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Abstract

Nonlinear singular partial differential equations arise naturally when
studying models from such areas as Riemannian geometry, applied

probability, mathematical physics and biology.

The purpose of this thesis is to develop analytical methods to investi-
gate a large class of nonlinear elliptic PDEs underlying models from
physical and biological sciences. These methods advance the knowl-
edge of qualitative properties of the solutions to equations of the form
Au = f(z,u) where Q is a smooth domain in RY (bounded or pos-
sibly unbounded) with compact (possibly empty) boundary 0. A
non-negative solution of the above equation subject to the singular
boundary condition u(x) — oo as dist(x,9Q) — 0 (if Q £ RY), or
u(x) — oo as |z| — oo (if @ = RY) is called a blow-up or large solu-

tion; in the latter case the solution is called an entire large solution.

Issues such as existence, uniqueness and asymptotic behavior of blow-
up solutions are the main questions addressed and resolved in this dis-
sertation. The study of similar equations with homogeneous Dirichlet
boundary conditions, along with that of ODEs, supplies basic tools
for the theory of blow-up. The treatment is based on devices used in
Nonlinear Analysis such as the maximum principle and the method
of sub and super-solutions, which is one of the main tools for find-
ing solutions to boundary value problems. The existence of blow-up
solutions is examined not only for semilinear elliptic equations, but
also for systems of elliptic equations in RY and for singular mixed
boundary value problems. Such a study is motivated by applications
in various fields and stimulated by very recent trends in research at

the international level.
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The influence of the nonlinear term f(x,u) on the uniqueness and
asymptotics of the blow-up solution is very delicate and still eludes
researchers, despite a very extensive literature on the subject. This
challenge is met in a general setting capable of modelling competition
near the boundary (that is, 0 - oo near df2), which is very suitable to
applications in population dynamics. As a special feature, we develop
innovative methods linking, for the first time, the topic of blow-up
in PDEs with regular variation theory (or Karamata’s theory) arising
in applied probability. This interplay between PDEs and probability
theory plays a crucial role in proving the uniqueness of the blow-up
solution in a setting that removes previous restrictions imposed in the
literature. Moreover, we unveil the intricate pattern of the blow-up
solution near the boundary by establishing the two-term asymptotic
expansion of the solution and its variation speed (in terms of Kara-

mata’s theory).

The study of singular phenomena is significant because computer
modelling is usually inefficient in the presence of singularities or fast
oscillation of functions. Using the asymptotic methods developed by
this thesis one can find the appropriate functions modelling the sin-
gular phenomenon. The research outcomes prove to be of significance
through their potential applications in population dynamics, Rieman-

nian geometry and mathematical physics.
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Notation

RY: Euclidian N-space, N > 2, with points z = (21,...,2x), 2; € R (real
numbers); || = <Zf\i1 xf) 1/2.

09Q: boundary of Q; Q = closure of Q = Q U 9.

w CC €: wis an open set strongly included in €, i.e., W is compact and w C €.

Vu = (0u/0xy,...,0u/0xy)=gradient of wu.

B=(p,-..,0n), Bi = integer > 0; we define

o8l

N
=—————  where || = (; is a multi-index.
0:611 . ax]ﬁVN Z v

=1

Au =N 9%u/0x?= Laplacian of u.

C(Q) (C(Q)): the set of continuous functions on Q2 (Q).

Ck(2): the set of functions having all derivatives of order < k continuous in
Q (k = integer > 0); C=(Q) = MNi>oC*(Q).

C*(Q): the set of functions in C*(Q) all of whose derivatives of order < k
have continuous extensions to ; C®(Q) = Nk>eC*(Q).

supp u: the support of u, the closure of the set on which u # 0.

C.(2): the set of continuous functions with compact support in €.

Ck(Q) = C*(Q) N C.(Q), where k = integer or k = co.

CoH(Q) = {u e C(Q): sup M} with 0 < pu < 1.
. x,ye) |x _g|”
Ckr(Q) = {u € C*(Q) : Diu e C**(Q) V5, || < k}.

0
L>(Q) = {u is measurable on Q : |u(x)| < C a.e. in Q, for some C' > 0}.

wtp Wol’p, H'=w'? H} = WOI’Q, H™ = W™2 Sobolev spaces.

LP(Q2) = {u is measurable on (2 : / lu(x)|Pdr < oop, 1 <p< 0.



Chapter 1

Introduction

“Nothing happens unless first a dream.” (Carl Sandburg)

1.1 Background

A great number of processes in the applied sciences are modelled by nonlinear
partial differential equations (PDEs). Many interesting phenomena arise due to
the nonlinearity of the problems. The desire to describe and predict such phenom-
ena continues to produce a profound impact on research objectives in both pure
and applied mathematics. This has strongly influenced the development of the
modern theory of partial differential equations (Gilbarg and Trudinger (1983)),
as well as that of the calculus of variations, nonlinear functional analysis (Brezis
(1983)) and numerical analysis (see for example Brezis and Browder (1998)).

A very remarkable property of nonlinear problems is the possibility of the
eventual occurrence of singularities. For instance, they can arise through the
boundary conditions (blow-up on the boundary) or through the singularities con-
tained in the coefficients/nonlinearities of the problem. A broad spectrum of
nonlinear problems underlying models from the physical and biological sciences
leads to the study of nonlinear PDEs with singular boundary conditions.

The study of singular PDESs, and specifically boundary blow-up problems, has
attracted considerable attention starting with the pioneering work of Bieberbach
(1916). This interest has been reignited in the last decades from the need to give

rigorous answers to important questions of the nonlinear world.



1.1 Background

Several models of stochastic control problems involving constraints on the
state of the system can be converted to nonlinear second-order elliptic equations
with singular boundary conditions via a dynamic programming approach (Lasry
and Lions (1989)). Singular boundary conditions may be encountered and be
of fundamental use to more general quasilinear elliptic equations such as: the
Hamilton-Jacobi-Bellman equations, first-order Hamilton-Jacobi equations, and
Monge-Ampere equations (see, e.g., Brezis (1984), Castillo and Albornoz (2003),
Crandall and Lions (1987), Trudinger (1986), Urbas (1998, 1999)).

Existence, uniqueness and rate explosion on the boundary for a class of quasi-
linear elliptic equations are given by Bandle and Giarrusso (1996), Diaz et al.
(1996). Gradient bounds and existence were obtained in Lasry and Lions (1989).
Local gradient estimates are also provided by Gilbarg and Trudinger (1983), Lasry
and Lions (1989), Castillo and Albornoz (2003).

There have been a number of studies that give a rigorous mathematical treat-
ment of the dynamics of some population models (Du and Huang (1999)) includ-
ing the predator-prey model (Dancer and Du (2002)) and the competition model
(Du (2002a,b)). These works have argued that the qualitative properties of the
solutions for singular elliptic PDEs play a crucial role in the understanding of the
dynamic behavior for various population models (see also Du (2003)).

In this dissertation, the main concern lies in the theory of blow-up for vari-
ous classes of semilinear elliptic equations which allow for competition near the
boundary. Innovative methods are advanced to settle very challenging questions
that have not yet been answered despite vigorous investigation. These methods,
which have not been previously exploited in the literature, will contribute to the
understanding of the blow-up phenomenon in a general setting. The objectives
are principally determined by the latest developments and/or by the theoretical
and practical motivation of the equations dealt with.

Singular boundary conditions for semilinear elliptic equations of the form
Au = f(z,u) in (1.1)

where (2 is a domain in RY, arise naturally when studying models from Rieman-
nian geometry (Bieberbach (1916), Loewner and Nirenberg (1974)), mathematical
physics (Rademacher (1943)), applied probability (le Gall (1994), Dynkin (1991)),



1.1 Background

and population dynamics (Du and Huang (1999), Garcia-Melian et al. (2001)).
Suitable choices of the nonlinear term meet the need of various applications: the
equilibrium of a charged gas in a container (Rademacher (1943)), PDEs invariant
under conformal or projective transformations (Loewner and Nirenberg (1974)),
or related questions to the classical Thomas-Fermi equations (Robinson (1971)).

A non-negative solution of (1.1), subject to the singular boundary condition
u(r) — oo as dist(z, Q) — 0 if Q # RY is a bounded/unbounded domain with
compact boundary 99, or u(z) — oo as |z| — oo if Q = RV is called a blow-
up or large solution; in the latter case the solution is referred to as an entire
large solution. We adhere to the definition of a large solution which includes the
non-negativity property of the solution as it appears, for instance, in Bandle and
Marcus (1992a,b), Marcus (1992). If the set of positive solutions P of (1.1) is not
empty, then a solution U will be called a mazimal solution if it dominates every
function in P (see Bandle and Marcus (1992b)).

The most relevant literature regarding the blow-up theory for nonlinear elliptic
equations (semilinear, in particular) is reviewed in what follows. When 2 has a
compact boundary, the focus falls mostly on the case that 0€2 is smooth (at least
C?); it will only be specified if less boundary regularity is involved.

The review refers to the topic of large solutions for scalar equations (§1.2) as
well as for systems of equations (§1.3), while §1.2 is organized around the main
themes of subsequent research on the subject. One may wish to examine, in as

general a framework as possible, three basic questions (McKenna et al. (1997)):
1. Does a large solution exist?
2. Is such a solution unique?
3. How does blow-up occur at the boundary?

Another area of study refers to the existence of multiple blow-up solutions
(initiated by McKenna et al. (1997) for the p-Laplacian). There is relatively little
information in the literature on the multiplicity of blow-up solutions (whose def-
inition, in this context, does not require non-negative solutions). On the grounds
that this issue goes beyond the scope of this thesis, the literature related to it is

omitted.



1.2 Large Solutions for Scalar Equations

1.2 Large Solutions for Scalar Equations

1.2.1 Existence

The question of existence of large solutions to equations of the form Au = f(u) in
a bounded domain 2 was first addressed by Keller (1957) and Osserman (1957),
who arrived at the same conclusion independently. As a main finding, they proved
that, subject to some regularity assumptions and restrictions on the growth of
f(u), the positive solutions, u, are uniformly bounded from above on compact
subsets of 2. When f is locally Lipschitz continuous and non-decreasing on
[0,00) with f(0) > 0, then they provide a necessary and sufficient condition for

the existence of large solutions, namely

T < 00, where F(t) = /tf(s) ds. (1.2)
0

1 VE()

Classical examples of nonlinearities satisfying (1.2) are: f(u) = e* and f(u) =

uP (p > 1). There exists an intensive study of their corresponding blow-up models:

(a) The exponential model
Au=¢c" inQcCRY (N >2) (1.3)

originally analyzed by Bieberbach (1916) (N = 2) and Rademacher (1943)
(N = 3), but considered later in papers such as Lazer and McKenna (1993,
1994) and Bandle (2003).

(b) The power model
Au=u" in Q C RY, where p > 1. (1.4)

The special case p = (N +2)/(N —2) (where N > 2) arising in Riemannian
geometry has been studied by Loewner and Nirenberg (1974); their results
have been extended by Bandle and Marcus (1992a) for any p > 1.

Matero (1996) extends previous results of Bandle and Essén (1994) on the
existence/uniqueness of large solutions for (1.3) and (1.4) to the case of domains

with a uniform interior and exterior cone condition. By constructing suitable
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barriers in a cone, Matero obtains uniform a priori lower and upper bounds for
the growth of the solutions and their gradient near 0€). As an application, a
boundary blow-up solution in a two-dimensional domain with fractal boundary,
called the von Koch snowflake domain, is constructed.

The understanding of models like (1.3) and (1.4) permitted a later develop-
ment of the blow-up theory for nonlinear elliptic equations (Bandle et al. (1994),
Bandle et al. (1997), Bandle and Porru (1994), Du and Huang (1999), Marcus
(1992), Marcus and Véron (1997), Ratto et al. (1994)).

Current research focuses on developing new methods to investigate the qual-
itative properties of the blow-up solutions. The simple replication of previous
ideas does not work when dealing with a more general setting.

The qualitative study of the large solutions to equations of the form
Au = f(z,u) in Q CRY, (1.5)

brings significant new challenges. This study necessitates a careful analysis of the

terms involved in the nonlinearity of f(z,u). The researchers have investigated

problems which combine an absorption term f(u) with a weight function b(z).
Cheng and Ni (1992) demonstrated that the equation

Au=b(x)u? inQCRY, p>1, (1.6)

considered in a bounded domain €2, has a large solution assuming that the smooth
function b > 0 is positive on 9€2. This result was extended by Marcus (1992) to
nonlinearities of the form b(x)f(u) with b as before and f satisfying the Keller—
Osserman growth condition (1.2). The existence of the maximal solution U of
(1.6) in RY has been established by Cheng and Ni (1992), provided that at
least a positive entire solution (that is, defined in RY) exists and RY may be
approximated by an increasing sequence of smooth bounded sub-domains (£2,,),>1
such that b is positive on 0€),,. Moreover, U is the unique entire large solution if,

in addition, for some [ > 2 there are two positive constants C, C5 such that
Cib(x) < |z|™ < Cob(x)  for large ||, (1.7)

A question that received less attention is whether the above results remain

valid under a more general condition on b which allows it to vanish on large
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parts of Q as well as on 0f2 (resp., at infinity) if the domain is bounded (resp.,
unbounded). Among the papers studying this question are Bandle and Marcus
(1992b), Marcus (1992), Lair and Wood (1999).

Bandle and Marcus (1992b) treat the equation (1.6) where b(z) may vanish
at a finite number of points in Q and (if © is an outer domain) it may tend
to zero at infinity or be unbounded. When b(z) = |z|” the radially symmetric
large solutions in a ball or the complement of a ball are analyzed by studying
the corresponding system of ordinary differential equations in the phase plane
(obtained after an Emden transformation); to this system the standard results
concerning perturbed linear systems (see Hartman (1982)) can be applied. The
existence (as well as uniqueness and behavior at the boundary/at infinity) of large
solutions in general domains is also procured.

One limitation of the methods given by a number of papers is that they apply
when b > 0 on 92 or in a neighborhood of infinity (Cheng and Ni (1992), Bandle
and Marcus (1992b), Marcus (1992)). Although more general nonlinear terms
are involved in Bandle and Marcus (1992a) and Lazer and McKenna (1994), b
is bounded and bounded away from zero. To remove such a restriction on b
unfortunately results in mathematical difficulty.

In §2.1 of Chapter 2 we deal with this issue for elliptic equations of the form
Au=b(x)f(u) in Q, (1.8)

where b is a smooth non-negative function. The existence of large solutions
on bounded domains is established under general assumptions on f, while b(z)
vanishes in €2 in a certain way namely, which holds if b > 0 on 0). By suitably
adjusting the vanishing condition on b when (2 is an unbounded domain (possibly,
RY) we obtain the existence of a maximal classical solution U of (1.8). Under an
additional assumption on b, which is weaker than (1.7) and allows b to vanish at
infinity, the maximal solution U is found to be a large solution.

The task of permitting b to be zero on some regions of the domain becomes
more important and difficult as the accuracy of the mathematical model describ-
ing the real phenomenon increases. This objective is pursued, for instance, in
the context of mathematical biology (see e.g., Lépez-Gémez (2000), Du and Ma
(2002), Du (2003)).
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PDEs arising in Mathematical Biology

A problem of interest in the study of population biology of one species is
Fisher’s equation, which was also investigated by Kolmogorov et al. (1937). As-
suming that

(a) the species disperse randomly in a bounded environment;

(b) the reproduction of the species follows logistic growth;

(c) the boundary of the environment is hostile to the species;

(d) the diffusion does not depend on the space variable,
then the concentration of the species or the population density satisfies a reaction-
diffusion equation, called Fisher’s equation after Fisher (1937), subject to initial
and boundary conditions (Oruganti et al. (2002)). The stationary version of
Fisher’s equation is referred to as the diffusive logistic equation. Great attention

has been given to this equation and to its more general form

Au+ au = b(z)u? in Q CRY,
(1.9)

u=2>0 on 0f),

where p > 1 and a € R is a parameter. This equation is a basic population
model (Hess (1991)). Many studies related to (1.9) have assumed that the smooth
function b is positive and bounded away from zero (cf. Garcia-Melian et al. (1998)
and Lopez-Gdémez (2000)). In this case (1.9), known as the logistic equation, has
been proposed as a model for the population density of a steady-state single
species when the domain is surrounded by inhospitable areas (Murray (1993)).
It is known that when b € C%#(Q) is positive, then (1.9) has a unique positive
solution if and only if @ > A;(£2), where A (€2) denotes the first eigenvalue of

(1.10)

— Au = Au in 2,
u=20 on 0f2.

Not until recently has the case been tackled when b(z) vanishes on some sub-
domain of €2 corresponding to the general problem when the species u is free from
crowding effects on some sub-domain of 2 (Brezis and Oswald (1986), Alama and
Tarantello (1996), Ambrosetti and Gamez (1997), Dancer (1996), Garcia-Melidn
et al. (1998), Lépez-Gomez (2000), Dancer et al. (2003)). Equation (1.9) has also
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been considered in the context of the prescribed curvature problem on compact
manifolds (Kazdan and Warner (1975), Ouyang (1992), and del Pino (1994)).
In mathematical biology, when b is positive on a proper sub-domain ' C
O cQandb=0on Q\ €, Q represents the region inhabited by the species u,
a measures its birth rate, while b(z) denotes the capacity of €' to support the
species u (Garcia-Melian et al. (1998)). Since the unknown u corresponds to the
density of the population, only positive solutions of this problem are of interest.
Studies such as Brezis and Oswald (1986), Fraile et al. (1996), Ouyang (1992),
Dancer (1996) demonstrate that (1.9) admits positive solutions if and only if

M(Q) <a < \(Q\ ),

where A\;(Q \ ) stands for the first Dirichlet eigenvalue of (—A) in Q \
moreover, for a in the above range, (1.9) admits a unique positive solution wu,g;
a — 1, is a continuous map from (A(Q), A (Q2\Q')) to C*#(Q), and ||ug|| = — oo
as a /' M\ (Q\ Q). For the study of related problems in the whole space we refer
to Du (2003) and the references therein.

As mentioned in Garcia-Melian et al. (2001), the understanding of the asymp-
totics for the logistic equation leads naturally to the study of large solutions. The
exact pointwise growth of the positive solutions as a approaches the upper bound
A (Q\ @) is ascertained by Garcia-Melian et al. (1998): the solutions grow to
infinity uniformly on compact subsets of 2\ €' and they stabilize in Q' to the

minimal solution of the boundary blow-up problem

Au+ au = b(z)u? in
(1.11)

u = 00 on O€Y,

being a = A\ (Q2\ ) and b = 0 on 9€ in this precise case.

The main feature of (1.11) is that b vanishes on the whole boundary of the
domain. The appearance of a vanishing weight b(x) induces a new phenomenon.
The critical combination, manifested near the boundary, between the explosive
absorption term u? and vanishing b(x) greatly influences the qualitative properties
of the blow-up solutions.

Demonstration of the existence of a minimal /maximal large solution for equa-
tions of the type (1.11) is carried out by Garcia-Melian et al. (2001). They also
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find the existence of (at least) a classical C?*#()’)-solution blowing-up on 99’ for
a class of perturbed problems, where the perturbation is of a lower order than u”
at infinity.

The understanding of various models in population dynamics (Du and Huang
(1999), Dancer and Du (2002), Du and Guo (2003), Du (2003)) is based on the
study of nonlinear elliptic problems of a singular nature which may also exhibit
the Neumann/Robin boundary condition. The logistic equation in Du and Huang
(1999) features an infinite Dirichlet boundary condition on the interior boundary
of the domain (where b vanishes), while a Dirichlet or Neumann/Robin boundary
condition is assumed on the exterior boundary.

Garcia-Melidn et al. (2001) and Du and Huang (1999), while considering the
competing case 0 - oo near the boundary where blow-up arises, restrict b(z) to
be positive in the domain. The above studies establish the existence of the min-
imal/maximal blow-up solution for any a € R. In order to see how the situation
changes if b is allowed to vanish on a proper subset of the domain and how
nonlinearities other than u? (p > 1) interact with b(x) raises further difficulties.

The source of such questions is the work Alama and Tarantello (1996), which

contains an exhaustive study of the positive solutions to the logistic problem

{ Au+ au = b(x)f(u) in Q,

(1.12)
u=20 on 0,

for a wide class of functions f (including f(u) = w? with p > 1), where a is a real
parameter and the potential b vanishes in 2.

Lépez-Gomez (2000) gives the existence of regular and large solutions for a
class of nonlinear elliptic boundary value problems of logistic-type, where the non-
negative function b can vanish on a finite number of smooth interior sub-domains
Qi ie{l,...,r}. Let 01 <0y < ... <0, denote the principal eigenvalues of the
Laplace operator with Dirichlet boundary conditions in €2;. Lépez-Gémez (2000)
shows that if o; < a < 0,41, then there exist positive solutions of the elliptic
problem (1.12) in Q\ U%_,Q going to infinity on d(U,_,Q), while they satisfy a
Dirichlet boundary condition on the rest of the boundary.

In Chapter 3 we establish a necessary and sufficient condition for the existence

of large solutions of logistic-type equations, where b > 0 on ) is zero on a sub-
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domain whose boundary is not necessarily smooth. We distinguish between the
case of a complete blow-up on the boundary (§3.1) and a partial boundary blow-
up (e.g., on an interior boundary) coupled with a Dirichlet, Neumann or Robin

boundary condition on the rest of the boundary (e.g., on the exterior boundary)
(§3.2 and §3.3).

1.2.2 Uniqueness

The subject of boundary blow-up originated with the work of Bieberbach (1916)

for the semilinear elliptic equation
Au=e" in Q C R? (1.13)

where () is a smooth bounded domain. Problems of this type arise in Riemannian
geometry; if a Riemannian metric of the form |ds|?> = €**(*)|dz|? has constant
Gaussian curvature —c?, then Au = c?e*. Bieberbach showed that there exists

a unique large solution of (1.13) such that
u(z) —log(d(z)?) is bounded as d(z) := dist (x,99) — 0.

Motivated by a problem from mathematical physics, Rademacher (1943) contin-
ued this study on smooth bounded domains in R®. Later, Lazer and McKenna
(1993) generalized the results of Bieberbach (1916) and Rademacher (1943) for
bounded domains in R satisfying a uniform external sphere condition and for
nonlinearities of the type b(z)e*, where b is continuous and positive on Q.

The issues of uniqueness and asymptotic behavior of the large solutions near
the boundary were first linked by Loewner and Nirenberg (1974). Their philoso-
phy of getting the uniqueness by proving that any large solution blows-up on the
boundary at the same rate, has been successfully applied for many classes of prob-
lems. Initially, this idea has been investigated in connection with problems from
Riemannian geometry. In dimension N > 3, the notion of Gaussian curvature has
to be replaced by scalar curvature. If a metric of the form |ds|? = u(x)"(N=2)|dz|?
has constant scalar curvature —c?, then u satisfies

(N —2)c® ni2

Ay = ———uN-2 in (. 1.14
u 4(N_1>UN in (1.14)

10
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Loewner and Nirenberg (1974) described the precise asymptotic behavior at the
boundary of large solutions to (1.14) and used this result in order to establish the
uniqueness of the solution. Their main result is derived under the assumption
that 02 consists of the disjoint union of finitely compact C'*° manifolds, each
having codimension less than N/2 + 1. More precisely, the uniqueness of a large

solution is a consequence of the fact that every large solution u satisfies
u(z) =T(d(x)) + o(I'(d(x))) as d(z) — 0, (1.15)
where I' is defined by

ct
H) = [ NN —1)

Kondrat’ev and Nikishkin (1990) found the leading term of the asymptotic

expansion near the boundary of a large solution to Lu = u? (p > 1) in 2, where

—(N-2)/2
] , forallt>0. (1.16)

09 is a C?-manifold and L is a more general second order elliptic operator than
A. As a corollary, the uniqueness of the large solution is obtained when p > 3.
Dynkin (1991) showed that there exist certain relations between hitting prob-
abilities for some Markov processes called superdiffusions and maximal solutions
of Au=wuP, 1 < p < 2. By means of a probabilistic representation, le Gall (1994)
proved a uniqueness result in domains with non-smooth boundary when p = 2.
The asymptotic behavior of large solutions near the boundary and the unique-
ness of such solutions can be obtained by suitable comparison with singular ODEs
(Bandle and Marcus (1992a), Lazer and McKenna (1994)). The approach in these

works applies to equations of the form
Au = f(u) in Q C R" a bounded domain, (1.17)

for a general class of nonlinearities (including f(u) = w? for any p > 1 and
f(u) = €*). Bandle and Marcus (1992a) prove that when f € C'[0,00) is a

positive and non-decreasing function on (0,00) with f(0) = 0 and
Jp > 0 and sg > 1 such that f(rs) < 777 f(s) V7 € (0,1) Vs > so/7, (1.18)

then any large solution of (1.17) has the same blow-up rate near 0<:

- u(z)
O Z(d)) ~ " (1.19)

11
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where Z is a chosen solution of the singular ordinary differential equation

{ Z”(T) = f(Z(r)), re€(0,0), for some § > 0, (1.20)

Z(r) —occasr— 07",

If, in addition, f(7s) < 7f(s), for all 7 € (0,1) and s > 0, then uniqueness of
the large solution occurs. Lazer and McKenna (1994) consider the case when
the C'-function f is either defined and positive on R or is defined on [ag, )
with f(ag) = 0 and f(s) > 0 for s > ag. Their analysis is performed on domains
satisfying both a uniform internal sphere condition and a uniform external sphere
condition with the same constant R; > 0. They give conditions for which all large
solutions of (1.17) fulfill the stronger asymptotic behavior

d(li)mo[u(x) — Z(d(x))] =0, for any Z satisfying (1.20). (1.21)

Namely, f is non-decreasing on its domain and f’ is non-decreasing on some
neighborhood of infinity such that lim, .., f'(s)//F(s) = 0o, where F is an anti-
derivative of f. The existence and uniqueness of large solutions is also ensured.
Whilst the papers by Bandle and Marcus (1992a), Lazer and McKenna (1994)
are important contributions to the understanding of the existence, uniqueness
and asymptotic behavior of large solutions to (1.17), their methods have certain
limitations. For instance, apart from examples such as f(u) = w? (p > 1) or
f(u) = e*, it is quite involved to compute a solution of the singular ODE equa-
tion (1.20) (chosen in Bandle and Marcus (1992a) as f;?t)[ 2F ()72 ds = t).
Computationally speaking, a much more convenient formula is desirable. On the
other hand, when f(u) = u” (p > 1), the variation speed of the large solution u
of (1.17) is dramatically changed from that corresponding to f(u) = e*. This can

be seen from the fact that in the former situation,

2/(1-p)
: (1.22)

lim uz) = p_1
@0 @D~ | 2+ )

while in the latter case, the blow-up rate of u is much slower, as shown by

. u(x)
i L (1.23)

12
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Thus, a better understanding of the blow-up phenomenon might be possible by
treating power-like nonlinearities separately from those of the exponential type.
Recent trends in research support this viewpoint in the context of mathematical
biology, where f(u) = u” (p > 1) is of special interest.

The focus of much of the recent literature (Du and Huang (1999), Garcia-
Melidn et al. (2001), Du and Guo (2003), Lépez-Gémez (2003), Du (2004)) is on

the qualitative properties of the large solutions to equations such as
Au+au = b(z)u? in Q C RY is a bounded domain, (1.24)

where a € R is a parameter, b € C’O’“(ﬁ), 0 < p < 1, is a non-negative function,

as well as to the boundary value problem

Au + au = b(x)u? in Q,
(1.25)

Bu =10 on I'g := 00\ Iy,

where ', is a non-empty open and closed subset of 02 (I's, # 0€2) and B denotes
any of the Dirichlet, Neumann or Robin boundary operators. A non-negative
solution of (1.25) satisfying u(x) — oo as © — T' is called a large solution of
(1.25).

The above works have the merit of considering the case when the function b
in (1.24) and (1.25) is identically zero on the boundary where the blow-up occurs
(that is, on I's, where we understand I'y = 00 for (1.24)). This is a natural
restriction inherited from the logistic equation (see (1.11)).

Determining the effect of the competition 0 - co between b(x) and u? on the
behavior of the large solution near I'y, raises new and interesting challenges in
the study of nonlinear PDEs. This issue has only partially been resolved at the
cost of imposing a certain decay rate on b(z) near I'..

Du and Huang (1999), Garcia-Melidn et al. (2001) show that if

lim b(z)

e —d(a:, O = (3, for some constants o > 0 and 3 > 0, (1.26)

and b > 0 in Q \ 'y, then (1.24) and (1.25) admit a unique large solution u,,

for each a € R. The advantage of (1.26) is that it helps determine the dominant

term in (1.24) near I's,. Based on this, suitable upper and lower solutions near

13
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the boundary are built. Using a local argument and some comparison criteria it
is found that the singular character of any large solution u at I'y, is governed by
a uniform rate of explosion, namely

u(x) (a+2)(a+p+1)]"0

PRI [d(z, Do)+ 2/p) Bp—1)? : (1.27)

Further improvements of this result are given by Du and Guo (2003) and Lépez-
Goémez (2003). Local blow-up estimates are deduced by Lépez-Gémez (2003) and
Du (2004), whose argument relies on the construction of a family of lower/upper
solutions on small annuli with partial boundary blow-up. Du (2004) demonstrates
that if B is an open ball in R such that =, € I'.x N B and

b
lim sup (z) < @, for some constants o > 0 and 3 > 0, (1.28)
T—Tx,2EQ d($, FOO)a

then, for any positive solution of (1.24) in Q@ N'B, subject to u|r,~p = 00,

1/(p—1)
_ u(x) (a+2(a+p+1)

120, o [d(2, Top)|@+2/(0-p) = Blp— 1) ) (1.29)

holds for all w € (0,7/2), where n,, is the outward unit normal of 902 at x, and
Crow={r€Q: angle(r —z,, —n, ) <7/2—-w}

When “limsup” and “<” in (1.28) are replaced by “liminf” and “>", then one
must change these accordingly in (1.29). These local estimates, together with an
iteration technique due to Safonov (reproduced by Kim (2002)), are utilized by
Du (2004) to relax the uniqueness condition (1.26) to

Bld($7rm)a S b(l‘) S ﬁ?d($a I_‘OO)OC for z € Q’ d(x,Foo) S 57 (130)

where § > 0,8, > 31 > 0 and « > 0 are constants.

The above mentioned papers advance knowledge on the uniqueness and asymp-
totics of the large solution in the particular setting f(u) = v? (p > 1) and b(x)
which is positive in Q \ Ty, and satisfies either (1.26) or (1.30). Their methods
take full advantage of the interaction between u? and b(x), which helps to deter-

mine the dominant term of (1.24) near I',. It is demanding, however, to find

14
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the corresponding dominant term when nonlinearities of f other than the super-
linear powers compete with a non-negative function b whose behavior near I', is
not necessarily ruled by (1.30). Thus, to discover the qualitative behavior of the
large solutions in a more general framework involving competition 0 - co near the
boundary requires new and effective tools.

The techniques introduced in Chapters 4 and 5, which rely crucially on regu-
lar variation theory (§4.1) and its extensions (§5.3.2), will be used to answer the
proposed challenge. The uniqueness and blow-up rate of the large solution will
be uncovered for nonlinearities varying reqularly (as a power function) (Chapter 4
and §5.2 of Chapter 5) as well as rapidly (as an exponential one) (§5.3 of Chap-
ter 5). Note that the decay rate of b(z) at the boundary 'y, is not required to
satisfy (1.26) (that is, § can be zero or infinity, for any a > 0). Local blow-up
estimates are also provided, which in the particular case of (1.28) refine the find-
ings of Du (2004) and Lépez-Gomez (2003) by dropping the restriction z € C,, ,,
in (1.29).

1.2.3 Asymptotic Behavior

Motivated by a close relationship to the uniqueness issue, the asymptotic behavior
of the large solutions for equations such as Au = f(u) in Q has been of interest
in a series of papers (for example Bandle and Essén (1994); Bandle and Marcus
(19924, 1995, 1998); del Pino and Letelier (2002); Greco and Porru (1997); Lazer
and McKenna (1994)).

The first order approximation turns out to be independent of the geometry of
the domain €2, depending only on the distance function to the boundary d(z) =
dist(x, 0Q). The first term in the asymptotic expansion of the large solution near
the boundary for the exponential or power model, namely (1.3) or (1.4), is given
by (1.23) or (1.22). The second order effects were first addressed by Lazer and
McKenna (1994), who found that for power nonlinearities f(t) = t* with p > 3
p—1

V20 +1)

u(x) — [Wd(a:)]Q/(l_p) =0, where~y=

while for the exponential function f(t) = €',

Jim, (u(x) “n ﬁ) 0.
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Secondary effects in the asymptotic behavior of large solutions were also studied
in Bandle and Marcus (1998), Greco and Porru (1997) under various general
assumptions on f. The role of the boundary curvature has been underscored by
Bandle and Marcus (1998) for balls and annuli, under weak assumptions on the
nonlinearity f. Further extensions of these results to arbitrary bounded smooth
domains can be found in Bandle (2003), del Pino and Letelier (2002) for equations
with power nonlinearities and in Bandle (2003) for the exponential nonlinearity.

Based on suitable upper and lower solutions constructed in del Pino and
Letelier (2002) and on estimates in Bandle and Marcus (1998), it is proved by
Bandle (2003) that for f(t) =t (p > 1)

(N —1)H(o(x))
p+3

u(z) = [yd(z)]¥ =P <1 + d(z) + o(d(x))) as x — 09, (1.31)

and for f(t) = €'

2
[d(x)]?

In the above, o(z) denotes the projection of x to 02, while H (o) stands for the

+ (N —1)H(o(z))d(x) 4+ o(d(x)) as x — OSL. (1.32)

u(z) =In

mean curvature of 92 at 0. The asymptotic expansion (1.31) corresponding to
general domains is given by del Pino and Letelier (2002) in the case 1 < p < 3.
The uniqueness and explosion rate of the large solution in domains exhibiting a
corner has been treated in more generality by Marcus and Véron (1997).

Secondary effects in the blow-up behavior of the solution on arbitrary smooth
domains and for a general class of nonlinearities f (including the power and
exponential cases) are provided by Bandle and Marcus (2004).

This well developed and focused line of inquiry on the asymptotic expansion
of the large solution to Au = f(u) in a smooth bounded domain ) proves the
dependence of the second explosive term on the curvature of the boundary. How-
ever, it is worth investigating whether the same phenomenon manifests itself when
a non-negative potential b(x), identically zero on the boundary OS2, competes to
f(w). In this generality, the query raises significant difficulties even when a first
order approximation of the blow-up at the boundary is required (see §1.2.2).

A positive but partial answer to the above question has been given by Garcia-

Melidn et al. (2001), who establish the two-term asymptotic expansion of the
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large solution to the logistic equation
Au+au = b(z)u? in Q C RY,

where € is a bounded domain, p > 1 and a is a real parameter (more generally,
a is a smooth function on Q). Here b € C%*(Q) is positive in 2, but vanishes on

02 as follows
b(x) = Cold(2)]*(1 + C1d(x) + o(d(z)) as d(x) — 0, (1.33)

for some constants Cy,a > 0 and C; € R. They then prove that the second
approximation of the explosion rate of the solution involves both the distance

function and the mean curvature H of 0f), namely

u(z) = Fd(@)] T (1+ B(o(2))d(x) + o(d(x))) as x — 0, (1.34)
_ 2, \ V(@2
where v = <%) and

Blo(ey = = DH(E(@) = Cila+p+D/(p- 1)
a+p+3

Drawing a parallel between Bandle (2003) and Garcia-Melidn et al. (2001), the

asymptotic expansion (1.34) can be seen as a refinement of (1.31), since the latter

could be recovered if one forced (Cp, o, Cy) = (1,0,0) in (1.33).

While the influence of the curvature of the boundary on the second term in the

expansion of the large solution for Au = b(z)f(u) in Q has been demonstrated
when no competition near the boundary arises, the picture is far from being
understood otherwise. Could this influence be broken when the decay rate of b
is other than that in (1.33) or maybe when f(u) is not u” (p > 1)? It is not yet
known how to estimate the second explosive term in the expansion of the solution
when f is as general as possible and b vanishes on 0f) without satisfying (1.33).

This query is investigated in Chapter 4 by employing regular variation theory.
It is shown that the competition between f(u) and b(x) plays a significant role in
eliminating the connection between the second term in the asymptotic expansion
of the large solution and the curvature of the boundary. For instance, this happens
when f(u) is still u? but b(z) vanishes on the boundary at a different rate than that
in (1.33), alternatively if (1.33) is preserved when f(u) varies regularly without

being exactly u”.
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1.3 Large Solutions for Systems of Equations

The existence or otherwise of solutions for semilinear elliptic systems of the form

Au+ f(z,u,v) =0, zeR",
{ ( ) (1.35)

Av + g(z,u,v) =0, z€RY,
has recently been the subject of much investigation (for example, Mitidieri et al.
(1995), Mitidieri (1996), de Figueiredo and Yang (1998), Qi (1998), Serrin and
Zou (1996, 1998a,b), Yarur (1998)). The case f(u,v) = v and g(u,v) = u?
(p,q > 0) in (1.35), that is

Au+1P =0, zeRY,
(1.36)

Av+ul =0, zeRY,

can be thought of as an extension of the Lane-Emden equation Aw + w? = 0 in

RY. When the pair (p, q) is above the critical hyperbola
p+1)+1/(¢+1) < (N =2)/N,

then (1.36) admits infinitely many positive radial solutions (u,v) which tend to

(0,0) as |x| — oo, which are called ground states (see Serrin and Zou (1998b)).

This kind of behavior at infinity has been studied in the above cited papers.
Yarur (1998) studies the following system

{ Au+aflz])f(v) =0, =€ RY\ {0},

N (1.37)
Av+ B(|z[)g(u) =0, = € RY\ {0},

where f and ¢ are increasing Lipschitz continuous on R with f(0) = ¢(0) = 0
and «, 8 are non-negative C'! functions on R* (no smoothness at zero for (o, 3)
is required). She proves the existence of a curve of positive radially symmetric
continuous/singular ground states for (1.37) and shows that these curves depend
on the conditions imposed on the functions f, g, o and .

While the above papers contribute to the understanding of the nonlinear mech-
anism of the system leading to ground states, little is known so far about the
conditions which favor a singular behavior of solutions at infinity.

A solution (u,v) of (1.35) is called an entire large solution if it is a classical

solution of (1.35) on RY such that u(x) — co and v(x) — oo as |x| — oco.
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1.3 Large Solutions for Systems of Equations

Despite a long history on the topic of blow-up in elliptic equations, only very
recently has this been considered for systems of equations (see for example Lair
and Shaker (2000), Yang (2003a,b)).

A major complication when dealing with systems of equations is the lack
of a maximum principle. More exactly, although the general theory for second
and higher order elliptic equations has much in common there is also a crucial
difference. For second order elliptic equations there exists a so-called maximum
principle, which has proved a decisive instrument in providing a priori estimates
and existence results. The validity of the maximum principle is restricted to
second order, scalar, elliptic operators and does not extend in any natural way
to systems of second order operators or to higher order scalar equations.

To counter this fact, a common feature appears in the study of elliptic systems:
the assumption of radial symmetry on the domain and coefficients. This scenario
is favorable to reducing the problem to the study of radially symmetric solutions
for ordinary differential equations (ODEs).

Lair and Shaker (2000) focus on the existence of positive radial solutions of

{ Au = a(x)v” in RY, (1.38)

Av = B(z)u! in RY,

where p,¢ > 0 and a,3 € C2*(RY) (0 < p < 1) are non-negative and radially
symmetric functions. Whether these entire solutions are large or bounded de-
pends closely on the nonlinear part of the system, a phenomenon that resembles
that noticed by Yarur (1998) in the context of ground states. More exactly, cf.

Yarur (1998) if (f(v), g(u)) = (vP,u?) in (1.37) and «, [ satisfy

/OO ra(r)dr =00 and /°° rB3(r) dr = oo, (1.39)

then positive radially symmetric solutions of (1.37) turn out to be ground states.

The existence of a solution, near zero, to the Cauchy problem needs

/ ra(r)dr < oo and / rB(r) dr < oo. (1.40)

0 0
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1.3 Large Solutions for Systems of Equations

Lair and Shaker (2000) show that if 0 < p,q < 1, then for any pair (a,b) €
R* x RT there exists an entire radial solution of (1.38) with central values (a,b).
Thus, Rt x Rt = Z, where

Z = {(a,b) € R™ x RF

(3) an entire radial solution of (1.38) (1.41)
such that (u(0),v(0)) = (a,b) ' ‘

Moreover, all positive entire radial solutions are large when

/ ra(r)dr = oo and / rB(r) dr = oo, (1.42)
0 0
while they (all of them) become bounded provided that
/ ra(r)dr < oo and / rB(r)dr < oo. (1.43)
0 0

Condition (1.42) can be seen as a reflection of the one found by Lair and Wood

(2000) in the scalar case; the existence of entire large solutions to
Au = a(x)u’ in RY, (1.44)

in the sub-linear case (0 < p < 1) holds if and only if « satisfies (1.42) (see also
Lair (2003) where « is not necessarily radial). In the sub-linear case, there are no
large solutions for (1.44) on bounded domains, as the Keller-Osserman condition
(1.2) fails; for the existence of large solutions to be restored we need p > 1.

Lair and Shaker (2000) prove that, in comparison to the case 0 < p,q < 1, the
super-linear case 1 < p,q < oo for (1.38) brings significant changes. Precisely, if
(1.43) holds, then Z becomes a closed bounded convex subset of RT x R* and

any entire radial solution (u,v) of (1.38) is large provided that
(u(0),v(0)) € {(a,b) € 0Z| a >0 and b > 0}.

Lair and Shaker (2000) do not treat the case when 0 < p < 1 and 1 < ¢ < 0.
More generally, it is desirable to understand what kind of relationship between f
and ¢ is conducive to large/bounded entire solutions for systems such as (1.35).

The above questions will be addressed in §2.2 of Chapter 2, where more general
nonlinearities are considered in (1.38). The growth rate of the nonlinearities
(individually and combined) will determine the structure of Z in (1.41). The
existence of entire large solutions, known from §2.1 to occur in the scalar case

under growth conditions of Keller—-Osserman type, will manifest to systems, too.
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1.4 Outline of the Thesis

This dissertation is mostly devoted to the study of large solutions for semilinear

elliptic equations of the form
Au = f(z,u) in Q CRY, (1.45)

where 2 is a bounded /unbounded domain with compact boundary or the whole
space. More precisely, the thesis develops innovative analytical methods to in-
vestigate the qualitative aspects of the blow-up phenomenon in (1.45) arising on
the boundary or at infinity. In the latter situation the results play an important

role in dealing with semilinear elliptic systems such as

{Au = fi(z,v) inRY,

Av = fy(xz,u) in RV, (1.46)

The purpose of Chapter 2 is two-fold. First, to establish the existence of large
solutions to (1.45) when f(z,u) is in the form of b(x)f(u), where b is a non-
negative smooth function, while f € C'[0, 00) is positive and non-decreasing on
(0,00) such that f(0) = 0 and (1.2) holds (see §2.1). Second, to determine the
existence of positive radial entire solutions of (1.46) and classify them either as
bounded or large depending on the nonlinear mechanism of (1.46). Under some
symmetry assumptions, methods are given to analyze two possible scenarios for
nonlinearities f; and f,. ODEs techniques are used jointly with the findings of
§2.1 to extend and complement previous results of Lair and Shaker (2000).

Chapter 3 is dedicated to the existence of large solutions to (1.45) in a bounded
domain, where f(z,u) = b(x)f(u) —au (see §3.1). Here a is a real parameter and
b is a non-negative function on ) that vanishes on a connected subset Q, C € and
is positive otherwise in €). The analysis includes the critical case when b is non-
negative (possibly, identically zero) on 0. A necessary and sufficient condition
for the existence of large solutions is provided in terms of the first Dirichlet
eigenvalue of the Laplace operator on the zero set of b. The assumptions on f
are inspired by Alama and Tarantello (1996) who give a corresponding result for
the Dirichlet boundary value problem (1.12). In §3.2 we prove the existence of

the minimal /maximal positive solution to the above equation in € \ Qq, subject
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1.4 Outline of the Thesis

to a Dirichlet, Neumann or Robin boundary condition on 92 and u = oo on 0€).
Using a novel approach, the degenerate situation when b may vanish on Q\ Qg is
further discussed under more general conditions on f (see §3.3).

The main aim of Chapters 4 and 5 is to resolve the issues of uniqueness and
two-term asymptotic expansion of the large solution near the boundary to the
problems studied in Chapter 3. The generality of the framework, coupled with
the competition case 0- oo assumed near the boundary, requires the development
of new and effective methods. This need is met in both Chapters 4 and 5, where
innovative methods are advanced by establishing inter-disciplinary connections
with applied probability. For the first time in this context the regular varia-
tion theory (initiated by Karamata and outlined in §4.1) and its extensions due
de Haan (presented in §5.3.2) are to be used.

The crucial step advanced in Chapter 4, where regular variation theory is
at the fore, is the analysis of the competition between b(x) and f(u) through
their variation speed. Karamata’s theory, used jointly with a local argument
near the boundary, helps determine the blow-up rate of the large solution when
previous restrictions in the literature on the decay rate of b are removed and f
is varying regularly at oo (imitating a super-linear power). Relying essentially
on Karamata’s theory, we attest significant changes in the two-term asymptotic
expansion of the large solution; in particular, the influence of the curvature of
the boundary on the second explosive term (known in the non-competing case)
ceases in the competing case even if f(u) = u?, p > 1.

The objective of Chapter 5 is dual: first, to refine the uniqueness results given
in Chapter 4 by modifying an iterative technique due to Safonov (see §5.2); and
second, to establish the uniqueness and blow-up rate of the large solution in the
competing case when f varies rapidly at oo (covering exponential models, see
§5.3). In both sections, local estimates of the blow-up rate are derived, which
improve the findings of Lopez-Gémez (2003) and Du (2004) even for the special
classes considered there. The innovative approach presented in §5.3 stresses the
interplay between the blow-up topic in PDEs and de Haan’s theory in applied
probability. The main results on the asymptotic behavior also shed a new light

on the non-competing case analyzed by Bandle and Marcus (1992a), Lazer and
McKenna (1994).
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Chapter 2

Large and Entire Large Solutions

“Hold yourself responsible for a higher standard than anybody else
expects of you.” (Henry Ward Beecher)

2.1 Large Solutions for Elliptic Equations

2.1.1 Introduction

We consider the following semilinear elliptic equation

{Au=M@ﬂw in Q,

(2.1)
u>0, uZ0 in,

where Q C RY (N > 3) is a smooth domain (bounded or possibly unbounded)
with compact (possibly empty) boundary. We assume throughout this section
that p is a non-negative function such that p € C%*(Q) if Q is bounded, and
p e C2%(Q), otherwise. The nonlinearity f is assumed to fulfill

loc
feC0,00), f/>0, f(0)=0and f >0 on (0,00) (2.2)

and the Keller-Osserman condition (see Keller (1957); Osserman (1957))

< dt t
/1 R < 00, where F(t):/0 f(s)ds. (2.3)

The main purpose of section 2.1 is to find properties of large solutions of (2.1),
that is solutions u satisfying u(z) — oo as dist (z,09Q) — 0 (if Q@ # RY), or
u(xr) — o0 as |z| — oo (if Q@ = RY). In the latter case the solution is called an

entire large solution.
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2.1 Large Solutions for Elliptic Equations

Problems of the type (2.1) were originally studied in a celebrated paper by
Loewner and Nirenberg (1974). Their work deals with partial differential equa-
tions having a “partial conformal invariance” and is motivated by a concrete
problem arising in Riemannian Geometry. More precisely, Loewner and Niren-
berg proved the remarkable result that (2.1) has a maximal solution, provided
that Q # RN, p = Const. > 0 in Q and f(u) = uN+T2/(N=2),

In Bandle and Marcus (1992a) and Marcus (1992), problem (2.1) is considered
in the special case when € is bounded and p > 0 in Q. More precisely, Bandle
and Marcus described the precise asymptotic behavior of large solutions near the
boundary and established the uniqueness of such solutions, while Marcus obtained
existence results for large solutions.

The first main result of this section is an existence theorem for large solutions
when (2 is bounded (see Theorem 1 in Cirstea and Radulescu (2002a)).

Theorem 2.1.1. Suppose that §2 is bounded and p satisfies

for all xy € Q with p(xg) =0, there is a domain Qo S zo such that (2.4)
Qo C Q and p > 0 on 0. '

Then problem (2.1) has a positive large solution.

Remark 2.1.1. Condition (2.4) is weaker than the requirement that p > 0 on 0f.

Indeed, the continuity of p, the compactness of ) and the positivity of p on
0f) imply the existence of some § > 0 such that p > 0 in 5, where

Qs = {x € Q; dist (z,00) < 6}.
Therefore, all the zeros of p are included in Q5 = 2\ Qs CC Q. Hence p > 0 on

08, so that (2.4) is fulfilled.

Remark 2.1.2. Theorem 2.1.1 generalizes Theorem 3.1 in Marcus (1992) and
Lemma 2.6 in Cheng and Ni (1992), where it is assumed that p > 0 on 0f.

The rest of section 2.1 is organized as follows. Subsection 2.1.2 comprises
a result that will be repeatedly used, namely Theorem 2.1.2, whose statement
can be found in Marcus (1992). The proof of Theorem 2.1.1 is given in §2.1.3.
In §2.1.4 and §2.1.5 we make use of Theorem 2.1.1 to find and describe the
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2.1 Large Solutions for Elliptic Equations

behavior on the boundary and at infinity of the maximal solution to problem
(2.1), where §2 is an unbounded domain, possibly RY (Theorems 2.1.7 and 2.1.10).
For the significance of such a study we refer to Dynkin (1991), where it is shown
that there exist certain relations between hitting probabilities for superdiffusions
and maximal solutions of (2.1) with f(u) = u”, 1 < v < 2. Subsection 2.1.4
gives a necessary condition for the existence of entire large solutions to (2.1) (see
Theorem 2.1.9).

2.1.2 Boundary Value Problems

The following result, which is mentioned without proof in Marcus (1992), will be
applied several times in this section. For the sake of completeness we give here a

proof of this theorem (see Theorem 5 in Cirstea and Radulescu (2002a)).

Theorem 2.1.2. Let Q be a bounded domain. Assume that p € C%*(Q) is a
non-negative function, f satisfies (2.2) and g : 0Q — (0,00) is continuous, then

the boundary value problem
Au = p(x)f(u), inQ
u=g, on OS2 (2.5)
u>0, uzzo, m <)

has a unique classical solution, which is positive.

Proof. We first observe that the function u™(x) = n is a super-solution of problem
(2.5), provided that n is sufficiently large. To find a positive sub-solution, we look

for an arbitrary positive solution to the following auxiliary problem
Av = d(r) in A(r,7) ={z ¢ RY; r < |z| <7} (2.6)
where
r=inf{r > 0; dB(0,7)NQ#0}, F=sup{r >0; dB(0,7)NQ # 0}
®(r) = max p(x) for any r € [r,T].

|z|=r

The function

o(r) =1 +/ ot=N (/ N1 (7) d7'> do, r<r<rF

0
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2.1 Large Solutions for Elliptic Equations

verifies equation (2.6). The assumptions on f and g imply that

] dt
gozznalgzng>0 and lim —— =00

o, f(t)

This will be used to justify the existence of a positive number ¢ such that

g0 dt

max v = T (2.7)
Next, we define the function u_ such that
u-(=) gy

v(r) = —, Vo € Q. 2.8

@- [ 5 (2.9

It turns out that u_ is a positive sub-solution of problem (2.5). Indeed, we have
u_ € C*(QQNCQ) and u_ >cin Q.

On the one hand, from (2.6), (2.8) and (2.2) it follows that

p(e) < Av(x) = — - Au_(z) + (;) (u ()| Vu_(z)P

< ——Au_(2) in €,
which yields
Au_(2) = p@)f(u_(z) Q.

On the other hand, taking into account (2.7) and (2.8), we find
u_(z) < g(x) Vo € oS

So, we have proved that u_ is a positive sub-solution to problem (2.5), therefore,
this problem has at least a positive solution u. Furthermore, taking into account
the regularity of p and f, a standard boot-strap argument based on Schauder and
Holder regularity shows that v € C?(Q) N C(Q).

Let us now assume that u; and uy are arbitrary solutions of (2.5). In order

to prove the uniqueness, it is enough to show that u; > us in 2. Denote

w:={x €Q; u(r) <uy(z)}
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2.1 Large Solutions for Elliptic Equations

and suppose that w # (). Then the function @ = u; — u, satisfies

{ = p(@)(f(u1) = f(ug)), inw (2.9)

=0, on Ow .

>
=g}

=g}

Since f is non-decreasing and p > 0, it follows by (2.9) that @ is a super-harmonic
function in w which vanishes on dw. Thus, by the maximum principle, either
=0 or u > 0 in w, which yields a contradiction. Thus u; > us in 2.

We give in what follows an alternative proof for the uniqueness. Let uq, usg
be two arbitrary solutions of problem (2.5). As above, it is enough to show that
u; > ug in 2. Fix € > 0. We claim that

up(z) < ug(z) +e(1 + |z|*)~1/2 for any = € Q. (2.10)
Suppose the contrary. Since (2.10) is obviously fulfilled on 0f2, we deduce that

max {us(z) — ui(z) — (1 + |z]?) 1/2}
e

is achieved in €2. At that point we have
0>A(u2() u()—6(1+|$|)1/2)
= p(x) (f(ua(2)) = flur(2))) = A1 + |2f*) 712

)
= p(z) (f(uz(x)) — f(u ( ) +e(N = 3)(1+ |z*)7/?
+3e(1+ |z*)” 52 5

which is a contradiction. Since € > 0 is chosen arbitrarily, inequality (2.10)

implies that us < uq in €. O

We point out that the hypothesis that f is differentiable at the origin is
essential in order to find a positive solution to problem (2.5). Indeed, consider
Q = By, and f(u) = u*2/8 where 3 > 2. Choose p =1 and g = C on 9B,
where C' = (8% + (N — 2)6)_ﬁ/2. For this choice of 2, p, f and g, the function
u(r) = CrP, 0 <r < 1, is the unique solution of problem (2.5), but u(0) = 0.

Under the hypotheses on f made in the statement of Theorem 2.1.2, except
[ is of class C' at the origin (but f € C%* at u = 0), problem (2.5) has a unique
solution which may vanish in €. For this purpose it is sufficient to choose, as a

sub-solution in the above proof, the function u_ = 0.
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2.1 Large Solutions for Elliptic Equations

Proposition 2.1.3. Let Q = B(0,R) for some R > 0 and let p be radially
symmetric in Q, then (2.1), subject to the Dirichlet boundary condition

u=c (const.) >0 on IS, (2.11)

has a unique solution u., which, moreover, is positive and radially symmetric.

Proof. By Theorem 2.1.2, problem (2.1)4(2.11) has a unique solution w,., which
is positive. If u. were not radially symmetric, then a different solution could be

obtained by rotating it, which would contradict the uniqueness of the solution. [

Remark 2.1.3. Any possible large solution of (2.1) is positive in €2, whenever (2 is

a bounded domain or the whole space.

Indeed, assume that u(zg) = 0 for some zy € €. Since u is a large solution
we can find a smooth domain w CC 2 such that xg € w and v > 0 on dw. Thus,
by Theorem 2.1.2; the problem

A¢=p(x)f(¢) inw,
(=u on Jw,
(>0 in w

has a unique solution, which is positive. By uniqueness, ( = u in w, which is a

contradiction. This shows that any large solution of (2.1) cannot vanish in 2.

2.1.3 Existence Results on Bounded Domains

We assume that € is bounded throughout §2.1.3. By Keller (1957) and Osserman
(1957), problem (2.1) with p = 1 has large solutions if and only if f fulfills (2.3).

Next we infer that (2.3) is necessary for the existence of large solutions to (2.1).

Lemma 2.1.4. If (2.2) holds, then the Keller-Osserman condition (2.3) is nec-

essary for the existence of large solutions of (2.1).

Proof. Suppose, a priori, that (2.1) has a large solution u.. For any n > 1,

consider the problem
Au = [|pllocf(u) in £,

u=n on 0f),

u >0 in €.
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2.1 Large Solutions for Elliptic Equations

By Theorem 2.1.2, this problem has a unique solution, say u,,, which is positive

in Q. By the maximum principle
0 <ty <Upip < Uy n€), Vn>1.

Thus, for every = € 2, it makes sense to define w(z) = lim,, .o, u,(z). Since (u,)
is uniformly bounded on every compact set w CC €2, standard elliptic regularity

implies that @ is a large solution of the problem Au = ||p||sf(u) in Q. O

Example 2.1.1. Typical nonlinearities satisfying (2.2) and (2.3) are:

Do flu)=e" =1
i) f(u)=vu’, p>1;
i) f(u) =u[ln(u+ 1), p> 2.

For nonlinearities, as in the above example, the following result holds (Lemma 1
in Cirstea and Radulescu (2002a)).

Lemma 2.1.5. Assume that conditions (2.2) and (2.3) are fulfilled, then

T
1 f() '

Proof. Fix R > 0 and denote B = B(0, R). By Theorem 2.1.2, the boundary

value problem

(2.12)

Au, = f(u,), inB
Uy =N, on 0B (2.13)
U, > 0,u, 0, in B
has a unique positive solution. Since f is non-decreasing, it follows by the maxi-
mum principle that u,(z) increases with n, for any fixed z € B.

We first claim that (u,) is uniformly bounded in every compact sub-domain

of B. Indeed, let K C B be any compact set and d := dist (K, dB), then
0<d<dist(z,0B), VrelkK. (2.14)

By Proposition 1 of Bandle and Marcus (1992a), there exists a continuous, non-

increasing function p : Ry — Ry such that

Uy (z) < p(dist (x,0B)), Vz e K.
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2.1 Large Solutions for Elliptic Equations

The claim now follows from (2.14). Thus, for every x € B we can define

u(z) == lim wu,(z).

n—oo

We next show that u is a classical large solution of

Au = f(u) in B. (2.15)

Fix zp € B and let r > 0 be such that B(zo,r) C B. Let ¥ € C*(B) be such
that U =1 in B(zo,7/2) and ¥V =0 in B\ B(xo,r). We have

A(Vu,) =2VV - Vu, + pp,

where p, = u, AV 4+ WAu,. Since (u,) is uniformly bounded on B(zo,r) and
f is non-decreasing on [0, 00), it follows that ||p,|lec < C, where C' is a con-
stant independent of n. From now on, using the same argument given in the
proof of Lemma 3 in Lair and Shaker (1997), we find that (u,) converges in
C'2*(B(xg,11)), for some 7, > 0. Since zy € B is arbitrary, this shows that
u € C*(B) and u is a positive solution of (2.15). Moreover, by the Gidas-Ni-
Nirenberg Theorem, u is radially symmetric in B, namely u(x) = u(r), r = |z|,
and u satisfies in the r variable the equation
N -1
r

u’(r) + u'(r) = f(u(r)), 0<r<R.

This equation can be rewritten as follows
(rV = () = VT f(u(r)), 0<r<R. (2.16)
Integrating (2.16) from 0 to r we obtain
u'(r) == /T sV f(u(s)) ds, 0<r<R.
0
Hence u is a non-decreasing function and

u'(r) < v N F(u(r)) /07“ N lds = %f(u(r)), 0<r<R. (2.17)

Similarly, u, is non-decreasing on (0, R), for any n > 1.
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In order to show that u is a large solution of (2.15), it remains to prove that
u(r) — oo as r / R. Assume the contrary, then there exists C' > 0 such that
u(r) < C for all 0 <r < R. Let Ny > 2C be fixed. The monotonicity of uy, and
the fact that up, (r) — Ny as v/ R imply the existence of some r; € (0, R) such
that C' < up, (1), for r € [r1, R). Hence

C <un,(r) <upnyia(r) < <up(r) <tpga(r) <--- Vo> Ny, Vre|[r,R).

Passing to the limit as n — oo, we obtain u(r) > C for all r € [ry, R), which is a
contradiction.
Integrating (2.17) on (0,r) and taking r / R we find

/OOLdlKRi
wo) f(B) T 2N

The conclusion of Lemma 2.1.5 is therefore proved. O

Proof of Theorem 2.1.1. By Theorem 2.1.2, the boundary value problem
Av, = p(a) f(va), in ©
v, =M, on 02 (2.18)
v, >0, v, Z0, in Q

has a unique positive solution, for any n > 1.

We now claim that

(a) for all zy € Q there exist an open set O CC 2 containing xy and My =
Moy(zo) > 0 such that v, < My in O, for any n > 1;

(b) lim, g0 v(x) = 0o, where v(x) = lim,, o v, ().

We first remark that the sequence (v,) is non-decreasing. Indeed, by Theo-

rem 2.1.2, the boundary value problem

Ag - “pHoof(C)? in
(=1, on 02
¢ >0, in
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has a unique solution. Then, by the maximum principle,
0<(<y<--- <y, <+ in Q. (2.19)

We also observe that (a) and (b) are sufficient to conclude the proof. In fact,
assertion (a) shows that the sequence (v,) is uniformly bounded on every compact
subset of €. Standard elliptic regularity arguments (see the proof of Lemma 3
in Lair and Shaker (1997)) show that v is a solution of problem (2.1). Then, by
(2.19) and (b), it follows that v is the desired solution.

To prove (a) we distinguish two cases :

Case 2.1.1. p(xg) > 0.

By the continuity of p, there exists a ball B = B(xq,r) CC € such that
mg := min {p(z); v € B} > 0.
Let w be a positive solution of problem
Aw =mqyf(w), in B
of (w) (2.20)
w(z) — o0, as x — 0B.

The existence of w follows by Theorem III in Keller (1957). By the maximum
principle it follows that v, < w in B. Furthermore, w is bounded in B(xq,r/2).

Setting My = sup w, where O = B(xg,r/2), we obtain (a).
0

Case 2.1.2. p(xy) = 0.

Our hypothesis (2.4) and the boundedness of Q2 imply the existence of a do-
main O CC 2 which contains xg such that p > 0 on 90. The case 2.1.1 shows
that for any # € 0O there exist a ball B(z,r,) strictly contained in €2 and a
constant M, > 0 such that v, < M, on B(z,r,/2), for any n > 1. Since 90 is
compact, it follows that it may be covered by a finite number of such balls, say
B(xi,rs,/2),i=1,--+  ko. Setting My = max {M,,, - ,Mxko} we have v, < M,
on 00, for any n > 1. By the maximum principle we obtain v, < M, in O and
(a) follows.

Let us now consider the problem

— Az =p(z) in Q,
z2=0 on 012, (2.21)
z2>0, 20 in .
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From Theorem 1 in Brezis and Oswald (1986) we infer that (2.21) has a unique
solution. Moreover, by the maximum principle, this solution is positive in (2.

We first observe that for proving (b) it is sufficient to show that

/U:) % < z(z) for any x € (. (2.22)

By Lemma 1, the left hand-side of (2.22) is well defined in 2. Fix ¢ > 0. Since

v, = n on IS, there is ny = ny(e) such that

/ % <e(I+R) ™2 < z(@)+e(l+|a) 72 Vo € 00, Yn >y, (2.23)
vn ()

where R > 0 is chosen so that Q C B(0, R).
In order to prove (2.22), it is enough to show that

/ % < z2(z) +e(1+ |z 72 Ve e Q, Vn >ny. (2.24)
v ()

Indeed, putting n — oo in (2.24) we deduce (2.22), since € > 0 is arbitrarily

chosen. Assume now, by contradiction, that (2.24) fails, then

max zodt _ 2 —1/2}
nas {/yn(m) 10 z(z) —e(1+ |z|) > 0.

Using (2.23) we see that the point where the maximum is achieved must lie in €.

At this point, say zy, we have

0>A ( / S - rx|2>1/2)

@) f() le=2o
_ (_ﬁmn . (;) () - [V — Az(a) —eA(1 + W)m) .
_ (—pu) - (%) (40) - |V + plar) = 2A(1 + '”E'Z)_m) e
B (_ (%)() Vo] + (N = 8)(L+ [2]?) ™ + (1 + 'x'2>_5/2)|”0

> 0.

This contradiction shows that inequality (2.24) holds. This completes the proof
of Theorem 2.1.1. O
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Corollary 2.1.6. Let Q = B(0, R) for some R > 0. If p is radially symmetric
in Q2 and pipo > 0, then there exists a radial large solution of (2.1).

Proof. The large solution constructed in the proof of Theorem 2.1.1 will be radi-

ally symmetric by virtue of Proposition 2.1.3. [

2.1.4 Existence of Entire Large Solutions

Our next purpose is to prove the existence of an entire maximal solution for (2.1),
under more general hypotheses than in Cheng and Ni (1992). They investigate
the structure of all positive solutions of (2.1) in the special case when f(u) = u”,
~v > 1; they also establish the existence of the maximal classical solution U of
(2.1), under the hypotheses that this equation possesses at least a positive entire
solution and there is a sequence of smooth bounded domains (£2,,),>1 such that,

for any n > 1,

Q€ Qrr, RY=102,Q,, p>0on o, (2.25)

n=1

Cheng and Ni (1992) prove that the maximal solution U is the unique entire large
solution of problem (2.1), under the additional restriction that for some [ > 2

there exist two positive constants C, C5 such that
Cip(x) < |z|™" < Cop(x)  for large || . (2.26)

Our result in the case Q = RY is the following (Theorem 2 in Cirstea and
Radulescu (2002a)).

Theorem 2.1.7. Assume that Q = RY and problem (2.1) has at least a solution.
Suppose that p satisfies the condition

There exists a sequence of smooth bounded domains (€2,)n>1, where (2.27)
_ N 2.2
Q, C Qpy1, RY =100°,Q,, and (2.4) holds in Q,, for anyn > 1.

Then there exists a mazimal classical solution U of (2.1).

If p verifies the additional condition
/ r®(r)dr < oo, where ®(r) = max{p(z): |z| =r}, (2.28)
0

then U is an entire large solution.

34



2.1 Large Solutions for Elliptic Equations

By Remark 2.1.1, it follows that condition (2.27) (resp., (2.28)) is weaker than
the assumption (2.25) (resp., (2.26)) imposed by Cheng and Ni (1992).

Remark 2.1.4. If p is radially symmetric in RY and not identically zero at infinity,
then (2.27) is fulfilled.

Indeed, we can find an increasing sequence of positive numbers (R,,),>1 such
that R, — oo and p > 0 on 0B(0, R,), for any n > 1, therefore, (p;)’ is satisfied
on Q, = B(0,R,).

We provide below an example of p > 0 that vanishes in every neighborhood
of infinity, while hypotheses (2.27) and (2.28) are fulfilled.

Example 2.1.2. Let p be given by

p(r) =0 for r=|z]en—-1/3,n+1/3], n>1;
p(r) >0 in Ry \ | JIn—1/3,n+1/3];
n=1
p€C0,00) and  max p(r) = 2 :
L re[n,n+1] n2<2n + 1)

Of course, (2.27) is fulfilled by choosing €2,, = B(0,n 4+ 1/2). On the other

hand, condition (2.28) is also satisfied since

/1 T () dr = g /n " ) dr

= ("1 2 1 72
< ———rdr = — = — < 00.
—;/n n2(2n+1)T " nz_:nz 6 =
Proof of Theorem 2.1.7. By Theorem 2.1.1, the boundary value problem
Av, = p(z)f(v,), inQ,
vp(x) — 00, as x — 0§, (2.29)
v, >0, in Q,
has a solution. Since Q, C 9,1 we can apply, for each n > 1, the maximum
principle (in the same manner as in the uniqueness proof of Theorem 2.1.2) to

find v, > v,4; in Q,. Since RY = U> Q, and Q, C Q,,1, it follows that for

every 7o € RY there exists ng = ng(zg) such that xo € Q, for all n > ny. By the
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monotonicity of the sequence (v,(¢))n>n, We can define U(xg) = limy,—, v5(20).
By applying the standard bootstrap argument (see Theorem 1 in Lair and Shaker
(1996)) we find that U € C2*(RY) and AU = p(z)f(U) in Q.

We now prove that U is the maximal solution of problem (2.1). Indeed, let
u be an arbitrary solution of (2.1). Applying again the maximum principle we
obtain v, > u in €, for all n > 1. By the definition of U, we have U > u in RY.

We point out that U is independent of the choice of the sequence of domains
2, and the number of solutions of problem (2.29). This follows easily by the
uniqueness of the maximal solution.

We suppose, in addition, that p satisfies (2.28) and we shall prove that U
blows-up at infinity. To this aim, it is sufficient to find a positive function w €
C(RY) such that U > w in RY and w(z) — oo as |z| — oo.

We first observe that (2.28) implies that

K = /OOO ri=N (/0 oV 1d(0) da) dr < oo. (2.30)

Indeed, for all R > 0 we have

/0 R < /0 "N 1) do—> dr = ﬁ /O ’ %(%N) < /0 "N 190 da) dr

R2—N R No1
= o T ®(o)do
v | ()
1 R
- r®(r)dr

1 o0
< m/o r®(r) dr < co.

Using (2.30) and the maximum principle we obtain that the problem

{ — Az =®(r), r=lz| <oo,

z2(zx) — 0 as || — oo

has a unique positive radial solution, which is given by

2(r) = K—/ ot (/ N1 (7) dT) do, Vr > 0.
0 0

36



2.1 Large Solutions for Elliptic Equations

Let w be the positive function defined implicitly by

gt N
2(z) = /w(m) [0} Vo € RY. (2.31)

Assumption (2.2) and L’Hospital rule yield

S
lim == = lim f(t) = f'(0) € [0, 00),
which implies the existence of some § > 0 such that

ft)

T<f’(0)+1 for all 0 <t <.

Thus, for every s € (0,0), we have

" dt 1 O dt 1
0 f’(0)+1/s T_W(lné—lns),

It follows that limg\ o fj % = o0, which provides the possibility to define w as
in (2.31).

We claim that w < v, in Q, for all n > 1. Obviously this inequality is true
on 012,. Using the same arguments as in the proof of the inequality (2.10) (with
Q replaced by €2,,) we obtain that for any € > 0 and n > 1 we have

w(z) < vp(z) +e(1 4 |z)*) 712 in Q,

and the claim follows. Consequently, U > w in RY and, by (2.31), w(z) — oo as
|z| — oo. This completes the proof of Theorem 2.1.7. O

Corollary 2.1.8. Let Q = RY. Assume that p is radially symmetric in RY,
not identically zero at infinity such that (2.28) is fulfilled, then (2.1) has a radial

entire large solution.

Proof. By Remark 2.1.4 and Corollary 2.1.6, the entire large solution constructed
as in the proof of Theorem 2.1.7 will be radially symmetric. [
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2.1.4.1 A Necessary Condition

By Lemma 2.1.5 we know that if (2.2) and (2.3) are satisfied then (2.12) holds. We
establish here that (2.12) is a necessary condition for the existence of entire large
solutions to (2.1) when p satisfies (2.28) (cf. Theorem 4 in Cirstea and Radulescu
(2002a)). Note that f is not assumed to satisfy (2.3), while the regularity we
impose on p is weaker than before.
Theorem 2.1.9. Assume that p € C(RY) is a non-negative and non-trivial func-
tion which fulfills (2.28). Let f be a function satisfying (2.2), then condition
< dt
< (2.32)
1 (@)

is necessary for the existence of entire large solutions to (2.1).

Proof. Let u be an entire large solution of problem (2.1). Define

) B ] u(x) dt B L u(r§) i
U(T) = m /x|=r (/a m) d5 = WN Jig|=1 </a f(t)> 15

where wy denotes the surface area of the unit sphere in RY and a is chosen such

that a € (0, ug), where ug = infgnv u > 0. By the divergence theorem we have

e [ veeas— [ .
T =08 g Ty V= GOR S Ty ) v

1 v g 1 o ([ at
= v —-dS:—/—/—dS
wNTN A]:r (/6; f(t)> Y wNTNil ly|=r v ( a f(t)
1 ) gt
— [ ) e
wyrN ! /B(O,r) ( o (75)>

Since u is a positive classical solution it follows that

|a'(r) <Cr—0 asr—0.

fgmﬁgm
[ ( [ a ( [ %) ds> )

On the other hand, we have

Wy (RN_IE’(R) — T’N_ll_L,(T))



2.1 Large Solutions for Elliptic Equations

where D := {x € RY : r < |z| < R}. Dividing by R — r and letting R — r, we

arrive at

S I ( [ %) 5= [ v (v as

_ / - {(%)/(u(:ﬁ)) - |W(a;>|2+mm(x)] ds

p(z) f(u(z)) o N1P(r
< [, Pty ds <enr o)

Integrating the above inequality, we get

a(r) < a(0) + /0 ot (/U N 1d(7) dT> do  Vr>0. (2.33)

0

Since (2.28) implies (2.30), we have
u(r) <u(0)+ K  vr>0.

Thus @ is bounded and assuming that (2.32) is not fulfilled it follows that u

cannot be a large solution. O]

2.1.5 Existence Results on Unbounded Domains ) # RY

We now consider the case in which € is unbounded, but Q # R”Y; we say that a
large solution u of (2.1) is regular if u tends to zero at infinity. Theorem 3.1 of
Marcus (1992) gives the existence of regular large solutions to problem (2.1) by
assuming that there exist v > 1 and 3 > 0 such that

liminf f(£)t™7 >0 and liminf p(z)|z|® > 0.

t—0 |z|—o00

The large solution constructed in Marcus (1992) is the smallest large solution
of problem (2.1). In the next result we show that problem (2.1) admits a max-

imal classical solution U and that U blows-up at infinity if Q = RY \ B(0, R)
(Theorem 3 in Cirstea and Radulescu (2002a)).

Theorem 2.1.10. Suppose that Q # RY is unbounded and that problem (2.1)
has at least a solution. Assume that p satisfies condition (2.27) in 2, then there

exists a mazximal classical solution U of problem (2.1).
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If @ = RY \ B(0,R) and p satisfies the additional condition (2.28), with
O(r) = 0 for r € [0,R], then the maximal solution U is a large solution that
blows-up at infinity.

Remark 2.1.5. By Theorem 2.1.10 and the result of Marcus, in the case 2 =

RV \ B(0, R), problem (2.1) admits large solutions tending to zero or to infinity

as || — oo (regular or normal large solutions).

Proof of Theorem 2.1.10. We argue in a similar manner as in the proof of Theo-
rem 2.1.7, but with some changes due to the fact that  # RY.

Let (£2,)n>1 be the sequence of bounded smooth domains given by condition
(2.27). For n > 1 fixed, let v, be a positive solution of problem (2.29) and recall
that v, > v,41 in ,. Set U(x) = lim,,_o v,(x), for every z € 2. With the same
arguments as in Theorem 2.1.7 we find U is a classical solution to (2.1) and U is

the maximal solution. Hence the first part of Theorem 2.1.10 is proved.

For the second part, in which Q = RY \ B(0, R), we suppose (2.28) with
®(r) = 0 for r € [0, R]. To prove that U is a normal large solution it is enough
to show the existence of a positive function w € C(RY \ B(0, R)) such that

w<U in RV \ B(0, R),
w(r) — oo as |zr|] — oo and as |z| \, R.

We proceed as in the proof of Theorem 2.1.7, but z is now the unique positive

radial solution of
—Az=®(r), ifjz|=r>R

z(x) =0 as |zr| — oo
z(z) — 0 as |z| \, R.

The uniqueness of z follows by the maximum principle. Moreover,

2(r) = (# - TN—l_Q) /: oiN (/00 N1g(r) dT) do
_ R§_2 /R R < /0 TNl dT) do.

This completes the proof. n
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2.2 Entire Large Solutions for Elliptic Systems

The results of this section are included in Cirstea and Radulescu (2002b).

2.2.1 Introduction

Consider the following semilinear elliptic system

{ Au = p(z)g(v) nRY, (2.34)
Av = q(z)f(u) inRY, |

where N > 3 and p,q € CY%(RY) (0 < a < 1) are non-negative and radially

loc

symmetric functions. Throughout section 2.2 we assume that f, g € C’loo’f [0, 00)
(0 < B < 1) are positive and non-decreasing on (0, co).

We are concerned here with the existence of positive entire large solutions of
(2.34), that is positive classical solutions which satisfy u(z) — oo and v(z) — oo
as |z| — oco. Set RT = (0, 00) and define

G = {(a,b) c Rt x RT so that (u(0),0(0)) = (a,b)

(3) an entire radial solution of (2.34)
(2.35)

The case of pure powers in the nonlinearities was treated by Lair and Shaker
(2000). They proved that G = R* x RT if f(¢) =t” and g(t) = ¢’ for t > 0 with
0 < 7,0 < 1. Moreover, they established that all positive entire radial solutions
of (2.34) are large provided that

/OO p(¢) dt = oo, /Oo bq(t) dt = oo, (2.36)

If, in turn
/ tp(t) dt < oo, / tq(t)dt < oo (2.37)
0 0

then all positive entire radial solutions of (2.34) are bounded.
When both v and 6 are greater than 1 and (2.37) is satisfied, then the structure
of G changes from Rt x R™ to a closed bounded convex subset of R™ x RT (cf.

Lair and Shaker (2000)). The existence of entire large solutions is also proven.
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2.2.2 Main Results

Our purpose is to generalize the above results to a larger class of systems.

We establish whether the entire radial solutions of (2.34) are bounded or large
based on the behavior of f and ¢ at infinity, combined with (2.36) or (2.37). In
Theorem 2.2.1 we analyse the case when f and ¢ are related by (2.38), while in
Theorem 2.2.2 we assume that f, g € C'[0, 00) satisfy (2.39) and (2.40).

2.2.2.1 First Scenario: Theorem 2.2.1

We first consider the situation that g o f has a sub-linear growth and obtain the
following (Theorem 1 in Cirstea and Radulescu (2002b)).

Theorem 2.2.1. Assume that

lim 9/ () =0 forallc>0, (2.38)

t—oo t

then G = RT x R*. Moreover, the following hold:

i) If p and q satisfy (2.36), then all positive entire radial solutions of (2.34)

are large.

ii) If p and q satisfy (2.37), then all positive entire radial solutions of (2.34)

are bounded.

Furthermore, if f,g are locally Lipschitz continuous on (0,00) and (u,v),
(@,0) denote two positive entire radial solutions of (2.34), then there exists

a positive constant C' such that for all r € [0, 00)
max {[u(r) —a(r)], [v(r) = o(r)[} < € max {[u(0) —a(0)],[v(0) = o(0)[}.

Remark 2.2.1. This result improves Theorem 1 in Lair and Shaker (2000), where
f(t) =t and g(t) =t for t > 0 with 0 < 7,0 < 1. Note that even in this case
(2.38) is more relaxed, as it allows a combination of super-linear and sub-linear

powers in the nonlinearities as long as v0 < 1.
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2.2.2.2 Second Scenario: Theorem 2.2.2

If f and g satisfy the stronger regularity f,g € C'[0,00), then we drop the

assumption (2.38) and require, in turn,
S
f(0)=¢(0) =0, liminf —= =10 >0 2.39
(0) = 9(0) =0, limint 2 (2.39)
and the Keller-Osserman condition
< dt
1 G()
By (2.39) and (2.40) we see that f satisfies condition (2.40), too.
For the significance of (2.40) in the study of large solutions to the scalar case,
we refer to §2.1.3.

Set n = min{p,q}. If n is not identically zero at infinity and assumption
(2.37) holds, then we prove

< 00, where G(t) = /Otg(s) ds. (2.40)

Property 1. § # () (see Lemma 2.2.5).
Property 2. G is bounded (see Lemma 2.2.7).

Property 3. F(G) C G (see Lemma 2.2.8), where
F(G)={(a,b) €95 | a>0andb>0}.

For (c,d) € (RT x RT)\ G, define

R.q =sup {?” >0 (2.41)

(3) a radial solution of (2.34) in B(0,r)
so that (u(0),v(0)) = (¢, d) '
Property 4. 0 < R.q < oo provided that v = max{p(0),q(0)} > 0 (see
Lemma 2.2.9).

Our main result in this case is (see Theorem 2 in Cirstea and Radulescu
(20020)):

Theorem 2.2.2. Let f,g € C'[0,00) satisfy (2.39) and (2.40). Assume that
(2.37) holds, n is not identically zero at infinity and v > 0, then any entire radial
solution (u,v) of (2.34) with (u(0),v(0)) € F(G) is large.
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Remark 2.2.2. We generalize Theorem 3 in Lair and Shaker (2000), where f(t) =
t7 and g(t) = t? with ,0 > 1.

Remark 2.2.3. We point out that the behavior of f and g at infinity plays a crucial
role in the existence of entire large solutions of (2.34). More precisely, if (2.37)
holds then G, defined by (2.35), is RT x R™ in the framework of Theorem 2.2.1,
where all entire radial solutions are bounded, in contrast to Theorem 2.2.2 where

G is bounded and the existence of entire large solutions is ensured.

The rest of the section 2.2 is organized as follows. In §2.2.3 we present some
auxiliary results. Subsection 2.2.4 comprises the proof of Theorem 2.2.1, while
§2.2.5 gives the proof of Theorem 2.2.2 along with that of Properties 1-4.

2.2.3 Preliminary Results

A condition equivalent to (2.36) is given below (cf. Lemma 2 in Cirstea and
Radulescu (2002b)).

Lemma 2.2.3. Condition (2.36) holds if and only if

lim A(r) = lim B(r) = oo

T—00 r—00

where

T t
A(r) E/ th/ s 1p(s) ds dt,
0 0

T t
B(r) = / tl_N/ sNq(s)dsdt, Vr > 0.
0 0

Proof. Indeed, for any r > 0

1 " 1 "

Alr) = —— [/ tp(t) dt — Nz/ tN_lp(t)dt}
- 0 r 0

1

< .

< s /0 tp(t) dt

On the other hand,

r 1 T
tp(t)dt — —— | N p(t) dt =
| a5 [ e a -
>

N
rN

=
N

(2.42)

3

1 T

— /0 (rV72 = tN ) tp(t) dt
1 N—-2

]

_ (g) N_Q} /0 " tp(t) dt.
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This combined with (2.42) yields

R%éatérqxﬂdt244@)2;Nf_2[1—-(%)N1‘Lfﬂtp@)dt

Our conclusion follows now by letting r — oco. O

If (2.37) holds, then a continuous dependence on the initial data is valid
for bounded positive entire radial solutions of (2.34) (Lemma 3 in Cirstea and
Radulescu (2002b)).

Lemma 2.2.4. Assume that condition (2.37) holds. Let f and g be locally Lip-
schitz continuous functions on (0,00). If (u,v) and (4,v) denote two bounded
positive entire radial solutions of (2.34), then there exists a positive constant C
such that for all r € [0, 00)

max {[u(r) —a(r)], [v(r) = o(r)[} < € max {[u(0) —a(0)],[v(0) = 0(0)[}.

Proof. We first see that radial solutions of (2.34) are solutions of the ordinary

differential equations system

u'(r)=p(r)g(v(r)), r>0
" (2.43)

V(r) = q(r) fu(r)),  r>0.

Define K = max {|u(0) — @(0)|,|v(0) — ©(0)|}. Integrating the first equation of
(2.43), we get

Hence
lu(r) —a(r)] < K + /0 tl‘N/O sNIp(s)|g(v(s)) — g(0(s))dsdt.  (2.44)

Since (u,v) and (@, ?) are bounded entire radial solutions of (2.34) we have

l9(v(r)) — g(v(r))| < mlv(r) —o(r)]  forany r € [0, 00)
|f(u(r)) = f(a(r)| < mlu(r) —a(r)]  for any r € [0, 00),
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where m denotes a Lipschitz constant for both functions f and g. Therefore,
using (2.44) we find

r t
|mm—a@ﬂgknwn/tPN/}WAM@w@y—uﬁmum (2.45)
0 0
Arguing as above, but now with the second equation of (2.43), we obtain
T t
lo(r) —o(r)] < K + m/ tl_N/ sV Lq(s)u(s) — a(s)| dsdt. (2.46)
0 0
Define

X(r)y=K+ m/or tl_N/O sNp(s)|v(s) — 0(s)| dsdt.

Y(r)=K+ m/or tl_N/O sNq(s)|u(s) — 1(s)| ds dt.

It is clear that X and Y are non-decreasing functions with X (0) = Y (0) = K.
By a simple calculation together with (2.45) and (2.46) we obtain

(P XY () = mr T ip(r)u(r) = 9(r)| < mr™ip(r)Y (r)

N-1 N-1 ~ N-1 (2‘47)
(r" ) (r) = mr™ () u(r) — a(r)] < mrt " q(r) X (r).
Since Y is non-decreasing, we have
4MMSK+mWﬂMﬂ§K+Nt§ﬂmAUwMt 018

< K+ mC,Y (r)

where C), = (1/(N —2)) [;"tp(t)dt. Using (2.48) in the second inequality of
(2.47) we find
(YY) (r) < g (r) (K + mCypY (r).

Integrating twice this inequality from 0 to r, we obtain

Y(r) < K(1+mC,) + G / t(H)Y (¢) dt,

N-27"
where C, = (1/(N —2)) [;” tq(t) dt. From Gronwall’s inequality, we deduce
m2 T 2
Y(r) < K1+ qu)gﬁCp Jo ta®)dt: K(1+ mC,)e™ CpCy

and similarly for X. The conclusion now follows from the above inequality, (2.45)
and (2.46). O
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2.2 Entire Large Solutions for Elliptic Systems

2.2.4 Proof of Theorem 2.2.1

Since the radial solutions of (2.34) are solutions of the ordinary differential equa-
tions system (2.43) it follows that the radial solutions of (2.34) with u(0) = a > 0,
v(0) = b > 0 satisfy

u(r) =a+ /OT tl_N/O sV Ip(s) g(v(s)) ds dt, r > 0. (2.49)

o(r) = b+ /0 N /0 "N lg(s) f(u(s) dsdi, v >0, (2.50)

Define vo(r) = b for all » > 0. Let (ug)r>1 and (vg)g>1 be two sequences of

functions given by
T t
w(r) =a+ [0 [ gl dsar r>0.
0 0

vp(r) =b+ /07” =N /Ot sV Lq(s) flug(s)) dsdt, r>0.

Since v1(r) > b, we find ug(r) > uy(r) for all » > 0. This implies vy(r) > vy (r)
which further produces ug(r) > wus(r) for all » > 0. Proceeding at the same

manner we conclude that
up(r) < ugpr(r) and  vg(r) < vgga(r), Vr >0 and k> 1.

We now prove that the non-decreasing sequences (ug(r))g>1 and (vg(r))r>1

are bounded from above on bounded sets. Indeed, we have
up(r) < ugper(r) < a+ g(uve(r))A(r), Vr >0 (2.51)

and
ve(r) < b+ f (ug(r)) B(r), Vr > 0. (2.52)

Let R > 0 be arbitrary. By (2.51) and (2.52) we find
up(R) <a+g(b+ f(un(R)) B(R)) A(R),  Vk=>1

or, equivalently,

oo g+ S (R)B®)

< ® ) (R), Vk>1. (2.53)
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2.2 Entire Large Solutions for Elliptic Systems

By the monotonicity of (ux(R))k>1, there exists limg_,o ux(R) := L(R). We claim
that L(R) is finite. Assume the contrary, then, by taking & — oo in (2.53) and
using (2.38) we obtain a contradiction. Since u(r), vi(r) > 0 we get that the

map (0,00) > R — L(R) is non-decreasing on (0, c0) and

up(r) < up(R) < L(R), Vr € [0, R], Vk > 1. (2.54)
v(r) < b+ f(L(R)) B(R), Vr € [0,R], Vk > 1. (2.55)

It follows that there exists limp_ .o, L(R) = L € (0, oc] and the sequences (ug(7))g>1,

(vg(r))k>1 are bounded above on bounded sets. Thus, we can define

u(r) == klggo ur(r) and w(r):= leH;O vg(r) for all r > 0.

By standard elliptic regularity theory we obtain that (u,v) is a positive entire
solution of (2.34) with «(0) = a and v(0) = b.

We now assume that, in addition, condition (2.37) is fulfilled. According to
Lemma 2.2.3 we have that lim, ., A(r) = A < oo and lim, ., B(r) = B < oo.

Passing to the limit as kK — oo in (2.53) we find

@ g(b+f(LR) B(R) @ glb+ [ (LR)B)
It L(R) AR < TR T IR

Letting R — oo and using (2.38) we deduce L < co. Thus, taking into account
(2.54) and (2.55), we obtain

up(r) <L and w(r) < b+ f(L)B, Vr >0, Vk > 1.

So, we have found upper bounds for (ux(r))k>1 and (vg(r))g>1 which are indepen-
dent of r. Thus, the solution (u,v) is bounded from above. This shows that any
solution of (2.49) and (2.50) will be bounded from above provided (2.37) holds.
Thus, we can apply Lemma 2.2.4 to achieve the second assertion of ii).

Let us now drop the condition (2.37) and assume that (2.36) is fulfilled. In
this case, Lemma 2.2.3 tells us that lim, .., A(r) = lim, ., B(r) = co. Let (u,v)
be an entire positive radial solution of (2.34). Using (2.49) and (2.50) we obtain

u(r) > a+ g(b) A(r), Vr > 0.

v(r) > b+ f(a) B(r), Vr > 0.
Taking r — oo we get that (u,v) is an entire large solution. This concludes the
proof of Theorem 2.2.1. O
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2.2 Entire Large Solutions for Elliptic Systems

Examples

We now give some examples of nonlinearities f and g which satisfy the as-

sumptions of Theorem 2.2.1 (see Dalmasso (2000)).

1. Let z
f(t) = Zaﬂf%, g(t) = Zbktej fort >0
J=1 k=1
with a;, by, v, 6k > 0 and f(t) = g(t) = 0 for ¢ < 0. Assume that 70 < 1,
where
TSR 0T
2. Let
FO) =1+)"? and gt)=(1+)* forteR

with v, > 0 and 70 < 1.

3. Let
tifo<t<l1
t) = - =7
/) {ﬁ ift > 1,
and
(t) = 9 i 0<t<1,
TW=V0 >,

with v, 0 > 0, v0 < 1 and f(t) = g(t) = 0 for t < 0.

4. Let g(t) =t fort € R, f(t) =0 for t <0 and

= (- (2wt} o

where v € (0,1/2).

2.2.5 Proof of Theorem 2.2.2

Let f,g € C[0,00) satisfy (2.39) and (2.40). Suppose that 7 is not identically
zero at infinity and (2.37) holds. We first give the proofs of Properties 1-4 (see
Lemmas 4-7 in Cirstea and Radulescu (2002b6)) which are the main tools used to
deduce Theorem 2.2.2.
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2.2 Entire Large Solutions for Elliptic Systems

Lemma 2.2.5. § # ().
Proof. By Corollary 2.1.8, the problem
A = (p+q)(x)(f +9)(¥) R,

has a positive radial entire large solution. Since 1) is radial, we have

/th/ N p+ q)(s)(f + 9)(Ws)) dsdt, V>0,

We claim that (0,(0)] x (0,7(0)] € G. To prove this, fix 0 < a,b < 1(0) and let
vo(r) = b for all r > 0. Define the sequences (uy)g>1 and (vg)g>1 by

r)=a Cpew tsN_l s)g(vp_1(s))dsdt, Vr ,00), Vk , (2.
Jmat [0 [N s)glo () st W € [0.00). Vi > 1, (256)
r):b—i-/ th/ sNhq(s) flug(s)) dsdt, ¥r € [0,00), Vk > 1.(2.57)
0 0

We first see that vy < vy which produces u; < uy. Consequently, v; < vy which
further yields uy < us. With the same arguments, we obtain that (ug) and (vy)
are non-decreasing sequences. Since ¢'(r) > 0 and b = vy < ¥(0) < 9(r) for all
r >0 we find

<a+/t1N/ Mp(s)g(u(s)) ds dt
+/0 th/O s P+ Q)(8)(f + 9)(W(s)) ds dt = (r).

Thus u; < . It follows that

b [0 [ ) dsd
+/0T tl_N/O ST p+ @) ($)(f + 9)((s)) ds dt = Y(r).

Similar arguments show that
up(r) <(r) and wv(r) <o(r) Vre[0,00), Vk>1.

Thus, (ug) and (vg) converge and (u,v) = limg_.o(ug,vx) is an entire radial
solution of (2.34) such that (u(0),v(0)) = (a,b). This completes the proof.  [J
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2.2 Entire Large Solutions for Elliptic Systems

An easy consequence of the above result is
Corollary 2.2.6. If (a,b) € G, then (0,a] x (0,b] C G.

Proof. Indeed, the process used before can be repeated by taking
r t
Wm:%+/#W/?“w@w%m»ww Vre(0,00), k> 1,
0 0

V(1) = b + / =N /t sV q(s) f(up(s)) dsdt, Vre[0,00), VEk>1,
0 0

where 0 < ag < a, 0 < by < b and vy(r) = by for all » > 0.
Letting (U, V') be the entire radial solution of (2.34) with central values (a, b)
we obtain as in Lemma 2.2.5,
up(r) <ugpi(r) <U(r), Vrel0,00), Vk>1,
Uk(r) S Uk—l—l(r) S V(T), Vr € [07 OO)a Vk 2 L.
Set (u,v) = limg_o0(ug, vg). We see that w < U, v < V on [0,00) and (u,v) is
an entire radial solution of (2.34) with central values (ag,bp). This shows that

(ag,bg) € G, so that our assertion is proved. ]
Lemma 2.2.7. G is bounded.

Proof. Set 0 < A < min{o, 1} and let 6 = §(\) be large enough so that
() > Aglt), >4 (2.58)

Since 7 is radially symmetric and not identically zero at infinity, we can assume
n > 0 on dB(0, R) for some R > 0. Corollary 2.1.6 ensures the existence of a

positive large solution ¢ of the problem

AC = An(x)g (%) in B(0, R).
Arguing by contradiction, let us assume that G is not bounded, then, there exists
(a,b) € G such that a+b > max {20, (0)}. Let (u,v) be the entire radial solution
of (2.34) such that (u(0),v(0)) = (a,b). Since u(x) + v(z) > a + b > 26 for all
r € RY, by (2.58), we find

fata)) = £ (M) g (UOLHD) ) 2 o)
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2.2 Entire Large Solutions for Elliptic Systems

It follows that
A(u+v) = p(x)g(v) + q(z)f(v) = n(z)(g(v) + f(u))

> Mn(x)g (u —5 U> in RY.

On the other hand, {(z) — oo as |x| — R and u,v € C?(B(0, R)). Thus, by the
maximum principle, we conclude that u+v < ¢ in B(0, R). But this is impossible
since u(0) +v(0) = a+ b > ¢(0). O

Lemma 2.2.8. F(9) C G.

Proof. Let (a,b) € F(G). We claim that (a — 1/ng,b — 1/ng) € G provided
no > 1 is large enough so that min {a,b} > 1/ny. Indeed, if this is not true, by
Corollary 2.2.6
1 1 + +
D=|la——,00 ]| x|b—— 0] C(R"xR")\G.

no o
So, we can find a small ball B centered in (a, b) such that B CC D, i.e., BNG = 0,
but this will contradict the choice of (a,b). Consequently, there exists (uy,, Un,)
an entire radial solution of (2.34) such that (u,,(0),v,,(0)) = (a—1/ng,b—1/ny).
Thus, for any n > ng, we can define

1 r t
up(r) =a——+ / th/ sV p(s)g(va(s)) ds dt, r >0,
0 0

n

n

1 T t
" S 1-N N—-1 " d d7 > 0.
V() —i—/o t /0 s hq(s) fun(s)) ds dt r>0

Using Corollary 2.2.6 once more, we conclude that (uy)n>n, and (vp)n>n, are non-
decreasing sequences. We now prove that (u,) and (v,) converge on RY. To this
aim, let xy € RY be arbitrary, but 7 is not identically zero at infinity so that, for
some Ry > 0, we have n > 0 on 0B(0, Ry) and x¢ € B(0, Ry).

Since ¢ = liminf, % > 0, we find 7 € (0,1) such that

a+b 1

ft) >7g(t), Vt> -
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2.2 Entire Large Solutions for Elliptic Systems

Therefore, on the set where u,, > v,, we have

Flun) > f (“” ; ”") > g (“"Q“”) .

Similarly, on the set where u,, < v,, we have

Uy, + Uy, Up, + Uy,
g(vn)ZQ( 5 )279( 5 )

It follows that, for any € RV,
A(up + vy) = p(x)g(vn) + q(x) f(un) = n(2)[g(v) + f(un)]

> 71()g (u" ; U") :

On the other hand, by Corollary 2.1.6, there exists a positive large solution of

AC = m(x)g (g) in B0, Ry).

The maximum principle yields u,,+v, < (in B(0, Ry). So, it makes sense to define
(u(zo), v(x0)) = limy,— o0 (un (o), vn(xo)). Since zq is arbitrary, the functions u, v
exist on RY. Hence (u, v) is an entire radial solution of (2.34) with central values
(a,b), ie., (a,b) € G. O

Lemma 2.2.9. If, in addition, v = max{p(0),q(0)} > 0, then 0 < R.4 < o0
where R.q is defined by (2.41).

Proof. Since v > 0 and p, q € C[0, ), there exists € > 0 such that (p+¢)(r) > 0
for all 0 < r < e. Let 0 < R < € be arbitrary. By Corollary 2.1.6, there exists a

positive radial large solution of the problem

Avpp = (p+q)(@)(f +9)(¥r)  in B(0,R).

Moreover, for any 0 <r < R,

br(r) = ¥r(0) + / e / N+ Q)(8)(f + 9)(nls)) ds dt.

It is clear that ¢z (r) > 0. Thus, we find

P(r) = 'V / St q)()(f + 9)(Wn(s) ds < C(F + 9) (0n(r))
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2.2 Entire Large Solutions for Elliptic Systems

where C' > 0 is a positive constant such that [ (p+ ¢)(s)ds < C.
Since f + g satisfies (2.2) and (2.3), we may then invoke Lemma 2.1.5 to

conclude

/OOL<OO
o (fH9)(@) '

Therefore, we get

d[= __ds Ulr)
dr = C _
dr Jypey (F+9)(s)  (f+9)(Wr(r)) < orany 0 <r <R

Integrating from 0 to R and recalling that gr(r) — oo as r /* R, we obtain

0 ds
—— < (CR.
/w) Groe ="

Letting R ™\, 0 we conclude that

i [ By
RNO S0y (f +9)(5) '

This implies that 1z(0) — co as R \, 0. So, there exists 0 < R < ¢ such that
0 <ec,d<1p(0). Set

ug(r) =c+ /0’” th/o stlp(s)g(vk,l(s))ds dt, Vr e [0,00), Yk >1 (2.59)

ve(r) =d + /OT = /Ot sV q(s) f(ur(s)) dsdt, Vr € [0,00), Vk>1 (2.60)

where vg(r) = d for all r € [0,00). As in Lemma 2.2.5, we find that (uy) resp.,

(vg) are non-decreasing and
up(r) < Yp(r) and  v(r) < Pp(r), vr € [0,R), Vk > 1.

Thus, for any 7 € [0, R), there exists (u(r),v(r)) = limy_so(ux(r), vi(r)) which
is, moreover, a radial solution of (2.34) in B(0, R) such that (u(0),v(0)) = (¢, d).
This shows that R.4 > R>0. By the definition of R, 4 we also derive

li = d L = 00. 2.61
T/‘lgi,d u(r) =00 an r/lgi,d v(r) = oo (2.61)
On the other hand, since (¢, d) ¢ G, we conclude that R, is finite. ]
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2.2 Entire Large Solutions for Elliptic Systems

Proof of Theorem 2.2.2 completed.

Let (a,b) € F(9) be arbitrary. By Lemma 2.2.8, (a,b) € G so that we can define
(U,V) an entire radial solution of (2.34) with (U(0),V(0)) = (a,b). Obviously,
forany n > 1, (a+1/n,b+1/n) € (R* x RT)\ §. By Lemma 2.2.9, Rot1/npt+1/n
(in short, R,,) defined by (2.41) is a positive number. Let (U,,V;,) be the radial
solution of (2.34) in B(0, R,,) with the central values (a + 1/n,b+ 1/n). Thus,

Un(r) =a+ — +/ t N/ No1p(s)g(Vi(s))dsdt,  Vre[0,R,), (2.62)

n
1
Vo(r)=b+— +/t1N/ N-1g Un(s))dsdt,  ¥recl0,R,). (2.63)
n
In view of (2.61) we have
lim U,(r) =00 and lim V,(r) =00, Vn>1.
r,/ Ry r,/ Ry
We claim that (R,),>1 is a non-decreasing sequence. Indeed, if (uy), (vx) denote

the sequences of functions defined by (2.59) and (2.60) with ¢ = a+ 1/(n + 1)
and d=0b+1/(n+ 1), then

up(r) < ugsr(r) < Uy(r),, Vre[0,R,), Vk>1

(2.64)
V(1) < vpya(r) < Vi (r), Vr e [0,R,), Vk > 1.

This implies that (ug(r))g>1 and (vg(r))g>1 converge for any r € [0, R,,). More-
over, (Un+1, Voy1) = im0 (ug, vi) is a radial solution of (2.34) in B(0, R,,) with
central values (a+1/(n+1),b+1/(n+1)). By the definition of R, 1, it follows
that R,,1 > R, for any n > 1.

Set R := lim, ., R, and let 0 < r < R be arbitrary, then, there exists
ny = ny(r) such that r < R, for all n > ny. From (2.64) we see that U, < U,
(resp., Vo1 < V) on [0, R,) for all n > 1. So, there exists limy,_, (U, (r), Va(r))
which, by (2.62) and (2.63), is a radial solution of (2.34) in B(0, R) with central
values (a,b). Consequently,

lim U,(r) =U(r) and lim V,(r)=V(r) foranyr € [0,R). (2.65)

n—oo n—oo

Since U/ (r) > 0, from (2.63) we find

V()<b+ + f(U, /th/ N=14(s) ds dt.
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2.2 Entire Large Solutions for Elliptic Systems

This yields
Va(r) < CLUL (1) + Cof (Un(1)) (2.66)

where Cj is an upper bound of (V(0) +1/n)/(U(0) + 1/n) and

00 t
Cy = / th/ sV lq(s)dsdt <
0 0 N

Define h(t) = g(Cit + Caof(t)) for t > 0. It is easy to check that h satisfies (2.2)
and (2.3). So, by Lemma 2.1.5 we can define

1

/ sq(s)ds < .
2 Jo

[(s) = / %, for all s > 0.

But U, verifies

which combined with (2.66) implies
AU, < p(z)h(U,).

A simple calculation shows that

1 L M)
hU,) ~ " [R(U)]?

AT(U,) = I'(U)AU, +T7(U,) VU, > = VU, |?

>

which we rewrite as

/
(rN_ldiF(Un)> > —rNIp(r) forany 0 <r < R,,.
r

Fix 0 < r < R. Then r < R, for all n > ny provided n, is large enough.

Integrating the above inequality over [0, 7], we get

d

_FUn>_1—N/T N-1 ds.
ST = = [ ) as

Integrating this new inequality over [r, R,| we obtain

Rn t
4WMMZ—/ HW/§“W@%M Wn >,
r 0
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2.2 Entire Large Solutions for Elliptic Systems

since U,(r) — oo as r /" R, implies I'(U,(r)) — 0 as r / R,,. Therefore,

Rn t
r)) < / th/ s 1p(s) ds dt, Vn > ny.
r 0

Letting n — oo and using (2.65) we find

R t
7)) g/ th/ s 1p(s)ds dt,
r 0
R t
r)>T71 (/ tl_N/ sN1p(s) ds dt) :
r 0

Passing to the limit as 7 /* R and using lims o T7'(s) = oo we deduce

lim U(r) > lim I (/ t N/ N1y dsdt)—oo
r,/'R r,/'R

But (U, V) is an entire solution so that we conclude that R = oo and lim, ., U(r) =
oo. Since (2.37) holds and V'(r) > 0 we find

Ulr)<a+g(V /th/ N=ly(s) ds dt

<atg(V(r ))N_2/0 ) dt, V>0,

or, equivalently

We deduce lim, o, V(r) = oo, otherwise we obtain that lim, ., U(r) is finite,
a contradiction. Consequently, (U, V) is an entire large solution of (2.34). This

concludes our proof. O
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Chapter 3

Large Solutions for Logistic-type
Equations: Existence

“Man’s mind stretched to a new idea never goes back to its original
dimensions.” (Oliver Wendell Holmes)

The next chapters deal with the qualitative properties of the large solutions to
semilinear elliptic equations of the type (2.1) on a smooth bounded domain, where

a linear perturbation is introduced. We are interested in equations of the form
Au+au = b(x)f(u) in Q, (3.1)

where b(z) > 0 will, in particular, satisfy (2.4). The zero set of b(x) is specified
to be the closure of an interior sub-domain €y such that b is positive on € \ Q.

The purpose of this chapter is to analyze the effect of the linear perturbation
on the existence of large solutions. Section §3.1 is dedicated to the situation of
a complete boundary blow-up. In §3.2 and §3.3 the definition of a large solution
is given for boundary value problems to accommodate the case when blow-up
occurs partially on the boundary and a Dirichlet, Neumann or Robin boundary
condition arises on some other parts of the boundary of the domain. Among
the new tools used in Chapter 2 distinguish some comparison principles and a
result due to Alama and Tarantello (1996) about an equivalent condition for the
existence of positive solutions of (3.1), subject to u = 0 on 9. Each section
is structured such that to allow, as much as possible, an independent reading.
Thus, some comparison principles are given in different places in a form which

serves the purpose and then refined when the need arises.
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3.1 Pure Boundary Blow-up Problems

3.1 Pure Boundary Blow-up Problems

3.1.1 Introduction
Consider the semilinear elliptic equation
Au + au = b(x) f(u) in €, (3.2)

where  is a smooth bounded domain in RY (N > 3), a is a real parameter and
be CO(Q), 0 < <1, satisfies b > 0 and b # 0 in .

Let €y denote the interior of the set where b vanishes in €2, that is
Qo :=int{z € Q: b(z) = 0}. (3.3)

Suppose, throughout §3.1, that € is connected, Qy C Q and b > 0 on Q\ Q.
Assume that f € C0,00) satisfies

f>0and f(u)/u is increasing on (0, 00). (3.4)

Following Alama and Tarantello (1996), define by H, the Dirichlet Lapla-
cian on the set )y C 2 as the unique self-adjoint operator associated with the

quadratic form &(u) = [, |Vu|? dz with form domain
HL(Q) ={ue Hy(Q): u(z) =0 forae x€Q\ N}

If 99 satisfies an exterior cone condition, then H} () coincides with Hg ()
and H, is the classical Laplace operator with Dirichlet condition on 0.

Let Ao be the first Dirichlet eigenvalue of Hy, in Qy (Moo 1 = +00 if Qo = 0).

Define g := limy,no f(u)/u and pioo := limy oo f(u)/u.

The results of Alama and Tarantello rely on the existence of a principal eigen-
value for the operator —A + pb in the limiting cases © = po and g = fiso-
Denote by A1(fo) (resp., A\i(pso)) the first eigenvalue of H,, = —A + uob (resp.,
H, = —A+ usb) in H} (). Recall that Aj(+00) = Ao 1.

Theorem A (bis) of Alama and Tarantello (1996) (see also del Pino (1994),
Umezu and Taira (1999)) asserts that problem (3.2) subject to the Dirichlet
boundary condition

u=0 on JQ (3.5)

has a positive solution u, if and only if a € (A;(uo), A (feo)). Moreover, u, is the

unique positive solution for (3.2)+(3.5).
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3.1 Pure Boundary Blow-up Problems

Notation 1. We denote by (E,) the combination of (3.2)4(3.5).

The main goal of section 3.1 is to give a corresponding necessary and sufficient
condition, but for the existence of large (or blow-up) solutions of (3.2). We say
that a solution u of (3.2) is large if u > 0 in Q and u(x) — oo as dist (z, 92) — 0.

3.1.2 Existence of Large Solutions

Recall that when a =0, b = 1 and f is assumed to fulfill (2.2) (which is weaker
than (3.4)), then the Keller-Osserman condition (2.3), namely

/00 dat < oo, where F(t)= /tf(s) ds (3.6)
1 2F (t) 0
is necessary and sufficient for the existence of large solutions to (3.2). Moreover,
Remark 3.1.2 in §3.1.5 shows that if (3.4) holds, then (3.2) can have large solutions
only if (3.6) is fulfilled. In this context, we find the maximal interval for the
parameter a that ensures the existence of large solutions to problem (3.2).

Our main result of section 3.1 is the following (see Theorem 1.1 in Cirstea
and Radulescu (2003b0)).

Theorem 3.1.1. Assume that f satisfies conditions (3.4) and (3.6). Then prob-
lem (3.2) possesses large solutions if and only if a € (—00, Ax1). Moreover, in

this case, any large solution is positive.

We point out that the framework of Theorem 3.1.1 includes the case when b
vanishes at some points on 02, or even if b = 0 on 0f2.
The above result also applies to problems on Riemannian manifolds if A is

replaced by the Laplace-Beltrami operator

100

with respect to the metric ds* = ¢;; dz;dx;, where (¢;;) is the inverse of (a;).

0

Ap (\/Eaij(x)a_:z:i) , ci=det(ay),

In this case Theorem 3.1.1 applies to concrete problems arising in Riemannian
geometry. For instance, (cf. Loewner and Nirenberg (1974)) if Q is replaced by
the standard N-sphere (S%,go), A is the Laplace-Beltrami operator A,, a =
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3.1 Pure Boundary Blow-up Problems

N(N —2)/4, and f(u) = (N —2)/[4(N — 1)] u™N+2/N=2) "we find the prescribing
scalar curvature equation on S N,

The structure of section 3.1 is as follows. In §3.1.3 we establish a strong max-
imum principle based on an improved form of Theorem 2.1.2. Subsection 3.1.4
comprises a comparison principle, while §3.1.5 is concerned with the Keller—

Osserman condition. The proof of Theorem 3.1.1 is given in §3.1.6.

3.1.3 A Strong Maximum Principle

We present here a refined form of Theorem 2.1.2 (see Theorem A.1 in Cirstea and
Radulescu (2002¢)).

Theorem 3.1.2. Let Q C RY be a smooth bounded domain. Assume that0 % p €
CO(Q)) is non-negative and f € C[0,00) is a positive, non-decreasing function
on (0,00) such that f(0) = 0. If0 £ ® € C(99N) is non-negative, then the
boundary value problem
Au = p(z)f(u) in Q,
u=7=a on 09, (3.7)
u >0 in €,
has a unique classical solution, which is positive in 2.

Remark 3.1.1. The conclusion of Theorem 3.1.2 has been established by Theo-
rem 2.1.2 when ® is assumed to be positive on 9€). Our approach for proving
the positivity of the solution was essentially based on this assumption and it fails

when the zero set of ® is non-empty.

Under the same assumptions on p and f as in Theorem 3.1.2, we have

Corollary 3.1.3 (Strong maximum principle). Let Q2 be a non-empty domain
in RY. If u is a non-negative classical solution of the equation Au = p(x)f(u) in

Q, then the following alternative holds: either u =0 in €2 or u is positive in Q.

Proof. If uw # 0 in 2, then there exists zq € Q such that u(zg) > 0. We claim
that v > 0 in €. Arguing by contradiction, let us assume that u(z;) = 0 for
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3.1 Pure Boundary Blow-up Problems

some x; € . Let w CC Q be a smooth bounded domain such that z; € w and

Ty € Ow. Set pg := 1+ sup, p > 0 and consider the problem
Av=pof(v) inw,
v=u#%0 on Jw, (3.8)
v>0 n w.

By Theorem 3.1.2, this problem has a unique solution vy, which is positive in
w. It is clear that 0 (resp., u) is a sub-solution (resp., super-solution) for (3.8).
So, there exists a solution vy of (3.8) satisfying 0 < v; < u. By uniqueness, we
deduce v; = vy > 0 in w. Hence, u > vy > 0 in w, but this is impossible since
u(zy) = 0. O

Corollary 3.1.4. Let Q C RY be a smooth bounded domain. If u, is a non-
negative classical solution of the equation Au + au = p(z)f(u) in Q such that

up Z 0 on OS2, then wuy is positive in ).

Proof. Let ® € C%*(99) be such that ® # 0 and 0 < ® < u; on 9. Consider
the problem
Au = [afu + [|pl[ccf(u) in €,
u=7o on 01, (3.9)
u >0 in Q.
By Theorem 3.1.2, this problem has a unique solution, say wug, which is positive
in Q. But u; is a super-solution for problem (3.9), so u; > ug > 0 in Q and the

claim is proved. O

Proof of Theorem 3.1.2. We first observe that u_ = 0 is a sub-solution of (3.7),
while u™ = n is a super-solution of (3.7) if n is large enough. Hence problem (3.7)
has at least a solution ug.

Taking into account the regularity of p and f, a standard boot-strap argument
based on Schauder and Holder regularity shows that us € C2(2) N C(Q). The
fact that ue is the unique classical solution to (3.7) follows in the same way as in
Theorem 2.1.2.

In what follows we give two proofs for the positivity of ue: the first one relies
essentially on Theorem 1.20 in Diaz (1985), while the second proof offers a much

easier and direct approach.
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First proof. Set M := maxgp. Let u, be the unique non-negative classical solu-
tion of the problem
Au, = M f(uy) in Q,
{ U, = O on Of).
To conclude that ug > 0 in € it is enough to show that ue > u, > 0 in 2. Since
f € C'0,00), we have

2 2 2
Hm — = lim —% =

u—0t F(u) u—0t f(u) f/(())

which implies that f01+ \/% = oo. By applying Theorem 1.20 in Diaz (1985),

we conclude that u, > 0 in .

>0 (3.10)

We now prove that ue > u, in 2. To this aim, fix € > 0. We claim that
() < ug(z) + (1 + |z)?) "2 for any z € Q. (3.11)
Assume the contrary. Since u,|po = us |90 = ® we infer that

max{u(x) — ua () — (1 + [2") /%)

is achieved in €2. At that point we have
0> A (uz) — up(x) — (1 + \x!Q)’l/z)
= M f(u.(z)) — p(x)f(us(z)) — AL+ |zf*) 7"/
> p(x) (f (ua(2)) = f(ua())) + (N = 3)(1 + |2]*) 7
+3e(1+|2»)™2 >0,

which is a contradiction. Since € > 0 is chosen arbitrarily, inequality (3.11)

implies that ug > u, in €. ]

Second proof. Since ® # 0, there exists xy € € such that ug(zg) > 0. To
conclude that ug > 0 in Q it is sufficient to prove that ue > 0 on B(zo;7)
where 7 = dist (2o, 0§2). Without loss of generality, we can assume that xy = 0.
By the continuity of ue, there exists r € (0,7) such that ug(z) > 0 for all x with
lz| < 7. So, min—, us(x) =: p > 0. We define

Pt © P dt ;
M = maxp, n::/ —— and V&TZ:/ — for0<e<p.
Q . ) . @)
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It remains to show that ue > 0 in A(r,T), where
Alr,7) ={z e RN : r < |z| <7}
To this aim, we need the following lemma (see Lemma A.1 in Cirstea and Radulescu
(2002c¢)).
Lemma 3.1.5. For e > 0 small enough, the problem
—Av=M in A(r,7),
v(x) =n as |z| =r, (3.12)
v(x) =v(e) as|z|=T,
has a unique solution, which is increasing in A(r,T).

Proof. By the maximum principle, the problem (3.12) has a unique solution.
Moreover, v is radially symmetric in A(r,7), namely v(x) = v(r), r = |z|. The

function v satisfies

Integrating this relation twice, we find

M, G

—ﬁT _N_QTQ_N+027 £<7"<F,

v(r) =

where C; and Cy are real constants. The boundary conditions v(r) = n and

v(T) = v(e) imply that

M N —2
C, = (1/(6) —n+ ﬁ(r2 —IQ)) J2-N _ 2N

From (3.10) we deduce v(e) — oo as ¢ — 0. Thus, taking ¢ > 0 sufficiently small,

C becomes large enough to ensure that v'(r) > 0 for all r € (r,7). O

Set € > 0 sufficiently small such that the conclusion of Lemma 3.1.5 holds.

Let u be the function defined implicitly as follows

PEL e
/ 0] =wv(z) forall z € A(r,7). (3.13)
u(x)+e
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It is easy to check that

Au>Mf(u+e) > p(x)f(u) in A(r,7),

() = p— € <uq(z) as |z = r,

IS

u(x) =0 < ug(x) as || =T.

Using the maximum principle (as in the proof of (3.11)) we get u < ug in A(r, 7).
By (3.13) and Lemma 3.1.5 we infer that u decreases in A(r,7). Thus, u > 0 in
A(r,7). This completes the proof of Theorem 3.1.2. O

The positiveness of the solution in Theorem 3.1.2 follows essentially by the
assumption that f € C! on [0,00). We show in what follows that if f is not
differentiable at the origin, then problem (3.7) has a unique solution that is not
necessarily positive in €2. However, in this case, the positiveness of the solution

may depend on ¢ and on the geometry of 2. Indeed, let us consider the problem

Au=+/u in Q,
u>0 in Q, (3.14)

u=-c on 0f,

where ¢ > 0 is a constant.
To justify the uniqueness, let uy, uy be two solutions of (3.14). It is sufficient
to show that u; < ug in 2. Set

w={z €Y u(z) > us(x)}
and assume that w # ), then

A(uy —ug) = Vur —y/us >0 inw

and u; — us = 0 on Jw. The maximum principle implies that u; — us < 0 in w,
which yields a contradiction.
The existence of a solution follows after observing that u_ = 0 (resp. u; = ¢)

is a sub-solution (resp. super-solution) for our problem.

The following example illustrates that in certain situations the unique solution

of the problem (3.14) may vanish.
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Example 3.1.1. Set Q = B(0,1) C RY and w(x) = a|z|*. If ¢ < 1/(4N + 8)?,
let us choose a so that ¢ < a < 1/(4N + 8)%. It follows that

{Aw = (4N + 8)a|z|* < Va|z|* = Vw in Q,

w=a>c on Of).

This means that w is a super-solution of (3.14). Since w(0) = 0 then, necessarily,
u(0) = 0.

The next example shows that in some cases, depending on ¢ and on diam €2,

the unique solution of (3.14) is positive.

Example 3.1.2. Suppose that © can be included in a ball B(xg, R) with R <
R. :=2{/cy/N + 2. Define w(z) = alx — xo|*, where a is chosen so that /c/R* >
Vva > 1/(4N + 8), then w satisfies

{Aw = (4N + 8)alz — x¢|* > Va|r — zo|* = Vw in Q,

w=alr — x|t <c on OS2

which shows that w is a sub-solution of (3.14). We conclude that u(z) > w(x) > 0,
for any = € Q\{xo}.

If diam Q2 < 2R < 2R, there exist two points xg and x; such that €2 can be in-
cluded in each of the balls B(zy, R) and B(z1, R). Using the previous conclusion,
we have

xr _I{|4
1
>O-

u(z) > amax{|z — zo|*, |z — 21 [*} > a

Choosing a = ¢/RY, |x; — zo| = 2R — diam Q and R = R,, we find

()>i 2R — diam 4_ 1_diamQ
W)= pa 2 - 2R

3.1.4 A Comparison Principle

4
) >0, Vxe.

We give a comparison principle (see Lemma 1 in Cirstea and Radulescu (20030)),

which plays an important role in the proof of Theorem 3.1.1.

Lemma 3.1.6. Let w C RY be a smooth bounded domain. Assume that f is con-

tinuous on (0,00), f(u)/u is increasing on (0,00), and p, q, r are C¥*-functions

66



3.1 Pure Boundary Blow-up Problems

on W such that r > 0 and p > 0 in w. Let uy, uy € C?*(w) be positive functions
such that
Aug + quy —pf(ur) +r <0< Aug + qug — pf(ug) + 7 inw (3.15)
10 SUD i 102 — 1) (2) < 0, (3.16)
then uy > ug in w.

Proof. We use the same method as in the proof of Lemma 1.1 in Marcus and
Véron (1997) (see also Lemma 2.1 in Du and Huang (1999)), that goes back to
Benguria et al. (1981).

By (3.15) we obtain, for any non-negative function ¢ € H'(w) with compact

support in w,

/ (Vs - Vo — quid + pf(ur)g — rd) da
w (3.17)

> 0> / (Vs - Vo — quat + pf (ug)é — rd) d.

Let 1 > ¢3 > 0 and denote
w(e,e) ={r €w: ug(x) +e9 > u(x) +1}
v; = (uz + 51‘)71 ((UQ + 62)2 — (Ul + 51)2)+, 1, = 1,2

Notice that v; € H'(w) and, by (3.16), it has compact support in w. Using (3.17)

with ¢ = v; and taking into account that v; vanishes outside w(ey, &5), we find

/ (Vuy - Vo — Vug - Voug) de > / p(f(ug)vy — f(ug)vy) dz
w(er,e2) w(er,e2) (318)

—l—/ q(urv1 — ugvg) dx —|—/ r(vy — vy) dx .
w(el,e2) w(er,e2)

A simple computation shows that the integral in the left-hand side of (3.18) equals

Uy + € 2
—/ ‘Vuz— 2 QVul dr <0.
w(e1,e2) uy + &1

Passing to the limit as 0 < €5 < &1 — 0, the first term on the right hand-side of

/«0(0,0)]) <f522) - fgil)> (w3 — i) d,

2
Uy + €1

Uy + €9

VUQ

+ ‘Vul —

(3.18) converges to
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the second term goes to 0, while the third one converges to

/ r(uy — uy)?(ug + uy) Qx> 0
w(0,0) UiU2 -

Hence we avoid a contradiction only in the case when w(0,0) has measure 0,

which means that u; > us on w. O

3.1.5 On the Keller-Osserman Condition

Remark 3.1.2. If (3.4) holds, then problem (3.2) can have large solutions only if
f satisfies the Keller-Osserman condition (3.6).

Proof. Suppose, a priori, that problem (3.2) has a large solution u... Set f (u) =
|a|u + ||bl|sof(u) for uw > 0. Notice that f € C'[0,00) satisfies (2.2). For any

n > 1, consider the problem

Au= f(u) inQ,
U=n on 0f),
u>0 in Q.

By Theorem 3.1.2, this problem has a unique solution, say u,,, which is positive

in Q. Applying Lemma 3.1.6 for ¢ = —|al, p = ||b]|es, 7 = 0 and w = 2, we obtain
0<up <tupi1 SUyp inf)y Vn>1.

Thus, for every x € Q, we can define 4(x) = lim,, o u,(x). Moreover, since (u,,)
is uniformly bounded on every compact subset of 2, standard elliptic regularity
arguments show that u is a positive large solution of the problem Au = f (u).
It follows that f satisfies the Keller-Osserman condition (3.6). Then, by (3.4),
foo = limy_oo f(u)/u > 0 which yields lim, oo f(u)/f (1) = |a|/ o+ [|b]|oe < 0.
Consequently, our claim follows. n

Remark 3.1.3. If f satisfies (3.4) and (3.6), then
(u)

foo := lim S lim f'(u) = oo.

u—oo U U—00
Indeed, by 1'Hospital’s rule, lim, ., F(u)/u* = p1o/2. But, by (3.6), we deduce
foo = 00. Then, by (3.4) we find f'(u) > f(u)/u for any u > 0, which shows that

lim, o f/(u) = 0.
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Nonlinearities f as in Remark 3.1.3 are illustrated by
(1) f(w) = e* = L f(u) = e*Infu+ 1); f(u) = " — e
(i) f(u) =v?, f(u) = uPIn(u+ 1) with p > 1;

(i) f(u) = u[ln(u+ 1)]P with p > 2.

We shall provide an equivalent criterion to the Keller-Osserman condition

(3.6). To this aim, a significant role is played by the set G defined by

g € C*(0,6), for some § >0, ¢g" > 0on (0,6),

G = (3.19)

gl .. . . / "
1 t) = d th ts 1 t t
t{l(l)g() oo and there exists tl\r%g( )/g"(t)

Note that G # (). We see, for example, that e® C G where

O = {0 : 0 € C?0,00), 6isconvex on (0,00) and lim@(t) = oo} .

t\.0

Obviously, © # (). Let # € © be arbitrary. Since ' is non-decreasing on (0, 00)
and lim o 0(t) = oo, it follows that lim o 6'(¢) = —oo, then,

' o' (t) ’ <
(0'(1)>+6"(t)] — |0'(t)]

— 0 ast\,0,

which proves that e/ € G.
Remark 3.1.4. We have l%g(t)/g”(t) = K% g (t)/g"(t) =0, for any g € G.

Indeed, let g € G be arbitrary, then

. 1N . _ . / _
1{1&g(t)— 00, K%lng(t) oo and ll\rrolln]g(t)\ 00. (3.20)

L’Hospital’s rule and (3.20) imply that lim, o g(t)/¢'(t) = lime o ¢'(t)/g" (t) = 0.
Notation 2. We denote by (3.4") the case when (3.4) is fulfilled and there exists
lim, o (F/ ) (1) = 7.

We see that when (3.4") is satisfied, then v > 0; if, in addition, (3.6) holds,
then v < 1/2 (cf. Lemma 4.1 in Cirstea and Radulescu (2002¢)).

Lemma 3.1.7. If (3.4°) is satisfied, then the following hold:
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(i) v=0;
(ii) v < 1/2 provided that (3.6) is also fulfilled.

Proof. (i) If we suppose that v < 0, then there exists s; > 0 such that (F/f) (u) <
v/2 < 0 for any u > s;. Integrating this inequality over (s1,00), we obtain a
contradiction. Thus, v > 0.
(ii) Let (3.6) be satisfied. By the definition of -, lim, % =1—1.
By Remark 3.1.3 and L’Hospital’s rule, we obtain

. F(u) , 1
M8 () e 2w

1813

and
VF | F ! 1
OSIimM%——%—limM:——v. (3.21)
This concludes the proof. O

Next, we use the class G introduced by (3.19) to deduce an equivalent condition
to (3.6) (cf. Lemma 4.2 in Cirstea and Radulescu (2002¢)).

Lemma 3.1.8. If (3.4") is satisfied, then the Keller-Osserman growth condition
(3.6) holds if and only if

tflg(t) _ .
lim IO 0o, for some function g € G. (3.22)

A. Necessary condition. Since (3.6) holds, we can define a positive function g as

follows

/ s _ tV forallt >0, whered € (3/2,00) is arbitrary.  (3.23)
at) v F(5)

Obviously, g € C*(0,00) and limy o g(t) = oc.
We show that g € G satisfies (3.22). We divide our argument into three steps:

Step 3.1.1. limp o g ()12 f(g(t)) = V(v — 1/2).
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We derive twice relation (3.23) and obtain
g'(t) = ="/ F(g(t)) (3.24)

respectively

') = 2Ly + Lo i)

' 2
20-1)  4'(¥)

92 092
= ?t f(g(t)) ( 92 12911 (g(t)) * 1) .

By (3.21) and (3.24), we find

S G VFG)/ ()

(3.25)

SO E0) S E)
PO (1)
u—00 I NGO 2
Step 3.1.2. ¢" > 0 on (0,0) for ¢ small enough.
Since v > 0, by Step 3.1.1, we get
/
i 2(19192 1) twj/jgg(t)) _ 2(1919 1) (7 _ %) > % 1> 1 (3.26)
In view of (3.25), the assertion of this step follows.
Step 3.1.3. limp 0 ¢'(t)/¢"(t) = 0 and limp o £f(g(t)) /9" (t) = 0.
Using (3.25) and (3.26), we obtain
g .2t g 1 _o

lim = Ay :
N0 g (1)~ o R f(g() 20 gy

For any ¢t € (0,6) (6 > 0 as in Step 3.1.2), we infer that
tf(g(t)) tf(g(t) o _ tfg(®) 2

gty %g’(t} + %Qtwﬂf(g(t)) = 19_22t279—2f(g(t)) — 2420-3"

Sending t to 0, the claim of Step 3.1.3 is proved.

B. Sufficient condition. Choose g € G so that (3.22) is fulfilled. We have

im ') =2lim g'()
N0 F(g(t))  ~ N0 f(g(t)

= 0.
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We choose § > 0 small enough such that ¢’'(s) < 0 and ¢”(s) > 0 for all s € (0, 9).
It follows that

o dt . 9O ds , 0 —g'(s)ds
———— hm —_— = hm —_—
g0 VE{)  ™N0Jgw) /F(s) NSy /F(g(s))

/
—g(t
S 5 sup A
te(0.0) v/ F(g(t))
Hence, the growth condition (3.6) holds. O

3.1.6 Proof of the Main Result

A. Necessary condition. Let us, be a large solution of problem (3.2). We claim
that ue is positive. Indeed, since uo(x) — oo as dist (x,0Q) — 0, there exists
a smooth open set w CC Q such that u,, > 0 on Q\ w. So, it is enough to
show that u. > 0 in W. To this aim, set My := 1+ sup,, b > 0 and consider the
problem

Au = |aju+ My f(u) inw,

U= Uso on Jdw, (3.27)

u>0 inw.
By Theorem 3.1.2; this problem has a unique solution uy and, moreover, uy > 0
in @. Since uy is a super-solution for problem (3.27), we infer that u. > ug > 0
in . This shows that any large solution of (3.2) is positive.

Suppose that A is finite. Arguing by contradiction, let us assume that

a > Aoo1. Set A € (A1(to); A1) and denote by uy the unique positive solution
of problem (E,) with a = X\. We have

A(Muoo) + Aoo1(Mus) < b(x) f(Muy) in Q,
Mus, = 00 on 0f),
Mg, > uy, in 0,
where M := max {maxq u,/ ming ue; 1}. By the sub and super-solutions method,

we conclude that problem (E,) with a = A, has at least a positive solu-

tion (between uy and Muy,). But this is a contradiction. So, necessarily, a €
(—OO7 /\0071). [l
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B. Sufficient condition. This will be proved with the aid of several results (see
Lemmas 2 and 3 in Cirstea and Radulescu (2003b)). In the rest of §3.1.6 we
assume that f satisfies (3.4) and (3.6).

Lemma 3.1.9. Letw be a smooth bounded domain in RY . Assume thatp, q, r are
CO%F_functions on @ such that r > 0 and p > 0 in w, then, for any non-negative
function 0 # & € CO*(dw), the boundary value problem

Au+ g@)u = p(z) f(u) — r(z) inw,
u>0 inw, (3.28)

u=7o on Ow,

has a unique solution.

Proof. By Lemma 3.1.6, problem (3.28) has at most one solution. The existence
of a positive solution will be obtained by device of sub and super-solutions.

Set m := inf, p > 0. Define f(u) = mf(u) — ||q|loc u — 7, where 7 := sup_, r +
1 > 0. Let ty be the unique positive solution of the equation f(u) = 0. By
Remark 3.1.3, we infer that lim, ., f(u)/f(u) = m > 0. Combining this with
(3.6), we conclude that the function p(w) = f(w + to) defined for w > 0 satisfies
the assumptions of Theorem III in Keller (1957). It follows that there exists a
positive large solution for the equation Aw = ¢(w) in w. Thus the function

u(z) = w(x) + to, for all = € w, is a positive large solution of the problem
Au+||¢llcou =mf(u) —7 inw. (3.29)
By Theorem 3.1.2, the boundary value problem

Au = lgllsc u+ [Iplloe f(u) n w,

u >0 in w,

u=>o on Ow,
has a unique classical solution u. By Lemma 3.1.6, we find v < @ in w and u
(resp., ) is a positive sub-solution (resp., super-solution) of problem (3.28). It

follows that (3.28) has a unique solution. O

Under the assumptions of Lemma 3.1.9, we obtain the following result that

generalizes Lemma 1.3 in Marcus and Véron (1997).
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Corollary 3.1.10. There exists a positive large solution of the problem
Au+ g(x)u = p(x) f(u) — r(z) inw. (3.30)

Proof. Set ® = n and let u,, be the unique solution of (3.28). By Lemma 3.1.6,
Un < Upy1 < W in w, where u denotes a large solution of (3.29). It follows that
lim,, o0 Un () = uso(x) exists and is a positive large solution of (3.30). Further-
more, every positive large solution of (3.30) dominates u,, that is the solution

U 18 the minimal large solution. This follows from the definition of u., and
Lemma 3.1.6. O

Lemma 3.1.11. If 0 # ® € C%*(99Q) is a non-negative function and b > 0 on
L), then the boundary value problem

Au+ au = b(x)f(u) in Q,
u>0 in Q, (3.31)
u=>® on 052,

has a solution if and only if a € (—00, Aso,1). Moreover, in this case, the solution

1S UNLQUE.

Proof. The first part follows with the same arguments as in the proof of Theo-
rem 3.1.1 (necessary condition).

For the sufficient condition, fix a < Ay 1 and let Ao 1 > A > max {a, A1 (10) }-
Let u, be the unique positive solution of (E,) with a = \,.

Let ©; (i = 1,2) be sub-domains of ) such that Qy CC Q; CC Qy CC
and Q\ Q; is smooth. We define u, € C*(Q) a positive function in € such that
Uy = Uso on 2\ Qy and uy = u, on 4. Here uy, denotes a positive large solution
of (3.30) for p(z) = b(z), r(x) = 0, ¢(z) = a and w = 2\ Q;. Using Remark 3.1.3
and the fact that by := infg,\q, b > 0, it is easy to check that if C' > 0 is large

enough, then v = Cu, satisfies

AUg + ave < b(z) f(Ts) in €,

Ty = 00 on 0f,
Tp > max d in €.
a0
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3.1 Pure Boundary Blow-up Problems

By Theorem 3.1.2, there exists a unique classical solution vg of the problem

Avg = [alvg + [|b]| f(ug) in O,
vg >0 in €,
vp =P on 0.

It is clear that vg is a positive sub-solution of (3.31) and v4 < maxgo ® < Ug in
Q). Therefore, by the sub and super-solutions method, problem (3.31) has at least
a solution ve between vg and Te. Next, the uniqueness of solution to (3.31) can
be obtained by using essentially the same technique as in Theorem 1 of Brezis
and Oswald (1986) or Appendix IT of Brezis and Kamin (1992). O

Proof of Theorem 3.1.1 completed. Fix a < Ay 1. Two cases may occur:

Case 3.1.1. b > 0 on 0f).
Denote by v, the unique solution of (3.31) with ® = n. For & = 1, set v := v,

and V := 7, where v4 and Ug are defined in the proof of Lemma 3.1.11. The sub
and super-solutions method, together with the uniqueness of solution of (3.31),
shows that v < v, < wv,1 <V in Q. Hence, v () := lim, o v,(z) exists and it

is a large solution of (3.2).

Case 3.1.2. b >0 on 0.
Let z, (n > 1) be the unique solution of (3.28) for p=b+1/n, r =0, ¢ = a,

=n and w = . By Lemma 3.1.6, (z,) is non-decreasing. Moreover, (z,)
is uniformly bounded on every compact subdomain of 2. Indeed, if K C € is
an arbitrary compact set, then d := dist (K,9) > 0. Choose § € (0,d) small
enough so that Qy C Cj, where

Cs ={x € Q: dist (z,00) > §}.

Since b > 0 on JCy, Case 3.1.1 allows us to define 2z, as a large solution of (3.2)
for Q = Cs. Using Lemma 3.1.6 forp =b+ 1/n, r =0, ¢ = a and w = C§, we
obtain z, < z; in Cy, for all n > 1. So, (z,) is uniformly bounded on K. By
the monotonicity of (z,), we conclude that z, — z in L2 (€2). Finally, standard
elliptic regularity arguments lead to z, — 2z in C’Q’Q(Q). This completes the proof

loc

of Theorem 3.1.1. OJ
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3.2 Mixed Boundary Value Problems

3.2 Mixed Boundary Value Problems

3.2.1 Introduction

Let 2 be a smooth bounded domain in RN (N > 3). We denote by B either the
Dirichlet boundary operator Du := u or the Neumann/Robin boundary operator
Ru = g—z + B(z)u. Here v is the outward unit normal to 02 and § > 0 is in
CLH(a0), 0 < p < 1.

Our main aim of section 3.2 is to study the existence of large solutions to the

boundary value problem

{ Au+au=b(z)f(u) in 2\, (3.32)

Bu =0 on 0f2,

where a is a real parameter, b € C%#(€) is non-negative and f € C*[0, 00).

By a large solution of (3.32) we mean any non-negative C2(Q \ Qq)-solution
of (3.32) that satisfies u(r) — oo as x € Q\ Qp and d(z) := dist (z, Q) — 0.

Let € (given by (3.3)) be non-empty, connected and with smooth boundary.
We assume, throughout section 3.2, that Qy € Q and b > 0 on Q\ Q.

The existence and uniqueness of large solutions of (3.32) has been recently
treated by Du and Huang (1999) in the particular case f(u) = u? (p > 1).

Our purpose is to extend the existence result in Du and Huang (1999) to the
case of much more general nonlinearities of Keller-Osserman type.

Note that the Robin condition R = 0 relates essentially to heat flow problems
in a body with constant temperature in the surrounding medium. More generally,
if @ and [ are smooth functions on 02 such that a, 3 > 0, a + § > 0, then the
boundary condition Bu = a% + pu = 0 represents the exchange of heat at the
surface of the reactant by Newtonian cooling. Moreover, the boundary condition
Bu = 0 is called isothermal (Dirichlet) condition if @ = 0, and it becomes an
adiabatic (Neumann) condition if § = 0. An intuitive meaning of the condition
a+ [ > 0 on 09 is that, for the diffusion process described by problem (3.2),
either the reflection phenomenon or the absorption phenomenon may occur at

each point of the boundary.
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3.2 Mixed Boundary Value Problems

3.2.2 Existence of Large Solutions

The main result of section 3.2 establishes the existence of large solutions to (3.32)
when f satisfies (3.6) and (3.4’) (in Notation 2). More exactly, we have (see
Theorem 1.2 in Cirstea and Radulescu (2002¢)):

Theorem 3.2.1. Let (3.47) and (3.6) hold, then, for any a € R, problem (3.32)

has a minimal (resp., mazimal) large solution U, (resp., U,).

Remark 3.2.1. This result generalizes Theorem 2.4 in Du and Huang (1999),
where f(u) = u? with p > 1.

The rest of section 3.2 is organized as follows. In §3.2.3 we give a compar-
ison principle, which extends the previous result of §3.1.4 to the case of mixed
boundary value problems. Subsection 3.2.4 proves the existence and uniqueness
of positive solutions to (3.32), subject to a non-homogeneous Dirichlet boundary

condition on 0€2y. The proof of Theorem 3.2.1 is presented in §3.2.5.

3.2.3 A Comparison Principle

The next result (see Lemma 2.3 in Cirstea and Radulescu (2002¢)) extends
Lemma 2.1 in Du and Huang (1999).

Lemma 3.2.2. Assume that w CC Q and p € CO*(Q\ w) is a positive function
in Q\@. If uy, uy € C*(Q\ @) are positive functions in Q\ @ and

Auy 4+ auy — p(a) f(ur) <0< Aug + aus — p(x) f(ug) inQ\w  (3.33)

Buy > 0> Bug  on 0Q; limsup (ug —uy)(z) <0, (3.34)
dist (z,0w)—0

then u; > uy on Q\ @.

Proof. We distinguish 2 cases:
Case 3.2.1. B="7D.
The assertion is an easy consequence of Lemma 3.1.6.

Case 3.2.2. B=2R.
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3.2 Mixed Boundary Value Problems

Let ¢1, ¢ be two non-negative C2-functions on Q \ w vanishing near dw.
Multiplying in (3.33) the first inequality (resp., the second one) by ¢; (resp., ¢2)
and applying integration by parts, together with (3.34), we deduce

— [(VUQ . V(,bg — Vu1 . ngl) dr — ﬁ(ZL’)(UQQbQ — ulgbl) dS(ZL’)
@ o8 (3.35)

Q

> /ﬁp(ﬂf)(f(uz)@ — f(u1)é1) do + a/(ul¢1 — uz¢) dz,

where Q := \@. Let g1 > €5 > 0 and denote
Qi (e1,8) ={z €Q: ug(a) +e2>ui(z) + &1}
vi=(ui+ &) ((ug +82)? — (m+6)%)", i=1,2
Since v; can be approximated closely in the H' N L>-topology on €\ w by non-

negative C*-functions vanishing near dw, it follows that (3.35) holds for v; taking

place of ¢;. Since v; vanishes outside the set Q4 (g1, €2), relation (3.35) becomes

- / (Vug - Vg — Vuy - Vo) de — | ((x)(ugve — ugvy) dS(x)
Q4 (e1,e2) o0
(3.36)
> / p(2)(f(ug)ve — f(ur)vy) de + a/ (ugv1 — ugvy) d.
Q4 (e1,62)

Q4 (e1,e2)
As €1 — 0 (recall that €1 > 5 > 0) the second term on the left hand-side of
(3.36) converges to 0. From now on, the course of the proof is the same as in

Lemma 3.1.6. This completes the proof. m

3.2.4 Auxiliary Results

In what follows we establish the existence of positive solutions to (3.32), subject
to a non-homogeneous Dirichlet boundary condition on 9 (see Lemma 5.1 in
Cirstea and Radulescu (2002c)).

Lemma 3.2.3. If (3.4) and (3.6) hold, then for any positive function ® € C**(9y)
and a € R the problem
Au+au=b(x)f(u) inQ\ Q,
Bu =0 on O, (3.37)
u=7a on 0% ,

has a unique positive solution.
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3.2 Mixed Boundary Value Problems

Proof. By Lemma 3.2.2, (3.37) has at most a positive solution. To prove the
existence of a positive solution to (3.37), we shall use the sub and super-solutions
method.

Let w CC £ be such that the first Dirichlet eigenvalue of (—A) in the smooth
domain Qg \ @ is greater than a. Let p € C%*(Q) be such that p(x) = b(z) for
r € Q\Q, p() =0 for z € Qy \ w and p(x) > 0 for z € w. By virtue of
Lemma 3.1.11, problem

Au+ au = p(x)f(u) in Q,
u=1 on 0f),

has a unique positive solution wu;.
We choose €2; and €25 two sub-domains of €2 so that Qy CC €y CC )y CC €.
Define u* € C*(Q\ ) so that u* = 1 on 2\ Qy, u* = u; on Q; \ Q and

my := ming, g, u* > 0.

Claim 3.2.1. For £ > 1 large enough, (u* is a super-solution for problem (3.37).
We first observe that for x € Q; \ Qy and ¢ > 1,

—A(u*) = lauy — lp(z) f(uy) > a(lu”) — b(x) f(Cu”). (3.38)

Denote by M* := supg,q, (au”+Au*) and by := ming, o, b > 0. By Remark 3.1.3,
there exists £; > 1 such that f(¢m.) > (M* /by for all £ > ;.
For z € Q\ ©Q; and ¢ > ¢; we have

b(z)f(lu*) > by f(fm,) > L(au” + Au®)
which can be rewritten as
—A(tu*) > a(lu*) — b(x) f(lu*) for z € Q\Q; and £ > 4. (3.39)
By (3.38) and (3.39), it follows that
~A(lu*) > a(lu*) — b(z) f(fu*) in Q\Qp, forany £> /.
On the other hand,

B(lu*) > {min{1, mgg)ﬁ(m)} >0 on 09, forevery (> 0.
S
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3.2 Mixed Boundary Value Problems

By taking ¢ > max {maxgq, ®/m.; (1}, the claim follows.
Set b := supg, b. By Theorem 3.1.2, the boundary value problem

Au, = bf(u,) + |aju, in Q\ Q,

u, =0 on 052, (3.40)

U, = O on 0€),
has a unique non-negative solution, which is positive in Q\ Q. Since u, = 0 on
0f), we get Ru, = % < 0 on 0€). It is easy to see that u, is a sub-solution of
(3.37) and u, < fu* in Q\ Qq for ¢ large enough. The conclusion of Lemma 3.2.3
follows now by the sub and super-solutions method. O]
Corollary 3.2.4. If Qq is replaced by Q,, :={x € Q: d(z) < 1/m} (m > 1 is
large), then the statement of Lemma 3.2.3 holds.

Proof. The construction of the sub-solution is made as before, while the super-

solution can be chosen any number ¢ > 1 large enough. O]

3.2.5 Proof of the Main Result

The proof of Theorem 3.2.1 will be divided into two steps:
Step 3.2.1. Existence of the minimal large solution of (3.32).

For any n > 1, let u, be the unique positive solution of problem (3.37) with
® =n. By Lemma 3.2.2, u,(r) increases with n for all x € Q\ Q.

Next, we prove that the pointwise limit of (u, (7)), exists, for each x € Q\ Qg
(see Lemma 5.2 in Cirstea and Radulescu (2002c¢)).

Lemma 3.2.5. The sequence (u,(x)), is bounded from above by some function

V(z) that is uniformly bounded on all compact subsets of Q \ Q.

Proof. Let b* be a C?-function on Q \ € such that
0<b*(x) <blx) VoeQ\Q.

For  bounded away from 0€) is not a problem to find such a function b*. For z
satisfying 0 < d(x) < & with 6 > 0 small such that x — d(z) is a C?-function, we

can take
d(z) t
b (z) = / [min b(2)] ds dt.
0

o0 d(z)>s
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3.2 Mixed Boundary Value Problems

Let g € G be a function such that (3.22) holds. The existence of g is guaranteed
by Lemma 3.1.8. Since b*(x) — 0 as d(x) \, 0, we deduce, by Remark 3.1.4 and
(3.4), the existence of some ¢ > 0 such that

b* b* / b* b*
@I | g SEED e, 90
g"(b*(x)) € o\ g"(b*(x)) @\ g"(0*())
for all z € Q with 0 < d(z) < § and £ > 1. Here, 0 > 0 is taken sufficiently small
so that ¢'(b*(x)) < 0 and ¢”(b*(z)) > 0 for all = with 0 < d(z) < 6.
For ng > 1 fixed, define V* as follows

(1) V*(2) = tn, () + 1 for x € Q and near 9;
(ii) V*(x) = g(b*(x)) for x satisfying 0 < d(x) < 0;
(iii) V* € C?(Q\ Q) is positive on Q \ Q.

We show that for £ > 1 large enough the upper bound of the sequence (u,(z))y,
can be taken as V(x) = £V*(x). We see that

BV(x) =BV (x) > Emin{l, ()} >0, Vze o
and

d(li)rgo[un(:v) —V(z)] = -0 <0.

Thus, to conclude that u,(z) < V(z) for all # € Q \ Qq it is sufficient to show,
by virtue of Lemma 3.2.2, that

CAV(2) > aV(@) — b@)f(V(z)), Ve Q\ Q. (3.41)
For x € () satisfying 0 < d(z) < ¢ and £ > 1, we have
AV —aV 4 (@) f(V) = —EAg(b(2)) — S0 () )l
> & (o) (- S A6 ) - (9 )P
)

@) ., FaB @)
@) O e )>°

For x € Q satisfying d(z) > 4, we get

(
g (=)
" b* )
flg

—AV —aV 4+ b(x)f(V)=¢ <—AV*($) —aV*(z) + b(x) W) >0
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3.2 Mixed Boundary Value Problems

for £ sufficiently large. In the last inequality, we have used (iii) and Remark 3.1.3.
It follows that (3.41) is fulfilled provided that £ is large enough. This finishes the

proof of the lemma. O

By Lemma 3.2.5, U, (z) = lim,, o u, () exists, for any x € Q\ Qy. Moreover,
U, is a positive large solution of (3.32). Using Lemma 3.2.2 once more, we infer

that any large solution u of (3.32) satisfies u > u,, on Q\ Q, for all n > 1. Hence,

U, is the minimal large solution of (3.32).

Step 3.2.2. Existence of the maximal large solution of (3.32).
We show that if in (3.32) we replace €y by €Q,,, defined in Corollary 3.2.4,

then the new problem has a minimal large solution (cf. Lemma 5.3 in Cirstea

and Radulescu (2002¢)).

Lemma 3.2.6. Problem (3.32) with Qg replaced by Q,, has a minimal large so-
lution provided that (3.4) and (3.6) are fulfilled.

Proof. The argument used here (much easier, since b > 0 on Q \ €2,,) is similar
to that in Step 3.2.1. The only difference which appears in the proof (except the
replacement of Qg by €2,,,) is related to the construction of V*(z) for x near 0€,,.
Here, instead of Lemma 3.1.8 we use Theorem 3.1.1 which says that, for any
a € R, there exists a positive large solution wu, ~ of problem (3.2) in the domain
Q\ Q.. We define V*(x) = u, 0 (z) for x € Q\ Q,, and near 99,,.

For £ > 1 and x € Q\ Q,, near 9),,, we have

—AV(z) = aV(z) + b(z)f(V(2)) = =§AV™(2) — alV"(z) + b(z) f (V" (2))
= b(@)[f(§V*(x)) — £ (V7 ()] = 0.

This completes the proof. n

Let v, be the minimal large solution for the problem considered in the state-
ment of Lemma 3.2.6. By Lemma 3.2.2, v, > v,,41 > u on Q \ Q,,, where u
is any large solution of (3.32). Hence, U,(x) := lim,, oo Um(z) > u(x). A reg-
ularity and compactness argument shows that U, is a positive large solution of
(3.32). Consequently, U, is the maximal large solution. This concludes the proof
of Theorem 3.2.1. O
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3.3 Degenerate Mixed Boundary Value Problems

3.3 Degenerate Mixed Boundary Value Prob-
lems

3.3.1 Existence of Large Solutions

Let @ € RY (N > 3) be a smooth bounded domain. As in §3.2, B denotes
either the Dirichlet boundary operator Du := u or the Neumann/Robin boundary
operator Ru = % + B(z)u, where v is the outward unit normal to 992 and 8 > 0
is in C1#(9Q), u € (0,1).

Let b € C%#(Q) satisfy b > 0, b2 01in Q. Set Qo 1= {x € Q: b(z) = 0}.

We assume that Qg = Dy U Dy, where Dy # () is a closed set such that Q\ Dy
is connected with the smooth boundary, and D; CC 2\ Dy is a connected set.

Suppose that b > 0 on 002 if B = R and 0D, satisfies the exterior cone
condition (possibly, D; = 0). Let A 1(D1) be the first Dirichlet eigenvalue of
(—A) in H}(D). Set Aw1(Dy) = oo if Dy = 0.

The purpose of section §3.3 is to prove the existence of large solutions for the

degenerate boundary value problem

{Au+au =b(x)f(u) in Q\ Dy,

(3.42)
Bu =0 on 0f),

that is, non-negative C2(Q \ Dy)-solutions of (3.42) that satisfy
u(z) — o0 asx € Q\ Dy and d(x) := dist (x, Dy) — 0.

The degenerate character of (3.42) refers to the fact that b may vanish in 2\ Dj.
We state below the main result of §3.3 (see Theorem 1.1 in Cirstea and
Radulescu (2004)).

Theorem 3.3.1. Let (3.4) and (3.6) hold. If (3.42) has a large solution, then
a < Aoo1(D1). Furthermore, for any a < Aoo1(D1), there exists a minimal (resp.,

mazximal) large solution of (3.42).

Remark 3.3.1. Theorem 3.3.1 improves Theorem 3.2.1 where we assume that
b >0 on Q\ Dy and the additional hypothesis lim,, .o,(F/f)'(u) = v is required.
Moreover, in the case B = D, we remove the assumption b > 0 on 02, which is
made in Theorem 3.2.1 and in Du and Huang (1999).
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3.3 Degenerate Mixed Boundary Value Problems

In §3.3.2 we extend the comparison principles given by Lemmas 3.1.6 and 3.2.2

by treating the degenerate case for b. We conclude §3.3 by proving Theorem 3.3.1.

3.3.2 Comparison Principles

In Lemmas 3.3.2 and 3.3.3 (cf. (Cirstea and Radulescu, 2004, Lemmas 2.1 and

2.2)) we assume that f is continuous on (0, 00) and @ is increasing for u > 0.

Lemma 3.3.2. Let D C RY be a bounded domain and 0 # p € C(D) be a

non-negative function. If uy,us € C*(D) are positive such that
Auy + auy — p(x) f(ur) <0 < Auy + auy — p(a) f(uz) in D, (3.43)

limsup (ug —up)(z) <0
dist(z,0D)—0

then uy > uy on D.

Proof. We use here some ideas and approximation techniques introduced by Mar-
cus and Véron (1997). Set

O={zxeD: u(x) <uy(x)}.

Of course, u; > up on D is equivalent to O = ().
Let ¢1, ¢ be two non-negative C?-functions on D vanishing near 9D.
Using (3.43), we have

a/ (U2 — ur¢1) d > / (Vug - Vo — Vuy - Vo) da
b b (3.44)

T /D p(2)((uz)ds — f(ur)n) da

Fix e > 0. Set
D.={z € D: uy(x) > u(x)+ ¢}
vi = (u; +2¢/1) H((ug + €)% — (uy +2¢)*)T fori=1,2.

We see that v; € H'(D) and it vanishes outside the set D.. We have D, CC D

since lim Sup gisq(z,0p)—o(t2 — u1)(x) < 0. Hence, v; can be approximated closely
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3.3 Degenerate Mixed Boundary Value Problems

in the H' N L* topology on D by non-negative C? functions vanishing near 0D.
It follows that (3.44) holds with v; instead of ¢;. Precisely, (3.44) becomes

a/ (ugvg — uqvy) da > / (Vug - Vg — Vuy - Vg ) dz

(3.45)
+ [ @) - o) d
Let 7 € (0,1) be arbitrary. For any ¢ € (0,7), we have
0< / (ugvy — ugvy) dz = / (ugvy — ugvy) dx
c T (3.46)

+ / (ugvg — uqvy) dz.
D\D-

But D, ¢ D yields maxg_us = My < oo and ming_u; = my > 0. Thus, for any
xr € D,, we obtain
Us Uy my 2e

0< — <1- = — 0 ase — 0.
Uy + € up + 2¢ Mg+ 26 mg—+ 2¢

Consequently,
U9 U1
U9 + € Ui + 2e

It follows that

0< / (ugvy — ugvy ) dz

2 W dr — 0 ase— 0.
Ug + € U1+2€

— 0 as € — 0 uniformly on D..

(3.47)

< (Mg + 1)2/

D~

We see that uy € (uy +¢,uy + 7] on D\ D,. Thus, for each x € D.\ D, we have

2e e
0< — = — 2 - 2¢)?
U2V U171 (u1 I e Uy +€> [(UQ +€) (U1 + 8) ]
2 1o(uy +&)(r — &) + 72 — 7]
U T — T —
- Ui +2€ !
222
< 2e [2(7—6)—1— 5 ] < 572,
€

From this we deduce

lim sup/ (ugvy — urvy) do < 57%|D|.
D.\D;

e—0
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Using (3.46) and (3.47), we infer that

E— e—0

0 < lim inf/ (ugve — uqvy) dr < lim sup/ (ugvy — uyvy) dor < 57%|D|.
Since 7 > 0 is arbitrary, we conclude that

lim (ugve — ugvy) dx = 0.
e—0 D.

Assume by contradiction that O # 0. Let xy € O be arbitrary. Since O is open,
there exists a small closed ball B = B(xg) centred at xy such that B C O. Thus,
for each y € B, u1(y) < u2(y). By the continuity of u;, ming(us —uy) = mp > 0.

It follows that B C D, for each € € (0,mp). It is easy to check that
1 1 ?
- \Y
Ug + € 2 uy + 2¢ “

x [(ug +¢€)* + (uy +2¢)*] >0 on D..

VUQ . VUQ — Vul . V'Ul =

On the other hand, f(t)/(t + ¢) is increasing on (0, 00). Hence,
flu) _ flute) o fluz)
Uy + 2¢ Uy + 2¢ Ug + €

which yields f(ug)vy — f(u1)vy > 0 on D..
Thus, all the integrands in the right-hand side of (3.45) are non-negative. So,

n D.,

for each € € (0, mp), we have

a/ (ugve — uqvy) da > /(Vu2 - Vg — Vuy - Vuy) dx
. B

+ /Bp(x)(f(lb)vz — f(ur)vy)dz > 0.

Letting € ™\, 0, we obtain
Vuy(x)  Vuy(n)
us() u ()

Since xg € O is arbitrary, we infer that

and p(z) =0, for each x € B > xy.

V(nuy —Inwu) =0 and p=0 on O.

But p # 0 in D so that O # D. In other words, 900 N D # (). Let 2 € 90 N D
and C be a domain included in O such that z € JC. Hence u;(z) = ua(z) and
V(lnuy —Inwuy) =0 on €, that is, us/u; = Const. > 0 on €. By the continuity of

u;, we conclude that u; = uy on C. This contradicts € C O. O
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Lemma 3.3.3. Let w CC Q and 0 # p € C(Q\ w) be a non-negative function.
If uy, up € C2(Q\ @) are positive functions in Q\ @ such that

limsup (uy —ug)(x) <0
dist (z,0w)—0

Auy + auy — p(x) f(ur) <0 < Aug + aus — p(x) f(ug) in Q\© (3.48)

{ez'ther Buy > Buy on 02 if B="D,

. (3.49)
or Bu; > 0> Buy on 02 if B =R,

then uy > uy on Q\ ©.

Proof. If B = D, then the assertion follows by Lemma 3.3.2.

Suppose that B = R. Set D := Q \ @ and define O as in the proof of
Lemma 3.3.2. Assume by contradiction that O = ().

Let ¢1, ¢ be two non-negative C2-functions on '\ w vanishing near dw. Using

(3.48) and (3.49), we find
a/ (ugpy — ur¢1) d > B (uspa — ur¢1) dS + / (Vug - Voo — Vuy - Vo) da
D o9 D

+ /D P (f(uz)bs — F(ur)) da.

For € > 0 arbitrary, let D. and v; be defined as in the proof of Lemma 3.3.2.
It follows that

a/ (ugv9 — uyvy) da > B (ugvg — ugvy) dS + / (Vug - Vg — Vuy - Vuy) do

o0 E

+ / p (f(uz)va — f(u1)vy) dx.

Let 7 € (0,1) be arbitrary. Set
G, ={z € D, : dist(z,00) > 1},
L, ={x € Q: dist(z,00) < 7},
K., ={z € D.: dist(z,00) < 7}.

For any ¢ € (0, 7), we have

0< / (ugvg — uqvy) da < / (ugvg — uqvy) da +/ (ugvg — uqvy) dx

- (3.50)
+ / (ugve — uqvy) dx.
DA\D»
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3.3 Degenerate Mixed Boundary Value Problems

As in Lemma 3.3.2, we obtain

Uz Uy
Uy +€ UL+ 2¢

— 0 as ¢ — 0 uniformly on G,.

We also deduce
lim (ugvy — ugvy) dz = 0 (see (3.47))

=0Ja.
and
lim sup/ (ugvy — uyvy) do < 57'2|D|-
=0  JDA\D,
Note that

IGLT

/ (ugvy — uyvy) do < 2max(uy(w) + 1)%|L,|.

By (3.50), we find

0 < lim inf/ (ugvy — ugvy) dz < lim sup/ (ugvy — ugvy) dx

e—0 e—0 e

< 2max(uy + 1)?|L,| + 573 D|.
x€L,
Since |D| < oo and |L.| — 0 as 7 — 0, we regain
lim (ugvy — ugvy) dx = 0.

e—0 D.

The same argument used before leads to a contradiction. O]

3.3.3 Proof of the Main Result

Lemma 3.3.4. Assume that (3.4) and (3.6) hold. If 0 £ ® € C**(0Dy) is a
non-negative function, then
Au+ au = b(x)f(u) in Q\ Dy,
Bu =0 on 0L, (3.51)
u=®o on 0Dy

has a positive solution if and only if a < As1(D1); in this case, the solution is

unique.
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3.3 Degenerate Mixed Boundary Value Problems

Proof. Let Q be a smooth sub-domain of € \ Dy such that b > 0 on 9 and

D, CQ Tfugis a positive solution of (3.51), then it satisfies

Au+ au = b(z)f(u) in €,
U= Usg on O9).

By Lemma 3.1.11, we conclude that a € (—00, Aw.1(D1)).
Fix a € (=00, Aso.1(D1)). Let v be a large solution of Au + au = b(z) f(u)
in 2\ Dq (see Theorem 3.1.1). Let 6 > 0 be small such that

b>0 on Ty :={xeQ: dist (z,00) < 2d}.

Set
Cs ={y € RY : dist (y,00) < }.

Let p € C%*(C5) be such that p > 0on C5\Q, p=0o0n T, and 0 < p < b on
Ts\T,. We choose 7 € (0,) such that a is less than the first Dirichlet eigenvalue
of (—=A) in T;.

Let u* be the unique positive solution of

We define 0 < ut € C?(Q2\ D) such that

ut =vy on Q\ (T5 U Dy)
ut =1 onT(;/QifB:fR
ut =u* on T(;/Q if B=1"D.

For £ > 1 large, we show that @ = {u™ is a positive super-solution of (3.51).
Clearly, & = co on 0Dy and Ba > 0 on 0f2. By (3.4), we find

At +au—b(x)f(a) <0 on Q\ (Ts U Dy), V¢ > 1.
If B =D, then

At +at — b(x) f(2) < EAU" + alu” — p(z) f(Eu”) < 0 on T, VE > 1.
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3.3 Degenerate Mixed Boundary Value Problems

If B = R (resp., B = D) then ming, b > 0 (resp., infru7,,b > 0). Since
lim; o f(t)/t = 00, for & > 1 large we have

At +at — b(z)f(@) = E(Aut + au™ — b(x) f(Eu™)/€)
<0 on Tj (resp., T5 \ T5/2) when B =R (resp., B = D).

The sub-supersolutions method and the strong maximum principle (see Corol-
lary 3.1.4) yield the existence of a positive solution of (3.51). The uniqueness
follows by Lemma 3.3.3. [

Proof of Theorem 3.3.1 concluded. If (3.42) has a large solution then, by the
strong maximum principle, it is positive. By the assumption D; C '\ Dy and
Lemma 3.1.11, we get a < Ao 1(D1).

Fix a < Ax1(D1) and let u,, (n > 1) be the unique positive solution of (3.51)
with ® = n. By Lemma 3.3.3, u,, < up41 < @ on Q\ Dy. Thus (u,) converges to
the minimal large solution of (3.42).

Define Q,,, = {z € Q: d(z) < 1/m} for m > my, where m; > 0 is large so
that b > 0 on €, \ Dy. Let v, be the minimal large solution of (3.42) with Dy
replaced by Q,,. By Lemma 3.3.3, v, > Uppy1 > u on Q\ ©Q,,, where u is any large
solution of (3.42). This, together with a regularity and compactness argument,

shows that the pointwise limit of (v,,) is the maximal large solution of (3.42). O
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Chapter 4

Large Solutions for Logistic-type
Equations: Uniqueness

“Proof is the idol before whom the pure mathematician tortures himself.”
(Sir Arthur Eddington)

Chapter 3 establishes that the existence of large solutions of (3.1) holds if and only
if the parameter a is suitably connected to the zero set of b(z) in 2. The growth
rate of f at infinity of Keller-Osserman type covers a large array of nonlinearities.

The delicate issues of uniqueness and asymptotic behavior of the large solu-
tion near the boundary are investigated in Chapters 4 and 5. To resolve them,
Chapter 4 concentrates on the case that f varies regularly at oo like a super-linear
power. The originality of this chapter is to bring together regular variation the-
ory in applied probability (see §4.1) and the blow-up theory in elliptic equations.
Using this interplay, we succeed in getting a computationally convenient estimate
of the blow-up rate when competition near the boundary is involved through a
weight b(x) vanishing on 0. The decay rate of b(x) is controlled via a ratio,
whose limit is finite when the distance to the boundary approaches zero. This
condition allows for various vanishing rates at the boundary, which will be char-
acterized in terms of regular variation theory. In addition, a new phenomenon
will be revealed in regard to the two-term asymptotic expansion of the large so-
lution. Namely, its dependence on the curvature of the boundary occurring in
the non-competing case (and also in a specific competing case) is destroyed by a

critical combination between the decay rate of b(z) and the variation of f at oo.
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4.1 Preliminaries: Regular Variation Theory

Regular variation theory was instituted by Karamata (1930, 1933) and subse-
quently developed by himself and many others. Although Karamata originally
introduced his theory in order to use it in Tauberian theorems, regularly vary-
ing functions have been subsequently applied in several branches of Analysis:
Abelian theorems (asymptotics of series and integrals—Fourier ones in particu-
lar), analytic (entire) functions, analytic number theory, etc. The great potential
of regular variation for probability theory and its applications was realised by
Feller (1971) and also stimulated by de Haan (1970). The first monograph on
regularly varying functions is that of Seneta (1976), while the theory and var-
ious applications of the subject are presented in the comprehensive treatise of
Bingham et al. (1987).

We give a brief account of the definitions and properties of regularly varying
functions involved in this thesis (see Bingham et al. (1987) or Seneta (1976)).

Definition 4.1.1. A positive measurable function Z defined on [A, 00), for some
A > 0, is called regularly varying (at infinity) with index ¢ € R, written Z € RV,
provided that

Z(&u)

uh—{gom = gq, for all § > 0.

When the index ¢ is zero, we say that the function is slowly varying.
Remark 4.1.1. Let Z : [A,00) — (0,00) be a measurable function, then

(i) Z is regularly varying if and only if lim,, .~ Z(&u)/Z(u) is finite and positive
for each & in a set S C (0,00) of positive measure (cf. Lemma 1.6 and
Theorem 1.3 in Seneta (1976)).

(ii) The transformation Z(u) = u?L(u) reduces regular variation to slow varia-
tion. Indeed, lim, .o Z(&u)/Z(u) = u? if and only if lim, ., L(§u)/L(u) =
1, for every £ > 0.

Example 4.1.1. Any measurable function on [A, 00) which has a positive limit
at infinity is slowly varying. The logarithm log u, its iterates loglogu (= log, u),

log,, v (= loglog,, ; u) and powers of log,, u are non-trivial examples of slowly
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4.1 Preliminaries: Regular Variation Theory

varying functions. Non-logarithmic examples are given by exp {(log u)/loglog u}
and exp {(log u)* (log, u)*2 ... (log,, u)*}, where a; € (0,1).

For details on Propositions 4.1.1-4.1.5, we refer to Bingham et al. (1987) (p.
6, 12, 14, 16, 28, 30).

Proposition 4.1.1 (Uniform Convergence Theorem). If L is a slowly vary-
ing function, then the convergence L(§u)/L(u) — 1 as u — oo holds uniformly

on each compact &-set in (0, 00).

Proposition 4.1.2 (Representation Theorem). The function L(u) is slowly

varying if and only if it can be written in the form

L(u) = M(u)exp {/ yt) dt} (u> B) (41)

B

for some B > A, where y € C[B,o0) satisfies lim, o y(u) = 0 and M(u) is
measurable on [B,00) such that lim, .., M (u) := M € (0, 00).

The Karamata representation (4.1) is non-unique because we can adjust one of
M (u), y(u) and suitably modify the other. Thus, the function y may be assumed
arbitrarily smooth, but the smoothness properties of M (u) can ultimately reach
those of L(u). If M(u) is replaced by its limit at infinity M > 0, then the new
function, say Z(u), is referred to as a normalized slowly varying function. Notice
that L € C'[B, 00) and y(u) = uL'(u)/L(u), for each u > B.

In general, a function Z (u) defined for u > B is called a normalized regularly
varying function of index q if it is C' and satisfies

uZ'(u)

I —
i Z(u) 1

We use NRV, to denote the set of all normalized regularly varying functions

of index ¢, that is

NRV, ={Z € RV, : Z(u)u " is a normalized slowly varying function}. (4.2)
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4.1 Preliminaries: Regular Variation Theory

Remark 4.1.2. For any Z € RV, there exists Z e N RV, such that Z(u)/Z(u) — 1
as u — oo. Indeed, L(u) := Z(u)/u? is slowly varying so that, by Proposi-
tion 4.1.2, it can be represented as in (4.1). We define E(u) as above with M
instead of M(u). Then Z(u) = utL(u) satisfies

ul(u)

- Z Z'
Z et limﬂzl, limuA(u>:q+lim = =q

Proposition 4.1.3 (Elementary properties of slowly varying functions).

If L is slowly varying, then we have:
(i) For any o> 0, u*L(u) — oo, u=*L(u) — 0 as u — o0.
(i) (L(u))™ varies slowly for every o € R.

(i) If Ly varies slowly, so do L(u)Li(u) and L(u) + Li(u).

From Proposition 4.1.3 (i) and Remark 4.1.1 (ii), lim, . Z(u) = oo (resp.,
0) for any function Z € RV, with ¢ > 0 (resp., ¢ < 0).

Remark 4.1.3. Note that the behavior at infinity of a slowly varying function

cannot be predicted. For instance,

L(u) = exp {(log u)? cos((log u)l/Z)}
exhibits infinite oscillation in the sense that

liminf L(u) =0 and limsup L(u) = oo.

U—00 U—00

Proposition 4.1.4 (Karamata’s Theorem; direct half). Let Z € RV, be
locally bounded in [A, c0), then
(i) for any j = —(q+1),

_ W Z(w)
JLI{)IOW—j—FC]—i-l. (4.3)
(i) for any j < —(q¢+1) (and for j = —(q+1) if [T2~ @D Z(2)dx < c0)

ulj&% =—(j+q+1). (4.4)
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4.1 Preliminaries: Regular Variation Theory

Proposition 4.1.5 (Karamata’s Theorem; converse half). Let Z be positive

and locally integrable in [A, 00).
(i) If (4.3) holds for some j > —(q¢+ 1), then Z € RV,
(i) If (4.4) is satisfied for some j < —(q+ 1), then Z € RVj,.

If H is a non-decreasing function on R, then we define (as in Resnick (1987))

the (left continuous) inverse of H by
H™(y) = inf{s: H(s) > y}.
Proposition 4.1.6 (Proposition 0.8 in Resnick (1987)). We have
(i) If Z € RV,, then lim, . log Z(u)/logu = q.
(ii) If Zy € RV, and Zy € RV, with lim,_.., Z>(u) = oo, then

Z10 4y € R‘/lhln'

(iii) Suppose Z is non-decreasing, Z(oco) = 00, and Z € RV,, 0 < g < oo, then

ARRS RVl/q.

(iv) Suppose Zy, Zy are non-decreasing and q-varying, 0 < q < oo, then, for

c € (0,00) we have

Zy (u)

lim Z(u)
Z5 (u)

u—oe Zy(u)

=c Ve,

=c if and only if lim

uU—00

The next result shows that any function Z varying regularly with non-zero
index is asymptotic to a monotone function.

Proposition 4.1.7 (Theorem 1.5.3 in Bingham et al. (1987)). Let Z € RV,
and choose B > 0 so that Z is locally bounded on [B,o0). If ¢ > 0, then

(i)

Z(u) == sup{Z(y) : B <y <u}~ Z(u) as u— o,
(i) 2

(u) :=inf{Z(y): y>u}~ Z(u) as u — oo.
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4.1 Preliminaries: Regular Variation Theory

If g <0, then

sup{Z(y) : y>u} ~ Z(u) asu— oo,
inf{Z(y): B<y<u}~Z(u) asu— oo.

We give the definitions of I' and [I-varying functions, which are extensions of

regular variation due to de Haan (1970); for more details see §5.3.2 of Chapter 5.

Definition 4.1.2 (p. 26 in Resnick (1987)). A non-decreasing function U is I'-
varying at oo (written U € I') if U is defined on an interval (A, 00), lim, ., U(z) =
oo and there exists g : (A4, 00) — (0, 00) such that

i W+ Ag(y)

=e*, YA eR.
y—oo  Uly)

Definition 4.1.3 (p. 27 in Resnick (1987)). A non-negative, non-decreasing
function V' defined on a semi-infinite interval (z, 00) is II-varying (written V' € II)
if there exists a function a(u) > 0 such that for A > 0
V(du) =V
V(W) - V()

wtoe alu)

= log \. (4.5)

The functions ¢(-) and a(-) are called auziliary functions; they are unique up
to asymptotic equivalence.

A convenient relationship between II and I' is provided below.
Proposition 4.1.8 (Proposition 0.9 in Resnick (1987)). The following hold:

(a) If U € T with auziliary function x, then U~ € II with auziliary function
a(u) = xo U™ (u).

(b) If V € Il with auziliary function af(-), then V= € T" with auziliary function
X(u) =ao V= (u).
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4.2 Pure Boundary Blow-up Problems

4.2.1 Introduction

Our major goal here is to advance innovative methods to study the uniqueness
and asymptotic behavior of large solutions of the problem (3.2) considered in
§3.1.1.

We open up a new line of research to obtain the blow-up rate of the large
solution and to gain insight into the two-term asymptotic expansion of the large
solution near 0€2. Our approach relies essentially on regular variation theory not
only in the statement but in the proof as well. This enables us to obtain significant
information about the qualitative behavior of the large solution to (3.2) in a
general setting that removes previous restrictions imposed in the literature.

We point out that, despite a long history and intense research on the topic
of large solutions, regular variation theory arising in probability theory has not

been exploited before in this context.

Let Q@ C RY (N > 3) be a smooth bounded domain. Consider the semilinear
elliptic equation
Au+au = b(x)f(u) in Q, (4.6)

where a is a real parameter and b € C%#(Q), for some p € (0,1), such that b > 0,
b # 0 in Q. Suppose that f € C'[0, 00) satisfies (3.4), that is

f>0and f(u)/u is increasing on (0, c0). (4.7)
Let 2y denote the interior of the zero set of b in €2, namely:
Qo :=int{z € Q: b(z) =0}.

We assume, throughout, that 0€) satisfies the exterior cone condition (possibly,
Qo = 0), Qp is connected, Qy € Q and b > 0 on Q\ Qy. Let Ao be the first
Dirichlet eigenvalue of (—A) in Hj(Q) (with A1 = +o0 if Qp = 0).

We recall that by a large (or blow-up) solution of (4.6) we mean a C?(Q)-
solution u of (4.6) such that u > 01in Q and u(x) — oo as d(x) := dist (z,02) — 0.
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As in Cirstea (2002), we denote by X the set of all positive, non-decreasing

Cl-functions k defined on (0, v), for some v > 0, which satisfy

) fotk:(s)ds ) f;k(s)ds /
Jm Sy o and lim { e | =G (48)

We have £y = 0 and ¢; € [0,1], for every k € K. Thus, K = K1 UKo, where
Koy={keX: 0<t, <1} and Ko={keX: { =0}

The exact characterization of X ;) and X, will be provided in §4.2.4.

Some simple examples of k € X are:
(i) k(t) =t with o > 0, where ¢; = 1/(1 + «).
(i) k(t) = exp(—1/t*) with a > 0, where ¢; = 0.

(iii) k() =1/In(1/t*) with a > 0, where ¢, = 1.

4.2.2 Main Results

We first establish the uniqueness and blow-up rate of the large solution of (4.6)
(see Theorem 1.1 in Cirstea and Radulescu (2005)).

Theorem 4.2.1. Let (4.7) hold and f € RV,11 with p > 0. Suppose there exists
k € X such that

b(x) = k*(d) + o(k*(d)) as d(z) — 0, (4.9)

then, for any a € (—00, A1), (4.6) admits a unique large solution u,. Moreover,

the asymptotic behavior is given by
ua(2) = 22+ 61p)/p°]/7 o(d) + o(p(d))  as d(z) — 0, (4.10)

where @ is defined by

fle()) — 1 fort >0 small. (4.11)

(1) (fot k(s) ds>27

Remark 4.2.1. This result generalizes Theorem 1 in Cirstea (2002), where the

case f(u) = uP"! has been treated.
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In the setting of Theorem 4.2.1, let r(¢) satisfy lims o (fot k(s) ds>2 r(t) =1
and f(u) be chosen such that lim, .. f(u)/f(u) =1and j(u) = f(u)/u is non-
decreasing for u > 0 large. Then, limy o p(t)/P(t) = 1, where ¢ is defined by
(4.11) and p(t) = 5 (r(t)) for £ > 0 small.

The behavior of ¢(t) for small ¢ > 0 will be described in §4.2.4. In particular,
if £ € X with ¢, # 0, then ¢(1/u) € RV5/(pe,). In contrast, if & € X with ¢, =0,

then ¢(1/u) € RV, for all ¢ € R (see Remark 4.2.8).
Remark 4.2.2. The asymptotic behavior of the unique large solution u, can also

be expressed as follows (cf. Theorem 1 in Cirstea and Radulescu (2002d))

uq(z) = &h(d) + o(h(d)) as d(z) — 0, (4.12)

1/p
where £ = (22%41;) and h is given by

00 ds /t
——== [ k(s)ds, fort >0 small 4.13
/h(t) \/2F(s) 0 ) (413

The next objective is to find the two-term blow-up rate of u, when (4.9) is
replaced by
b(x) = k*(d)(1 +cd’ + o(d?)) as d(z) — 0, (4.14)

where § > 0, ¢ € R are constants. To simplify the exposition, we assume that

f' € RV, (p>0), which is equivalent to f(u) being of the form

Flu) = Cur*lexp {/Bu @ dt} . Yu> B, (4.15)

for some constants B, C' > 0, where ¢ € C[B, c0) satisfies lim, o ¢(u) = 0. In
this case, f(u)/u is increasing on [B, co) provided that B is large enough.
We prove that the two-term asymptotic expansion of u, near 0§2 depends on

the chosen subclass for k£ € K and the additional hypotheses on f (by means of
¢ in (4.15)).
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Let —p—2<n<0and 7, > 0. We define

={f'eRV,(p>0): either¢€RV or —¢ € RV,},
Fpor={f€TFp: hm (lnu u) =" € R},

:K((n {]{IE:K(H : hm —lnt [( j ) —61] = LﬁGR},
_ ) fo (s)ds
JCO,C_{keJCO 1 3 ( 0 =L, eR

Further on in section 4.2, n, 7 and ¢ are understood to be in the above range.

The next result is a consequence of Theorem 1 in Cirstea and Radulescu
(2003a) and Proposition 4.2.11.

Theorem 4.2.2. Suppose (4.7), (4.14) with k € Ko, and one of the following

growth conditions at infinity:
(i) f(u) = CuP™ in a neighborhood of infinity (i.e., ¢ =0 in (4.15));
(i) f e F,, withn #0;

(ili) f € Fpo,n with m = w/(, where w = min{#, C}.

For any a € (—00, Ao 1), the two-term blow-up rate of u, is then

uqg(x) = Eh(d)(1 4+ xd® +o(d”)) as d(z) \, 0 (4.16)

where h is given by (4.13), & = [2/(2 + p)]V* and

L, c :
7Heaviside(9 —() — EHeaViSide(C —0) :=x1 if (1) or (i) holds,
p

* L, 1™ ‘
- > [2(,01C+ g)} (lerQ —i—lnf()) if f obeys (iii).

The situation corresponding to k € Koy is treated below (see Theorem 1.3
in Cirstea and Radulescu (2005)).

X:
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Theorem 4.2.3. Suppose (4.7), (4.14) with k € X1}, and one of the following

conditions:
(i) f e F,, with nLy # 0;
(ii) f € Fpo,r with [(*(0; —1)]* + LF # 0.
For any a € (—00, Ax.1), the two-term blow-up rate of u, is then
Ug(2) = Eh(d)[1+ X (—Ind) "+ o((=1Ind)™")] asd(x) \,0, (4.17)

where h is given by (4.13), & = [(2+ €1p) /(2 + p)]'/* and

= x2 if (i) holds,

X = 0* 0\ 7 v
X2 — — (%) {(p —E(Ql)(p&l:— %) +1In&y| if f obeys (ii).

(4.18)

Remark 4.2.3. Note that Theorems 4.2.2 and 4.2.3 distinguish from Theorem 1 in
Garcia-Melian et al. (2001), which treats the particular case f(u) = u? (p > 1),
Qo =0, k(t) = VCot? (Co,y > 0) and § = 1 in (4.14). The second term in the
asymptotic expansion of u, near 0f) involves, in Garcia-Melidn et al. (2001), both
the distance function d(z) and the mean curvature of JfQ.

Theorem 4.2.2 admits the case f(u) = u” assuming that k € K¢, while the
alternative (ii) of Theorem 4.2.3 includes the case k(t) = v/Cot? (when Ly = 0)
provided that f € JF,, with ¢ # 0. Relations (4.16) and (4.17) show how
dramatically the two-term asymptotic expansion of u, changes from the result
in Garcia-Melidn et al. (2001). Our approach is completely different from that
in Bandle and Essén (1994); Bandle and Marcus (1992a); Garcia-Melidan et al.
(2001); Lazer and McKenna (1994), as we essentially use Karamata’s theory.

We point out that the general asymptotic results stated in the above theorems
do not involve the difference or the quotient of u(x) and ¥ (d(x)), as established
in Bandle and Marcus (1992a), Bieberbach (1916), Lazer and McKenna (1994),
Rademacher (1943) for a = 0 and b = 1, where 1 is a large solution of

W(r) = f((r))  on(0,00).
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The rest of the section 4.2 is organized as follows. In §4.2.3 we prove some
auxiliary results which will be repeatedly invoked. In §4.2.4 we characterize the
class X as well as its subclasses Ko and Koy~ that appear in Theorems 4.2.2
and 4.2.3. The uniqueness of the large solution of (4.6) will be proved in §4.2.5.
We provide two proofs of Theorem 4.2.1: the first one follows the pattern in
Cirstea (2002) (where f(u) = u”*!) and Cirstea and Radulescu (2002d) (where
f' € RV,), while the second one is useful to our next purpose. The asymptotic
expansion of the large solution given by Theorems 4.2.2 and 4.2.3 will be analyzed
in §4.2.6.

4.2.3 Auxiliary Results

Based on regular variation theory, we first prove two lemmas that have been
only stated in Cirstea and Radulescu (2003a). The results of §4.2.3, with the
exception of Lemma 4.2.6 appearing in Cirstea and Radulescu (2003a), have

been incorporated in Cirstea and Radulescu (2005).

Remark 4.2.4. If f € RV,.; (p > 0) is continuous, then

F(u) P
flu) [TIF(s)]"2ds  2(p+2)

where F' stands for an antiderivative of f. Indeed, by Proposition 4.1.4, we have

E(u) = as u — 00, (4.19)

 Flu) WP
D) pre M [CIF(s) V2 ds — 2

(4.20)

Lemma 4.2.4 (Properties of h). If f € RV,41 (p > 0) is continuous and

k € X, then h defined by (4.13) is a C*-function satisfying the following:
. . h”(t) 2+ pgl
1 = h 0,
O I B renm) ~ @) et =0

R () 2+ ply

Ink@) plli—1)

. _ y _
(i) i = e 3 o ) 2
oo R ply _h(1) p*0
1 = — d 1 = :
(i) i th(t) 240 T R0 T 2021 phh)’
1 — = —_——
(iv) lim th(t) w0 nh(?) 2
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4.2 Pure Boundary Blow-up Problems

(v) 1{1(1) t'h(t) = oo, for all j > 0, provided that k € Ko. If, in addition, k € Ko

then lim = lim W) e
N0 —CECInh(t) N0 tSHR () 2(C+1)

Proof. By (4.13), the function h € C*(0,v), for some v > 0, and limp o h(t) = oco.
For any t € (0,v), we have h/(t) = —k(t)/2F (h(t)) and

(1) = K2(t) f(h(t)) {1 +25(h(t)) [(%) - 1] } . (4.21)

Using Remark 4.2.4 and f € RV,, we reach (i).
(ii). By (i) and (4.20), we get

h(OR'(t) . B'(t) At

)f

: _ (
R e S EorGe) 2Fee) - 2 o 4P
respectively
o b bosee) ~ (BEOds) e )
Wm0 v "B Rae) Rewe W) =T (43
(iii). Using (i) and Remark 4.2.4, we find
W) _ =22+p) . Jok(s)ds_ . —ply
MOt (1) 2 4 ply 1{% th(t) =(hl1)) = 2+ ply’
which, together with (4.22), implies that
i O ORR) { W (t) r _ . ra
N0 t2h (1) o\o [R(1)]2 | th'(t) 2(2+ pty)
(iv). If ¢; # 0, then by (iii), we have
po b)) th'(t)  —ph
RO (1) o 2Rt () 2
If /1 =0, then we derive
Kt K2 (t) Jo k() ds _ (1.24)

P\r% tk'(t) - 11{% K (t) (fot k(s) ds) tk(t)

This and (4.23) yield lims o 25—2) = 0, which concludes (iv).
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4.2 Pure Boundary Blow-up Problems

(v). If k € Ko, then using (iv), we obtain lim o ln[tjh( )] = oo, for all j > 0.
fO ds Ly

Suppose k € Ko ¢, for some ¢ > 0. Then, lims o tcﬂk() =& and
t
L, k(s)ds k? ! -1 1
i RS ds ROMKE kO -1y 1 (4.25)
C+1 8o k(L) (ft k(s) ds) N0 LR/ (¢) ¢ N0t In k(t)
0
By (4.22), (4.23) and (4.25), we deduce
(1) . h(t) K ()h(t)  k(t) —pLs
I - ~1 - -
Ao (IR N0 WO o k(OR(E) TR 2(C+ 1)
This completes the proof of the lemma. O

Let 7 > 0 be arbitrary and let f be as in Remark 4.2.4. For u > 0 sufficiently

large, we define

f(&ou)
So.f (u)

Remark 4.2.5. When f(u) = Cuf*?, we have Ty ,(u) = Ty, (u) = 0.

Ty, (u) = [ P —E(U)} (Inw)” and Ty, (u) = [

2(p+2) - fo} (Inw)™. (4.26)

Lemma 4.2.5. Let f € F,, (where —p —2 <1 <0). The following hold:

(i) If f € Fpo7, then

lim 7 ,(u) = TEDIE and lim Ts - (u) = 50" In &.
uU—00 P U—00

(i) If f € F,, withn # 0, then

lim 7y ,(u) = lim 75 ,(u) = 0.

U—00 U—0o0

Proof. Using the second limit in (4.20), we obtain

o [®[F(s)]"Y2 ds — \/F(u)
lim 73, (u) = 2 lim iy Ju (P T /1

U—00 ’ 2 u—00 u[F(u)] 1/2 (ln U)

By L’Hospital’s rule, we arrive at

Jny T = iy [£55 = ST o i )
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4.2 Pure Boundary Blow-up Problems

A simple calculation shows that, for u > 0 large,

(Inw)™ [p—l—l— uf’(u)} RIAO) [ 1 Flu)

Q1+ (u) = 0+ 2 f(u) flu) [p+2 a uf(u)

uf ()
@t

Since (4.15) holds with ¢ € RV,, or —¢ € RV,, we can assume B > 0 such that
¢» # 0 on [B,00). For any v > B, we have Q2 ,(u) = —¢(u)(Inw)” and
~ (Inu)™ [ f(s)p(s)ds
(u)=C
Q) =T Gt Dus o)

where C' € R is a constant. Since either fo € RV, pi1 or —fp € RV, i1, by
Proposition 4.1.4,

J twuy

1
) Qa7 (u) +

¢(u)(Inw)”,

i/ 000)
wse [ f(@)o(x) da
If (i) holds, then lim, .o Q2,(u) = —¢* and lim, .. Q3.,(u) = £*(p+2)~2. Thus,

=p+n+2

lim T, (u) = lim Qy,(u) = —0*/(p+2)*.

U—00

If (ii) holds, then by Proposition 4.1.3, lim, . (Inu)"¢(u) = 0. It follows that
lim Qs ,(u) = lim @Q3,(u) =0

which yields lim, . 77.-(u) = 0. Note that the proof is finished if & = 1, since
Ts -(u) = 0 for each u > 0.
Arguing by contradiction, let us suppose that & # 1, then, by (4.15),

Ty, (u) = €8 [exp{ o @ dt} - 1} (Inw), Yu> B/é.

u

But, lim, . ¢(us)/s = 0, uniformly with respect to s € [£, 1]. So

Sou o
lim OW) g — qim [ 2LW)

u—oco [, t u—oo Jq S

ds =10

which leads to

U—00 uU—00

lim o, (u) = & lim < o @ dt) (Inw)".
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If (i) occurs, then by Proposition 4.1.1, we have

© p(tu) dt _
t

lim o, (u) =& lim (Inw)"¢(u) = &0 In &.

e e L o)

If (ii) occurs, then by Proposition 4.1.3, we infer that

lim Ty (u) = =% lim [¢(&u) — ¢(u)] (Inu)™ = 0.

U—0o0 T U—0o0

The proof of Lemma 4.2.5 is now complete. ]

Lemma 4.2.6. Under the assumptions of Theorem 4.2.2, we have

2
I(t) =t™™ (1 — M) — px + cHeaviside (( — 0) ast\, 0. (4.27)
Soh" (1)
Proof. From (4.21), I(t) = %((g(t)) 2321 J;(t), for t > 0 small, where

= t !
9y(t) = 2:(h(t)) (fo k(s) dS) — pp——llj*Q Heaviside (0 — {) ast \, 0,

. T2,7'1 (h(t))
[t In A ()]

Tl,n (h(t))

0 = A h)

and J3(t) =

Case (i) or (ii) of Theorem 4.2.2. By Lemmas 4.2.4 and 4.2.5, we have
limp o Ja(t) = limp o J5(t) = 0. Thus, we arrive at

L, ~
11\{% I(t) = pT Heaviside (0 — ¢) =: px + ¢ Heaviside (¢ — 6).

Case (iil) of Theorem 4.2.2. Using again Lemmas 4.2.4 and 4.2.5, we find

pC L, }Tl { pC L, }TI
2¢+1)| 7 2¢+1)|

] 20*
1%%@“@+m4

. _ eppx
11:1{%33(75) ==& Ing

It follows that

. _ pL, . oL 17001
K%J(t)—?Heavmde(G—C)—K [2@_’_1)] (p+2+ln§0)

=: px + ¢ Heaviside (¢ — 0).

This concludes the proof. O
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4.2 Pure Boundary Blow-up Problems

Lemma 4.2.7. Under the assumptions of Theorem 4.2.3, we have

H(t) :== (—1nt)" (1 — ng;l(—fg;(t))) — px ast ™\, 0, (4.28)

where X is defined by (4.18).

Proof. Using (4.21), we write H(t) = kQ(Z)/,[(t) S0 Hi(t), for t > 0 small, where

(“,z; )-4’

Ho(t) == 2(1 — (m }lln;)) Ty .

(
Hi(t) :=2=2(h(t))(—Int)" [

Int

3y (t) = — (mh( )) T (h(1)).

By Remark 4.2.4, we find limy o 31 (t) = pLy/(p + 2).
Case (i) of Theorem 4.2.3. By Lemmas 4.2.4 and 4.2.5, it turns out that

\

: PLy _ -
11{%9'(2()—11{%9{3()—0 and hmf!-(() R =: pX.

Case (ii) of Theorem 4.2.3. By Lemmas 4.2.4 and 4.2.5, we get

—2(1 — fl)g* pfl 4 . o —5*(2 + p€1> p& i
11\1%3{ o(t) = TEDIE ( 5 ) and Ilfl\r%i]{g(t) =210 5 In &.

Thus, we arrive at

: pLy L (P 2(1—14) } <
lim H(t) = — 0| —= 1 = )
0 *) 2+ ply (2) [(p+2)(2+p£)+n€° PX

This finishes the proof. O

4.2.4 Characterization of X and its Subclasses

The results of §4.2.4 have been included in Cirstea and Radulescu (2005).

Definition 4.1.1 extends to reqular variation at the origin. We say that Z is reg-
ularly varying (on the right) at the origin with index ¢ (and write, Z € RV,(0+))
if Z(1/u) € RV_,. Moreover, by Z € NRV,(0+) we mean that Z(1/u) € NRV_,.
The meaning of NRV, is given by (4.2).
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4.2 Pure Boundary Blow-up Problems

Proposition 4.2.8. We have k € Koy if and only if k is non-decreasing near
the origin and k belongs to NRV,(0+) for some o > 0 (where a = 1/0; —1).

Proof. If k € X (g1}, then from the definition

t
k(s)d
lim —fo (s)ds t = lim

t—0+ k?(t t—0t

Otk;(s)ds /
(fkT) =4,

which implies that

_uLk(1/u) . =tk (t) -1

lim —%— "~ — lim = )

U—00 k(l/u) t—0t ]{J(t) 61
Thus k(1/u) belongs to NRV;_1/¢,. Conversely, if k belongs to NRV,(0+) with
« > 0, then k is a positive C''-function on some interval (0, ) and

tR (1)

= a. 4.2
A e (4.29)
By Proposition 4.1.4, we deduce
t 00
k(s)d “2k(1/x)d 1
fg 0 P& ds L RO e . (4.30)
-0t tk(t) u—oco  u lk(1/u) l1+a

Combining (4.29) and (4.30), we get lim,_q- ([ k(s) ds/k;(t))' —1/(1+a). If
in addition, k is non-decreasing near 0, then k € X with ¢; = 1/(1 + «). Note
that by (4.29), k is increasing near the origin if a > 0; however, when £k is slowly
varying at 0, then we cannot draw any conclusion about the monotonicity of k

near the origin (see Remark 4.1.3). O

Remark 4.2.6. By Propositions 4.2.8 and 4.1.2, we deduce k € Xy if and only
k is of the form

a g
k(t) = cot™ exp {/ Ely) dy} (0 <t <), for some 0 < a(=1/¢,—1) (4.31)
t Y
where ¢g, ¢; > 0 are constants, F € C[0,¢;) with £(0) = 0 and (only for ¢; = 1)
E@t) <a.

Proposition 4.2.9. We have k € Ko+ if and only if k is of the form (4.31)

where, 1n addition,

P\r%(— Int)"E(t) =4 € R with £y = (14 )’ L. (4.32)
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4.2 Pure Boundary Blow-up Problems

Proof. Suppose k satisfies (4.31) and (4.32). A simple calculation leads to

lim(— Int)” {1 Xl - t:;g)} = lim(—~In?)"B(t) = . (4.33)

By L’Hospital’s rule, we find

t
k(s)d _ /
lim(~In )" [ﬁl LIOL tk(é)) i i (h—1)+ ﬁlt/tfk/(é))/k(t)
(o) [14 5 - i (4.34)
. 1—0  th(t) 0,
= —lim(—Int)" _ _ _
1t<%( nt) [ ‘0 k(t) (v +1)2

We see that, for each ¢ > 0 small,

Jiks)yds\ k() I k(s) ds 16 th ()
(W) " W[EI_W]%{ o B

By (4.33)—(4.35), we infer that k € K1, with Ly = £;/(1 4+ ).
Conversely, if k € K(p1},7, then k is of the form (4.31). Moreover, we have

. i fot k(s)ds L (fot k(s) ds/k(t))l — 0 B
A (W%) DR SR coy mE e

Int

By (4.35) and (4.36), we deduce

Ly =—aly+ ] 1{1(1)(—11126) E(t).
Consequently, limp o(—Int)"E(t) = (1 + «)?L;. Hence, (4.32) holds. O

Proposition 4.2.10. We have k € Kq if and only if k is of the form

k(t) = do (exp{—/tm%})/ (0 <t<dy), (4.37)

where dy,d; > 0 are constants and 0 < W € C*(0,d;) satisfies

. RT I
11{% W(t) = ll\r_‘rétW (t) = 0. (4.38)
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Proof. If k € K, then we set

fot k(s)ds

Wit = th(t)

, fort e (0,dy). (4.39)

Hence, limy o W(t) = 0 and, for ¢ > 0 small,

o (Jyk()ds\" fyk(s)ds
tw(t)_< k(t) >_ th(t)

It follows that lim o tW'(t) = 0. By (4.39), we find

/td1 M/C\l;l(:g;) =In (/odl k(s) ds) —In </0tk(8) d8> , t€(0,d)

which proves (4.37). Conversely, if (4.37) holds, then lim, o ftdl I\j\l;gm) = 0o and

¢ d
'odo
k(s)ds =d — =tk(t)W(t), te (0,dy). 4.40
[ rerds = doexn{ - [7 b ko, te ). @ao
This, together with (4.38), shows that k£ € K. O

Proposition 4.2.11. We have k € Ko if and only if k is of the form (4.37)

where, in addition,

P{%H%W’(t) =L, with —{, =CL,/(1+). (4.41)

Proof. If k € Ko, then (4.37) and (4.40) are fulfilled. Therefore,

W)Y WO HtW) L fok(s)ds W)

* tl\O t< AN) t¢ (+1 t{% k(t)té+! t{% A

from which (4.41) follows. Conversely, if (4.37) and (4.41) are satisfied, then
limp o W(t)/t¢ = —£,/C. By (4.40), we infer that

1 (fik(s)ds\ 1 , —0,(C+ 1)
5 (W) = W)+ 1W(1) — =7 as N0

Thus, k € Ko with L, = —£,(C +1)/C. m
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Remark 4.2.7. If k € Ko or k € Koy, with (1 —¢,)* + L7 # 0, then

K@)
Y

=00, forevery 6 > 0. (4.42)

Indeed, if k& € Ko, then limpy g t’;g;) —

(4.42) from (4.29) when ¢; # 1, otherwise from (4.32) when Ly # 0 since

oo. Assuming that & € K}, we deduce

lim _F) lim —E(t)t™% = — Ly lim L = 00
N0 k(£)t0-1 £\ TR0 (—Int)

Remark 4.2.8. Under the assumptions of Theorem 4.2.1, we have

2 ~
(a) Suppose limp <fg k(s) ds) r(t) = 1 and let f(u) be chosen such that

lim, oo f(u)/f(u) = 1 and j(u) := f(u)/u is non-decreasing for u > 0
large. Then limp o §(t)/p(t) = 1, where §(t) := j(r(t)), for ¢ > 0 small,
and ¢(t) is defined by (4.11).

(b) If k € X with ¢, # 0, then p(1/u) € RVa)(p0,)-

(c¢) If k € Ko, then ¢(1/u) is I'-varying at v = oo with auxiliary function
pu? fol/u k(s)ds
2k(1/u)

—-1/p
(@ iy ;‘;g; _ (2(”; 2)) where h(t) s given by (4.13).

Indeed, we have (f(u)/u)” € RVij, and lim, .oo(f(uw)/u)"/j"(u) = 1 (use
Proposition 4.1.6). Then, by Proposition 4.1.1 we deduce (a). We see that (b) fol-

—2
lows by Proposition 4.1.6 since (fol/u k(s) ds> € RV, (cf. Proposition 4.2.8)
and f(u)/u € RV,. If k € K, then by Proposition 4.2.10 and (Resnick, 1987,

—2
p. 106), we get ( fol/ “k(s) ds> is [-varying at u = oo with auxiliary function
uW(1/u)/2. By (Resnick, 1987, p. 36), we conclude (c). Notice that

Y(u) = ( | bre) ds) Ceny,

2
and Y (h(t)) = (fot k(s) ds) for ¢ > 0 small. Using Remark 4.2.4, we find
lim, o f(u)/[uY (u)] = 2(p + 2)/p?. By Proposition 4.1.6, we get (d).
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4.2.5 Uniqueness of the Large Solution
4.2.5.1 Proof of Theorem 4.2.1: First Approach

Since f € RV,1, by Proposition 4.1.3 we obtain lim,_, f(u)/u? = oo, for each
q € (1,p+1). Thus, (3.6) is fulfilled. By Theorem 3.1.1, (4.6) possesses large
solutions if and only if a € (—00, Moo 1)-

Fix a < A 1. If we prove that (4.12) holds for an arbitrary large solution wu,
of (4.6), then we can deduce the uniqueness.

Indeed, if u; and wuy are two arbitrary large solutions of (4.6), then (4.12)
implies that limg)—o+ u1(x)/uz(x) = 1. Hence, for any ¢ € (0,1), there exists
d = d(e) > 0 such that

(1 —e)ug(z) <ui(x) < (1+e)ug(x), Vo e Q with 0 < d(x) <o. (4.43)
Choosing eventually a smaller § > 0, we can assume that Qy C Cs, where
Cs:={reQ: dz)>d}.
We see that u; is a positive solution of the boundary value problem
Au+ au = b(x)f(u) in Cy, u=mwu; on 0Cs. (4.44)

By (4.7) and (4.43), = = (1 — €)ug (resp., ¢T = (1 + €)ug) is a positive sub-
solution (resp., super-solution) of (4.44). By the sub and super-solutions method,
(4.44) has a positive solution ¢, satisfying ¢~ < ¢; < ¢* in Cs. Since b > 0 on
Cs5\ Qo, by Lemma 3.1.11, we know that (4.44) has a unique positive solution,
i.e., u; = ¢1 in Cy. This yields

(1 —e)ug(x) <up(x) < (1+¢e)ug(x) in Cy,
so that (4.43) holds in Q. Passing to the limit ¢ — 07, we conclude that u; = us.
Proof of (4.12). Fix ¢ € (0,1/2). Since (4.9) holds, we take § > 0 such that
(i) d(x) is a C*-function on the set {z € Q: d(z) < 25};
(ii) k is non-decreasing on (0, 20);

(iii) (1 —¢) < b(z)/k*(d(x)) < (1+¢), for each z € Q with 0 < d(z) < 26;
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(iv) A”(t) > 0, for each t € (0,20) (cf. Lemma 4.2.4).

1/
Let o € (0,9) be arbitrary. Set £+ = [%] * and define

(d(z) —o)¢T, Va e Q with o < d(x) < 26,
(d(z)+0)¢, Ve with d(z)+ o < 26.

——
(4 =~
Q| Q4
oG
([
> =

Using (i)-(iv), when o < d(z) < 2§ we obtain (since |Vd(z)| = 1)

h(d—o) h(d — o)

Ri(d =) O T gy !
B (d = 0)f(hd — 0)¢")

-1-o ),

AvE + avt — ba)f(uF) < £ o) (

Similarly, when d(z) + o < 26 we find

h'(d+ o) h(d+ o)
h'(d+ o) R'(d+ o)
k*(d+ o) f(h(d+ a)g))
W'(d+ o)&- '

Av, +av, —b(z)f(vy) > ER"(d+ o) ( Ad(z) +a

—(1+4¢)

Thus, by Lemma 4.2.4, we can diminish ¢ > 0 such that

Avt(z) + av)(z) — b(x) f(vf(2)) <0 Vo with o < d(z) < 26;
{ Av (x) +av, () — b(z)f(v, (x)) >0 Vz with d(x) + o < 20.

Let Q7 and €25 be smooth bounded domains such that Q CccC Q; CC Q, and
the first Dirichlet eigenvalue of (—A) in the domain Q; \ Q is greater than a. Let
p € O (Qy) satisfy 0 < p(x) < b(z) for z € Q\ Cs, p=00n Q; \ Q and p > 0

on Q5 \ Q. By Theorem 3.1.1, we can take w a positive large solution of
Aw + aw = p(z) f(w) in Q\ Cs.

Let u, be an arbitrary large solution of (4.6). Then v := u, + w satisfies
Av+av —b(z)f(v) <0 in Q\ Cs.

Since vjgn = 00 > U;\ag and vjpc; = 00 > U;‘acé, by Lemma 3.1.6 we get

g +w >wv,; onQ\Cs. (4.45)
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Similarly,
v +w>wu, onC,\Cs. (4.46)

Letting 0 — 0 in (4.45) and (4.46), we deduce
h(d(z))ET + 2w > u, +w > h(d(x))E™, Vo e Q\Cs.
Since w is uniformly bounded on 0f2, we have

- s Uq () - Uq ()
o I A = A <

Letting ¢ — 0% we obtain (4.12). By Remark 4.2.8 (d), we reach (4.10). This
concludes the proof of Theorem 4.2.1. O

4.2.5.2 Proof of Theorem 4.2.1: Second Approach

By Theorem 3.1.1, (4.6) admits large solutions if and only if a € (—o0, Asc1).
Cf. Remark 4.2.8 (d), to prove (4.10) it is enough to show (4.12).
Fix a < A1 and let u, denote an arbitrary large solution of (4.6).
Let € € (0,1/2) be arbitrary. We choose 6 > 0 such that

(i) d(z) is a C? function on the set {z € Q: d(x) < d};

(ii) k is non-decreasing on (0,9);
(iii) 1 —e < b(z)/k*(d(z)) < 1+¢, for each x € Q with 0 < d(z) < §;
(iv) A'(t) <0 and h"(t) > 0, for each t € (0,6) (cf. Lemma 4.2.4).

1/
Define ¢+ = [%—é”’} * and u®(z) = EEh(d(z)), for any x with d(x) € (0,9).

(172) (217)
The proof of (4.12) will be divided into three steps:

Step 4.2.1. There exists d; € (0,6) small such that

{Aqﬁ +aut — (1 —¢e)k*(d)f(u") <0, Vo with d(z) € (0,6;) (4.47)

Au~ +au” — (1+e)k*(d)f(u™) Va with d(z) € (0,4;).

v
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Indeed, for every x € Q with 0 < d(z) < §, we have
AuF + au® — (1 F e)k*(d) f (u™)

Lo h(d) W (d) k*(d) f(u™)
= £1(d) (1+ah,,(d)+AdW—(1¢5)W) (4.48)

=: &ER(d)BE(d).

By Lemma 4.2.4, we deduce limg o B*(d) = Fe/(1 F 2¢), which proves (4.47).
Step 4.2.2. There exists M+, 67 > 0 such that

ug(r) <ut(z)+ MT, VreQwith0<d<d'.

For x € Q with d(x) € (0, 0,), we define ¥, (u) = au—>b(x) f(u) for each u > 0.
By Lemma 4.2.4, we deduce

b)) fut(x) . k2(d) f(u*) W'(d) N
d(laggo u+—(x) o ,11\0 Eh(d)  h(d) = 0. (4.49)

From this and (4.7), we infer that there exists d2 € (0,6;) such that, for any x
with 0 < d(z) < d2, we have

u — W, (u) is decreasing on some interval (u,,00) with 0 < u, < u*(z).
Hence, for each M > 0, we have
U, (ut(z) + M) < U, (ut(x)), VoeQwith0<d(z)<d. (4.50)

Fix o € (0,05/4) and set N, :={x € Q: o < d(z) < d2/2}.
We define u(z) = ut(d — 0,s) + M™, where (d, s) are the local coordinates

of z € N,. We choose M™* > 0 large enough such that
u(62/2,8) = ut(62/2 — 0,8) + M > u,(62/2,5), Vo € (0,6,/4), Vs € 00.

By (ii), (iii), (4.47) and (4.50), we obtain

~Aui(z) > aut(d—0,8) — (1 —e)k*(d — o) f(ut (d — 0, 5))
aut(d —o,8) — b(z)f(ut(d— 0,s))
a(ut(d—o,8)+ M*) —b(x)f(ut(d—o,s)+ M)
= au)(x) —b(z) f(ur(z)) in N,.

v

v
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So, uniformly with respect to o, we have

Aul(z) + aul(z) < b(z)f(us(x)) in N,. (4.51)

g

Since u’(x) — oo as d N\, o, from Lemma 3.1.6, we get u, < u’ in N,, for
every o € (0,05/4). Letting o \, 0, we achieve the assertion of Step 4.2.2 (with
0t € (0,0,/2) arbitrarily chosen).

Step 4.2.3. There exists M, 6~ > 0 such that

Ug(x) >u () —M~, Ve=(ds)eQ with0<d<d . (4.52)

For every r € (0,4), define Q, ={z € Q: 0<d(z) <r}.
Fix o € (0,02/4). We define vi(x) = Au™(d + 0,5) for x = (d,s) € Qs, 2,
where A € (0,1) is chosen small enough such that

Vi(0a/4,8) = A" (82/4 + 0,5) < ue(da/4,s), Vo € (0,05/4), Vs € 9N (4.53)
Notice that lim supg o(v; —ua)(7) = —oo. By (ii), (iii), (4.47) and (4.7), we have

Avl(z) + avi(x)

MAu™ (d+o0,s) +au (d+0,s))
M1 +e)k*(d+o)f(u (d+ o,s))
(1+e)k*(d) f(Mu(d+0,5))

b(x) f(vs(x)), Va=(d,s) € Qs

AVARRAY,

v

By Lemma 3.3.2, we derive v, < u, in €)5,/4. Letting o\ 0, we get
M (x) < ug(w), Vo € Qs (4.54)

By Lemma 4.2.4, limg o k2(d) f(A2u")/u~ = co. Thus, there exists 6 € (0, 5,/4)
such that

E2(d) f(O\2u) fu” > N2al, Vo eQwith0<d<3é. (4.55)
Choose 4, € (0, N), sufficiently close to g, such that

h(8.)/R(3) < 1+ . (4.56)
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For each o € (0,0 — 6,), we define z,(z) = u=(d + 0,5) — (1 — Nu~ (5, s),

where x = (d, s) € Qs,. We prove that z, is positive in s, and
Azy +az, > b(x)f(2,) in Qs,. (4.57)

By (iv), u™ () decreases with d when d < &. This and (4.56) imply that

P as L0 o w0nS) s e (4.58)
u=(6,s)  u (d+o0,3)

Hence, for each x € (s,

(I = XNu (s, 9)
u=(d+ o, s)

By (4.47), (ii) and (iii), we see that (4.57) follows if

(L+e)k*(d+ o) [flu (d+0,5) — f(z(d,s)] = a(l —Nu"(0s,5). (4.60)

zo(x) =u" (d+0,s) <1 — ) > Nu (d+o0,8)>0.  (4.59)

for all (d,s) € Qs,. The Lagrange mean value theorem and (4.7) show that

flu™(d+0,5)) = f(2(d; ) = (1 = A)u”(dx, ) f (26 (2)) / 20 (7) (4.61)
which, combined with (4.55) and (4.59), proves (4.60).
Notice that lim supd\o(zg — uy)(z) = —oo. By (4.54), we have
2o(x) =u (0, +0,8) — (L = Nu" (04, 8) < A" (04, 8) < ug(z), V= (d,s) €.

By Lemma 3.3.2, z, < u, in §s,, for every o € (O,g— d,). Letting o N\, 0, we
conclude Step 4.2.3. Thus, by Steps 4.2.2 and 4.2.3, we have
.. Ua (T . Ug (T
€ <l ey < e e <€
Taking ¢ — 0, we obtain (4.12).
Let u; and uy be two large solutions of (4.6). By (4.12), limg(z)—o Z;—Eg = 1.
Let € > 0 be arbitrary and set (1 + €)u; = w;, i = 1,2. We obtain

— Aw; — aw; + b(x) f(w;) >0 in Q

I _ — i _ — .
i (=) (0) = i (s — ) (2) = —o0

Therefore, by Lemma 3.3.2, we infer that
up < (1+€uy inQ and wuy < (1+€)u; in Q.

Letting € — 0, we get u; = uo in 2. This ends the proof of Theorem 4.2.1. O]
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4.2.6 Asymptotic Expansion of the Large Solution
4.2.6.1 Proof of Theorem 4.2.2
For a < Ay fixed, let u, be the unique large solution of (4.6).

Fix ¢ € (0,1/2) and choose § > 0 such that (i), (ii), (iv) from §4.2.5.2 hold.
By (4.14) and Remark 4.2.7, we can diminish § > 0 such that

{ L+ (€= e)d’ < b(w)/k*(d) <1+ (C+e)d’, Vo € Q with d € (0,9), (4.62)

k*(t) [L+ (¢ —¢)t’] is increasing on (0,4).
Set x* = x & £[1 + Heaviside (¢ — 6)]/p and define
ut(x) = &h(d) (1 + xEd®),  with d € (0,9).

Thus, for small § > 0, u*(x) > 0 for each z € Q with d € (0, 9).

By the Lagrange mean value theorem, we obtain

fu®(2)) = f(&h(d)) + &xEdPh(d) f/(TE(d)),

where T*(d) = &h(d)(1 + AE(d)xEd®), for some A\E(d) € [0, 1].
As f € RV,1, using Proposition 4.1.1 we deduce

oy LOCD) e SOED) (4.63)

N0 f(&h(d)) a0 f(&h(d))
Step 4.2.4. There exists 0; € (0,0) so that

Vo € Q with d < 6,

Aut + aut — E*(d)[1 + (€ — &)d’] f(u™) 4.64
Ve € Q with d < ;. (4.64)

<0,

Au” +au” — E(d)[1 + (C+e)d’]f(u™) >0,
Indeed, for every = € 2 with d € (0,7), we have
AuF + au® — kK*(d) [1+ (¢ F e)d’] f(u*) = &d™h"(d)8*(d), (4.65)

where

ah(d)
d=h"(d)

_ Xz h(d)
8i(d) T d2h(d)
W'(d)
dl+gh//(d)

(w(w — 1) + ad® + wdAd) +

3
(AHNEAD + 2wy FdC + dFTAD) + Y 8F(d) + I(d).

J

_|_

Jj=1
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4.2 Pure Boundary Blow-up Problems

For brevity, J(d) is defined by (4.27) and

(Gt e (5 oy KD (Eh(d)
$E(d) = (—c £ e)d’ L
sy B ()
$3(d) = X (1_ o )

| 85(d) = (~eEe)cd y (d)h(f,?{dgT D),

By Lemma 4.2.4, we have

+ _ = .. .
EII{‘I(I)S L (d) = (—¢ £ e)Heaviside ({ — 0).

Using (4.63), we deduce

o P@BDS () THAL () K(d)f (§h(d)
TR MO FE@) &h(d)

=p+ 1

Consequently, we have limg o 85 (d) = —px* and limg o 83 (d) = 0.
Using Lemmas 4.2.4 and 4.2.6, we get

lim8*(d) = —e <0 and 1lim8 (d) =¢ > 0.
d\0 d\0

From this and (4.65), we conclude Step 4.2.4.
Step 4.2.5. There exists M+, 67 > 0 such that

Ug(z) <ut(z)+ MT, Vo € Qwith0<d<dr.

We only recover (4.51), the rest being similar to the proof of Step 4.2.2 in
Theorem 4.2.1. Indeed, by (4.64), (4.62) and (4.50), we obtain

—Auj(z) > aut(d—0,5) = [1+ (€= e)(d — 0)’|k*(d — o) f(uF(d — 0,5))
> aut(d —o0,5) — [1+ (¢ — &)d"|k*(d) f(u™(d — 0, 5))
>aut(d—o0,8) —blx)f(u"(d—o,s

)
a(ut(d—o,s) + M) —b(z)f(ut(d—o,s) + M)
=l (2) — @) (W (2)) i N,

v

Step 4.2.6. There exists M, 6~ > 0 such that

Ug(x) > u () — M~ Vee Qwith0O<d<d.
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We proceed in the same way as for proving (4.52). To recover (4.54) (with
A given by (4.53)), we show that Av} + av) > b(x)f(v%) in Qs,/4. Indeed, using
(4.62), (4.64) and (4.7), we find
Avi(z) + avi(z) = MAu™ (d+ 0, 8) + au™ (d + 0, 5))
> MNP (d+ o)1+ (E+e)(d+ o) flu (d+ a,5))
> E*(d)[1+ (¢ +e)d’]f (M (d + 0, 5))
Z b(w)f(v:;(w)), Vo = (d78) € Q52/4-
Since limg o k2(d) f(A\2u~(z))/u~(z) = oo, there is & € (0,d,/4) such that
)1+ @+ e)d’) f02u)/u” > Na|, VexeQwithO<d<d.  (4.66)
By Lemma 4.2.4, we infer that v~ (x) decreases with d when d € (0, §) (if neces-

sary, & > 0 is decreased). Choose 4, € (0,9) close enough to & such that
h(0)( + X2 07)
h(0)(1 + x=67)
Hence, we regain (4.58), (4.59) and (4.61).
By (4.62) and (4.64), we see that (4.57) follows if
K (d+ o)1+ (@ +e)(d+0)'] [flu(d+0,5) = f(z(d,s))]
> (1 o >\) (5*7 5)7 V(d, 5) S QJ*'

<1+ (4.67)

(4.68)

Using (4.61), together with (4.66) and (4.59), we arrive at (4.68). The remaining
argument of Step 4.2.3 applies here so that the claim of Step 4.2.6 is proved.

By Steps 4.2.5 and 4.2.6, we get

ug(x) ] o M+ _
X; 2 |:— + ébh—w:| d - fodw—h(d)’ Ve € Q with d e (O,(SJF)
N ug(z) ] o M~ . N
Xz < |:—1—|—§0h(d)}d +§0dw—h(d)’ Vo € ) with d€(0,5 )

Passing to the limit as d — 0 and using Lemma 4.2.4, we obtain

o Uq () ] e [ Uq() 1 _
- <liminf d” <limsup |—1+ d 7 <x_.
e =i { §oh(d) LT e =
Letting ¢ — 0, we conclude the proof of Theorem 4.2.2. O
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4.2 Pure Boundary Blow-up Problems

4.2.6.2 Proof of Theorem 4.2.3

Let u, denote the unique large solution of (4.6) corresponding to a < A 1.
Fix € € (0,1/2) and choose 6 > 0 small as in §4.2.6.1.
Set x* = X & ¢ and define

uF(z) = &h(d) [L+ xF(—Ind)™"]  for z € Q with d € (0,9).

We can assume u™(x) > 0 for every x € Q with d(z) € (0, ).

By the Lagrange mean value theorem, we obtain
h(d)
(—Ind)"
where UE(d) = &h(d) [1 + xEAE(d)(—Ind)~"], for some A (d) € [0, 1].
Since f(u)/u”™! is slowly varying, by Proposition 4.1.1 we find

+ +
COTE) ()
N0 f(&oh(d))  aNo f(&oh(d))
Step 4.2.7. There exists d; € (0,6) so that

flu*(x)) = f(&N(d)) + Eoxz F/(W*(d)),

= 1. (4.69)

Aut 4+ aut — K2 (d)[1 4 (€ — e)d?]f(ut) <0, V€ Q with d < 4§, 0
{ Au~ +au” — K2(d)[1+ (E+e)d?]f(u™) >0, Ve Q withd < 4. (4.70)
For every x €  with d € (0,4), we have
Aut + au® — k*(d) [1+ (EFe)d’] f(u™) =& (_hlll( 63) J=(d) (4.71)
where we denote
J=(d) = {(—E:I: e)d’(—Ind)" i (C?J;(,,f(odf;(d» +a ;,(dd)) (xZ + (-na)")
Xz h(d) T+1 W(d) . 27X
Zh'(d) nd (1 T a dAd) () (d(_md) A= )
~ k*(d)h(d) f'(¥ (d)) h(d)
+H(—cEe)xEd W) XZAd i) + H(d) + af(d)} .

Here 3 is defined by (4.28), while

_ P (@)h(d) /(0 (@)
gi) = (1- HOMDILD)),
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By Lemma 4.2.4 and (4.69), we infer that

i @R f (W) W) f(YE(d)) K (d) f(€oh(d))
N0 h(d) o f(U*(d)) Soh" (d)
This implies that

=p+ 1

o AE(TY — v e (S
lim 3y (d) = —pxz = —p(X £ ¢)-

By Lemmas 4.2.4 and 4.2.7, we get limg o0 d7(d) = —pe < 0 and limg o J~(d) =
pe > 0. Therefore, by (4.71) we conclude (4.70).

Step 4.2.8. There exists M ™, 6t > 0 such that
U (z) <ut(z)+ MT, Vo e Q with 0 <d < dt.

The claim follows in the same way as for Step 4.2.5 of Theorem 4.2.2.

Step 4.2.9. There exists M, 6~ > 0 such that
Ug(x) > u () — M~ Vee Qwith0<d<d.

The proof goes exactly as in Step 4.2.6, except that d, € (0,9) is chosen
sufficiently close to & such that
A()(1+xC (= 8) )
h(6)(1+xz (=né)~)
The reasoning for Step 4.2.6 applies now with (4.72) instead of (4.67).

1+ . (4.72)

By Steps 4.2.8 and 4.2.9, it follows that

X > [—1 + gc;f(xd))} (—Inad)" — ]\42(;—(31)007’ Vo € Q withd <6
0 0 4.73
- {—1+ua(x)}(—lnd)7+w Vo € Q with d < 6~ e
Xe = &h(d) &h(d) |

Using Lemma 4.2.4, we have
i (—Int) T Int (Inh(t)) _ ply i (Inwu) _0
N0 h(t) N0 \ In A(t) h(t) 2 u—oo U
Passing to the limit d N\, 0 in (4.73), we obtain

. Uq () L
J— — T > = —_—
hgl\%lf|: 1+§0h(d)] (—lnd)" >x_ =x—¢
, g () } ~
limsup |—1+ —Ind)" < xF =x+e.
N [ §oh(d) ( FEX =X
By sending ¢ to 0, the proof of Theorem 4.2.3 is finished. O
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4.3 Degenerate Mixed Boundary Value Prob-
lems

4.3.1 Introduction

Let @ € RY (N > 3) be a smooth bounded domain. As in §3.3, B denotes
either the Dirichlet boundary operator Du := u or the Neumann/Robin boundary
operator Ru = % + B(z)u, where v is the outward unit normal to 992 and 8 > 0
is in CM#(9Q) with p € (0,1).

We are here concerned with the uniqueness of the large solutions for the de-

generate boundary value problem (3.42) considered in §3.3, namely

{ Au+au = b(z)f(u) in Q\ Dy, (4.74)

Bu=0 on 0f).

Recall that non-negative C2(Q \ Dy)-solutions of (4.74) that satisfy
u(z) —» oo asx € Q\ Dy and d(z) := dist (z, Dg) — 0

are referred to as large solutions of (4.74).
For the reader’s convenience, we restate the assumptions on b made in §3.3.1.
Let b € C%#(Q) satisfy b >0, b2 01in Q. Set Qo := {x € Q: b(z) = 0}.
We assume that Qg = Dy U D, where Dy # () is a closed set such that Q\ Dy
is connected with smooth boundary, and D; CC Q\ Dy is a connected set.
Suppose that b > 0 on 002 if B = R and 0D, satisfies the exterior cone
condition (possibly, D; = 0). Let A 1(D1) be the first Dirichlet eigenvalue of
(—A) in H}(D). Set Ao1(D1) = oo if Dy = 0.

The purpose of this section is to show that the main results of §4.2 that apply
to (4.6) remain, in fact, valid for the problem (4.74).

We only illustrate this point by giving the result that corresponds to The-
orem 4.2.1. In §4.3.2 we assert that if f € RV, (p > 0) satisfies (4.7) and
(4.9) holds with d(x) := dist (z, Dy), then (4.74) has a unique large solution for
any a < Aeo1(D7) (see Theorem 4.3.1). The blow-up rate and variation speed of
the large solution are also provided. The proof of Theorem 4.3.1 is presented in

§4.3.3. Since the asymptotic behavior of the large solution near the boundary is
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found using a local argument, one can easily formulate Theorems 4.2.2 and 4.2.3
for (4.74) instead of (4.6).

4.3.2 Uniqueness of the Large Solution

The main result of section 4.3 is the following (see Theorem 1.3 in Cirstea and
Radulescu (2004) when f" € RV,).

Theorem 4.3.1. Let (4.7) hold and f € RV,+1 (p > 0). Assume that there exists
k € X such that

. b(x)
1 —1
a0 K2(d)

Then, for any a < Aoo1(D1), (4.74) has a unique large solution u,. Moreover,

where d(x) := dist (x, Dy). (4.75)

o Ug(T)
d(lé)fgo W = o, (4.76)

1/p
where & = <22+T£1p’)> and h is given by (4.13).

If t1 # 0, then h(1/u) € RVa)(pe), i-e., there exists L(u) € RVy, such that

d(lggrio ua(:v)[d(x)]il/(l/d(x)) =1, Va<Axi1(D1). (4.77)

If 64 =0, then h(1/u) is T-varying at u = oo with auxiliary function
(u) = pu? fol/u k(s)ds
T = ok (1 /)
If, in addition, u(fol/u k(s)ds)/k(1/u) € RV; (j < 0), then there exists T €
RV_5/, and R € RV_; such that

li W) T (B4 =1 Vg < A\ 1(Dy). 4.78
d(i)rio“(’”) (e ) =1, Va<Ao1(Dy) (4.78)

Remark 4.3.1. Note that k& € K, satisfies u(fol/u k(s)ds)/k(1/u) € RV, (j <0),
if and only if £ is of the form

k(t) :ﬂi%exp{—/tdl%}, (0<t<d),

where dy, d; are positive constants, while W is a positive C'-function on (0, d;)
such that (4.38) holds and W(1/u) € RV; (cf. Proposition 4.2.10). Moreover, if
W(1/u) € NRV; with j < 0, then (4.38) is automatically fulfilled.
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4.3.3 Proof of Theorem 4.3.1

By Theorem 3.3.1, (4.74) admits large solutions if and only if a < Ao 1(D1).
We now prove that (4.76) holds for any large solution of (4.74).
Fix € € (0,1/2). Let 6 > 0 be small such that

(i) dist (x,0Dy) is a C*-function on {x € Q\ Dy : dist (x,0Dy) < 20};
(ii) k is non-decreasing on (0, 24);
(iii) b(z)/k*(d(x)) € (1 —¢,1 +¢), for each x € Q with d(x) € (0,24);
(iv) R"(t) > 0, for each t € (0,20) (see Lemma 4.2.4).

1/p
Let o € (0,6) be arbitrary. Set £+ = [(1;756(12%))] and define

vi(x) =& h(d(z) — o), VY with d(z) € (0,20)
v, (x) =& h(d(x) +0), V with d(z)+ o < 20.
As in §4.2.5.1, we can diminish ¢ > 0 such that
Avt + avi —b(z)f(v]) <0, VreQ\ Dy with o <d(z) < 2§
Av, +av, —b(x)f(v,) >0, VYreQ\ Dywith d(z)+ o < 24.
Define Qs = {z € Q: d(r) < §}. Let w CC Dy be such that a is less than
the first Dirichlet eigenvalue of (—A) in the smooth domain D := int (Dy \ w).
Let p € C%#(Qs) satisfy 0 < p < bon Qs \ Dy, p=0on Dy \ w and p > 0 in
w. By Theorem 3.1.1, there exists a large solution of Aw + aw = p(x) f(w) in Qy.
Let u, be an arbitrary large solution of (4.74). Then v := u, + w satisfies

Av+av —b(x) f(v) < 0in Qs \ Dy. Lemma 3.3.3 yields u, +w > v, on Qs \ Dy.
Similarly, v} 4+ w > u, on Qs \ Q,. Letting ¢ — 0, we find

h(al)fJr +2w > u, +w > h(d)§™ on Qs \ Do.
It follows that

_ . . ua(m) . Ua(l')
& < liminf iy S mswP rayy €

Letting € — 0, we reach (4.76).
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Let u; and uy be two arbitrary large solutions of (4.74). For any € > 0, define
= (14 ¢)u;, i = 1,2. Using (4.76), we get

uy () — () . ug(z) —uy(z))

lim ——————~> =1 - _
o Ad@)  awso h(d() o
which implies that limge)\o[ui(x) — Ua(x)] = limge)yolua(r) — U (z)] = —o0.

Using (4.7), we find Au; < b(x)f(u;) — au; on Q\ Dgy. Since Bu; = Bu; = 0 on
09, by Lemma 3.3.3 we deduce u; < 13 on Q\ Dy and uy < u; on Q\ Dy. Letting
e — 0, we conclude the uniqueness of the large solution of (4.74).

By Remark 4.2.8, it only remains to prove (4.78) provided that k € K, satisfies
u(fy" k(s) ds)/k(1/u) € RV, <j <0).

Define Uy (u) =1/ [ 712 ds for u > 0 and Us(u —1/f1/u ) ds, for
u > 0 sufficiently large. We see that Uy : (0,00) — (0,00) is a C'-increasing and
bijective function. Thus, for each y > 0, Uy (y) = inf{s : Ui(s) > y} coincides
with the inverse function of U; at y. Hence, h(1/u) = Uy (Us(u)) for u > 0 large
enough. Clearly, lim, .o Ui(u) = lim, .o Us(u) = 0o and Uy (u) € RV, 5. Thus,
U™ € RVyy,, cf. Proposition 4.1.6.

Since W(1/u) = u(, e s)ds)/k(1/u) € RV, we obtain R(u) := InUs(u) €
RV_;. We let T'(u) = 1/[&)U1 (u)] for w > 0, which concludes (4.78). O
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Chapter 5

Further Uniqueness Results on
Logistic-type Equations

“Real success is finding your lifework in the work that you love.” (David
McCullough)

In Chapter 4 we established the uniqueness and asymptotics of the large solutions
for elliptic problems such as (3.1) with either complete boundary blow-up or
mixed boundary conditions; the analysis applies when the variation of f at infinity
is regular of index greater than 1 and the decay rate of b is expressed in terms of
a ratio whose limit near the boundary is finite.

The objective of Chapter 5 is to relax the vanishing condition imposed on b
near the boundary by allowing the above ratio to be bounded and bounded away
from zero. This question will be treated for nonlinearities of f(u) whose variation
at infinity is regular (as in Chapter 4, see §5.2) as well as rapid (see §5.3).

The feature of §5.2 is to prove the uniqueness of the large solution without
determining precisely its blow-up rate. The argument, which refines that of Chap-
ter 4, relies as a novelty on local blow-up estimates jointly with a modified version
of Safonov’s iteration technique. The uniqueness of the large solution when the
variation of f(u) becomes rapid, thus loosing its regular character, is examined
in §5.3. In contrast to §5.2, the asymptotic behavior of any large solution can be
described using a different approach based on de Haan theory that extends regu-
lar variation theory. The variation speed of the large solution is demonstrated to

slow down significantly when the variation of f(u) changes from regular to rapid.
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5.1 Introduction

5.1 Introduction

Let Q@ € RY (N > 2) be a smooth bounded domain and T, be a non-empty
open and closed subset of 9 (possibly, ', = 09). Set I'p := 09Q \ 'nc when
'y # 09). We denote by B either the Dirichlet boundary operator Du = u or
the Neumann/Robin boundary operator Ru = 2% + 3(z)u. Here v is the outward
unit normal to 9Q and 3 > 0 is in CH#*(99Q), 0 < pu < 1.

We are interested in the uniqueness and asymptotic behavior of the large

solutions to the equation
—Au=au—b(z)f(u) in Q, (5.1)

if I'n, = 012, and to the boundary value problem

{ — Au=au—b(x)f(u) in Q,

(5.2)
Bu =0 on I'p,

if ' # 09, where f € C[0,00) is locally Lipschitz, a € R is a parameter and
b € C%*(Q) is non-negative.

A C?*(Q)-solution of (5.1) and C?(Q U I'p)-solution of (5.2), respectively sat-
isfying u(z) > 0in Q and u(z) — oo as dist (x, ') — 0 is called a large solution
of (5.1) and (5.2), respectively.

Set Qop :={x € Q: b(zr) =0} and denote by € the interior of €.

We assume, throughout this chapter, that 0€), satisfies the exterior cone con-
dition (possibly, Qo = @), Qq is connected, Qy € Q and b > 0 on Q \ Q. If
' # 092, then we require b > 0 on I'g if B = R. Note that we allow b > 0 on
', as well as on I'g when B = D.

Let Moo be the first Dirichlet eigenvalue of (—A) in Qg (A1 = 00 if Qg = 0).

Assume that f satisfies

f > 0is locally Lipschitz continuous and f(u)/u is increasing on (0, 00). (5.3)

Then, necessarily f(0) = 0, and by the strong maximum principle, any non-
negative classical solution of (5.1) or (5.2) is positive in €2 unless it is identically

zero. Consequently, any large solution of (5.1) or (5.2) is positive.
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5.2 Case I: Regularly Varying Nonlinearities

By using an iteration technique due to Safonov, Du (2004) shows that for the
special case f(u) = u? (p > 1), (5.1) or (5.2) (when B = D) has a unique large

solution provided that, for some constant a > 0,
b(z)

b(x)
0 < liminf ———*— and limsup ——— < 0. 5.4
d(z,I'ee)—0 d(:L‘, FOO)O‘ d(2,Tog)—0 d(ZE, FOO)O‘ ( )
The main purpose of this chapter is two-fold: to establish the uniqueness and
blow-up rate of the large solution of (5.1) and (5.2) for a more general version of

(5.4) assuming that

(a) f varies regularly at infinity of index greater than 1 (in §5.2) (thus covered

by Karamata’s theory), in the spirit of Chapter 4;
(b) f varies rapidly (at infinity) with index oo (in §5.3), that is

oo, ifA>1

A
lim ff((;;) =1, ifa=1
0, if0<A<l.

To achieve these aims we need techniques beyond those of Chapter 4. The
approach we put forward will deepen the interplay between the blow-up topic
in PDEs and the extensions of regular variation theory in applied probability
(Resnick (1987)).

5.2 Case I: Regularly Varying Nonlinearities

5.2.1 Main Results

As in §4.2, K comprises all positive, non-decreasing C*-functions k defined on

(0,v), for some v > 0, which satisfy

 [Tk(s)ds ks ds\
jm Ty Tl and lm T ) =6

Our first result shows that the uniqueness assertion of Theorems 4.2.1 and

4.3.1 is valid when the assumptions on b are weakened. More precisely, we have
(see Theorem 1.1 in Cirstea and Du (2005)).
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5.2 Case I: Regularly Varying Nonlinearities

Theorem 5.2.1. Let (5.3) hold and f € RV, 1 with p > 0. Assume that for each

connected open and closed subset, say I'C_, of I'so there exists k € K such that

(oo

b(x) b(x)
0 <liminf ——"— and limsup ——+ < oo, whered(x) :=d(z,I'c), (5.5
B ) " e ) (=), 59

then (5.1) (resp., (5.2)) has a unique large solution for any a < A 1.
Remark 5.2.1. We note that this result improves Theorem 3.2 in Du (2004), where
fu)=u* b>00n Q\ T, Bu=uonI'sand k(t) =t*, a > 0.

Next we provide the blow-up rate of u, when (5.5) is replaced by (5.6) below
(cf. Theorem 1.2 in Cirstea and Du (2005)).

Theorem 5.2.2. Let (5.3) hold and f € RV,.1, for some p > 0. Suppose that
for each connected open and closed subset I'S, of I's there exists k € K and a

positive continuous function c(x) on s such that

im0
r—yel'sy k2(d( ))

Suppose that a € (—00, Aso1). Then the blow-up rate of the unique blow-up solu-

= c(y), wuniformly fory € IS, (where d(x) = d(z,TS)). (5.6)

tion u, of problem (5.1) (resp., (5.2)) is given by

1
. Uq () 2+ pli\» .
1 = [ Ie 5.7
xq;renrw T(d(2)) ( 2e) ., uniformly fory € 'S, (5.7)
where ¥ is uniquely determined by

00 dy t
= [ k(s)ds, Vte (0,7), forT >0 small enough. (5.8)

A(t) Vuf)  Jo

The behavior of ¥(t) for small ¢ > 0 will be described in §5.2.2. In particular,
if k£ has corresponding ¢; # 0, then ¥(1/u) is a function in RV3;(pe,).
2/(1-p)
Remark 5.2.2. If f(u) =uP (p > 1), then we get ¥(t) = (p 1 fo ) :
Remark 5.2.3. If we see ¢ € C(I'y) as extended by continuity to a positive

function on €2, then (5.6) and (5.7) are equivalent to, respectively,

IO
ek ) (59)
and /
; U,a(l’) o 24 ,051 e
st T(d(2)) [ela) P ( 5 ) - (5.10)
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5.2 Case I: Regularly Varying Nonlinearities

Remark 5.2.4. Theorem 5.2.2 improves Theorems 4.2.1 and 4.3.1, where the pos-

itive function ¢(y) in (5.6) and (5.7) is required to be a positive constant.

The blow-up rate is local in nature. We demonstrate this point by considering

the positive solutions to the problem

{ — Au = au —b(z)f(u) in QNB, (5.11)

U = 00 on 'y, NB,
where B denotes an open ball in RY such that 'y, N B # 0.

The following results (see Theorems 1.3 and 1.4 in Cirstea and Du (2005))

will also be used in the proof of Theorem 5.2.1.

Theorem 5.2.3. Let (5.3) hold and f € RV,.1 (p > 0). Suppose that x. € I'(xNB
and there exists k € K such that

lim sup bx) < ¢4,

—_ or some constant c, > 0. 5.12
T—Tx, TES) k‘2(d({l?, Fw)) f ( )

Then, any positive solution U of (5.11) satisfies

1
. Ulx) 24 pb)"
lim inf > 1
xﬂﬁﬂkgqqd@;rmg)—’( 2¢, ) ’ 19

where W is given by (5.8).

Theorem 5.2.4. Let (5.3) hold and f € RV,.1 (p > 0). Suppose that x. € I'(cNB
and there exists k € K such that

b
xl_lgil;lefﬂ Wﬂv)ﬂw)) >d,, for some constant d, > 0, (5.14)

then, any positive solution U of (5.11) satisfies

. Ulz) (2+p&>i
lim su < , 5.15
IS G ) (5.15)

with U given by (5.8).
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5.2 Case I: Regularly Varying Nonlinearities

Corollary 5.2.5. Let (5.3) hold and f € RV,1 (p > 0). Suppose that z, € I'ecNB
and there exists k € K such that

fim @)
x—)I*,xEQ kQ(d(LU, I‘C>O))

=c,, for some constant c, >0, (5.16)

then any positive solution of (5.11) satisfies

) u(x 2+ ply %
| _ 1
xﬂxlﬂeﬂ V(@ Tw)) ( 5. ) ; (5.17)

where U is given by (5.8).

Remark 5.2.5. The above local estimates improve the corresponding ones in Du
(2004) even for the special function classes considered there. In Du (2004) (moti-
vated by Lépez-Gémez (2003)) for the particular case f(u) = v’ and k(t) = ¢°,
it is proved that the limits in (5.13) and (5.15) hold under the extra restriction

r€Cpp={reQ: angle(r — ., —n,,) <7/2—-w}, Ywe (0,7/2), (5.18)
where n,, is the outward unit normal of 02 at x,.

The rest of §5.2 is organized as follows. In §5.2.2, we describe the behavior of
the function W(t) used in our main results. The proof of Theorem 5.2.2 is given in
§5.2.3. By invoking Theorem 5.2.2, we prove Theorems 5.2.3 and 5.2.4 in §5.2.4
and §5.2.5, respectively. In §5.2.6 we provide the proof of Theorem 5.2.1, where

Theorems 5.2.2-5.2.4 and a variant of Safonov’s iteration technique are employed.

5.2.2 A Preliminary Result

The following result (see Proposition 2.8 in Cirstea and Du (2005)) comprises the
properties of the function ¥ that plays an important role in our main results. We

deduce these properties by invoking regular variation theory (see §4.1).

Proposition 5.2.6 (Properties of V). Suppose that f € RV, (p > 0) is
continuous and k € K, then the function ¥ = Wy, given by (5.8), is well defined.
Moreover, ¥ € C'(0,7) satisfies lim; g+ U(t) = oo and
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5.2 Case I: Regularly Varying Nonlinearities

(i) W(1/u) belongs to RVay(peyy if €1 # 0; if {4 = 0, then ¥(1/u) is I'-varying at
u = oo with auziliary function x(u) = puW(1/u)/2, where

W(1/u) = W;
(i) lim ii g; Lif lin w% 1;
) i o =0
o 10 ([ s) -
(v) lim PR (V) 4 if 0, 0.

t—0t+ q’(t) N E%IOQ
If we assume further that f € NRV,,1, then ¥ is C* and
LZOR 10)

(Vi) tli%}r @//(t) - ti%i \I/T(t) = 0;
(vii) lim v — lim T(t)P(t) _ ply
t—0t k;2( )f(\p(t)) 0+ [\If’(t)]Z 5

Proof. Since f € RV,;1, we see that lim, .., 2'7"/y/2f(2) = 0, for any r €
(0, p/2). This shows that, for some D; > 0,

Ay < oo, V&> Dj. (5.19)

Vul)
Obviously, ¢ : (Dy,00) — (0,5(Dy)) is bljectlve and lim; o+ fo s)ds = 0.
Hence, we can define ¥(t) = ¢ ( fo , for t € (0,7) if 7 > 0 is chosen
small enough (¢! denotes the inverse of g). Notlce that lim, o+ ¥(t) = co. The
fact that ¥ is C! follows by direct differentiation (see below).

We define Uy (u) = 1/¢(u) for uw > Dy, with ¢ given by (5.19). Set U;(u) =
Ui(Dy), Yu < D;. Obviously, U; is increasing on (D;,00) and, for each y >
Uy(Dy), Ul‘_( ) :=1inf{s: ( ) > y} coincides with the inverse of U; at y.

Set Uy(u) =1/ fl/" ds for u > 1/7, where 7 > 0 is chosen small enough
such that UQ(l/T) > Ul(Dl). Hence, ¥U(1/u) = U; (Us(u)) for u > 1/7. Clearly,
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5.2 Case I: Regularly Varying Nonlinearities

limy oo Ur(u) = lim, .o Us(u) = oo. Moreover, since f € RV,.q, [uf(u)]~Y/?
belongs to RV_(11,/2). By Proposition 4.1.4, ¢(u) and ufuf(u)]~*/? are regularly
varying functions with the same index —p/2. Therefore U;(u) € RV, .

Suppose that ¢; # 0. By Proposition 4.2.8, k(1/u) belongs to RV{s, 1)/,
Thus, by Proposition 4.1.4, we deduce Uy € RV} . Using Proposition 4.1.6, we
find U~ € RV3), and Uy~ o Uy € RVay(pe,). Hence, U(1/u) is in RVa;(pey).-

Assume that ¢; = 0. Then, from Remark 4.2.8, Us(u) is I'-varying at u = oo
u? fol/u k(s) ds

k(1/u)
at infinity and U;~ € RVa,, it follows that W(1/u) is [-varying at « = oo with

auxiliary function puW(1/u)/2 (see (Resnick, 1987, p. 36)). This proves (i).
Suppose that g(u)/f(u) — 1 as u — oco. Then g € RV,;; and, for any given

with auxiliary function vW(1/u) = . Since U; (u) is monotone

small € > 0, we can find small ¢, > 0 such that

FIA+ e/ fly) > (L+ )72, gly) < (L+€)”2f(y), Yy > Uy(t), Yt € (0,0).

It follows that, for ¢ € (0, to),

pr(t) VY v, () Vy(1+ )2 f(y)
/ dy B /°° dz
) V(1 (T+e)y]  Jaraw,w V2f(2)

U(t) < (1+€)T,(t), Vt € (0,ty).

This implies that

Similarly, we can show that there exists t; > 0 such that
U,(t) < (L4 €)Uys(t), Vt € (0,t).

Therefore, lim, o+ W (t)/W,(t) = 1, which proves (ii).
By Proposition 4.1.4, we obtain

lim

H)o\/—f _5

which, together with (5.8), yields

ve) L 7 (5.20)

lim =
=0t \/F(U(D)) [y k(s)ds 2
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5.2 Case I: Regularly Varying Nonlinearities

Thus (iv) follows.
By differentiating (5.8), we find

U () = k()Y () F(U(t), Vte (0,7). (5.21)
Hence, by (5.20) and (5.21)

vy 0 P i JoK()ds

lim = —lim — Y ~~72  —

ot W) ot k(OO 2ee0r k(D)

= 0. (5.22)

This proves (iii).
If ¢; # 0, then by (iv), we have

LOEROIE) R0 (Jy by s) " sue)
—ot  W(t) 10+ ( [ k(s) ds)? W(t) p23’

which proves (v).
We now assume that f € NRV, ;. This implies that

W(t)f(v(t))

R 0 D
By differentiating (5.21), we deduce
v (1) = K0 VEOFEm) + D ) + S w s em)
0 K@) VYR 1 @) ()

By (5.20), we obtain

KO VYO KO (0 e =)
i B2(t) JF(U(E) 2600 k() </0 Hs)d > 2

Hence, in view of (5.21), we have

N (O, 0L 70 ply
=0+ k2() f(U (L) -0+ [W/(1)] 2’

and we conclude (vii).
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5.2 Case I: Regularly Varying Nonlinearities

Using (vii) and (5.22), we infer that

.Ut 2 40
1 - 1 — 0. 2
O R AT (5.23)

By (5.22) and (5.23), it follows that lim; .o+ W(¢)/W"(¢) = 0. This concludes (vi).

The proof of Proposition 5.2.6 is now complete. O]

Remark 5.2.6. Suppose that g and ¥, are as in (ii) of Proposition 5.2.6. Then,
U, (1/u) and Wy(1/u) belong to RVa(pe,) when ¢4 # 0. If ¢4 = 0, then from con-
clusion (ii) and the definition of I'-varying functions, both W (1/u) and W¥;(1/u)

2 rl/u
. . . . pu* o k(s) ds
are [-varying at « = oo with the same auxiliary function x(u) = 2k (1 /)
U

5.2.3 Proof of Theorem 5.2.2
5.2.3.1 A Comparison Principle

We start by recalling a comparison principle, which plays an important role in

the proof of Theorem 5.2.2, and will also be used in later sections.

Proposition 5.2.7. Let f be continuous on (0,00) such that f(u)/u is increasing
foru > 0. Let 0 # p € C(Q\ T's) be a non-negative function. Assume that
uy,uy € C?(Q\ ') are positive such that

limsup (ug — up)(z) <0

d(z,I'o0)—0

— Auy —auy +p(z) f(ur) > 0> —Aug — aug + p(z) f(ug) in L.

When Ty, # OS2, then we suppose, in addition, that
either Buy > Bug on g if B=D or Bu; > 0> Buy on I'g if B =R,
then we have u; > uy on Q\ 's.

Proof. When T', = 092, then Proposition 5.2.7 reduces to Lemma 3.3.2 (see also
Du and Guo (2003) for the version corresponding to the p-Laplacian). The proof
of Proposition 5.2.7 when I'y, # 02 follows exactly as in Lemma 3.3.3.

Note that this proposition also follows from Lemma 2.3 in Du and Li (2002),
since by the maximum principle, u; and uy being positive and satisfying the

differential inequalities imply that a < A 1. m
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5.2 Case I: Regularly Varying Nonlinearities

5.2.3.2 Preparation

From f € RV 41 (p > 0) we find lim, .o f(u)/u? = oo, for every ¢ € (1,p+1).
Hence f satisfies the Keller-Osserman condition (3.6).

By Theorem 3.1.1 if I',, = 02 or Theorem 3.3.1 if 'y, # 0f2, we conclude
that (5.1) (resp., (5.2)) possesses large solutions if and only if a < Ay 1.

We fix a < A 1. Let I'S, be an arbitrary connected open and closed subset of
['w. In what follows we denote d(z) = d(z,I'S,).

By the Dugunji extension theorem, we may assume that c¢(x) is a positive
continuous function on Q. Given any small ¢ € (0, mingc/4) we can find a

smooth function on Q, say ¢(x), such that
|e(x) — c(z)] < /2, Vx e (5.24)

In view of (5.6), there exists dyp = do(€), which is independent of y, so that

b(x)

£ £
— =< == = Q with |z — 0 re.. 2
c(y) 5 < R2(d(2)) <cly)+ 5 Vo € Q with |z —y| < dp,Vy € 'S, (5.25)

Since ¢ € C(Q) is uniformly continuous, there exists § € (0, 8,/2) such that

lc(y) — c(x)| < e/2, Vax,y e Q with |z —y| < 26. (5.26)
Therefore,
(x) —e < blz) < c(z) + Vo € Q with d(z) < 20 (5.27)
c(z) —¢ 2 (d(0) c(zr)+e, Vzx wi T : :

In what follows we will need properties (vi) and (vii) for ¥ in Proposition 5.2.6,
yet we only have f € RV,,;. To overcome this difficulty, we choose g € NRV, 4
such that g(u)/f(u) — 1 as u — oo; such g always exists (see Remark 4.1.2). We
then replace W by W, and still denote it by W. By Remark 5.2.6 and conclusion
(i) in Proposition 5.2.6, we know that this does not change the validity of the
conclusions in Theorem 5.2.2.

We now diminish § > 0 to ensure that
(i) d(z) is a C*-function on {x € Q: d(x) < 20};

(ii) k is non-decreasing on (0,20);
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5.2 Case I: Regularly Varying Nonlinearities

(iii) " is positive on (0, 20).
Set m = (1+ pl1/2)"/7. Let o € (0,0) be arbitrary. We define

{ v (&) = m¥(d(x) - o)

[6(z) — 2¢]7YP, Yz e Qwith 0 < d(z) < 26;
v, () 2e

(5.28)
|7V, Va € Q with d(z) + o < 20.

I
3

sy
=
=
+
2

[c(z) +
5.2.3.3 Upper and Lower Solutions Near the Boundary

We prove that by diminishing 6 > 0 if necessary, we have

{ — Avf —avt +0(x)f(v)) >0, VoeQwith o <d(z) < 26; (5.29)

—Av, —av, +b(z)f(v,) <0, Ve withd(z)+ o < 24.
A simple calculation yields

Vo (z) = m¥(d(z) F o)[d(z) F 2] Vd(z)

_ %\y(d(x) ¥ 0)[e(z) F 2¢] » V().

It follows that (using |Vd(z)| = 1)

AvE(z) = m¥"(d(x) F o)[c(z) F 25]_% + 0 (2)V' (d(z) F o), (5.30)

g

where we denote

(@) == = lel@) 2]+ 'Vd(x) - VE(x) + m[e(x) F 2€¢] » Ad()

m(p+ 1) W(d(x) F o)
7 () F o)

— ?Wr&(fﬂ) F 28]_;_ AE(I‘)

(@) F 2677 2| Ve()

Using Proposition 5.2.6 (iii), we can find a constant C; = C;(g) > 0 such that

{ ]ni(x)l <y, VreQ W%th d(z) € (o,26); (5.31)
In, (z)] < Cp, VreQwithd(z)+ o < 20.
By (5.27), we obtain

b(z) > (c(x) — e)k*(d(x)) > (c(x) — e)k*(d(z) — o) )

> M.(c¢(z) — 2¢)k*(d(z) — o), Va € Q with o < d(z) < 29,
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5.2 Case I: Regularly Varying Nonlinearities

and
b(x) < (c(x) +e)k*(d(x)) < (c(x) + e)k*(d(x) + o) (5.33)
< N.(&(x) + 20)k2(d(x) + o), Yz € Q with d(z) + o < 26, ’

where M, := min f(x)—_g
zcq \ C(x) — 2¢

M, >1and N, < 1.
Using (5.30), (5.32) and (5.33), we arrive at

Fld—o) @) — 2 f(0F) —m
P gy P~

L Qt(d— a)}\l/”(d —o)[elx) — 2¢] 5

for all x € Q with 0 < d(z) < 2§. Similarly, we have

—Av, —av, +b(z) f(v,) < {NS% [E(x) + 2e]7 T f(0) —m 55

+Q (d+0) P (d+ o) [Elw) + 2]

for all x € Q with d(x) + 0 < 2J. In (5.34) and (5.35) we used the notation

) and N, := max (M) By (5.24), we have
z€Q ( ) + 2¢

—AvS —av +b(z)f(v]) > {M8

g

. L VU@ T W(d(a)F o)
Q (d(x>:F0)_ 77(7( )\If”(d(x) )[ ( ):F2 ] qj”(d(l’):{:U)
By (5.31) and Proposition 5.2.6 (vi), we have
lim Q*(d(x) — o) =0 and lim Q@ (d(x)+o0)=0. (5.36)

d(z)\o d(xz)+o—0

Since f € RV,4q, we find Ly(z) := Zp(i)l is a slowly varying function.
We claim that

L) L)
AT W) —oy L M I TR ey B8

Using (5.24), together with ¢ € (0, ming ¢/4), we find

6o(e) 1= (maxc ) < (A(z)—2)F < Fi=&(), Vrel

Since lim; g+ W(t) = oo and, by Proposition 4.1.1, lim, % = 1, uniformly
with respect to £ € [£o(¢),&1(g)] C (0, 00), it follows that
+ — p
L L) Lym¥de) - o))~ 297
dz)\o Li(U(d(x) —0))  d=)\o Li(¥(d(z) —0))
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5.2 Case I: Regularly Varying Nonlinearities

A similar argument can be used for the remaining limit in (5.37).
Since

vy (@) = [v7 (@) Ly (v5 (2))

1

pt

=m T (e(x) F20) 0 [W(d() F o)) Ly (v (x)),

using (5.37) and Proposition 5.2.6 (vii), we arrive at

i FU@) —0)fo @)E) 2

e w(d(x) - o) o (5.38)
B +0)fog ) Ew) +2e

d(@)+o—0 v’ (d(z) + o) '

The inequalities in (5.29) now follow from (5.34)—(5.36) and (5.38).

5.2.3.4 Asymptotic Behavior of the Large Solution

Let ¢ > 0 be small such that a is less than the first eigenvalue of (—A) in the
domain E; :={zx e RN\ Q: d(z) < (}. Set Is = {z € Q: d(x) < }.

Define Q) = Eyoc U{x € Q: d(z) < 6}, where § > 0 is as in (5.29).

Let p € C%*(€2;) be such that 0 < p(z) < b(z) for z € Q with d(z) < 5, p=10
in - and p > 01in By \ E;.

Denote by w a large solution of —Au = au — p(z)f(u) in ;. The existence
of w is given by Theorem 3.1.1. Note that w is uniformly bounded on I' and
w = oo on Ols N €.

Let u, be an arbitrary large solution of (5.1) (resp., (5.2)). By (5.29) and

(5.3), we find
— Aug +w) — alug +w) + b(z) f(ue +w) >0 in Is
—Av, —av, +b(x)f(v,) <0 in I;
(Ua + w)lor, = 00 > v, o,

and B
— A(vf +w) —av} +w) +b(x)f(vf +w) >0 inl;\ 1,

— Aug — aug + () f(ug) =0 in I5\ I,

(Vg +W)lan7,) = 00 > Ualp\1,)-
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5.2 Case I: Regularly Varying Nonlinearities

By Proposition 5.2.7, we get
Ug +w > v, in I,
v+ w >, in I\ I,

Letting o — 0, we arrive at
{ua +w > mU(d(@)[E(x) + 2] 77, VYoeQwith0<dz)<d
m(d(z))[c(z) — 2] 77 +w > ua, V€ Q with 0 < d(z) < 4.
Since [¢(z) — c(x)| < e, we deduce
mW(d(z))[c(x) + 3]0 —w() < ug(x) < m¥(d(x))[c(x) — 3] "¢ +w(x)

for all z € 2 with 0 < d(x) < ¢. It follows that

1 ug() .
p <1 f <1 -
miely) + 38  < I G a) = AP S ()

Vot < mlely) 3]

uniformly for y € I'S.. Recall that ¢ € (0, ming c¢/4) is arbitrary. Hence, passing

to the limit ¢ — 0, we find

ngglJrenF . ﬁ?{?n = m[c(y)r% uniformly for y € I'¢_,

which proves (5.7).

5.2.3.5 Uniqueness of the Large Solution

Let u; and ug be two large solutions of (5.1) (resp., (5.2)). By the asymptotic be-

uy () _
uz(x)

from this and Proposition 5.2.7 using a standard argument.
Indeed, for 6 > 0 arbitrary, set (1 + 0)u; = w;, i = 1,2. We obtain

havior (5.7) we deduce limg(,r.)—o 1. The uniqueness conclusion follows

— Aw; —aw; + b(z) f(w;) >0 in Q
li — = 1 — = —00.
sehD ol @) =l (g —un)(z) = oo
If ' # 09, then Bw; = 0 on I'g. Therefore, by Proposition 5.2.7, we infer that
up < (14+0)up in Q2 and wuy < (1+60)u; in Q.

Passing to the limit § — 0, we get u; = us on 2. This completes the proof of
Theorem 5.2.2. ]
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5.2 Case I: Regularly Varying Nonlinearities

5.2.4 Proof of Theorem 5.2.3

Let ¢ > 0 be fixed. We denote by I';  the unique connected open and closed

subset of I'y, that contains z,. By (5.12) we can assume that
0 < b(z) < (cy+e)k*(d(x,T%)), Vo€ B, (z,)NQ
for some 7y > 0 small enough such that
By (z,) ={z eRY: |z —a,|<rs} CB and B, (z,)NoQCTI*. (5.39)

Let O; and Oy be two smooth domains such that O; CC Oy CC B, (z.) and
0,NQ = I, C T*_ with 2, belonging to the interior of I,, namely, O; is outside
but its boundary and 02 has a common part I, which contains z, in its interior.
Set D, = 05\ 0.

By Lemma 3.3.4 and Theorem 5.2.2, the boundary value problem

{ — Au = au — (e, +e)k*(d(x,001)) f(u) n D, (5.40)

u=0 on 004,

subject to u = n > 1 (resp., u = 00) on 00; has a unique positive solution wy,

(resp., W). Moreover, we have

1 W(CL‘) o 2+ pﬁl %
d(:v,gcro?)ﬂo U(d(z,001)) (2(0* T 5)> : (5.41)

Notice that d(z,00;) > d(z, %), for each x € D, N 2. Hence, for all n > 1,

- Aw, < aw, —b(z)f(w,) in D,NQ,
w, =0 on 00,

U|5ml“go = 00 > Wn|p,rs, -

Using Proposition 5.2.7, we infer that

Wy K Wppy < W in D, Vn>1,
(5.42)

w, <U in D, N, Vn > 1.

Here U denotes an arbitrary positive solution of (5.11). Standard regularity

arguments show that w., defined by we(x) = lim, .. w,(x), Vo € D,, is a
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5.2 Case I: Regularly Varying Nonlinearities

positive solution of (5.40) satisfying we, = 0o on 90;. It follows that w,, = W
in D,. By (5.42), we obtain U > W in D, N Q. Hence,

Ulx) W (z)

U(d(x,Tx,)) ~ U(d(z,Tx))’ vz € D.NA.

By our choice of Oy, d(x,00;) = d(z,I'%) if © € Q is sufficiently close to z,.

Hence, letting © — x, and using (5.41), we find

1
lim inf Ulz) > 2406 N7 )
LT—T s, TES) \If(d(x, Foo)) 2(0* + 6)

Since € > 0 is arbitrary, we conclude (5.13) by letting ¢ — 0. O

5.2.5 Proof of Theorem 5.2.4

Let € € (0,d,) be arbitrary and I'% be the same as in the proof of Theorem 5.2.3.
By (5.14), we can choose 19 > 0 small such that (5.39) holds and

b(x) > (d. — e)k*(d(x,T%)), VYo € Byy(z.) NAQ.

Let V be a smooth domain such that V' C QN B, (z,) and I, := 9V NT%
contalns z, in its interior.
Forn>1,set V, ={x €V : 1/n <d(zx,0V)}. Obviously, V = U,V,.

Let Z be the unique positive solution (see Theorem 5.2.2) of
—Au = au — (d, — e)k*(d(x,0V)) f(u) inV (5.43)

subject to u = oo on JV. Let Z, be the unique positive solution of the above

problem with V' replaced by V,,. By Theorem 5.2.2, we have

. Z(x) | 2+ph z
oA 0 Az, OV)) <2(d* - g)) | (5.44)

Clearly d(z,0V,) < d(z,0V,11) < d(z,I'%) for each z € V,,, and

{ —AZ, > aZ, —blx)f(Z,) inV,, Vn>1,

Znlov, = 00 > Ulay,, Vn > 1.
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5.2 Case I: Regularly Varying Nonlinearities

By Proposition 5.2.7, we deduce

Zn 2 ZnJrl in Vn7 Vn Z 17
(5.45)

Zn>U inV,, Vn > 1,

where U is an arbitrary positive solution of (5.11). For each x € V, there exists
an integer m(z) > 1 such that x € V,,, for each n > m(x). By virtue of (5.45),
Zoo(x) = lim, 00 Z,(z) is well defined. Standard regularity arguments imply
that Z., is a positive solution of (5.43) in V satisfying Z,, = oo on dV. Since

there is only one such solution we conclude that Z,, = Z in V. It follows that

U(z) < Z(x)

W, To) ~ Udary) eV

Since d(z,0V) = d(z, %) if x € V is close to z,, letting x — x, and using (5.44),

we obtain )
. U(.T) ( 2+ pgl ) 2
lim su < .
e a0 V(A2 Tee)) = \2(d. —2)
Passing to the limit € — 0, we arrive at (5.15). This finishes the proof. O

5.2.6 Proof of Theorem 5.2.1

Suppose by contradiction that (5.1) (resp., (5.2)) has two distinct large solutions
U, and Uy. We observe that there exist some constants 0 < 7, < 72 and 4 > 0

such that, for each connected open and closed subset I'S_ of ',
NV (d(x)) < Up(z),Us(z) < y¥(d(x)), Vre Qwithd(x) <y, (5.46)
where d(z) := d(x,T¢,). Indeed, by (5.5), there exist some constants 0 < 3; < (3

such that, for any z, € I'S_,

) b(x) .. b(x)
limsup ——+— <[, liminf ——— > ;.
m—w*,xé)Q k2( (l‘)) o 52 T, TEC k2< (l’)) 51

Applying Theorems 5.2.3 and 5.2.4, we see that U; (i = 1,2) satisfies

. Ui(z) <2+P€1)‘1’ o Ui(x) (2+P€1)‘1’
lim su < , liminf > .
eorr e W(d(r) ~ \ 20 roresce U(d(x)) ~ \ 26,

144



5.2 Case I: Regularly Varying Nonlinearities

Since I', is compact, we deduce (5.46). By §5.2.3.5 in the proof of Theorem 5.2.2,
we must have lim sup ,y_o(U2/U1)(z) > 1 or liminf gy —o(U2/Us)(z) < 1.
We can assume, without loss of generality, that limsupy,_(Uz2/U1)(x) > 1.

Hence, there exist a constant g > 0 and a sequence (z,),>1 C €2 such that
d(xz,) — 0 asn — oo and Us(z,) > (1 +¢c0)Ui(z,), Vn>1. (5.47)

A key step in our proof is the following result, which is the key to Safonov’s

iteration technique.

Proposition 5.2.8. There exist some constants 6, > 1 and d4 € (0,64/2) such
that for any T € Q satisfying

we can find y € Q0 with the property
T —y| <d(Z) and U(y) > 04(1+2)Us(y).

Suppose, for the moment, that the above result is proved. By (5.46), we have

Us(z) 7 :
< =, forany z € Q with d(z,I'S)) < d4. 5.49
< foray (.7%) < 64 (5.49

Since 64 > 1, we can choose a large integer m > 2 such that 0;(1 +g9) >

v2/71. By (5.47), we can select n > 1 such that 2"d(x,) < d4. By applying

Proposition 5.2.8 with = z,, and € = g, we obtain y = z; satisfying
|21 — x| < d(z,) and Us(z1) > 04(1 4 €0)Usr(21). (5.50)

We see that d(z1) < 2d(z,) < 2"d(z,) < dg. So, by (5.50) we can invoke again
Proposition 5.2.8 with 7 = z; and 1 + & = 64(1 + &¢). Thus, we get 2o € Q such
that

|20 — 21| < d(z1) and Us(z2) > 0% (1 + €0) Ui (22).

Clearly, d(z2) < 2d(z1) < 2%d(z,) < d4. We can reiterate this process until we
obtain z,, € () that fulfills

|2m — 2Zm—1| < d(zm-1) and Uz(zm) > 04 (1 + 0)Ui(2m)-
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5.2 Case I: Regularly Varying Nonlinearities

Hence, we found z,, € €2 such that
d(zm) <2Md(x,) < 0y and  (Uz/Ur)(2m) > v2/m-

This contradiction with (5.49) proves the assertion of Theorem 5.2.1.

Proof of Proposition 5.2.8. We define 04 as follows

+1
L o (Y ey i 20,
o _ ) T ieNpey, 3 (5:51)
L 00y if £, =0
32N’)/2 3 1 |

Recall that U is decreasing on (0,7) for 7 > 0 small and lim; o+ ¥(f) = oc.

Hence, U~ : (¥(7),00) — (0, 7) is decreasing, too. For ¢t > 0 near the origin, set

1 1
_o-(2) gt
M(t) = O (3t) U (t) (5.52)
Claim 5.2.1. There exists 7 > 0 small such that, for any t € (0, 7x), we have
_ 32N’)/2
ER U (1/0) f (22) () > Oy —1). 5.53
(U 1/0)1 (55) PGP 2 =222 0 = ) (5.53)

By (5.51), we have

J2h Oy —1) = ; p+1 fip?
peo () if £, =0

We now divide the proof of (5.53) into two cases:
Case 5.2.1. k € K with ¢; # 0.
By Proposition 5.2.6 (v), we have

4
: 2(—1 -1 2 _ %
Jim 2RS0T (1/1)) FL/0 (/)] = TS (5.54)
By Proposition 5.2.6 (i), W,(u) := ¥(1/u) belongs to RV5/(,,). By Proposi-
tion 4.1.6, we infer that W' € RV, 5. Since ¥ '(u) = 1/¥ ! (u), we deduce

lim Y (/BD) _ oty

Ty (5.55)
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By (5.52), (5.54) and (5.55), we arrive at

lim ¢t k201 (1/8)) f (%)[M(t)]2

t—0t 3t

<ﬂ>p+1 42(3,)51/2 — 1)

which proves (5.53).
Case 5.2.2. k € X with ¢/, = 0.
By Proposition 5.2.6 (i), W, (u) := ¥(1/u) is I'-varying at u = oo with aux-
iliary function x(u) = puW(1/u)/2. Applying Proposition 4.1.8, we find ¥,
is Tl-varying with auxiliary function x(¥;'(u)). Since ¥ '(u) = 1/¥~(u), by
Definition 4.1.3 we have
lim U (u) — U ()

M T W) log\, VA > 0. (5.56)

Hence by the definition of W and Proposition 5.2.6 (iv), we obtain
R (1/0) F(1/8) [WeEt /et /)
w-1(1/8) e 2
=t f(1/t
fa/0) [ JAOrE

Combining (5.56) and (5.57), we deduce

lim ¢ k201 (1/1)) f (71)[3\4@)]2 {\Eﬂrz(%)pﬂmgg)?

(5.57)
— — as t— 0",
p

e 3t 1/(3t))

Since W~1(1/t) < W~1(1/(3t)), we conclude the proof of (5.53).
From (5.46) and Proposition 4.1.1, it follows that

Ly (Us(x)) f(u)
— =1 here L = fi 0. 5.58
d(;go L (Uh(x) ., where Ls(u) oy foru> (5.58)
Using Proposition 5.2.6 (v), we have
lim () _ lim ) =0. (5.59)

=0t B2() f(nW(E) AT ot B2(8) fF(U())
In view of (5.58) and (5.59), we can choose 04 € (0, M(74)/2) small such that

( 2(@) —p/2 i
Lf<U1(x)> > (1+¢9)7"? Vo€ Qwith d(z) < 204 (5.60)
|aly v() < ’08061, Vt € (0,204). |

(1+¢e0) K2(t) f(m¥(t) = 4
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Let = € Q satisfy (5.48). Since d(Z) < 6 < M(74)/2, the equation

vt (1) + W (3115> = 2d(7)

has a unique solution r € (0, 74). We define

So:={z€Q: Us(x) > (1+&)Ui(x)} N Bx(2),

Ao (1) -0 ()]

For each x € B(¥), we have

vt <%> <d(z) <U! (%) <yt (%) + ! (3%) <264 <4, (5.61)

Using (5.60), we obtain

fUx(x))  UF'Ly(Un(2))

, Li(Us(2))
T+0/0@) G+ L@ - L) (5.62)
PEO

(1+€0)2 >1—|—7, Vo € .5).

where

Using (5.46) and (5.61), we infer that, for any x € B#(),

2 < U(d(2) < Ule) < p¥(d) < 2, =12 (5.63)

By (5.5), (5.60), (5.62) and (5.63) we find
A(Us — (1+8)U7)

= —a(Uy — (1 4+8)Uh) 4 b(x)[f(Uz) — (14 &) f(Un)]
> —|a|Us + (1 + &) B1k*(d(x)) f(Uy) {% - 1]

] 2 )
> —|a|y¥(d(x)) + (1 + )3k (d(x)) f (1Y (d(z))) 1 +2) () 1
= (1 +8)k*(d()) f(n¥(d(r))) {ﬁl [% 1}

_lalr V(d(x)) }
(1+8) k2(d(2))f(m¥(d(z)))

2 peo a2 V(d(z))
> (14 8)k* (P ( [ T 1 +e) kQ(d(x))f(%‘I’(d(I)))}

u+vmﬁﬁ< af (L), wees,
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For any x € Sy, we define

_ €03 _ -

we) = @N) 1+ R /) f (3) (7 = o - 7).
Obviously, we have
5 _ .
Aw = —(1+ 5)%61 E2(U(1/r) f(71/(3r)) in Sp.

Thus, we get
Applying the maximum principle for sub-harmonic functions, we have

Uy(z) — (1 +8)U1 (7)) + w(Z) < Igé}ox(UQ — (148U +w).

Note that maxgg,(Us — (1+)U; +w) cannot be achieved on 0.SyN By(z). Indeed,

we see that
Us(y) = (1+28)Ui(y), for each y € 9Sy N BF(T).
This yields that
Ua(y) — (1 +8)Ui(y) + w(y) = w(y) < w(T)
<Uy(z) — (14+&)Ui(7) + w()
for each y € Sy N By(Z). Therefore, we have
rggxox(Ug - (148U +w)

is reached at some point y € 9Sy N OBx(7). It follows that

Ua(y) — (1 +8)Uh(y) = Uz(y) — (1 + )1 (Y) + w(y)

B _ (5.64)
> Uy(Z) — (1 +)Uh(Z) + w(T) > w(Z).
Since r < T4, we use (5.61), (5.63) and (5.53) to obtain
w(g) _ %(1 + apEOﬁl o~ 1 (%) Ef)]
> L= U2 g, —pasamuam) o)

(
r
> (0 — 1)(1+)¥(d(y))
> (0 — 1)1 +B)UL(7).
By (5.64) and (5.65), we obtain Us(y) > 04(1+¢€)U;(y). Hence, y € 0S,NOB(T)
has all the properties stated in Proposition 5.2.8. This concludes the proof of
Proposition 5.2.8 and Theorem 5.2.1. ]
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5.3 Case II: Rapidly Varying Nonlinearities

5.3.1 Introduction and Main Results

Bieberbach (1916) initiated the topic of large solutions for Au = e* in a smooth
bounded domain Q C R% He showed that there is a unique positive solution
u € C%*(Q) such that u(z) — In(d(x)?) is bounded as d(x) = dist (x,9Q) — 0.
Problems of this type arise in Riemannian geometry; if a Riemannian metric of
the form |ds|?> = €*(®)|dz|? has constant Gaussian curvature —c?, then Au =
c?e*. Rademacher (1943) extended the result of Bieberbach on smooth bounded
domains in R?.

The goal of section 5.3 is to give the uniqueness and asymptotic behavior of
large solutions to (5.1) (resp., (5.2)) in the setting of §5.1 for a class of functions
f rapidly varying (at infinity) with index oo, that is
oo, ifA>1
I, ifAa=1
0, if0<A<l.

lim f(xu) =
% 7w

We establish a subtle connection between the blow-up rate of the solution and
the rapid variation of f by using de Haan theory (see §5.3.2).

Among functions rapidly varying with index co one can distinguish the proper
subclass of I'-varying functions (cf. Proposition 3.10.3 in Bingham et al. (1987)).

For ease of reference, we restate here Definition 4.1.2 of Chapter 4.

Definition 5.3.1. A non-decreasing function f is I'-varying at oo (written f € I)
if f is defined on some interval (D, oc0) with D > 0, lim, . f(u) = oo and there

exists ¢ : (D, 00) — (0,00) (called an auziliary function) such that

lim (y 4+ Ag(y))
y—oo  f(y)

The auxiliary function g is unique up to asymptotic equivalence.

=e*, YA eR.

For a non-decreasing function H defined on R, we denote by H~ the (left

continuous) inverse of H, that is
H™(y) =inf{s: H(s) > y}.

Our first main result is the following (see Theorem 1.2 in Cirstea (2004b)).
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5.3 Case II: Rapidly Varying Nonlinearities

Theorem 5.3.1. Let (5.3) hold and f € T' with auziliary function g. Assume
that for each connected open and closed subset I'S, of I, there exists k € K with
0y # 0 such that (5.5) is fulfilled.

Then, for any a < A1, (5.1) (resp., (5.2)) has a unique large solution u,,

which satisfies

Ua(2) — 1 asd(x):=dist (z,T¢) —

o(d(@) 1 d(x) :=dist (x,TS) — 0, (5.66)
where ¢ is given by

o(t) == (1/[tk(t)]?)  fort >0 small, (5.67)

and v is defined on some interval [, 00) C (0,00) by

Y(u) =sup{f(y)/g(y) : a <y <u}, Vu>a (5.68)

Corollary 5.3.2. If f(u) = e — 1 (¢ > 0) in Theorem 5.3.1, then the unique

large solution u, satisfies

lim o) _ =2
dz)—0 Ind(x) ety

Indeed, lim; o+ Ink(t)/Int = 1/¢; — 1 (cf. Proposition 4.2.8) and
o) =2

im ———
t—o+ Int + In k(t) c
We point out that Theorem 5.3.1 does not concern the quotient of u,(x) and

Y(d(x)), as established in Bandle and Marcus (1992a) (for a = 0 and b = 1),

where T is a chosen solution of the singular problem

{u”(r) = f(u(r)) on (0,7) for some 7 > 0,

u(r) — oo asr — 0.

In contrast, the function ¢ in (5.66) does not have enough regularity to use it
directly in constructing upper and lower solutions near I'S_ . The idea is to build
smoother versions of ¢ which are asymptotically equivalent to ¢ at the origin.
This will be achieved in Lemmas 5.3.11 and 5.3.12 via de Haan theory.

We note an extreme variation phenomenon given that the solution w, blows-up

at ['y in a slow fashion (cf. Remark 5.3.2), while f varies rapidly at infinity.
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The following results (see Cirstea (2004a)) reiterate the fact that the blow-up

rate is local in nature. We consider the positive solutions to the problem
— Au=au—b(z)f(u) in QNB,
(5.69)
U = 00 on ['\c NB,

where B denotes an open ball in RY such that I',c N B # 0.

Theorem 5.3.3. Let (5.3) hold and f € T with auziliary function g. Assume
that x, € U'oo NB and there exists k € K with 1 # 0 such that

. b(x)
limsup ———— < 00, 5.70
x—w*,xepﬁ kQ(d(ZE, FOO)) ( )
then, any positive solution U of (5.69) satisfies
liminf — 0@ 5 (5.71)

T, TEQ ¢(d($,roo)) =
where ¢ is given by (5.67).

Theorem 5.3.4. Let (5.3) hold and f € T with auxiliary function g. Suppose
that x, € I'oo NB and there exists k € K with {1 # 0 such that

- b(x)
| f — 72
A R ) (5:72)
then, any positive solution U of (5.69) satisfies
limsup — 28 <4 (5.73)

T—T s, TES) ¢(d<xyroo)) -
where ¢ is given by (5.67).

Combining Theorems 5.3.3 and 5.3.4, we obtain:

Corollary 5.3.5. Let (5.3) hold and f € I' with auziliary function g. Suppose
that x, € U'oo N B and there exists k € K with ¢, # 0 such that

o b(x) . b(x)
0 1 f —— d 1 —_— 5.74
< i ety ™ B gy < 6
then, any positive solution U of (5.69) satisfies
U
CONNNY (5.75)

x—)liililteﬂ m
with ¢ given by (5.67).
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Remark 5.3.1. The above local estimates differentiate from those of Theorems 5.2.3
and 5.2.4, where it is assumed that f € RV,.1 (p > 0) instead of f € I'.

The rest of section 5.3 is organized as follows. In §5.3.2 we gather some
results which are extensions of regular variation. Based on these, we construct
in §5.3.3 smoother versions of ¢ which are asymptotically equivalent to ¢ at the
origin. The proofs of Theorems 5.3.1, 5.3.3 and 5.3.4, respectively are presented
in §5.3.4-85.3.6, respectively.

5.3.2 Preliminaries: Extensions of Regular Variation

We recall some concepts and results due to de Haan (1970, 1974, 1976) which ap-
pear in the extreme value theory (see Resnick (1987) or Bingham et al. (1987)).
For convenience, we include here Definition 4.1.3 and Proposition 4.1.8 of Chap-
ter 4.

Definition 5.3.2 (p. 27 in Resnick (1987)). A non-negative, non-decreasing
function V' defined on (z,00) is Il-varying (written V' € II) if there exists a
function 6(u) > 0 (called an auziliary function) such that

lim V(A u) — V(u)
T 0w

=log A, for A > 0.

The auxiliary function 6 is unique up to asymptotic equivalence.

Proposition 5.3.6 (Proposition 0.9 in Resnick (1987)). The following state-

ments hold:

1. If U € T' with auziliary function x, then U~ € Il with auxiliary function
O(u) = xo U (u).

2. If Ve Il with auziliary function 0(u), then V= € T with auziliary function
X(u) =00V (u).

Proposition 5.3.7 (Proposition 0.12 in Resnick (1987)). If V € II with
auziliary function 6(u), then 6 € RVj.
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Proposition 5.3.8 (Proposition 0.15 in Resnick (1987)). We have V € II
if and only if

R(x) ::/ u 'V (du) :/ w2V (u) du — 27V (2)
is finite and —1 varying. In this case the auziliary function 0 satisfies

lim Ou)

=1
u—oo uR(u)

and we have the representation
Viz)— V(1) = / R(u) du — zR(z) + K(1).
1

Proposition 5.3.9 (de Haan (1970) or p. 35 in Resnick (1987)). IfV €1l
is a monotone function, then V€ RVy and V(u)/0(u) — oo, where 0(u) is the

auziliary function of V.

Definition 5.3.3 (p. 33 in Resnick (1987)). If V; € II with auxiliary function
O(u), we say V7 and V, are Il-equivalent (written V3 X Vo) if

o Vi) = Vaw)

= R.
S 0(u) cc

In this case V5 € Il with auxiliary function (u).

The next result shows that if V' € II, then we may construct smoother versions

which are II-equivalent to V.

Proposition 5.3.10 (Proposition 0.16 in Resnick (1987)). If V € II there

exists a continuous, strictly increasing Vi ~ V such that Vi(u) > V(u) and

lim Vi(u) = V(u) =1
MW
In fact, there exists a twice differentiable Va ~ V with Vo(u) > V(u) and

i "
1 Ry gm 2 ()

——— =1
uVy'(u) u=oo Vy(u)
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5.3 Case II: Rapidly Varying Nonlinearities

5.3.3 Auxiliary Results

We first build a C'-function which is asymptotically equivalent to ¢ at zero

(see Lemma 2.2 in Cirstea (2004b)). By fi(u) ~ fo(u) as u — oo we mean

Lemma 5.3.11. If f € I' with auxiliary function g, then there exists a twice dif-
ferentiable Vo & f= with Va(u) > f(u), Vi € RV_q, lim, o —uVy'(u)/Vy(u) =
1, and lim,_.o Vo(u)/f~ (u) = 1. Furthermore, if f is continuous and increasing

n (D,o0), then lim,_ f(Va(u))/u = C(Const.) > 0 and
(Vao (1/V3)7)(u) ~ ™ (u) as u — oo, (5.76)
where 1 is defined by (5.63).
If fel and k € K, set
X(t) = (1/V5) ™ (1/[tk(2)]"), for t > 0 small,

where V5 is from Lemma 5.3.11. Thus, under the assumptions of Theorem 5.3.1,
x(t) is a C'-function such that (Vo0 x)(t) ~ ¢(t) as t — OF.

Proof of Lemma 5.3.11. By Propositions 5.3.6 and 5.3.7, f~ € II with auxiliary
function g o f~ € RVy. Thus, by Proposition 5.3.10, there exists a twice differ-
entiable Va ~ f= with Va(u) > f~(u), V§ € RV_1, limy_.oo —uVy (u)/Vi(u) =

Since V5 € II is increasing, by Proposition 5.3.9 we have

Va(u)
lim —————
u=oe (g o f)(u)
Using Vs ~ £, we deduce lim, o Vo(u)/f~(u) =1
Assuming that f is continuous and increasing on (D, 00), then f (u) coincides
with f~'(u) (the inverse of f at u) for u > 0 large.
By V, & f~, we have

=oo and Vi€ RVj.

i Y300 =0
u=e (g o f7)(u)
By Definition 5.3.1, we get lim, .o f(V2(u))/u = e > 0. By (5.68), we infer that

(Yo f7)(u) =sup{z/(gof7)(2): fla) <z<u} (a>0 islarge)
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5.3 Case II: Rapidly Varying Nonlinearities

so that, by Theorem 4.1.7, we deduce
o fTeRVy and (Yo f7)(u)~u/(go f7)(u) asu— oo.

By the construction of V5 in (Resnick, 1987, p. 34) and Proposition 5.3.8, we
get limy, oo uVy(u)/(g o f)(u) = 1. Consequently,

(Yo f7)(u) ~1/Vy(u) as u— oo.
It follows that

(o fT) (w) = (fov™)(u) ~ (1/V3)" (u) asu — oc.
By Proposition 4.1.1 and Va(u) ~ f~!(u) as u — oo, we achieve (5.76). O

Recall that Z (u), defined for u > D, is a normalized regularly varying func-
tion of index ¢ (in short, Z €N RV,) if Zis a positive C'-function such that
limy, o0 uz’(u)/z\(u) = ¢. By Remark 4.1.2, for each Z € RV, there exists
7 e NRV, such that Z(u) ~ Z(u) as u — .

We now refine Lemma 5.3.11 by constructing a C2-function which is equivalent
to ¢ at the origin (see Lemma 2.3 in Cirstea (2004b)).

Lemma 5.3.12. Suppose f € I' is continuous and increasing on some inter-
val (D,00). If k € X with £, # 0, then there erists X € C?(0,7) satisfying
lim; o+ X(¢)/x(t) = 1 and the following:

o X R

RO _ 246

i = =0 and li

() fim =gy = A gy = 0 and i S 2
Sl pn e i BEO) RO

(i) fim Pi(8):= lim 7= =0

L . (x(4)) Cch
lim Ps(t) =1 = .
IR0 = I T evke) e )
Proof. By Lemma 5.3.11, 1/Vj(u) € NRV; so that (1/V3)~(u) € NRV;. Since
k € X with ¢; # 0, we have k(1/u) € NRVi_y,, (cf. Proposition 4.2.8). There-

fore, x(1/u) € NRVys,. By Karamata’s Theorem (Proposition 4.1.5), we get
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5.3 Case II: Rapidly Varying Nonlinearities

LIx(1/u)] € RV_149,. Hence, —x'(1/u) € RViis,. By Remark 4.1.2, there
exists ¥ € C*(0,7) such that

—X'(1/u) € NRVijay, and X' (1/u) ~ x'(1/u) as u — oo.

It follows that

-~/ o) =1 2
X(t)zlzlimw and limw:—(l—f— )

ot /() =0+ x (1) ot /(1) 0
Consequently, X(1/u) € NRVy, (that is, lim,_o+ tX'(t)/x(t) = —2/¢1). Thus,

(i) follows. Moreover, we have

log X () . log(=X'(2)) 2
= —2// d lim ———>=—(1+—].
e logt /b an o0t logt + 0

Since lim, o log V3 (u)/logu = —1 and lim, . log Va(u)/logu = 0, we find
lim; o+ log P, (t) = —oo. Thus, (ii) is derived.
Using V;, € NRV_; and lim; o+ X(¢)/x(t) = 1, by Proposition 4.1.1, we get

R (1) / V3 (X(1) ~ R (8)/ V3 (x(t) =1 ast — 0.

From this and Lemma 5.3.11, we infer that

: o X)) (feWa)(R(H)  Cf
A Pt = oy X" (1) X(t) 2024 4,)

This concludes the proof. O

Remark 5.3.2. If f € I' is continuous and increasing on (D, 00) and k € K with
¢y # 0, then by Lemmas 5.3.11 and 5.3.12, we have lim; o+ (Vo 0 X)(¢)/o(t) = 1,
where ¢ is given by (5.67) and (V5 o \)(1/u) belongs to RVj.

5.3.4 Proof of Theorem 5.3.1

By Lemma 5.3.11, f(Va(u)) ~ Cu as u — oo and (Va(u))? € RV, for any ¢q € R.
Thus, lim, . f(u)/u? = oo so that the Keller-Osserman condition (3.6) holds.
Hence, (5.1) (resp., (5.2)) possesses large solutions if and only if a < A1 (see
Theorem 3.1.1 if T'y, = 0 resp., Theorem 3.3.1 if 'y, # 09Q).
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5.3 Case II: Rapidly Varying Nonlinearities

Fix a < Ax1. Let I'S, be an arbitrary connected open and closed subset of
[w. Set d(z) = dist(x,T'%,).

By (5.5), there exist some positive constants v_,~, and ¢ such that
- < b(x)/k*(d(x)) < 74, forall x € Q with d(z) < 20.

Choose - € (0,7-/2) and By € (274,00). We diminish 6 > 0 such that:

(i) d(z) is a C*-function on {z € Q: d(z) < 20};

(ii) k is non-decreasing on (0,26);

(iii) X" (t) > 0 on (0,26), where Y is provided by Lemma 5.3.12.
Let o € (0,0) be arbitrary. With V5 given by Lemma 5.3.11, we define

uE(z) = Va(m(By) ' R(d(z) F 0)) > 0, (5.77)

for each z € Q with ¢/2 < d(x) F 0/2 < 26 — ¢/2, where m := (C¥¢;/2)~" and
C > 0 is from Lemma 5.3.11. For brevity, we put

T (@) == m(Bz) R (d@) F o),

We prove that, by diminishing § > 0, u} and u, become upper and lower

solutions near the boundary:

+[—Auf — auF + b(x) f(ul)] >0, (5.78)

for each x € Q with 0/2 < d(z) F 0/2 < 2§ — /2. One can see that

Aug =m(Bz)7'X"(d(x) F 0)V5(JF)

JVIIS) R % (5.79)

Denote S*(d F o) the last factor in the right-hand side of (5.79). It follows that

x |1+

H[-Aug — aug +b(x) f(ug)] = £m(Be) "X (dF o) V5 (J5)KF(d F o),

where we put

+ 5P+ (dFo) fluy) _a B Vo(J*(x))

BF0) =2 ST o) iE@) ~ m (T 0) BIE)
—S*dFo)=T(dFo)+To(dFo)— SEHdFo).
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5.3 Case II: Rapidly Varying Nonlinearities

By Lemmas 5.3.11 and 5.3.12, we deduce limge,—07o(d F o) = 0 and

7F 2 - + 2!
| d = )
Ao MUF) =5 Ghgy wne® T =0y

Hence,

. + TE b
= (E -1 .
A, K dF o) (ﬁ; ) 2+ 4

This proves (5.78).
Proof of (5.66). Let ¢ > 0 be small such that a is less than the first Dirichlet

eigenvalue of (—A) in the domain E; == {z € RN\ Q: d(z) < (}.
For § > 0 as in (5.78), set
Li={zeQ: d(z)<d} and Q= Ey U{ze€Q: d(z) < d}.
Let p € C%*(Q;) be such that 0 < p(z) < b(x) for x € Q with d(z) < 6, p=0in
EC and p > 0 in EQC \EC Denote by w a large solution of
—Au=au—p(z)f(u) in Q.

Note that w is uniformly bounded on I'{, and w = oo on 915 N 2.
Let u, be an arbitrary large solution of (5.1) (resp., (5.2)). By (5.78) and
(5.3), we find

— Aug +w) — a(ug +w) + b(z) f(ue +w) >0 in Iy,
= Aug +w) = alug +w) +b(@)f(uy +w) =0 inI;\ I,
(uq +w)lor, = 00 > uglor, and (uf +w)|pn7,) = 00 > Ualgr\7,)-
By Lemma 5.2.7, we get
Ug +w >u, inly and wl +w>wu, in I\ I,.

Letting 0 — 0, we arrive at

Va(m(8:) X (d(@))) — w(z) < ug < Va(m(B-)'R(d(2))) + w(@),
for each x € Q with 0 < d(z) < §. Since V, € RVp, by Proposition 4.1.1 we derive

1< hm inf —a (z) < lim sup Ua(2) <1.

2)—0 Va(X(d())) = aw—o Va(X(d(z))) —

By Remark 5.3.2, we conclude (5.66). The uniqueness of the large solution follows

now in a standard way (see §5.2.3.5). O
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5.3 Case II: Rapidly Varying Nonlinearities

5.3.5 Proof of Theorem 5.3.3

Denote by I'Z the unique connected open and closed subset of I',, that contains
Ty
Since (5.70) holds, we can take ¢, € R such that

c, > limsu L
e K2 (d(r, To))

Hence, we can assume that
0<b(z) <ec k*(d(x,T%)), V€ B,(r,)NQ,
for some ¢y > 0 small enough such that
B(z.) ={r e R : |z —z,] <o} CB and B, (2.)NoQCT:. (5.80)

Let O; and Oy be two smooth domains such that O, CC Oy CC B,,(z.) and
O,N0 =1 cC I with z, belonging to the interior of I,. In other words, O,
is outside (), but there is a part common to 00; and 052, denoted by I,, which
contains z, in its interior.

Set D, = O, \ O;. By Lemma 3.3.4, the boundary value problem

{ — Au = au — ¢, k*(d(x,004)) f(u) in D, (5.81)

u=20 ona(f)g

subject to u =n > 1 on 004 has a unique positive solution w,,.
By Theorem 5.3.1, (5.81) subject to u = co on 90; has a unique positive, say

W, which satisfies
. W(z)
lim @————————
d(z,001)—0 (b(d(xa aol))

Notice that d(z,00;) > d(z, %), for each x € D, N 2. Hence, for all n > 1,

=1. (5.82)

- Aw, < aw, —b(z)f(w,) in D,NQ,
Wy = 0 on 802,

U|5mrgo = 00 > Wn|p,Arx

where U denotes an arbitrary positive solution of (5.69).
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5.3 Case II: Rapidly Varying Nonlinearities

By Proposition 5.2.7, we infer that

Wy < Wpyy < W in D,, Vn>1,
(5.83)

w, <U in D, N, Vn > 1.

Standard regularity arguments show that w., defined by

Woo(x) := lim wy,(z), Vz € D,

n—oo

is a positive solution of (5.81) satisfying ws, = 0o on 9d0;. Hence,
Weo =W in D,.

By (5.83), we obtain U > W in D, N <. It follows that

U(x) S W (x)
¢(d(z,1%,)) — od(z, %))

By our choice of Oy, d(z,00,) = d(z,I'%) if x € Q is sufficiently close to ..

Vz € D, NQ. (5.84)

Hence, letting © — x, in (5.84) and using (5.82), we find

Uz
liminf — >
o re o(d(z, To)) =

which concludes the proof. O

5.3.6 Proof of Theorem 5.3.4

Let T'Z, be the same as in the proof of Theorem 5.3.3. Since we assume (5.72),

we can take

o b(z)
0<d, < liminf ——)
S e e R2(d(z, Too)

and find 7o > 0 small such that (5.80) holds and
b(x) > d, k*(d(x,T%)), Vz € B,y(r.) NQ.
Let Q, be a smooth domain such that

Q. C QN B, (x,) and I, := 9Q, NT* contains x, in its interior. (5.85)

Forn >1,set Q,, = {x € Q. : 1/n <d(z,0Q,)}. Obviously, 2, = U2

n=1
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5.3 Case II: Rapidly Varying Nonlinearities

By Theorem 5.3.1, there is a unique large solution Z, of the equation
—Au = au — d,k*(d(z,09Q,)) f(v) in Q,. (5.86)

Let Z,, be the unique large solution of (5.86) with €, replaced by 2, ,.
Applying Theorem 5.3.1, we get

. Z.(x) B
o o)) " (5.87)

Clearly d(x, 00, ,,) < d(x, 0y pni1) < d(x, %) for each z € Q. ,,, and
—AZ,>aZ, —blx)f(Z,) inQ,, Vn>1,
Zn|89*,n =00 > U|(‘QQ*Yn, Vn > 1.

By Proposition 5.2.7, we deduce

Zp > Zpt1 inQ,, Vn>1,
(5.88)

Zn > U in ., Vn > 1,
where U is an arbitrary positive solution of (5.69). For each z € €., there
exists an integer m(xz) > 1 such that = € Q.,, for each n > m(x). By (5.88),
Zoo(x) = limy,—,00 Zy(z) is well defined. Standard regularity arguments imply
that Z., is a positive solution of (5.86) in €, satisfying Z,, = oo on 0f2,. Since

there is only one such solution, we conclude that
Zoo = Zy in Q. (5.89)

By (5.88) and (5.89), it follows that

U(z) < Z.(x)
o(d(z,I%)) — old(x, I's))
By (5.85), we have d(x, 0%,)

=d
r — x, in (5.90) and using (5.87), we obtain

Vo e Q.. (5.90)

(x,T%,) if x € Q, is close to x,. Thus, letting

lim sup L <1
T—Tx, TEQ ¢(d($7rm)) -

This finishes the proof. O
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