (1 —v) (Inz)® max {z, 1}
for v € [0,1] and & > 0. A 3D plot for v € (0,1) and = € (0,2) reveals that the

difference P (v, z) — P; (v, ) takes both positive and negative values showing that
there is no ordering between the upper bounds of the quantity (1 — v) a+vb—a'="b"

provided by (L9)) and ([Z4]) respectively.
Also, if we consider the functions

T

Q1 (v,x) :==exp [y (1-v) M]

and

2
Q2 (v,x) :=exp By (1-v) %]

for v € [0,1] and = > 0, then a 3D plot for v € (0,1) and x € (0, 10) reveals that the

difference P (v, x) — Py (v, ) takes also both positive and negative values showing
(1—v)a+vb

that there is no ordering between the upper bounds of the quantity “—=7;

provided by (LI0) and (23).

3. OPERATOR INEQUALITIES

Let A be a positive operator and B a selfadjoint operator. Assume that the
spectrum of A~1/2BA-1/2 Sp (A_l/zBA_l/Q) is included in I, an interval of real
numbers and f : I — R a continuous function on 7. Using the functional calculus
for continuous functions we can consider the selfadjoint operator

(3.1) AtpB = AV2f (A—1/2BA—1/2) A2,
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If f(x) = 2¥ with v € [0,1] then by I we recapture the concept of weighted
geometric mean of two operators.
We have the following result:

Theorem 4. Let A, B be two positive operators. Then we have

(3.2) %1/ (1-v) Ay, ..B<AV,B— Af,B < iu (1-v) Aty B

for any v € [0,1], where fmin, fmax : (0,00) = R are defined by

(3.3) fuin () = (z+1— |z — 1) 102, faax (2) = (x+ 1+ |2z —1]) In® 2.

In particular, we have

1 1
A4 — Aty . .B<AVB — A$B < — Afy_. B.

(3-4) 15 A B < AV 1B < oAl

Proof. From the inequality (2.4) we have

1
(3.5) Ey(l—y)min{l,x}lnzxg1—1/+1/3:—:1:”
1
< -v(l—-v)max{l,z} In’*2

2
for any z > 0 and v € [0,1].
(

Since min {1,2} = 1 (z +1 — |2z — 1|) and max{1,2} = 1 (z + 1+ |2 — 1|) then
B3) can be written as
(3.6) iy(l—y) (x+1—]z—1)n*z
<l—-v+4+ve—2a"
< iu(l—y)(x+1—|—|aj—1|)ln2x

for any z > 0 and v € [0,1].

Using the functional calculus for continuous functions we have for any positive
X that

1
Zu(1—u)(X+l—|X—1r|)1m?X
<(l-v)I+vX-X"

1
<v(l-v)(X+T+[X-I))In®X

4
where [ is the identity operator.
Substituting A~Y/2BA~1/2 for X we have

(3.7) %V (1-v) (A—1/2BA—1/2 iy - ]A—1/2BA—1/2 - ID
xn? (A71/2BA7Y?)
<(1—v)I+vAV2BAV2 _ (A*l/QBA*/?)U
v(1—v) (A72BA 2 41— a1 2pAT 2 - )
xn? (A71/2BA7Y?)

for any v € [0,1].
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Multiplying both sides of 1) by A'/? we get the desired result (3.2). O

The following result provides simpler lower and upper bounds for the difference
between the weighted arithmetic and geometric operator means.

Theorem 5. Let A, B be two positive operators such that
0<klI<AY2BA™V2<KI,

for some constants k, K. Then we have

(3.8) iu (1-v) mé?kuk] fmin () A< AV, B—Af,B < iu (1-v) w]g{l}g)}(q Smax () A

for any v € [0,1], where fmin, fmax are defined by (3.3).
Proof. From the inequality (3.6) we have

1
(3.9) Zy(l—u)méx[llci}]fmin(x) <l-v+ver—2a’

1
< ZV (1 - I/) mg[lli);{] fmax (JJ)

for any z € [k, K] and v € [0,1].
If X is a selfadjoint operator with Sp (X) C [k, K], then by B3] we have

1
(3.10) Zu(l —v) mé?kl% Jmin (@) I < (1—v)I+vX - X"
1
< - — .
< 4V(l U)zg[lli)li(] Smax () T

for any v € [0,1].
Now, if we take in (I0) X = A~Y/2BA~1/2 then we get

(3.11) iy(l —v) méT[lkl)I}q Sonin (2) T

< (1—v)T+vA"V2BA™V? (A‘l/QBA‘W)U

1
< yid (1-v) mg&)}(ﬂ Smax () 1.
Multiplying both sides of 2] by A'/? we get the desired result (38). O

Remark 2. If0 <m/I < A<mlI < MI < B < M'I for positive real numbers m,
m', M, M’ then by putting h := %, h = % we have
0<h'I<AYV2BA™Y2 < plI.

Therefore we can take in Theorem [k =h' and K = h.
Ifo<m'I<B<mI<MI<A<MI, then
1 1
0<-I<A2BAYV?2< ]
Suts S
and we can take in Theorem[d k = % and K = #

The following multiplicative refinement and reverse of Young’s operator inequal-
ity also holds.
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Theorem 6. Let A, B be two positive operators such that
0<klI<AYV2BA Y2 <KI,

for some constants k, K. Then we have

~ min{l,K})2

1 max {1, K'} 2
< —v(l— ———= 1] | A, B
= P [2”( ) ( min {1, k} ) b
any v € [0,1].
Proof. From the inequality (28] we have
1 min {1,2} >
1 —v(l-— 1—-— v
(3.13) exp [2u( v) ( max{l,:v}) ] x
<l—-v+vzx
1 max {1, z} 2
< - _ ameniall SetAed BN v
_explZV(l V)(min{l,x} 1)]1
for any > 0 and any v € [0,1].
If ¢ € [k, K] C (0,00) then
max {1, z} max {1, K'} 1
~ min{l,z} ~ min{l,k}
and
0<1- min {1, K'} <1 Imn{l,:c},
max {1, k} max {1,z}

which implies that

exp Byu —) (M - 1>2: < exp :%y(l —) <M - 1>2]

min {1,z} min {1, k}
and
1 min {1, K} ?| 1 min {1, 2}
“v(1— - — U J) < “v(l— - — )
exp l2y(1 V) (1 max{l,k}) < exp 21/(1 v) (1 max {12}
By (313) we then have
1 min {1, K} >
14 —v(l— 1—-— v
(3.14) exp l2y( v) ( max{l,k}> ] x
<l-v+4vzx

< exp [%V(l_”) (%_1)21 "

for any z € [k, K] and any v € [0,1].
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If X is a selfadjoint operator with Sp (X) C [k, K], then by (814) we have

. 2
(3.15) exp Bu (1-v) (1 - %) ] XV

<(1-v)I+vX

1 max {1, K'} ’ v
< exp lg”(l_y) <W_1> ]X .

Now, if we take in (BI8) X = A~'/2BA~1/2 then we get

(3.16) exp Fy(l —v) (1 _ M>2 (A—1/2BA—1/2)”

2 max {1, k}
<(1—v)I+vA~Y2BATL/?

<exp Buu—y) (%—1)2

By multiplying both sides of B7) by A2 we get the desired result (F12). O

v

(A71/2BA71/2)

Corollary 1. If either 0 < m'I < A <mlI < MI < B < M'I for positive real
numbers m, m’, M, M' or 0 <m/I < B<mlI < MI <A< M'I, then by putting

!
h:=M p .= M e have
m’ m

(3.17)  exp [%V(l_u) <h’h_11)2

At,B < AV, B

< exp |:%V (1—v)(h—1)*| At,B.

Proof. f0<m/I < A<mI < MI< B< M'I, then we have
0<hI<AY2BA™Y2 < hlI.
Using 312) for k =1’ and K = h we get

o -0 (1- 1)

and the inequality (817 is proved.
IfO<m'I<B<mI<MI<A<M'I, then we have

At,B < AV, B

< exp %1/ (1—v)(h—1)*| At B

1 1
0<I<AV?BAY2< —1.
Snts =W
Using B12) for k = + and K = & we get

exp Bua—y) (1 - %)2

A4, B < AV,B

< exp %1/ (1—v)(h—1)*| Af, B
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and the inequality (8I7) is also obtained. O

4. SOME EXTENSION FOR FUNCTIONS

We can extend some of the above results for functions of operators as follows.

Theorem 7. Let f : J C R — R be a twice differentiable function on the interval
J, the interior of J. Suppose that there exists the constants d, D such that

(4.1) d< f"(t)< D for anyt e J.
If A is a positive operator and B a selfadjoint operator such that
(4.2) NI < A7V2BATY? <17,

with [y,T] C J, then we have

(4.3) %(FA”2—nBA_V2)(A_VQB——A?”W)d
< T [(TA=B) £ () + (B = 4) £ (D) - A3/ B
< % (I\Al/Q _BAfl/Q) (Afl/QB —A1/2’7) D.

Proof. From Lemma [Tl we have
(1) (=0 =)< (1=0) f () +vf (O) = F (L= )7 +0T)
v(1—v)D( —7)°

for any v € [0,1].

If we take in @A) v = £=1 € [0,1] for x € [y,T7], then we get

3T=—0)@=d < 7= [T=a) () +@=2)f O] @
< S0 —a) @)D

for any x € [y,T7].
Using the functional calculus for continuous functions we have

(4.5) %HY—XMX—vﬂd
< F M7= X) £ () + (X =1) £ (O] = £ (X)

(TI - X)(X —~4I)D

N =

<

for any selfadjoint operator X with Sp(X) C [v,T].
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Now, if we write the inequality @H) for X = A~1/2BA~1/2 then we get

(4.6) % (FI - A‘l/QBA‘W) (A—1/2BA—1/2 - 71) d

FL_FY (17— A2BATY2) £ (3) + (A72BATV2 = q1) £ ()]

_ (A—1/2BA—1/2)

% (FI— A—l/zBA—l/2) (A—l/QBA—1/2 — 7]) D.

IN

IN

By multiplying both sides of ([@6) by AY/? we get [{@3). O
If v > 0in @2) and take f (¢t) =P, ¢t > 0 where p € (0,00) U (1, 00) then

SO =plp-1)t""2t>0

and if we take

=N
|

dp

and

D=D,

2 p>2
{ “2pe(0,00)U(1,2)
2 p>2
{ ~2,p € (0,00) U (1,2)

we have from (B]ZI) that

5 ( TAY2 _ BA_1/2> (A—1/2B _ A1/27) d,

_TA-B , B-Ay,
=~ =~

% (FA1/2 _ BAfl/Q) (A71/2B _ Al/Q,Y) D

(4.7)

~ A4,B

IN

where Af,B = AY? (A=1/2BA-Y2)" AV2 p € (0,00) U (1,00) and A, B > 0
satisfy the condition (4.2)).

If p€(0,1) and A, B > 0 satisfy the condition (£.2)) with v > 0 then by taking
f(t)=—tP, t >0 we have f” (t) =p (1 — p)tP~2, ¢t > 0 giving that

p(L=p) P72 < f(t) <p(1—p)y?~* for t € [7,I7].
Therefore, by choosing d =p (1 —p) P72 and D = p (1 — p)7?~2 in B.14) we get
(4.8) p(1—p)rr2 (FA1/2 - BA—1/2) (A—WB - Al/%)

T'A-B B—A7
< _ p _ g
AﬁpB vy T

<p(1—p)yPr2 (I—\Al/2 _ BA_1/2> (A—1/2B _ A1/27>

provided p € (0,1) and A, B > 0 satisfy the condition (#2) with v > 0.

Theorem 8. Let f : J C R — R be a twice differentiable function on the interval
J, the interior of J. Suppose that there exists the constants d, D such that (4.1) is
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valid. If A is a positive operator and B a selfadjoint operator such that the condition
(4-2) is valid with [v,T] C J and v <1 < T then we have
(4.9) %u (1 - v)dAY? (A*l/?BA*l/2 - 1)2 AL/2
<(1—v)f1)A+vAY2f (A—l/zBA—W) AL/2
— AV2F (1= 0) T+ vA  2BATIZ) 412
< %u (1—v) DAY? (A*1/2BA*1/2 - 1)2 AL/2

for any v € [0,1].
In particular, we have

2
(4.10) %dAl/Q (A—l/?BA—l/2 —1) AL/
< % [f () A+ A2f (A7 2BA2) A1

_A1/2f (I+A_1/2BA_1/2> 2

2
< Lpae (A*l/?BA*l/2 _ 1)2 A2,
=3

Proof. We have from (22)) that

(4.11) %u(l—u)d(b—a)z < (=) f(a)+vf®) - f(1-v)a+vb)

for any a, b € [7,T] and v € [0,1].
If we take @ = 1 and b = x in [{@II]) then we get

(4.12) %y(l—u)d(:c—l)?g (=) F (1) +vf (@) — F((1— )1+ va)
v(1—v)D(z—1)°

for any = € (v,T).
This implies in the operator order that

(4.13) %u(l ) d(X =D < (=) f () T+ vf(X) = F((1—0) I +vX)
v(1—v)D (X —1)?
for any selfadjoint operator X with Sp(X) C [v,T].

If we take in @I3) X = A~Y2BA~1/2 and multiply in both sides with A'/2
then we get the desired result ([@.9]). O
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Consider the convex functions f (t) = —Int, t > 0. Then f” (t) = %, t € [7,T]
dbytakingd:% and D = 2 in (E3) we get

,),2

2
(4.14) $V(1—V)Al/2 (A‘l/QBA‘l/Q—I) AL/2

< AV? {ln ((1 I+ UA_1/2BA_1/2)} A1/2
_pAY2 [ln (A—1/2BA71/2)} A1/2

1 2
< _ 12 ((g=1/2p 4-1/2 _ 1/2
2’721/(1 v)A (A BA I) A

provided A, B > 0 and satisfy [@2) while v € [0,1].

(.

1
2
3
[4
5
6

7
B

[9
[10

[11

In particular, we have
1 2
1 2 oq12 (A71/2BA71/2_I) AL/2
2 812

< A2 [1n <I+A1/2BA1/2)] A2 %A1/2 [ln (A’l/QBA’l/Q)} AL/2

2

Lo1j2 (q—1/2 5 4—1/2 2 )2
< - .
3 S A (A BA I) A
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