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1 Introduction

In 1906, J. L. W. V. Jensen [13] has proved the following remarkable inequality

¥ (Z?:l PiXi ) _ Yizipif (i)

Yicir )T Xioipi
for a convex function f : I C R — R inthe interval /, elements x; € I and nonnegative numbers p;,i € {1, ...,n}
with Z?:l pi > 0. This inequality is important in various fields of mathematics due to the fact that one can obtain
from it other important inequalities such as the triangle inequality, Holder’s inequality, Ky Fan’s inequality, to name

ey

only a few.

Let (2, A, 1) be a measurable space consisting of a set 2, a 0 — algebra A of subsets of 2 and a countably
additive and positive measure i on A with values in R U {oo}. Assume, for simplicity, that fQ du = 1. Consider
the Lebesgue space

L(Q2,n):={f:2—R, fisu-measurable and / | f (@) du(t) < oo}
Q

For simplicity of notation we write everywhere in the sequel [, wdu instead of [, w (t) dp (7).
In order to provide a reverse of the celebrated Jensen’s integral inequality for convex functions, the author
obtained in [4] and [7] the following result:

Theorem 1.1. Let @ : [m, M] C R — R be a differentiable convex function on (m, M) and f : Q — [m, M] so
that®o f, f,® o f, (&' o f) f € L (R, i) . Then we have the inequality:

0= [0 sau-o| [ sau| = [(@ 1) sin- [ sau [ ran @
Q Q «Q Q
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< 1[0 ()~ & )] (M —m).

Remark 1.2. We notice that the inequality between the first and the second term in (2) in the discrete case was
proved in 1994 by Dragomir & lonescu, see [9].

For other recent reverses of Jensen inequality and applications to divergence measures see [6], [7] and [8].

Motivated by the above results we establish in this paper some Jensen’s type inequalities for functions defined
by power series with nonnegative coefficients. Applications for functions of selfadjoint operators on complex Hilbert
spaces are provided as well.

2 Results

The most important power series with nonnegative coefficients are:

o0

1 1 s
exP(Z)—Z—,Z”, ,1_Z=Zz”,zeD(O,l), 3)

=0
1 1 1
_ N 2n
1nl_z_ §=1; ,zeD(0,1), coshz—E (2’1), , z €C,

o0

sinhz = Z (2n n ])'Z

2n+1, = (C,

o0

1 14z 1 2n—1
o — n=1 . eD1),
2“(1—2) nzzn—lz zeDbOY)

=1

where by D (0, R) we denote the open disk centered in 0 with radius R > 0.
The following results that improve Jensen inequality as well as provide some reverse inequalities can be stated:

Theorem 2.1. Let ® (z) = Y 72y anz" be a power series with nonnegative coefficients and convergent on D (0, R)
with R > 0 or R = oco. Assume that f : Q — R is u-measurable and with 0 < f (u) < R for p-almost every u in
Q and such that ® o f (@ o f) f, (P o)) f L' e L (2, ). Then we have the inequalities

1 4
0< 5 f2du— Q fdu | | 2" (0) )
Y 2, - ' (Jo fdp) — &' (0) o
szzfdu /fdu T SQ/@ fan-o| [ rau
= B 2
<3| [leor-o ol sau-| [ ran| [[eor-o©])r

ke Q

2
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Proof. 1f g : I — R is a differentiable convex function on the interior [ of the interval I then we have the gradient
inequality
§Wt—95)2gt)—g(s) =g (5)(t—5s) ®)
foranyt,s € Io
If we write the inequality (5) for the power function g (¢) = t”, r > 1 on the interval (0, co) , then we have

" =)= g@)—g(s)=rs" " (=) (6)

for any 5,1 > 0.
Let n > 2 be a natural number, then g (f) = t"/2 is convex on (0, co) and by taking r = x2 and s = y?2 then

gxn—z (x2 _ yz) >yt > %yn—Z (x2 _ yz) %)

we get from (6) that

forany n > 2 and any x, y > 0.
From (7) we have

2 n
SU @ |1 P - Q fap| | =1 @y - Q i
n—2

=2\ [ran] e [ ra

for any n > 2, or, equivalently
2

Sy =S| [ sae) =i - [ ra

2
-1 / fdu f G2 — / PAREG

forany n > 2.
Integrating the inequality over u on 2 we get

/f”u—f/f” i | [ fau Z/f”du— [fdun
Q
B a [ r2an={ [ rau 2 ©)
Q

for any n > 2, which is an inequality of interest in itself.
Let m > 2. If we multiply (9) by a,, > 0 and sum over n from 2 to m we get

1[(Znanf"> du—/(znanf" 2 dqudu (10

z[(éf) Zan (ﬂ/fdu
Z;gnan(!fdﬂ fzdu—(ﬂ/fdp,
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Observe that

/(ianf")d,u—éan(n/fdﬂ aodu—aOQfdu (alf)d,u—al(n/fd,u

Q n=0

m

+/(éanf")du—;:an /fdu =/(Z anf”)du—n;zan /fd#

o n=2

for any m > 2.
From (10) we get

1/(2% f”)du—/(Zna f" 2) /fdu 2 (11
Q
m n—2 2
!(Zanf )du Zan /fdu zfn;znan [ rau s[fzdu— [ rau) |
for any m > 2.
n—2

Observe that the power series Y po» nd,z" and Y )5 na,z are convergent on D (0, R) and

o0 o0 >0
Z nayz" =z Z napz" ' =z (Z napz""! —al) =z (P (z) =9 (0)). z€ D(0,R)
n=2 n=2 n=1

while

z

o0 oo
1 ' (z) — D' (0
Y napz =2 =1 Y nayzn=t = EEZCO o ry <o

Since 0 < f (u) < R for p-almost every u in Q, then 0 < [, fdu < R, the series S nan [f w)]"
S snan [f )], Y an [f ()] are convergent for f-almost every u in @, Y02 o an ([ fdu)” and
Yo nan ([o fdu)n_2 are convergent and

> nan [f )" = f @) (' (f ) — P (0).

n=2

¢ n—s P (f () — ' (0)
n;nan[f(u)] = 6 :

for p-almost every u in 2.

Y anlf @] =@ (f W)
n=0

We also have
0o n
> an /fdu =0 /fdu
n=0

n—2

> ([ fdu) — @' (0)
gnan [fdpL = fQ Tdi .

and

By taking the limit in (11) over m — oo, interchanging the limit with the integral, we get the third and fourth
inequalities in (4).
Since @’ is also a convex function on (0, R) then we have by (5)

[ rau) @@= "0 [ rau
Q

- 10.1515/math-2015-0061
Downloaded from PubFactory at 08/24/2016 08:21:42AM
via Victoria University Australia



DE GRUYTER OPEN Inequality for power series with nonnegative coefficients and applicatons —— 635

and since |, o fdp > 0, we obtain the second inequality in (4). The first inequality is obvious.

By the inequality (5) applied for ®" we also have

' (f (w) — @' (0)

@7 (0) = [0

<" (f ()

for w-almost every u in 2.
This implies that

/ (¥ o f =@ (0)) fldu = " (0)
«Q

and
/(Cb/of—tb/ (0)) fdp < / (@0 f) f2dp,
Q Q

which prove the fifth inequality in (4).

O

Remark 2.2. Let ® (z) = Y 2o anz" be a power series with nonnegative coefficients and convergent on D (0, R)
with R>00r R =00.Ifx; € (0,R)and w; >0 (i =1,...,n) with W, := Z;;l w; = 1, then we have the

inequalities

_ -
1 n n

0< 3 Zw;xl-z— (Z w,'x,') @ (0)
i=1

- ] . )

O (37— wixi) — (0

Sl Zwixiz_ (Z U)iXi) (Z,_}1w,x,) (0)
1

12)

2 = — Zi:l wj X;i
<D wi®(x)—® (Z wixi>
i=1 i=1
B n n n 2
1 i ’ /
=3 Z wix; [® (x;) — @ (0)] - Z % [@ (x;) — D" (0)] (Z wixi)
i=1 i=1"" i=1
1 - n n 2
= D wix @ (x;) — @ (0) (Z wixi)
i=1 i=1

We have the following particular inequalities of interest.

Corollary 2.3. Assume that f : Q@ — R is p-measurable and with 0 < f (u) for p-almost every u in Q and such

thatexpo f, (expof) f, (expo f) f~' € L (2, i) . Then we have the inequalities

2 2
2 ~2
5/(e><p<>f)du—eXp /fdu
«Q

B 2
<1 /(expOf—l)fdu— ffdu /(exp0f—l)f_‘du
Q Q

[ 72 eweriau- (ﬁ/ fdp 2
ks

I
N —

<! 20— ! 2, oxp (fq Sdu) —1
0 g[ F2dp / fdu Q[ F2dp [ fdu i (13)
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The inequality (13) follows by (4) for ® (z) = exp(z) = Y = %Z", z e C.
If we use the inequality (4) for @ (z) = 12 =Y 2 ,z" z € D(0,1), then we can state:

Corollary 2.4. Assume that f : Q — R is pw-measurable and with 0 < f (u) < 1 for u-almost every u in Q and
suchthat (1— )"V, (1= f)"2 £,.(1= )72 f~' € L(Q, ). Then we have the inequalities

2
05/f2du— /fdu (14)
«Q
| 2oy
1 2— o fdu
<= || frap—| [ fau — s~
2 g[ / (l_fszfd“)z

—1

= [a-ptau- 1—/fdu
Q

2- f)f2 /f,u / 2-f 4
Q

IA

N =

(1= 1) (l—f)

2
E!(lfszdu— [ san

3 Applications for functions of selfadjoint operators

Let A be a selfadjoint operator on the complex Hilbert space (H, (., .)) with the spectrum Sp (A) included in the
interval [m, M] for some real numbers m < M and let {Ej}, be its spectral family. Then for any continuous
function f : [m,M] — R, it is well known that we have the following spectral representation in terms of the
Riemann-Stieltjes integral (see for instance [12, p. 257]):

(f (A)x.y) / £ ) d (Exx. ). (15)

m—0

for any x,y € H.

The function gy, () := (Exx, y) is of bounded variation on the interval [m, M| and gx_, (m —0) = 0 while
gx.y (M) = (x,y) forany x, y € H.Itis also well known that g (1) := (E, x, x) is monotonic nondecreasing
and right continuous on [m, M| forany x € H.

The following result holds:

Theorem 3.1. Let ® (z) = Y ;2 anz" be a power series with nonnegative coefficients and convergent on D (0, R)
with R > 0 or R = o0 and A a bonded selfadjoint operator on the Hilbert space H with m = min Sp (A) and
M = max Sp (A) . Assume that f : I — R is continuous on I with [m, M| C [ and 0 < f () < Rforanyu € I.

Then we have the inequalities

03 [[72Wxx) =t Wrx2] e © (16)
e 2] @ (f () x.%)) = ' (0)

=5 (77 @)= e w?| =2 TS

= (@0 f) () x,x) = S((f (4)x.x))

= % (@70 ) () =@ (0 1) f () x.x)
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—(

—_

(@0 f) (A) =@ O 1) 7" () x.x)(f (W) x.x)° ]
= > [{(@7 0 1) ) 72 ) x.x) = 07 ) (F () x.2))?]

l\)\'—‘

forany x € H, | x|| = 1.
In particular, if 0 <m < M < R, then

0< % [(Azx,x> _ (Ax,x)z] @ (0) a7
= 5[]~ an 7] RO
< (D (4) x,x) — P ({Ax, x})
< % [((@’ (4) — @ (0) I) Ax, x) — <(q>/ (A)— @ (0) 1) A 'x, x> <Ax,x>2]
< ; [(cp” (4) A%x, x> @ (0) (Ax,x)z]

foranyx € H, | x|| = 1.

Proof. Let x € H, ||x|| = 1. For small ¢ > 0, consider f : [m —e, M] — R continuous and g () = (Ex, x)
monotonic nondecreasing on [m — &, M. Utilising the inequality (4) for the positive measure dj. = dg we have
9

/ £2 () d (Exx.x) - (W/ £ () d (Exx. x>) & (0)

- -
; /fz(/\)d (Ejx,x) — (W/ f(A\)d (Ejx, x))

@’ (fm L f (V) d (Exx.x)) — & (0)
M F(\d (Exx. x)

| —

IA
[

X

M

< / O (f M) d (Exx, x) (m/ fd (E,\x,X))

L[ (@' (f W) = @' (0) f (M) d (Exx,x)

\S] \

2

m—e

M
- / (@ (f ()= ) f~ Q) d (Exx.x) (W/ f(x)d<EAx,x>)

2

M M
=< % / " (f (1) f2 AN d (Eyx,x)— @ (0) (”/ fA)d (E)LX,X))

m—eg
Taking the limit over ¢ — 0+ we deduce the desired result (16). O

We can give some examples as follows:
Example 3.2. If A > 0 (is a positive definite operator) on H, then we have the exponential inequalities
1
0< 3 [(Azx,x> — (Ax,x)z] (18)
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Downloaded from PubFactory at 08/24/2016 08:21:42AM
via Victoria University Australia



638 —— S.S. Dragomir DE GRUYTER OPEN

IA

3[(70x) - v 2] 2D =L

(exp (A) x, x) —exp ((Ax, x))

% [((exp (A)—1T1)Ax,x) — <(exp A4)-1) A_lx, x) (Ax, x)z]

IA

IA

< % [<A2 exp (A) x, x) — (Ax, x)z]

forany x € H, | x|| = 1.

Example 3.3. If0 < A < I, then we have

0< <A2x,x> — (Ax, x)? (19)

% [{Azx,x> — {Ax, x)z] ztil—_Aflxx;)

((1 — a7t x,x> (= A)x,x)!

IA

IA

IA

Sler - a2 a2~ (er - a0 - a7 1) (4x, 7]
(42 (7 — 472 . x) — (Ax )

IA

foranyx € H, | x|| = 1.

For recent inequalities for continuous functions of selfadjoint operators see the papers [1], [5], the monographs [10],

[11] and the references therein.
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