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ABSTRACT 

 

Laminated composite structures are now commonly adopted in mechanical applications 

requiring high stiffness-to-weight and strength-to-weight ratios. One of the main 

disadvantages of using laminated composite members is the difficulty of inspecting 

their critical-to-failure regions when undergoing critical loads. Piezoelectric materials as 

sensors and actuators have transformed conventional laminated composite structures 

into smart-intelligent ones. For instance, piezoelectric sensors can be used to assess the 

critical mechanical deformation while piezoelectric actuators can be used to induce the 

stiffness in laminated composite structures. Comprehensive analytical and numerical 

solutions for the mechanical failure and shape control analysis of smart laminated 

composite structures under complex loads still remain unavailable.  

 

This thesis presents a systematic development of novel analytical and numerical models 

for the mechanical failure and shape control of laminated composite structures 

integrated with piezoelectric sensors and actuators. An experimental setup is also 

devised to assess the effectiveness of PZT sensors for structural monitoring and 

mechanical failure prediction of laminated composite structures, and to verify the 

proposed analytical and numerical models. Effects of various parameters, such as 

laminated composite structures type and geometry, material properties, complex 

thermo-electro-mechanical loads, stacking sequence configurations, sensors/actuators 

size, inclination angles and placements, intensity of electrical voltages, and residual 

thermal stresses are investigated in detail. 
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The results of this study provide an improved insight into the fundamental behaviour of 

smart laminated composite structures and are valuable to mechanical and structural 

designers. The proposed analytical methods can accurately predict critical mechanical 

loads, do not require pre-defection function to be predetermined, and can be used for 

both embedded and bounded piezoelectric actuators for shape control task. The residual 

thermal stresses effect on shape control task is also considered. In addition, these 

models can easily be adapted for complex boundary and loading conditions. The 

proposed numerical models are shown to be efficient, simple, and accurate tools for 

designing safe smart composite laminated structures.     
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Chapter 1 

 

 

 

 

INTRODUCTION 

 

 

 

 

1.1. COMPOSITE LAMINATES  

 

A composite is a structure which consists of two or more combined constituents, 

combined at the macroscopic level. These levels are generally categorized as reinforcing 

phase and matrix phase and the combined constituents are not soluble in each other. The 

reinforcing phase may include fibres, particles, or flakes. The matrix phase may include 

polymers, metals, and ceramics. Fibre-reinforced composites consist of high-strength 

fibres embedded in a matrix with different material properties. In this form, both fibres 

and matrix are not soluble in each other but retain their chemical and physical material 

properties [1,2]. However, the combined form of these phases can form a combination 

of properties, unachievable with either of the constituents acting alone. Basically, fibres 

are designated to carry out loads and matrix is aimed at keeping and arranging the fibres 

in a desired orientation and location. Other roles of the matrix in a fibre-reinforced 
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composite material can be described as transferring load between fibres, and protecting 

fibres from environmental damages, such as humidity. Therefore, even though the fibres  

have the main role in keeping fibres intact, matrix plays an important function in a fibre-

reinforced composite material [1,2]. Fig.1.1 illustrates the various types of composite 

materials.  

 

 

Fig.1.1 Types of composite materials [1,2]  

 

Various types of fibres are used in industry such as glass, carbon, Kelver-49. However, 

others types of fibres such as boron, aluminium oxide, and silicon carbide are 

occasionally used. The greatest portion of commercial application accounts for glass 

and carbon fibres reinforced in polymer matrix which are known as graphite fibre 

reinforced polymer (GFRP) and carbon fibre reinforced polymer (CFRP) composites, 

respectively. This class of composite materials is generally made of thin layers of fibres 

and matrix, consolidated into a preferred thickness. In composite manufacturing 
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process, all fibres are incorporated into a matrix. The matrix can be made of a variety of 

materials such as metal, polymer, or ceramic [1,2]. 

 

A laminate layup consists of multiple fibre-reinforced composite layers. Each layer has 

different thickness and fibre angle orientation, as depicted in Fig.1.2. The angle between 

fibre directions and global coordinate of each layer is called the winding angle. Each 

layer can be selected to have different materials properties. In addition, different 

material properties are achieved for various orientations at each layer. However, the 

highest material elasticity module accounts for the fibre angle orientation denoted 

longitudinal (L). The orientation perpendicular to the fibre direction is called transverse 

(T). L and T coordinates are so-called local material orientation. Composites local 

material orientation plays an important function for optimum design. For instance, 

different layers stacking sequence configuration as well as each layer winding angle can 

be controlled in order to generate a wide range of mechanical and physical properties of 

a composite laminate [1-3]. 

 

 

Fig.1.2 Schematic of composite laminate and local material orientations LT. 

L 

T 

h1 

h2 

hn 
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The function of fibres  is to produce high strength and stiffness at the lowest possible 

weight while the function of matrix is to maintain the shape of the structure, hold the 

fibres together, transfer stresses from fibre to fibre, protect fibres and carry 

interlaminate shear [1-3]. Industrial and commercial applications of fibre-reinforced 

composite materials are numerous, particularly GFRP and CFRP composites. The most 

common applications include: marine, civil, mechanical, and aerospace engineering, oil 

and gas platforms, pressure vessels manufacturing, military air force, sport science, and 

automobile industry [2]. 

 

The most common application has been reported to be in the aerospace engineering 

discipline, since this industry is looking for light-weight materials to reduce fuel 

consumptions per passenger [4]. As an example, nearly fifty percent of the total 

materials used in the structure of Boeing-787 accounts for CFRP and GFRP composites, 

as illustrated in Fig.1.3 [5].    

 

 

Fig.1.3 Use of CFRP and GFRP composites in the structure of Boeing 787 Dream liner [5].  
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1.2. PIEZOELECTRIC MATERIALS 

 

Piezoelectric materials have recently been increasingly used in advanced structures for 

transforming them into “smart” or “adaptive” structures. The examples of smart 

materials can be piezoelectric materials, shape memory alloys (SMAs), electrostrictive 

materials, and electroheological fluids [3].  

 

The ancient Greeks were first to discover this class of materials, realizing their electrical 

features, particularly development of piezoelectric static charges when rubbed. The 

word “piezoelectricity” was named by Jacques and Pierre Curie more than century ago. 

The relationship between material structures and piezoelectricity was rigorously 

investigated by Voigt in 1894. According to his theory, applying an electric voltage 

across a piezoelectric material causes a geometric change to occur, known as 

piezoelectric effect [3]. 

 

Among smart materials, the use of piezoelectric materials, as either sensors or actuators, 

has been significant. Piezoelectric sensors are used to measure the physical quantities 

intensity such as measuring the amount of stress and strain in structures. Piezoelectric 

actuators, in contrast, are used to deliberately cause strain in a structure by applying 

voltage. Both piezoelectric sensors and actuators are reincorporated into the structure in 

the form of either embedded or bounded [3]. For example, Rochelle salt, tourmaline, 

quartz, and barium titanate exhibit a piezoelectric effect. A piezoelectric transducer was 

first proposed by Langevin in early 1918 during World War II for application in 

sensors. PZT was discovered by researchers at Massachusetts Institute of Technology 
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(MIT) prior to World War II. In 1969, the polyvinylidene fluoride (PVDF) was 

determined to be highly piezoelectric by Kawai [3]. The schematic of piezoelectric 

response in piezoelectric materials is illustrated in Fig.1.4. According to Fig.1.4, it can 

be observed that the difference in average location of the positive and negative charges 

results in piezoelectric response. 

 

Fig.1.4 A crystal material in A) undeformed state and B) deformed state. 

 

In piezoelectric materials, displacements and force changes range can be precisely 

measured. One of the advantages of using piezoelectric materials is that if manufactured 

in rugged solid-state, they can operate under most harsh environmental conditions like 

dirt, oil, and most chemical atmospheres. They have an accurate performance over a 

wide temperature range and resist damage from severe shock and/or vibration. 

Piezoelectricity exists in some naturally occurring crystals such as quartz and rochelle 

salt [6]. However, the bulk of the piezoelectric materials used for commercial sensing 

applications come from synthetic polycrystalline ferroelectric ceramics, such as PZT, 

which is used in the current research. Compared to single crystals, ceramics generally 

have the advantage of high strength and easy manufacturing, particularly when made 

into complex shapes and large area pieces [6]. Piezoelectric materials have great 

applications in resonators, crystal and ceramic filters, delay lines, watches, SAW filters, 

A 

 

B 
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underwater acoustic devices, ultrasonic transducers, underwater speakers and 

microphones, diagnostic acoustic devices, and fish-finders. Moreover, high-voltage 

generation for ignition and piezoelectric transformers exemplifies one of the 

applications of piezoelectric materials [7,8]. 

 

In recent years, piezoelectric actuators have played an important function in precision 

instrumentation, manufacturing, and industrial engineering. Piezoelectric device 

applications include: pressure and vibration measurement, stress and strain gages, 

acceleration measurement, position sensors, and impact detectors. In all cases, most of 

these materials can convert mechanical strain into electrical charge when used as 

sensors, and do the opposite when used as actuators. Using piezoelectric materials as 

either sensors or actuators represents direct and converse piezoelectric effect, 

respectively [8,9]. In summary, technical applications of piezoelectricity can topically 

be categorized as shown in Fig.1.5.  

Fig.1.5 Technical applications of piezoelectricity [7] 
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1.3. SMART LAMINATED COMPOSITE STRUCTURES  

 

A typical smart composite laminate is comprised of fibre-reinforced composite 

lamination (host structure) with a variety of embedded sensors and actuators to monitor 

the performance of the structure. The advantage of incorporating these special types of 

materials into the structure is that the sensing and actuating mechanism becomes part of 

the structure by sensing and actuating strains directly. Material damage could occur due 

to environmental conditions or mechanical loads and replacing the entire component is 

not cost-effective in many cases. Extensive research was undertaken on the methods of 

repairing the composite structures through robust and reliable structural bounded 

procedures in order to restore the damaged composite components [10]. There are also a 

few studies on damage, repair and failure control of advanced composite structures 

using piezoelectric materials [11]. The main applications of smart laminated composite 

structures are categorized in Fig.1.6.  

Fig.1.6 Components of a smart composite structural system [12] 
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The phrase smart structural system refers to a wide variety of active material and 

passive structural systems. For instance, a sufficiently general system is a composite 

(beam, plate, shell, or any other fundamental form) with embedded or surface mounted 

piezoelectric or electrostrictive patches, or even layers of active materials in a laminated 

system [8,13]. 

 

1.4. RESEARCH SIGNIFICANCE 

 

Over recent decades, piezoelectric sensors and actuators have been extensively used for 

monitoring the stress/strains or controlling the shape deformation, and vibration, in the 

adaptive structure [14]. However, it is noticeable that the exact solutions are not 

possible for anisotropic problems with general boundary conditions and arbitrary 

loadings. The exact solutions for simple cases are important to verify the numerical 

solutions for more general problems. As to date, there are very limited analytical, 

experimental and numerical studies which use sensors and actuators to predict the 

critical mechanical deformation, failure and shape control of laminate composite hybrid 

structures [15]. There are numerous internal and external factors which influence the 

structural shape deformation of laminated composite hybrid structures [16]. Some of 

these factors can be categorized as follows: 

 

 laminated composite hybrid (host) structure stacking sequence configuration; 

 effect of bending-twisting coupling due to host structures unsymmetrical layup;  

 material properties and geometry of host structure; 

 performance of sensors/actuators due to residual thermal stresses; 
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 boundary conditions prescribed to host structure; and 

 sensors/actuators type, size, inclination angle, material axis, and placement. 

 

Furthermore, the shape and failure control analysis of this class of composite structures 

are limited to experimental studies and numerical analysis, though approximate 

solutions have been adapted as part of analytical investigations [16]. According to the 

studies available in the literature, smart laminated composite structures were only 

subjected to the simple loading conditions [15] while in reality the combination 

of arbitrary loads like thermo-electro-mechanical loads, are applied. Residual thermal 

stresses can significantly affect the shape and failure of smart laminated composite 

structures and, yet to date there is no evidence of any analytical solution for assessing 

piezoelectric actuators shape control performance in a thermal environment.  The 

variation of thermo-elastic properties with temperature should be carefully modelled, 

especially when transverse behaviour of piezoelectric actuators are  deemed critical 

[17]. Therefore, the current setback is addressed in this study by developing analytical 

models and performing comprehensive parametric studies. 

 

1.5. AIMS OF THE RESEARCH WORK  

 

The main aim of this research work is to obtain novel explicit and numerical solutions 

to predict the critical mechanical deformation and shape control of laminated composite 

hybrid structures. The composite hybrid structures adopted in this research include 

beams, plates and shells. Various boundary conditions and complex loads are also 

considered. The aims are listed as follows: 
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 Develop an analytical solution using the linear shell theory to predict the critical 

mechanical deformations and possible failure in laminated composite shells 

incorporated with surface-bounded PZT sensors. 

 

 Develop a series of three-dimensional (3D) Finite Element (FE) models using 

ABAQUS [18] to predict the critical mechanical deformations and possible 

failure in laminated composite shells using surface-bounded PZT sensors. 

 

 Devise an experimental setup in which surface bounded PZT sensors are used to 

measure the critical mechanical deformations of laminated composite shells. 

 

 Develop an exact solution using the linear plate and piezoelectricity theory for 

the bending control of laminated composite hybrid plates/beams in thermal 

environment.  

 

 Develop an exact solution using the linear plate and piezoelectricity theory for 

the twisting control of laminated composite hybrid plates/beams. 

 

 Develop a series of quadratic two-dimensional (2D) linear FE formulations and 

a 3D FE model analysis using ABAQUS for bending-twisting control of 

laminated composite plates/beams induced by MFC actuators.  

 

 Compare the results and propose the design recommendations.  
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1.6. LAYOUT OF THE THESIS  

 

This study is composed of six chapters. An introduction to laminated fibre-reinforced 

composite structures, piezoelectric materials, and smart structures is provided in chapter 

one. An extensive literature review on general classifications and main categories of 

composite laminates, piezoelectric materials, and smart laminated composite structures 

is then performed in chapter 2. In this chapter, the use of sensor strain gauges on health 

monitoring of laminated composite structures based on experimental, numerical and 

analytical approaches is reviewed. Subsequently, a comprehensive literature is devoted 

to the mechanical shape control of laminated composite hybrid structures integrated 

with piezoelectric actuators. The limitations of the available studies and the need for 

further research are discussed. 

 

In Chapter 3, the mechanical shape deformation and possible failure of the internally 

pressurized laminated woven GFRP composite shells integrated with surface-bounded 

PZT strain gauge sensors are investigated. Various types of shells (hemispherical, 

ellipsoidal, and torispherical) are selected as analysis models. The exact analytical 

solution and 3D non-linear FE simulation are adopted to obtain the critical mechanical 

and failure strain/displacements. In analytical study, the linear interpolation technique is 

employed to interpolate the critical points conveniently. The shells boundary is fixed at 

its end. Tsai-Wu failure criterion [19] is adopted as the composite failure design factor. 

The analytical and numerical results, including critical internal pressure and strains in 

the global directions, are validated with the experimental results for some arbitrarily 

selected points on the shells surface along meridian axis. Manufacturing of laminated 
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ellipsoidal composite shells is performed by using the Vacuum Infusion Process (VIP), 

a method commonly adopted for the fabrication of laminated composite shells. Surface-

bounded sensors are installed on the shells surface to measure the strain values after the 

internal pressure is applied. Subsequently, the effect of various parameters including 

thickness, aspect ratio, and stacking sequence on the shape deformation and failure of 

the laminated woven GFRP composite shells are investigated and the critical 

mechanical factors to avoid failure are determined. The language of technical 

computing (MATLAB) is used for the analytical investigation component and 

ABAQUS is adopted for the numerical simulations.  

 

In Chapter 4, two novel explicit analytical solutions are proposed for obtaining static 

bending and twisting deformation and optimal shape control of laminated cantilever 

piezo composite hybrid plates and beams using the non-angled and inclined 

piezoelectric actuators. The linear piezoelectricity and plate theories are adapted for 

theanalysis. A novel double integral multivariable Fourier transformation method 

combined with discretised higher order partial differential unit step function equations 

are employed. The effect of various parameters including arbitrary loads such as non-

uniform thermal stresses, electrical and mechanical loads, layup thickness, piezoelectric 

actuators size and placement, stacking sequence, and geometrical dimension is 

investigated. The results are then compared with some published benchmark results and 

a series of simple, accurate and robust 3D nonlinear FE analysis models developed by 

using ABAQUS and MATLAB.  
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In Chapter 5, a quadratic 2D FE formulation using first order shear deformation theory 

(FOSDT) is developed to predict the linear strain-displacement static deformation in the 

laminated piezo composite plates induced by MFC actuators. Cantilever and simply-

supported laminated piezo composite plates are the focus of this study. FOSDT is 

adapted from the Reissner-Mindlin plate theory [20]. An eight-node quadratic shell 

element with five degrees of freedom is introduced for the FE formulation. Two types 

of MFC actuators are investigated: 1) MFC-d31 and 2) MFC-d33, which differ in their 

actuation forces. Subsequently, the electro-mechanically coupled quadratic FE model is 

compared with the results derived by the 3D FE simulation software package 

ABAQUS. MATLAB is also adopted to derive the solution of the quadratic FE 

equations. Furthermore, due to the lack of comprehensive and in-depth research on 

MFC materials, the effect of various parameters such as boundary conditions, laminate 

stacking sequence configuration, unsymmetrical layup, electrical voltage intensity, 

MFC type, and piezoelectric fibre orientation on shape deformation of laminated 

composite structures induced by MFC actuators is investigated herein.  

 

Important conclusions drawn from the current study are presented in Chapter 6. Novel 

contributions in this research work are summarized. Recommendations for further 

research in this field are also summarised in this chapter. 
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Chapter 2 

 

 

 

 

LITERATURE REVIEW 

 

 

 

 

2.1. INTRODUCTION  

 

The structural health monitoring and shape control of laminated composite hybrid 

structures have recently become popular research topics. Numerous research and 

development work has been undertaken in this field in the last couple of years. This 

chapter covers the extensive literature in the area of structural health monitoring and 

shape control of laminated composite hybrid structures through analytical, numerical, 

and experimental approaches [21,22]. 

 

The incorporation of sensors and actuators with laminated composite structures creates 

a smart-intelligent material system with broad engineering applications. For instance, 

sensors can be used to predict the critical strain/displacements in a mechanical system 

under external loads and also to predict the critical mechanical factors in order to 
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prevent mechanical failure [19]. However, a sensor can act as an actuator by applying 

the direct electrical voltage to it and ultimately inducing the elastic stiffness of a 

mechanical system [23].  

 

The literature review given in the following section focusses on general characteristics 

and main classifications of fibre-reinforced composite laminates and piezoelectric 

materials. Subsequently, numerous old and recent approaches in experimental, 

numerical and analytical analysis of smart laminated piezo composite hybrid structures 

incorporated with sensors and actuators are considered. 

 

2.2. GENERAL CHARACTERISTICS OF FIBER-REINFORCED COMPOSITE 

LAMINATES 

 

Fibre-reinforced composite laminates deliver a combination of modulus and strength, 

particularly composite laminates with polymer-based matrix such as GFRP and CFRP. 

The advantages of using composite laminates overweight those found in traditional 

metallic materials since low density in composite materials can result in superior 

modulus-weight and strength-weight ratios. In addition, fatigue strength and fatigue 

damage tolerance of numerous laminated fibre-reinforced composites are considerably 

high. The use of polymer-based matrix in this type of composite materials makes them 

even more ideal for adaptation in aerospace, automotive, and marine industries. The 

advantages and disadvantages of laminated fibre-reinforced composite materials are 

categorized as below [2,3]: 
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Advantages: 

 

 The specific strength and stiffness properties are much higher than those of 

commonly used metals which make them highly desirable for design of 

advanced light-weight structures.  

 Fibre-reinforced composite laminates can be assembled from unidirectional 

layers whose angular directions correspond to those of the principle load paths. 

 Integral construction methods are possible with few parts of near final shape and 

therefore few joints.  

 

Disadvantages: 

 

 Cost of raw material and fabrication is high. 

 Low transverse properties. 

 Matrix is weak, has low toughness, and can be easily attacked by environment.  

 Difficult to reuse and recycle. 

 Difficult to analyse. 

 Progress is hampered by overly conservative user attitude. 

 

2.3. MECHANICS OF FIBRE-REINFORCED COMPOSITE LAMINATES 

 

Stress, strain, and failure of structures subjected to thermal, electrical, and mechanical 

loads are studied in the field of mechanics of materials. There are common studies on 
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mechanics of isotropic materials such as steel and aluminium. This class of material is 

considered homogeneous since its material properties is content in all directions.  

 

On the other hand, composite materials have more complex structures due to different 

material properties at different orientations. Therefore, analytical evaluation of material 

principles of fibre-reinforced composite laminates is quite complex. The mechanics of 

fibre-reinforced composite materials can be categorized as follows [1-3]: 

 

1. The micro mechanics level: The interaction of constituent materials on a 

microscopic scale is examined. Thus, the equations describing the thermal and 

elastic behaviour of a lamina are based on micromechanics principles  

 

2. The macro mechanics level: The response of fibre-reinforced composite 

materials subjected to various loadings such as electrical, thermal, and 

mechanical loads, is examined on the macroscopic scale. Based on this analysis, 

the fibre reinforced lamina is considered as non-homogeneous with orthotropic 

elasticity characterization used for stress, strain, and failure calculations. 

 

Considering the interactions between fibres and matrix in a fibre-reinforced composite 

lamina subjected to compression and tensile loadings, some basic assumptions for 

simplification of theoretical analysis are required as follows [12]: 

 

 Fibres distribution throughout the matrix is uniform. 

 There is a perfect bounding between fibres and matrix.  
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 Fibres dislocations and disarrangements through the matrix are avoided. 

 The matrix is perfectly fabricated with no voids and impurity. 

 The loads applied are either perpendicular or parallel to the fibres orientation. 

 The lamina is not initially pre-stressed.  

 The matrix and fibres behave linearly within elastic domain.  

 

Fig.2.1 indicates the stress-strain curve of a fibre-reinforced composite lamina when 

subjected to longitudinal tensile loading. The state of fibres, matrix, and composite 

lamina are illustrated within elastic domain. Based on the basic assumption described 

above, the elasticity module of fibres, matrix, and composite lamina is linear within 

elastic zone. 

 

2.4. FIBER-RENFORCED COMPOSITE LAMINATE FAILURE PREDICTION 

 

The comparison of stresses (or strains) due to applied loads with the allowable strength 

(or strain capacity) of a structure must be considered for structural engineering design. 

Various factors may affect the structural failure of materials such as electrical, 

mechanical and thermal stress/strains resulting in fracture and raptures in the host 

structures [24]. 

 

Some appropriate failure criteria may be used based on the type of loads applied on the 

structure. The loading system can be either biaxial or multi-axial. There are various 

failure criteria used to assess the failure strength of the isotropic materials exhibiting 

yielding subjected to various loads. 
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Fig.2.1 Stress-strain curve for a composite laminate under uniaxial tensile load along fibres [2] 

 

For instance, mild steel and aluminium alloy are considered failed when their stress (or 

strain) values reach the yielding point due to external loads. Maximum shear stress 

theory and the distortional energy theory (Von Mises yield criterion) are commonly 

used for isotropic materials design against yielding [2]. 

  

However, it must be taken into consideration that composite materials are not isotropic 

and exhibit different properties in different directions. Therefore, some failure theories 

were developed for orthotropic (non-isotropic) materials where the conventional failure 

theories used for isotropic materials are not [1].  

 

For the failure analysis of laminated fibre-reinforced composite materials, the plane 

stress condition of a general orthotropic lamina containing unidirectional fibres is 
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considered (see Fig.1.2). Four so-called elastic constants are required to define a fibre-

reinforced lamina elastic characteristics. A lamina elastic constants include longitudinal 

elastic module (E11), transverse elastic module (E22), in-plane Poisson’s ratio (υ12), and 

in-plane shear module (G12).  

 

However, for failure prediction, five strength values are also required to be added and 

these values are named longitudinal tensile strength, transverse tensile strength, 

longitudinal compressive strength, transverse compressive strength, and in-plane shear 

strength, respectively [2,19]. 

 

Experimental procedures are required to measure fibre-reinforced lamina’s strength 

properties. The direction of shear stress is independent from its strength in the principle 

material directions while there is a relationship between longitudinal and transverse 

strengths and the direction of applied loads named tensile or compressive. Numerous 

phenomenological theories have been introduced for the prediction of unidirectional 

lamina under plane-stress conditions. These theories are categorized as [2]: 

 

 Maximum stress theory 

 Maximum strain theory 

 The Azzi-Tsai-Hill failure theory 

 Tsai-Wu theory 

 

The maximum stress theory is considered the simplest one of all four. The maximum 

strain theory and the Azzi-Tsai-Hill are more commonly used despite the Tsai-Wu 
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theory being more generalized since the direction of applied loads in longitudinal and 

transverse orientations is taken into consideration in the proposed formula. To use these 

theories, applied stress (or strains) in the global material orientations are first 

transformed into principal (local) material orientations and subsequently these values 

are substituted into the proposed failure theories. Eventually, the condition of each 

failure theory should be satisfied to avoid failure in the fibre-reinforced lamina. 

 

2.5. GENERAL CHARACTRISCTIS OF PIEZOELECTRIC MATERIALS 

 

A piezoelectric material can either elongate or shrink in different orientations depending 

on polling direction and material orientation. Conversely, if a piezoelectric material is 

stressed due to mechanical loadings such as tensile, compression, and shear load, an 

electrical voltage will be released known as a direct piezoelectric effect. Thus, 

piezoelectric materials can be used as actuators or sensor for a structure and could serve 

as both at different times [6].  

 

Fig.2.2 shows both, the converse and direct piezoelectric effects. A piezoelectric 

element dimensions change when stressed electrically by applying the electrical voltage 

through its crystals. In contrast, when subjected to mechanical loading, it releases an 

electrical charge. However, a voltage associated with the electrical charge appears if the 

electrodes are not short-circuited [3,12]. Piezoelectricity can be studied using quartz 

crystals. A plate cut at right angle to the X- coordinate axis and called X-cut is 

considered. It is assumed that the plate thickness is negligible since it is significantly 

smaller than those in other directions. This plate is subjected to pressure parallel with 

the thickness. The polarization P1 is parallel to the thickness and proportional to the 
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stress T11 = F/A since the propositional force (size) F is used. Therefore, the 

piezoelectric polarization charge on electrodes covering the major forces A is 

proportional to the force resulting in straining the plate [9]. If tension is applied to a 

quartz plate, the signs of pressure and electric polarization both reverse. When an 

electric filed E is applied along the plate thickness, a deformation in the quartz plate is 

noticed. The sign of strain S11 varies when the field polarity is reversed. The direct 

piezoelectric effect is described as shown in Eq.2.1. Conversely, a strain S11 is produced 

when an external electrical filed E1 is applied. It is described as the converse 

piezoelectric effect as shown in Eq.2.2 [7]. 

 

111111 TdP                                                                                                                    (2.1) 

111111 EdS                                                                                                                   (2.2) 

 

where, P1 is the polarization vector component, T11 is the stress tensor component, d111 

is the piezoelectric coefficient, and E1 is an external electrical field. Material properties 

in piezoelectric materials can be modelled by the constitutive equations in the stress 

charge form as stated in Eqs.2.3 and 2.4, respectively [25].  

 

eEC                                                                                                                   (2.3) 

kEeD T                                                                                                                 (2.4) 

 

where C  is the elastic material matrix, e and eT are the piezoelectric material matrix and 

its transpose, respectively, k is the permittivity matrix, e is the strain and E is the 

electrical field [25]. 
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Fig.2.2 Schematic of piezoelectric effects after poling process [26] 

 

The actuation and sensing science has developed rapidly since the introduction of smart 

structures technologies. The ability to conform to the curved surface, anisotropic 

actuation and sensing, and the ability to cover the large area have allowed active fibre 

composites (AFCs) and MFCs to be perfectly bounded to or integrated into composite 

laminations (host structures). The development of AFCs and MFCs has extended the 

applications of piezo-composites in comparison with the piezoelectric system. AFCs 

and MFCs have recently been adopted for engineering applications such as vibration 

control, energy harvesting, structural health monitoring and morphing, and shape 

control [27-37]: 

 

Various engineering fields such as aerospace, civil, acoustic, semiconductor production, 

information, and sports engineering have benefited from the use of piezoelectric 
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damping system for controlling the structural vibration. Active and passive damping 

systems have been developed by engineers. Among various types of piezoelectric 

materials, MFCs proved to be ideal for a variety of vibrational and noise control in 

composite structures [27,28,38]. 

 

2.5.1. Piezoelectric Fibre Composites (PFCs) 

 

Smart materials and structures filed is one of the emerging and rapidly developing fields 

over the past few decades. Among this generation of materials, piezoelectric materials 

have received the most interest. Monolithic piezoceramic wafer is one of the commonly 

used typical piezoelectric materials for actuation and sensing in numerous engineering 

applications in which the electrical filed is applied through surface electrodes. However, 

there were some problems with this type of piezoelectric materials such as abrupt 

breakage during handling and bonding producers since they are naturally brittle. In 

addition, it is difficult to use them for structural shape controls due to their stiff 

mechanical properties. Additional mass is another major problem which prevented them 

from being used in light-weight and flexible structures. Thus, a new class of 

piezoelectric materials is required for wider applications such as controlling the large 

deflections for the purpose of shape-changing applications, particularly in objects with 

irregularity and curved shaped surfaces [9].  

 

PFCs were finally developed by researchers motivated to solve the aforementioned 

problems. They have orthotropic material properties due to unidirectionally aligned 

piezoelectric fibres with circular cross-section. The fibres are impregnated into a resin 



Chapter 2: Literature Review  

26 
 

S. Gohari: Novel Mechanical Failure Assessment and Shape Control Methods for Smart Laminated 

Composite Structures     

matrix system to boost PFCs properties when sharing the mechanical load. PFCs have 

novel structures consisting of fibres made of piezoceramics embedded in polymer 

matrix. PFCs was later upgraded to interdigitated electrode piezoelectric fibre 

composites (IDEPFCs) which is also referred to as AFCs in order to increase the strain 

output, directional actuation, flexibility, and durability [39,40,41]. 

 

2.5.2. General Characteristics of AFCs 

 

Among PFCs, active fibre composites (AFCs) and MFCs as shown in Fig.2.3 are more 

popular due to their higher and flexible industrial applications [9,20]. AFCs were first 

developed by the laboratory of active materials and structures at MIT University, USA. 

To provide in-plane actuation, monolayer of aligned, continuous unidirectional 

piezoceramic fibres was embedded in polymer matrix. Much of the actuation capability 

of the bulk ceramic accounts for piezoceramic fibres with higher strength than 

monolithic form since flaws have decreased volume fraction. The polymer matrix plays 

an important function in providing efficient path for load sharing among fibres, 

transferring the stress around broken fibres when the damage occurs since the 

piezoelectric fibres have brittle nature with low mechanical strains [20].  

 

Thus, polymer matrix can contribute to increase the mechanical strength of AFCs by 

adjusting the fibres and preventing crack propagating in a fibre. Thus, AFCs represent 

improved reliability and flexible structural properties, particularly at macroscopic and 

catastrophic damages compared with conventional piezoelectric wafers. Moreover, the 

polymer matrix gives flexible properties to AFCs, allowing it to be easily embedded or 
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bounded to the curved structures. Embedded piezoelectric fibres are sandwiched 

between laminas of the film made of the polyimide with a conductive electrode pattern 

printed in the inner surface. The use of the interdigitated electrode (IDE) results in 

AFCs to be superior than other conventional piezoelectric materials, leading to 

anisotropic actuation. AFCs have great applications in numerous fields such as 

morphing, vibration control, and structural health monitoring [20]. Despite the great 

application of AFCs in many engineering fields, there are still some disadvantages of 

using this class of PFCs. Some negative factors influencing AFCs performance have 

been determined. For instance, the difficulty handling piezoelectric fibres when 

assembled is considered as one of the main disadvantages of AFC technology. 

 

 

Fig.2.3 The schematics of PFCTs:  (a) MFC [42] and (b) AFC [20] 

 

AFCs fibres have circular-shaped characteristics with diameters of 100-250m. The 

process of aligning the fine fibres to form the piezoelectric monolayers is generally 

carried out manually, which often negatively affects the assembly process. For example, 

fibres may be aligned poorly with possible broken patterns. Manual assembly process 

also leads to the higher manufacturing costs as well as performing complex procedures. 
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One of the main problems faced during the manufacturing of AFCs is the difficulty to 

remove the air bubbles completely during assembly of fibres and matrix even after the 

vacuum process is performed. This phenomena can lead to electrical failure of AFCs 

[9]. 

 

Furthermore, AFCs structure itself is a disadvantage since it negatively affects AFCs 

performance. Firstly, the driving electrical field requires high electrical voltage. The 

driving electrical field is primarily determined by the spacing between the IDE fingers. 

This results in AFC to be impractical in numerous realistic engineering applications. 

Secondly, there is a low permittivity matrix due to the small contact area between IDE 

finger and the circular cross-sectional fibre. The matrix between fibres and the electrode 

fingers results in both higher driving voltage and accumulation of the most of driving 

electrical field. This factor leads to insufficient and weakened transfer of the electrical 

field into the piezoelectric fibres in AFCs [9,43,44]. The schematic of an AFC structure 

including its cross-section is illustrated in Fig.2.4.  

 

Therefore, the NASA developed MFC actuators whose piezoelectric fibres have 

rectangular cross sectional shape. All fibres are surrounded by polymer matrix. The 

other components of MFCs are protective and electrode layers bounded to piezoelectric 

fibres. MFC materials are composed of seven active layers, two electrodes, two kapton 

and two acrylic layers [20]. AFCs are also more responsive than conventional 

electrodes. Developed by the NASA-Langley Research Centre, MFC actuators and 

sensors present superior quality among AFCs and have higher performance and 

response. They also have easier manufacturing process in comparison with AFCs [45]. 
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Fig.2.4 Schematic structure (a) [9,43] and cross section (b) of an AFC [9,44]  

 

2.5.3. General Characteristics of MFCs 

 

MFCs were first developed at the NASA Langley research Centre [16]. AFCs and 

MFCs have the same primary constituents. They both consist of IDE, piezoelectric 

fibres, and polymer matrix. However, MFCs represent the most advantageous features 

of AFCs such as high energy density, durability, conformability, and directional 

actuation. The main difference is noticed in the shape of cross-sectional fibres as 

rectangular cross-sectional fibres account for MFCs and circular cross-sectional fibres, 

in contrast, account for AFCs. Furthermore, fibres are embedded in a thermosetting 

matrix in MFC [46]. The schematic of MFC structure including its cross-sectional view 

is illustrated in Fig.2.5. 

 

In manufacturing of MFC, the piezoelectric wafers are fist machined to fabricate the 

piezo-fibre sheets using a so-called method of dicing. This is a reputable and precise 

manufacturing process of MFC devices. The piezo-fibre sheets can be easily handled 

compared with individual fibres, leading the piezoelectric fibres to be accurately aligned 

during assembly process. Precise group handling of fibres results in lower production 

cost of MFC device. The rectangular shape of fibres leads to the maximum and direct 
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contact with electrode fingers and conclusively most efficient transfer of electrical fields 

into the fibres. Furthermore, the volume fraction of MFCs is more than AFCs since 

there is a restriction in AFCs fibre geometry. This factor can lead to improved stiffness 

and strength of MFCs compared with AFCs [47]. 

 

 

Fig.2.5 Schematic structure of a) a MFC material [9,46] and b) a MFC cross section [9,46]  

 

2.6. STRUCTURAL HEALTH MONITORING AND FAILURE PREDICTION 

OF LAMINATED COMPOSITE STRUCTURES   

 

Piezoelectric materials can often be incorporated with laminated composite hybrid 

structures and act as strain gauge sensors to detect the strain/displacements of host 

structures. It is called a direct effect of piezoelectric materials. Using sensors to detect 

damage and failure in composite structures requires understanding of the sensing 

characteristics of piezoelectric materials.  

 

Monitoring the stress/strain in composite structures, acting as strain gauge sensors lies 

within the field of structural health monitoring of composite materials. The sensors can 

also be used to detect the critical stress/strain values throughout composite structures, 
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particularly concentration stresses between host structure and piezoelectric ply 

depending on the area the piezoelectric sensors are installed on.  

 

The condition-based maintenance, useful life, and safety prolong of the structures are 

categorized in the field of structural health monitoring, which is one of the emerging 

fields with great potential in industries. From the structural health monitoring 

prospective, the sensor/actuators are incorporated into the host structures (orthotropic, 

hybrid or isotropic structures) to detect the structural damage.  

 

Assessment of structural stability, damage and failure strength of composite material is 

a crucial task to prevent a catastrophe. Numerous researches have been conducted in the 

recent years to evaluate and assess the structural stability, damage and elastic failure of 

smart composite structures analytically, numerically, and experimentally. A monitoring 

system is composed of a number of either bounded or embedded sensors to monitor the 

environment and the structural response to loads [48].  

 

These sensors are used to obtain the critical mechanical strains/displacements occurring 

in host structures due to static or dynamic loads. A typical architecture of the 

monitoring systems is based on remote sensors wired directly to a centralized data 

acquisition system. However, the expensive nature of this architecture, due to high 

installation and maintenance costs associated with system wires is causing replacement 

of wire-based systems with new low-cost wireless sensing units by spreading 

knowledge over the entire monitoring network. Therefore, a larger effort is currently 

required to build effective data processing algorithms considering such a new 
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architecture. Another important task is related to the implementation of strategies to 

manage data and combine information coming from a variety of sensors and, thus, 

related to different physical variables [48]. Piezoelectric transducers are based on the 

piezoelectric effect. Considering the piezoelectric theory, some known crystals produce 

a charge under mechanical stress which is known as the direct piezoelectric effect. On 

the other hand, if a force is applied to such a kind of crystal, the electric charge to be 

measured is a function of the force and the kind of crystal that is used, which is known 

as the indirect piezoelectric effect. The piezoelectric strain gauge sensors represent a 

high drift. This phenomenon results from the transformation of force into charge [48].   

 

A drift-free piezoelectric measurement chain would result in infinitely high insulation 

resistances which do not exist. Thus, those sensors are limited to measurements that are 

not zero related or to measurement of very high forces. Those forces lead to high 

charges and the change in signal caused by drift becomes small relative to those signals 

[49]. Critical infrastructure engineering structures such as highways, buildings, bridges, 

aircraft, ships, and pipelines, form the lifeline of economic and industrial hubs. These 

are highly likely during their lifetime to be subjected to severe loading conditions due to 

extreme events such as earthquakes, hurricanes, and other natural disasters. Failure may 

occur by just simply applying critical loads which exceed the elastic stiffness of a 

structural system. The loading system can range from internal/external pressure, 

residual thermal loads, critical cycling loads, and many more.  

 

To prevent catastrophic failures and subsequent loss of life, it is essential to 

continuously monitor the state of the structure and identify any initiation of damage in 
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real time by using structural health monitoring techniques as strain sensing. SHM 

provides an autonomous way of tracking changes in the system in real time using a 

combination of instrumentation systems and analytical methods. Instrumentation 

systems consist primarily of transducers to measure physical quantities, such as strain, 

displacement, and acceleration, which can give insight into the behaviour of structures. 

Among the quantities of interest for SHM, strain is a local and direct measure of the 

state of the structure and is thus widely used as a reliable indicator of the damage 

induced in the structure. Hence, strain sensors are used extensively in SHM applications 

[50]. 

 

Konka et al [51] studied the failure characteristics of smart composite structures 

embedded inside the composite laminate’s material interfaces to detect the critical 

stress/strain concentration levels led by significant differences in material interfaces. 

The analysis was carried out through series of experimental tests. The aim of this 

research was to: 1) detecting all loading condition acting on the structures, 2) damage 

prediction in the host structure due to applied dynamic loadings while in-service, and 3) 

monitoring pre-existing damages inside the host structure to prevent brittle failure or 

eventual catastrophic. Furthermore, two types of PFCTs’ sensing characteristics in 

detecting damages were used: 1) MFC; and 2) PFC. The host structure were glass fibre 

reinforced epoxy composite laminate samples. It was noticed that selected sensors could 

detect the changes in the applied mechanical stress/strains effectively. In addition, a 

linear relationship was observed between the applied input mechanical stress and 

electrical voltage generated by sensors. In another study concerting on structural health 

monitoring of composite structures, Selva et al [52] used electro-mechanical impedance 
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(EMI) technique using piezoelectric sensors to detect the damages and assess the 

structural failure of the host structure. Piezoelectric transducers were used as high-

frequency model sensors.  

 

Damage-monitoring of smart composite structures with use of piezoelectric films was 

investigated by Yin et al [53]. The feasibility of adoptive piezoelectric films as the 

strain gauge sensors to detect the damage failure in the composite structure was studied. 

The purpose of using piezoelectric film as a sensor in their study was to assess the 

mechanical strength of the host structure (three types of composite laminates) against 

failure. The finite element modelling was used as a numerical approach in this study.  

Their results showed that piezoelectric films can be utilized as sensors to detect 

damages through the composite laminates due to an abrupt voltage output variation 

around the crack tip inside the host structure. In addition, the influence of damage on 

damage-monitoring sensors was specifically analysed.   

 

In another study concerning the structural health monitoring of smart structures, an 

experimental setup was developed by Valdes and Soutis [54] to detect the effect of 

delamination on the modal frequencies of the composite beam. To study the effect of 

delamination on the modal frequencies of the composite beam specimens and to 

examine the performance of piezoelectric materials as sensor/actuator devices, a 

piezoelectric strain gauge sensor was incorporated at the top surface of the composite 

beam. The main contribution of their study was the development of an active damage-

assessment system (array of sensors) capable of detecting damage in composites using 

piezoelectric devices incorporated in structures. Such a system would ideally be able to 
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continuously monitor the integrity of structural members avoiding expensive 

maintenance evaluation programs. A sensor driven piezoceramic film with a linear rapid 

frequency sweep was employed to respond to predict the delamination growth due to 

the vibration. Modal frequencies were obtained by applying concepts of a novel method 

known as resonant ultrasound spectroscopy. Changes of the modal frequencies after 

delamination initiation, compared to those of a non-delaminated specimen, gave a good 

indication of the degree of damage, demonstrating the feasibility of using measured 

changes in the vibration characteristics to detect damage. 

 

Song et al [55] designed a new type of piezoelectric strain gauge sensor for 

strain/displacements deformation measurement of civil engineering structures using 3D 

printing technology. The sensor consisted of piezoelectric ceramic chip as the functional 

phase and a new composite material as the packing phase. Through using the frequency 

scanning and amplitude scanning tests, the sensors frequency independence, linearity, 

sensitivity, response rate, and service performance were examined and subsequently the 

electro-mechanical coupling performance of this type of strain gauge sensors were 

tested. The experimental results indicated that the fabricated sensors have quite good 

mechanical and workability properties within the vibration frequency of civil 

engineering structures. However, their approach was limited to experimental analysis. 

In addition, the mechanical properties and geometries of the host structures and their 

influence on the performance of the piezoelectric strain gauge sensors were neglected. 

 

In some cases, embedded PZT sensors can be used for structural health monitoring. The 

reason behind this is to consider the fragility and fugitiveness of surface-bounded PZT 



Chapter 2: Literature Review  

36 
 

S. Gohari: Novel Mechanical Failure Assessment and Shape Control Methods for Smart Laminated 

Composite Structures     

sensors for damage monitoring of host structures under impact loads. Ai et al [56] used 

the embedded and bounded PZT sensor patches to measure the critical mechanical 

strain/displacements in a concrete beam subjected to an impact load. The sensitivity 

parameters between the embedded and bounded PZT strain gauge sensors were then 

discussed. The analytical solution was the step stone of their research in which a 2D 

electromechanical impedance model based on effective impedance was proposed. The 

validity of embedded PZT sensor in quantification of structural damage studied using 

slope-based root mean square deviation (RMSD) index, a new baseline-changeable 

RMSD index was also proposed to evaluate the impact effect for the two types of active 

embedded PZT sensors. Subsequently, the proposed analytical model was varied using 

experimental results.  

 

In the experimental setup, the PZT strain gauge sensors were either embedded inside or 

bounded to the concrete beam which was damaged by knocking off concrete covers. 

The results from both approaches demonstrated that the embedded PZT sensor can 

effectively filter out the impact effect in structural damage indication and quantification, 

which benefits the accurate evaluation of structural damage. However, the critical 

mechanical factors to prevent structural deformation and ultimately possible failure 

were not taken into consideration.  

 

Laminated composite structures may be damaged during the manufacturing process. 

Some fibres may be wrongly impregnated into the epoxy or break out, leading to 

material discontinuity in composite layup. Composite fibres can come in different 

shapes and geometries. Fibre discontinuity in piezoelectric fibre composite sensors can 
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drastically affect their measurement performance. Furthermore, the effect of broken 

fibres  embedded inside the fibre composite piezoelectric materials affects the elastic 

strength as well as electrical potential distribution through the piezoelectric layer after 

polarization [57].  

 

Martinez et al [57] investigated the effect of fibre breakage on failure strength and 

damage behaviour of AFC piezoelectric laminates numerically.  Finite element method 

(FEM) was the framework of their study. A FEM model was developed for simulating 

the performance of AFCs with piezoelectric fibres. The focus was on the effect of 

discontinuous fibres embedded into AFCs with interdigitated electrode pattern. 

Furthermore, the FE simulation models in which the gap regions in the fibre were 

depolarized were developed. The result proved that the existing gap between fibres in 

AFCs lead to the loss of contribution by 10 % from the whole fibre segment between 

the two electrodes into the actuation due to electrical filed concentration in the fibres’ 

gap regions. In addition, results showed that any decrease in the effective stiffness due 

to damaged fibres lead to the degradation of AFCs actuation performance and the loss 

of the piezoelectricity effect in broken fibre segments. 

 

Martinez et al [58] studied the effect of damaged fibres  on the performance of hollow 

active fibre composites (HAFCs) using numerical simulation. The FE simulation 

models were developed to assess the structural stability of HAFCs subjected to 

electrical loading. The FE simulations were performed for HAFCs with healthy and 

damaged fibres. The effect of broken fibres on both sensing and actuation was studied. 

Finally, the results were validated by experimental analysis. The results obtained from 
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their research showed that the performance of HAFCs is affected by the gap in the 

fibres. Furthermore, the direct relationship between the location of damaged fibres and 

its proximity to the electrical potential source and the performance of HAFCs was 

observed. 

 

Piezoelectric strain gauge sensor can be made using different types of materials such as 

PZT and piezo-film (PVDF) sensors which have been extensively used for strain 

measurements in composite structures. As discussed before, in piezoelectric strain 

gauge sensors, strain is measured in terms of the charge generated by the element due to 

the direct piezoelectric effect. Thus, based on the direct piezoelectric effect, each type of 

piezoelectric strain gauge sensor can have different sensitivity and performance when 

subjected to a thermal environment. Thermal stresses can induce the piezoelectric 

sensors elastic stiffness as well as electrical performance. Sirohi and Chopra [59] 

conducted a research on the behaviour of two types of piezoelectric elements as strain 

sensors. The surface-bounded sensors were integrated with a beam. The sensors were 

calibrated over a frequency range of 5 to 500 [Hz]. Correction factors were introduced 

to take into consideration the transverse strain and shear lag effects due to the bond 

layer. The analytical investigation was the main approach to the problem while 

experimental analysis was carried out for the analytical design verification. The results 

from both approaches demonstrated the effectiveness of the temperature on the output 

of PZT strain. Furthermore, design of signal conditioning electronics for the signals 

collection from the piezoelectric sensors was addressed. The performance of 

piezoelectric sensors in terms of sensitivity and signal to noise ratio was also 

demonstrated. Since impact damage caused by impact load is hidden and cannot be 
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detected by visual inspection; the use of piezoelectric strain gauge sensor can be 

beneficial in detecting the critical mechanical strains and monitoring impact damage 

initiation and possible propagation in laminated composite structures. For that purpose, 

Kim et al [60] demonstrated the effectiveness of polyvinylidene fluoride (PVDF) and 

PZT sensors and illustrated their potential benefit in structural health monitoring of 

laminated composite structures through experimental analysis. According to their study, 

several tests for monitoring the stress wave signals including acoustic emission due to 

failure modes, such as matrix cracking, delamination, and fibre breakage were taken 

into account. A series of impact tests at various impact energies by changing the impact 

mass and height was performed on the instrumented drop weight impact tester. The 

wavelet transform (WT) and short time Fourier transform (STFT) were used to 

decompose the piezoelectric sensor signals in the study. Test results demonstrated that 

the particular waveform of sensor signals implying the damage initiation and 

propagation were detected above the damage initiation impact energy. It was noticed 

that both PZT and PVDF sensors can be used to detect the impact damage. 

 

It is evident from the literature that there are a very few novel analytical, numerical, and 

experimental research studies on sensors exploited in predicting the critical mechanical 

deformation, failure of laminate composite hybrid structures. Furthermore, most of the 

studies in the literature deal with the monitoring the structural deformation and 

obtaining the mechanical strains/displacements without considering the critical areas 

and points at which the mechanical failure may occur. The lack of research on 

determining the effectiveness and performance of sensors in obtaining some critical 

design specifications and parameters is notable. Some of these mechanical factors can 
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be classified as composite hybrid laminates stacking sequence configuration, laminate 

thickness and symmetry, prescribed boundary conditions, type of applied loading 

condition, location of sensors, and type of host structure. Novel analytical, numerical, 

and experimental investigations of critical points and factors in laminated composite 

hybrid structures with complex geometry such as hemispherical, ellipsoidal, and 

torispherical shells is crucial for designers since these factors are required in optimizing 

the mechanical characteristics of laminated composite hybrid structures.  

 

2.7. INDUCING/CONTROLING LAMINATED COMPOSITE STRUCTURES 

SHAPE USING PIEZOELECTRIC ACTUATORS  

 

Piezoelectric actuators can release mechanical strains if induced by electrical load 

which is known as the indirect piezoelectric effect. Thus, these can be appropriately 

integrated with laminated composite hybrid structures for inducing the host structure 

shape [61]. The induction in the composite hybrid laminates can be different depending 

on the intensity of electrical voltage applied to the piezoelectric actuators. Therefore, the 

ultimate shape of host structure can be controlled desirably. Some of the unique 

advantages of using piezoelectric actuators in structures and turning them into the 

intelligent mechanical system were discussed thoroughly in the previous chapter.  Smart 

materials have been used extensively to control the shape of various types of 

engineering structures [62]. Several different types of piezoelectric materials such as 

PZT, MFCs, and AFCs could be used for this purpose. The structural shape deformation 

and distortion may be transient (dynamic), or it may be slowly varying in time (quasi-
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/static). Shape control represents a branch of structural engineering that is closely 

related to control engineering [63]. 

 

In the following section, the shape deformation and control analysis of laminated 

composite hybrid structures using various types of piezoelectric actuators are broadly 

investigated. There are numerous experimental, numerical, and analytical approaches in 

the literature adopted for structural shape deformation and control. Some of the theories 

proposed to demonstrate the piezoelectric phenomenon in effecting distributed control 

and sensing of bending, torsion, shearing, shrinking, and stretching of a flexible plate 

are discussed next.  

 

Lee [64] proposed a piezoelectric laminate theory capable of modelling the 

electromechanical (actuating) and mechanoelectrical (sensing) behaviour of a piezo 

composite laminate. An analytical approach was exploited for the formulation of 

distributed piezoelectric sensors and actuators. Furthermore, the reciprocal relationship 

of the piezoelectric sensors and actuators was also taken into account. Generalized 

functions were introduced to disclose the physical concept of the piezoelectric sensors 

and actuators. It was demonstrated that the reciprocal relationship is a generic feature of 

all piezoelectric laminates. 

 

Koconis et al [13] developed an analytical model to calculate the shape changes of 

fibre-reinforced composite beams, plates, and shells induced by embedded piezoelectric 

actuators. The effect of applied electrical voltage intensity in the shape deformation 

analysis was the main goal of their research. A mathematical model was proposed using 
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two-dimensional, linear, shallow shell theory, considering the effect of transverse shear 

deformation. The Ritz method was used to solve the governing electro-mechanically 

coupled equations. A computationally efficient computer code with a user-friendly 

interface was written which is suitable for performing the numerical calculations. The 

results were then validated with the existing analytical and experimental results and an 

excellent agreement was confirmed.   

 

In another similar study, Koconis et al [65] developed an analytical model to investigate 

the shape changes of laminated fibre-reinforced structures such as beams, plates, and 

shells and subsequently to obtain the required voltage for a specific desired shape. A 

mathematical model based on 2D linear, shallow shell theory was adapted for that 

purpose, considering the effect of transverse shear deformation. The proposed model 

showed the importance of transverse shear deformation in thick composite structures 

such as FGMs. To achieve the desired shape, a series of numerical calculations were 

performed to compute a minimization of an error function based on the difference 

between the deformed shape caused by the application of voltages and the desired 

shape. The results were then compared with experimental ones and a good agreement 

between the results was observed. 

 

A host structure can be subjected to various loading conditions such as thermo-electro-

mechanical loads which can result in the induction of host structure stiffness matrix. 

The cylindrical bending of the smart laminated composite plates against their elastic 

strength was studied through the proposed analytical solutions by Kant and Shiyekar 

[66]. The framework of their analytical investigation was based on a higher order shear 
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and normal deformation theory. The through-thickness displacements and the exact 

nature of the electrical potential were taken into account. The host structure was 

subjected to the arbitrary and complex loading conditions (electrical, mechanical, and 

electro-mechanical loads). The electrical potential function was evaluated by solving a 

second order ordinary differential equation. The host structure used in their analysis 

comprised of the unidirectional fibre-reinforced composite laminate with the 

incorporated actuators and sensors. Comparison of results with exact solution was 

presented. Results for non-piezoelectric plates were also compared with elasticity and 

other solutions of cylindrical bending. 

 

Her and Lin [67] used a pair of surface-bounded piezoelectric actuators to induce the 

elastic stiffness of the laminate  cross-ply composite plates using an analytical solution 

based on the classical laminated plate theory. The piezoelectric patches were polarized 

through thickness. Applying the electrical voltage to the piezoelectric patches created 

deflection in the host structure. The piezoelectric actuators had the opposite polling 

directions. The induced elastic strength of the host structure due to pure electrical 

loadings was assessed. Subsequently, the analytical results were verified by using a 

series of robust electro-mechanically coupled FE simulations. ANSYS FE simulation 

package was adopted for this purpose. Comparison of the results showed a good 

agreement. According to the results from refs [66,67], it was observed that the host 

structure elastic stiffness is noticeably induced as a result of the external electrical 

voltage applied to the actuators. The permissible boundary condition was selected to be 

simply-supported in both studies.  
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Vel and Batra [68] investigated the cylindrical bending deformation of linear 

piezoelectric laminated plates analytically using Eshelby-Stroh formulation. The 

laminate consisted of homogeneous elastic and/or piezoelectric layers with arbitrary 

thickness and width. The analytical approach was based on three-dimensional equations 

of equilibrium in terms of infinite series. The formulation admits different boundary 

conditions at the edges and is applicable to thick and thin laminated plates. Results were 

presented for the laminated elastic plates with a distributed piezoelectric actuator on the 

upper surface and a sensor on the lower surface and subjected to the different sets of 

boundary conditions at the edges. Results were also provided for a piezoelectric 

bimorph and an elastic plate with segmented piezoelectric actuators bonded to its upper 

and lower surfaces. According to the results, the effect of various parameters such as 

different boundary conditions, stacking sequence, bounded or embedded piezoelectric 

actuators, and applied electrical voltage on elastic strength induction of the smart 

laminated composite plates as well as stress/strain distribution levels throughout 

laminate was significant.  

 

Elastic failure of laminated composite hybrid structures can be induced by applying the 

appropriate voltage to the piezoelectric actuators. Therefore, the elastic stiffness matrix 

in plates, shells, beams made of fibre-reinforced composite hybrid laminates and 

undergoing stress/strain levels, can be strengthened by integrating piezoelectric 

actuators to the host structure and then applying the optimized electrical voltage to the 

actuators. Delamination deformation and failure is common in fibre-reinforced 

composite laminates due to buckling loads. There is possibility of boosting the elastic 

stiffness of composite laminates against buckling failure. For instance, the delamination 
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effect on the failure strength of smart functionally graded laminated piezoelectric 

(FGLP) composites was studied analytically by Yang et al [69]. They analysed the 

nonlinear elastic failure of smart FGLM composite shells subjected to thermo-electro-

mechanical loadings. The nonlinear buckling and expansion behaviour near the surface 

of FGLP composite shell was considered. The effect of various parameters such as 

thermo-electrical loading, stacking sequence, and pattern of delamination on critical 

axial loading of locally delaminated buckling were described and discussed. In the 

subsequent analysis, the directions of buckling failure growth for the delaminated sub-

shells were described through analytical calculation of the expanding forces along the 

length and short axis of the delaminated sub-shells. 

 

Wang et al [70] studied the behaviour of interface cracks between a piezoelectric ply 

and elastic substrate considering shear effect analytically. The analytical solution was 

the frame work of his study using Timoshenko beam theory. Interface stresses, mode I 

and II energy release rate of the straight crack subjected to electro-mechanical loading 

were studied. Effect of various parameters such as applied electrical loading, material 

mismatch and geometry of the interface crack in a typical smart composite structure 

with piezoelectric layers was considered. The effect of shear on an interface 

deformation due to material discontinuity between the piezoelectric actuators and the 

host structure has a potential application in the field of safety assessment of 

piezoelectric composite structures. However, the present study does not consider the 

crack surface contact, but the exact crack surface contact condition should be 

considered in the follow up work to better reflect the real situation. 
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In order to control the structural shape of elastic shell continua, spatially distributed 

model piezoelectric actuators was proposed and some generic distributed feedback 

algorithms with spatial feedback functions were then formulated by Tzou et al [71]. The 

analytical formulation resulted in the distributed structural control of elastic shells. The 

reason behind choosing the distributed actuators to be spatially shaped is to prevent 

spillovers from the modal couplings of feedback forces. To prove the utilities of the 

generic theory, distributed orthogonal convolving modal actuators designed for a 

circular ring shell were proposed and their control effectiveness evaluated. To increase 

the control effect, the structural stiffness must decrease or, on the other hand, the 

structural flexibility must increase. Furthermore, increasing the control moment arm of 

the actuator layer was not noticeable in the overall control effect for lower natural 

modes. 

 

Agrawal and Tong [72] outlined an analytical procedure using elastic plate theory to 

model  the deflection of an isotropic plate induced by embedded piezoelectric actuators. 

The mathematical formulation relating the electro-mechanical couples were then 

computed using finite difference method. Moreover, an algorithm was proposed to 

obtain the optimal actuator voltages to match the plate deflection to a desired one. To 

develop and algorithm, a quadratic cost function of nodal deflection errors subjected to 

limits on the actuator voltages was minimized. This algorithm was later resolved using 

the Kuhn-Tucker optimality conditions. One of the advantages of this research was its 

ability to consider unlimited number of piezoelectric actuators for the shape control 

purpose. No results verification was implemented for the proposed analytical solution.   
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Han and Lee [73] formulated an FE model to analyse the closed loop performance of 

composite plates incorporated with piezoelectric actuators and subjected to dynamic 

loadings. The main purpose of their study was to obtain parameters such as: natural 

frequency, damping ratio, and modal actuation forces. The effect of each parameter on 

vibrational control was studied, thereafter. The refined strain distributions and boundary 

condition modelling was described using the likewise displacement theory. Comparison 

of the results with some published benchmarks showed a good agreement. It was 

concluded that the developed model can describe more realistically smart composite 

plates with distributed piezoelectric actuators. 

 

There are some works on coupled buckling and post-buckling analysis of active 

laminated piezoelectric composite plates. Buckling results from in-plane compressive 

loading accompanied by structural imperfections or out-of-plane loads can lead to large 

deflection, structural instability, and finally structural failure. Thus, understanding of 

buckling failure is vital in engineering design. Substantial experimental and theoretical 

analysis were carried out to design and control the bucking and post-bucking of fibre-

reinforced composite structures. In addition, critical mode of failure is expected in smart 

structures with distributed piezoelectric materials since the external electrical voltage 

applied to the actuator leads ton additional in-plane loads in conjunction with in-plane 

mechanical loads. The buckling analysis of a cantilever piezoelectric composite plate 

subjected to the electrical and mechanical loads was investigated by Varelis et al [74]. A 

smart cantilever plate was integrated with the bounded PVDF piezoelectric layers. It 

was noticed that electrical and mechanical loads contribute to induction of buckling 

failure in a smart cantilever plate.  
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Milazzo [14] developed a family of two dimensional (2D) refined equivalent single 

layer models for vibration analysis of multilayered and functionally graded smart 

magneto-electro-elastic plates based on variable kinematics and quasi-static behaviour 

for the electromagnetic fields. Numerical analysis using FEM was adopted to solve the 

governing equations. First, the electromagnetic state of the plate was determined by 

solving the strong form of the electromagnetic governing equations coupled with the 

corresponding interface continuity conditions and external boundary conditions. 

Subsequently, the electromagnetic state was condensed into the plate kinematics, whose 

governing equations can be written using the generalized principle of virtual 

displacements. The single layer FE model presented in his work was then validated 

against available benchmark 3D solutions.  

 

There are numerous studies on the AFCs and MFCs actuation performance to analyse 

their power to induce and control the shape of various engineering structures. MFCs 

developed by NASA have been increasingly used in engineering structures due to their 

high actuation power, compatibility, and flexibility. Since AFC and MFC piezoelectric 

actuators are incorporated into fibre-reinforced laminate, understating their performance 

is most important [45]. Characteristics and properties of this class of piezoelectric 

materials were discussed comprehensively before. In the following paragraphs, some of 

the published materials concerning the AFCs and MFCs performance and actuation 

parameters for shape induction and control of engineering structures, particularly 

laminated composite hybrid structures, are reviewed.  
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There have been numerous analytical, numerical, and experimental studies on AFCs and 

MFCs actuators in the recent years. Chen et al [75] studied the electrical field 

distribution effects on AFC and MFCs performance controlled by geometrical 

parameters. Their study demonstrated that electrical filed lines are homogeneous along 

fibres and perpendicular to the IDE plane beneath the electrodes. Furthermore, linear 

performance of AFCs and MFCs was studied numerically and analytically in order to 

investigate the influence of configuration parameters on the actuation behaviour of 

AFCs and MFCs by Rossetti et al [76] and Warkentin [77]. Their work demonstrated 

that smaller ratio between the electrode finger spacing and the fibre diameter could 

result in better actuations at lower electrical voltage. However, the steep curvature of 

the electric filed near the electrode areas makes the actuation less efficient. On the 

contrary, larger ratio between electrode finger spacing and fibre diameter leads to the 

more efficient actuation despite the higher electrical voltage is required to achieve 

actuation at the same electrical field level. Therefore, optimizing the abovementioned 

parameters can significantly affect the actuation power of AFCs and MFCs for 

structural shape induction and control. 

 

Nonlinear characteristics and their effect on actuation performance of AFCs and MFCs 

were investigated by several researchers. Cesnik et al [78] worked on nonlinear 

performance of AFC/MFCs and concluded that nonlinear behaviour of this type of 

piezoelectric materials is also significants since they are capable of inducing high free-

strains and are topically incorporated into structures to control large strains. Williams et 

al [17] developed a nonlinear model to obtain thermo-mechanical coefficients properties 

of MFCs using FEM and classical lamination theory. The thermos-mechanical 
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properties of MFC actuators were modelled as a temperature function. The required 

temperature-dependent properties of each constituent material were obtained. The 

orthotropic layer properties were acquired using various micromechanics models. The 

analytical results were then compared with FEM. The most accurate model was chosen 

by a comparison with ANSYS FE models. By using a classical lamination approach, 

equations of four independent stiffness parameters and two coefficients of thermal 

expansion of the entire MFC actuator were derived. There was a good agreement 

between the analytical results and those derived by ANSYS FE model of the unit cell of 

MFC actuators. 

 

Williams et al [79] measured the linear elastic constants of an orthotropic MFCs within 

elastic zone. They characterized the nonlinear constitutive behaviour of MFCs under 

short-circuit conditions with use of tensile test procedures. Ramberg-Osgood quadratic 

least square methods were adopted to fit the experimental results during the nonlinear 

analysis. In their further experiments, nonlinear tensile and shear stress-strain behaviour 

and Poisson’s effect were characterized. The results could then be readily incorporated 

into the piezoelectric constitutive equation and ultimately into structural actuation 

models that accurately considered nonlinear mechanical behaviour. MFC actuators can 

control bending-twisting deformations of mechanical structures such as plates, beams, 

and shells due to their high actuation power and compatibility to host structure. 

Therefore, the application of MFCs in shape control aeronautic structures is being 

growing rapidly. For instance, Chen et al [80] studied the effect of a hydraulic rudder 

actuator on controlling the first bending mode of a full-scale F/A-18 vertical fin. The 

design approach was based on numerical simulation and experimental analysis. For that 
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purpose, the distributed MFC actuators were bounded on both sides of the vertical fin 

surface to control first torsional mode.  

 

The schematic of Buffet load alleviation system on F/A-18 is illustrated in Fig.2.6a. To 

control the premature fatigue failure of the structure as well as mission availability, 

Chen et al [80] also developed a novel hybrid actuation system for actively alleviating 

the buffet response. The schematic of the actuation system is illustrated in Fig.2.6b. The 

results demonstrated the ability of MFC actuators to reduce dynamic strain and 

acceleration at aft fin root to 41% and 43%, respectively. More consistent performance 

under increased buffeting load levels due to MFC actuators high frequency response 

was also observed. The schematic of the MFC actuators integration with the F/A-18 tail 

wing for bending-twisting as the phase-1 buffet load alleviation system is shown in 

Fig.2.7.  

 

 

Fig.2.6 a) Buffet load alleviation system on F/A-18 [80] and b) Configuration of hybrid 

actuation system [80] 
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Fig.2.7 Experimental test setup illustrating the MFC actuators integration with the F/A-18 tail 

wing for bending-twisting as the phase-1 buffet load alleviation system [80] 

 

MFC actuators can also be used in morphing airplanes. Morphing is a kind of structure 

whose shape or state can vary in response to the environment or to change the operation 

characteristics. Current aircraft designs already employ winglets aimed at increasing the 

cruise flight efficiency by induced drag reduction. Smart intelligent structures propose a 

state of the art technology that incorporates a wing tip active trailing edge, which could 

be a means of reducing winglet and wing loads at key flight conditions. For instance, 

the morphing aircraft can be achieved through changes in its wing geometry. In 

addition, replacing the mechanically driven control surfaces and helicopter blade control 

can be achieved using reliable actuators [81]. 
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The application of piezoelectric actuators in shape induction and control of cantilever 

structures is increasing. Laminated cantilever composite plates have been widely used in 

various engineering applications such as airplane wings, corrugated plates, reinforced 

concrete slaps, decks of contemporary steel bridges, boom arms of industrial cranes, and 

flight control surfaces. One of the great advantages of piezoelectric materials is to be 

able to respond to changing environment and control structural deformation which has 

led to the new generation of aerospace structures like morphine airplanes [8]. 

 

Kim and Han [82] studied the mimic of birds flapping motion by using experimental 

investigation. They designed and fabricated a smart graphite reinforced epoxy (GFRP) 

composite laminate incorporated with MFC actuator to monitor the deformation of the 

wing surface generated by MFC actuator. To mimic the birds flying mechanism, they 

investigated birds’ aerodynamic characteristic. An experimental setup was developed 

for measuring the flapping devices aerodynamic forces. A series of dynamic tests were 

performed for that purpose. The experimental setup consisted of the smart wing with the 

multiples bounded MFC actuators. The smart wing shape could be changed by applying 

various electrical voltages to the MFC actuators. Therefore, the appropriate electrical 

voltage was applied to the surface-bounded MFC actuators to boost the wing’s 

aerodynamic performance. Subsequently, the smart wing was placed in the subsonic 

wind tunnel to assess its dynamic characteristics. According to the experimental results, 

by inducing the flapping frequency using MFC actuators, unsteady flow effects were 

increased with low velocity in high flapping frequency regions. Furthermore, the wing 

surface shape changes generated by the MFC actuators were enough to control the lift 
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and thrust. It was concluded that there was a twenty percent increase in lift achieved by 

changing the wing camber at the different stage of flapping motion. 

 

Paradies and Ciresa [83] implemented MFC actuators into an active composite wing 

used in an unmanned aerial vehicle (UAV) with a thin profile and integrated roll control 

with piezoelectric elements. The smart composite wing was modelled numerically based 

on a fully coupled structural fluid dynamics model. An experimental analysis was then 

implemented for computational results verification. The static and preliminary dynamic 

tests were carried out on the prototype wing to validate the design model. Dynamic tests 

were also performed on a sandwich wing of the same size with conventional aileron 

control for comparison. Even though the roll moment generated by the active wing was 

lower, it proved sufficient for the intended roll control of the UAV. There was a total 

displacement of 3 mm achieved at the tip of a wing with span of 500 [mm] and seven 

integrated MFC elements working at 1.5 [KV] as shown in Fig.2.8. It was sufficient for 

the roll control of airplane despite the small amount of roll moment in the active wing. 

More research regarding how to generate novel morphing and deployable structures can 

be found in Ref [84].  

 

 

Fig.2.8 Active wings with deactivated and activated MFC in air flow [9,83]  
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There are some circumstances under which shape deformation due to piezoelectric 

actuators can result in changes in the host structures stiffness matrix in a negative 

manner. For example, Woo and Goo [85] worked on the effect of electrical cyclic 

loading on fatigue failure and cracking of a bending piezoelectric hybrid composite 

actuator with the aid of an acoustic emission (AE) technique. The experimental analysis 

was the framework of their study. Electrical fatigue tests were performed for up to 
710

cycles on the fabricated experimental samples. The external electrical voltage ranging 

from -150 [V] up to +150 [V] was applied to the structure. The source location and 

distribution of AE behaviour over the fatigue range were analysed to ensure the fatigue 

damage initiation and its pathway. It was concluded that electrical cycle loading can 

result in fatigue failure in a smart composite structure but did not result in final failure 

of the bending piezoelectric composite actuator. It was also observed that factors as the 

onset time of the fatigue damage varied significantly depending on an existing GFRP 

ply as a protecting bottom layer. 

 

To study the effect of bounded piezoelectric actuator patches on vibration control of 

cross-ply composite laminates, Her and Lin [86] developed an analytical model based 

on linear piezoelectricity and elasticity theories to assess the effect of time harmonic 

voltages on shape deformation of laminated composite plates. The analytical solution 

was then compared with the numerical simulation results for results verification. 

ANSYS FE package was used to model the smart piezo composite plates under dynamic 

loads. The results showed a good agreement. However, the study was only limited to 

simply supported plates and no further research on complex boundary conditions and 

loading system was conducted.   
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The literature review presented in this section demonstrates various analytical, 

numerical and experimental studies of shape induction and control of various 

mechanical structures using isotropic and orthotropic piezoelectric actuators. Based on 

the published studies, the lack of novel analytical and numerical analysis for shape 

deformation and control of various complex engineering structures was evident. In 

many shape control problems, the lack of novel exact and numerical solutions to 

consider many mechanical factors is observed. Some of the factors to be taken into an 

account are host structures layup stacking sequence configuration, shape control 

performance of piezoelectric actuators in thermal environments, complex loads and 

boundaries, piezoelectric actuators piezoelectric fibre angle variations, and piezoelectric 

actuators inclination angle and placements. 

 

2.8. CONCLUDING REMARKS  

 

This chapter presented an extensive literature review on general characteristics of fibre-

reinforced composite laminates and piezoelectric materials. A detailed account of earlier 

and recent studies on shape deformation assessment and failure prediction in laminated 

composite structures using piezoelectric strain gauge sensors was then presented. 

Finally, the numerous studies on the use of piezoelectric actuators to control the shape 

of laminated composite structures were reviewed.  

 

Based on the benchmark studies available in the literature, it was observed that there are 

a very few novel analytical and numerical studies on sensors and actuators suitable for 

predicting the critical mechanical deformation, failure and shape control of laminate 
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composite hybrid structures. The available studies lacked the consideration of some 

crucial mechanical factors which can significantly influence the shape monitoring, 

failure prediction, shape deformation and control of laminated composite hybrid 

structures integrated with sensors and actuators. Furthermore, the shape and failure 

control analysis of this class of composite structures are mostly limited to numerical and 

experimental studies, though approximation solution has also been adopted as part of 

the analytical investigations. Based on the literature, many smart laminated composite 

structures were subjected to only simple loading conditions while in real-life 

engineering problems, the combination of arbitrary loads such as thermo-electro-

mechanical loads are applied.  

 

Therefore, some novel analytical and numerical solutions are required to account for 

these factors. Experimental analysis of smart structures is expensive and requires 

excessive amount of time and calibration to obtain a satisfactory result. Thus, relying on 

analytical and numerical evaluation of this class of materials can be cost-effective and 

save a lot of time. In the following chapters, several novel analytical and numerical 

methods are proposed for structural shape deformation measurement and shape control 

of laminated composite hybrid structures using sensors and actuators respectively. The 

proposed methods are validated through numerical simulation, experimental analysis 

and by comparing the results with the published benchmark results available in the 

literature. 
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MECHANICAL DEFORMATION AND FAILURE ASSESSMENT 

OF LAMINATED COMPOSITE STRUCTURES USING PZT 

STRAIN GAUGE SENSORS 

 

 

 

 

1.1. INTRODUCTION 

 

In this chapter, a novel analytical solution and numerical simulation are proposed to 

assess the mechanical shape deformation and possible failure of the internally pressurized 

laminated woven GFRP composite shells using surface-bounded PZT strain gauge 

sensors. PZT sensors are classified as piezoceramic materials made of lead zirconate 

titanate which can be used as strain gauges for measuring the mechanical strains created 

in structures. The mechanical loads applied to the host structures result in PZT sensors 

releasing electrical voltage, which is used to measure the mechanical strains. Various 

types of shells with complex geometries such as hemispherical, ellipsoidal, and 
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torispherical are selected for model analysis. The sensors are aimed at obtaining the 

critical mechanical strain/displacements and possible failure in the critical regions. Tsai-

Wu failure criterion was adapted for that purpose. In the analytical study, the linear 

interpolation technique is adopted to interpolate the critical points conveniently. The 

shells boundary is fixed at its end. A series of 3D FE model analysis are used for the 

numerical simulation of critical mechanical strains/displacements and predicting the 

critical shell regions. 

 

Both the analytical and numerical results are validated by using the experimental test 

results developed in this study. In the experimental investigation, some arbitrary points 

on the shell surface are selected and their strain values are measured using surface-

bounded PZT strain gauge sensors. Manufacturing of laminated composite shells is 

performed by using the Vacuum Infusion Process (VIP), a method commonly adopted for 

the fabrication of laminated composite shell structures. The effect of various parameters 

including thickness, aspect ratio, and stacking sequence on the shape deformation and 

failure of the laminated woven GFRP composite shells are investigated and the critical 

mechanical factors to avoid deformation and possible failure are determined. The 

analytical and numerical studies adopted in this research investigation can be easily 

extended to other types of laminated composite structures such as plates and beams. 
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unsymmetrical laminated ellipsoidal woven GFRP composite shell with incorporated 

surface-bounded sensors and internally pressurized,” Compos. Part B Eng., vol. 77, pp. 

502–518, 2015. 

 

2) S. Sharifi, S. Gohari, M. Sharifiteshnizi, and Z. Vrcelj, “Numerical and experimental 

study on mechanical strength of internally pressurized laminated woven composite shells 

incorporated with surface-bounded sensors,” Compos. Part B Eng., vol. 94, pp. 224–237, 

2016. 
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a b s t r a c t

First-ply failure of an unsymmetrical laminated ellipsoidal woven Glass Fiber Reinforced Polymer (GFRP)
composite shell internally pressurized was investigated analytically using the linear interpolation
technique. The shell's boundary was fixed at its end. Tsai-Wu failure criterion was used as the com-
posite failure design factor. The analytical results, including critical internal pressure and strains in global
directions, were validated with the experimental results for some arbitrarily selected points on the shell
surface along meridian axis. Manufacturing of laminated ellipsoidal composite shells was performed by
using the Vacuum Infusion Process (VIP), a novel method commonly adopted for the fabrication of
laminated composite shells. Surface-bounded sensors were installed on the shells' surface to measure
the strain values after the internal pressure was applied. According to the analytical investigation
findings, the failure factor was critical at the innermost ply. In addition, for each ply, the shell's edge was
observed to be the region with the highest failure factor. The experimental findings confirmed that the
failure occurred in the regions close to the shell's edge, as predicated by the analytical approach. The
results from both approaches were in a close agreement. Subsequently, the effect of various parameters
including thickness, aspect ratio, and stacking sequence on the first-ply failure of laminated ellipsoidal
woven GFRP composite shell were investigated and the critical mechanical factors to avoid failure were
determined.

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

Pressure vessel is a form of closed container used to hold gas and
liquid at a pressure which substantially differs from the circum-
fused pressure. Ambient pressure can also be significant in some
cases such as under water pipe lines or a pressure vessel subjected
to internal and external pressure. Different materials, including
composite materials, can be employed in manufacturing of pres-
sure vessels. Recently, more emphasis has been placed on com-
posite pressure vessels since they are lighter than steel and can be
much stronger than isotropic materials. They are vastly exploited in
commercial and airspace applications in recent years [1e5]. Ap-
plications include breathing device, such as self-contained
breathing apparatuses used by fire-fighters and emergency
personnel, scuba tanks for divers, oxygen cylinders for medical and

aviation cylinders for emergency slide inflation, opening doors or
lowering of landing gear, mountaineering expedition equipment,
paintball gas cylinders and etc. The great portion of applications has
been related to the manufacturing and engineering designs. Most
commercially produced composites use polymer matrix materials
often called resin solutions. Significant advances in construction
and design of ellipsoidal shells have taken place over recent years
[4,5]. In addition, static, vibrational, and buckling of axisymmetric
ellipsoidal shells has been reported. This type of shell has a great
application in internally pressurized vessels and cylindrical tanks'
heads and bottoms [6].

Failure analysis of composite structures is commonly based on
some different failure modes such as maximum stress criterion,
maximum strain criterion, Hoffman failure criterion, Tsai-Wu fail-
ure criterion and Tsai-Hill failure criterion. All methods are used for
theoretical failure analysis of composite structures [7e11]. Tsai-Wu
has been adopted widely for failure analysis of composite struc-
tures [12e15]. Extensive research has been conducted on failure
strength of laminated composite panels and laminated
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hemispherical and cylindrical composite shells pressurized inter-
nally and/or externally. These analyses include but are not limited
to static, dynamic, and impact response of cylindrical and hemi-
spherical composite shells and panels [16e20]. However, in all
those reported studies, the research was carried out on unidirec-
tional fibre-reinforced composites rather than woven fibres.

Woven fabric composites have been adopted in numerous en-
gineering applications during the past two decades [21,22]. This
class of fibre-reinforced material can have as many engineering
applications as laminated unidirectional fibre composites due to its
high in-plane specific strength and high in-plane specific stiffness.
Woven fabric composite has a unique property of having thought-
thickness arrangement of fibres to boost interlaminate strength and
toughness, and compressive strength called textile reinforcement.
Thus, due to this unique property of woven composite structures, it
can have a great potential in aerospace engineering design [23].
However, less research contribution has been made toward the
failure behaviour of woven reinforced polymer composites since
many difficulties in failure analysis of woven composites have been
reported [23]. A great portion of failure analyses of woven com-
posites accounts for mechanical properties, failure mechanism of
woven-glass fabric-epoxy composites and failure strength of
woven glass fibre-epoxy composites pinned joints [23e25]. The
literature review has revealed that no research has been conducted
on laminated ellipsoidal shells made of woven composites. The
only available minor study is on the plastic collapse and controlling
failure pressures of thin ellipsoidal shells subjected to internal
pressure [26].

The characteristics of various laminated composite shells sub-
jected to internal pressure have been studies through different ap-
proaches. The effect of winding angle and thickness with other
winding parameters such as the tape width and thickness were
studied using multi-scale shell lay-up simulation. The results were
compared with the experimental radiographic images. The results
showed that a good correlation between simulation and experi-
mental data is possible [27]. Optimal design of high-pressure com-
posite storage tanks subjected to internal pressure was studied to
boost their structural strength. Finite element (FE) method with
Reddy's progressive damage law and Genetic Algorithm (GA) opti-
mization were compared with results obtained from Continuum
Damage Mechanics (CDM) theory and a Three Dimensional Finite

Element (3DFE) technique incorporating a modified GA and ad-
vantages and limitation of each method were discussed thoroughly
[28]. Also, laminate stacking sequence, winding tension, winding-
tension gradient, winding time, and the interaction between
winding-tension gradient and winding time, geometric factor,
winding angle and pre-crack angle proved to significantly affect
failure strength of composite shells subjected to internal pressure
based on experimental and theoretical investigations [29e31].

In this study, the emphasis is placed on the first-ply failure
characteristics of laminated ellipsoidal composite shell made of
woven/epoxy subjected to internal pressure with use of linear
interpolation technique. This technique is used to interpolate the
critical and failure pressure, leading to the first-ply failure. The
results acquired from the analytical investigation are validatedwith
the finding of the experimental approach. The experimental data to
determine the critical internal pressure to avoid failure is obtained
from strain gauge sensors. Subsequently, the further discussion is
made toward analytical solution to assess the effect of various pa-
rameters on first-ply failure of a laminated ellipsoidal woven-epoxy
composite shell subjected to internal pressure. Tsai-Wu failure
criterion for orthotropic materials was adopted in the theoretical
analysis. A number of assumptions were adopted in the analysis.

This study can help the designers and manufacturers to choose
an adequate fibre angle orientation, and also how to reinforce the
elliptical shape of composite shells under internal pressure. Several
research investigations have been conducted on the effect of in-
ternal pressure on the laminated composite structures, but the
behaviour of woven fibre composite with unsymmetrical stacking
sequence under internal pressure has not yet been studied.
Furthermore, the investigation of critical points and factors in
composite pressure vessels with complex geometry such as ellipse
is crucial for designers since these factors are required in opti-
mizing the mechanical characteristics of composite pressure ves-
sels. Therefore, this research focuses on the failure of the elliptical
composite shells under internal pressure.

2. Problem statement

In this study, the ellipsoidal shell is incorporated with surface-
bounded sensors in order to measure the strain values, occurring
on the shell surface after pressurized. The schematic of spherical

Notation

4 meridian direction
q circumferential direction
r radial direction
N4; Nq; Nq4 in-plane normal and shear force resultants,

respectively (per unit length)
r4 radius of curvature of meridian
rq radius of curvature of parallel
t ply thickness
r radius of a parallel circle
Por4, P

o
rq, P

o
r outer surface stresses in the direction of meridian,
circumference and radius, respectively

Pir4, P
i
rq, P

i
r inner surface stresses in the direction of meridian,
circumference and radius, respectively

a, b semi-major and semi-minor radius of ellipse,
respectively

H composite laminate's total thickness
h distance from mid-plane to the kth ply
b fibre angle orientation
k number of layers

K curvature matrix
N vector of stress resultants
s(K) vector of stresses for thekth ply
Q transformed material stiffness
Z distance from the mid-plane in the thickness direction
T transformation matrix
M4, Mq, M4q in-plane bending and twisting moment resultants

(per unit length)
A, B, D extensional, coupling, and bending stiffness matrices,

respectively
F1t, F2t tensile strength in a composite laminate along

longitudinal and transverse directions, respectively
F1C, F2C compressive strength in a composite laminate along

longitudinal and transverse directions, respectively
F6 in-plane shear strength
Pf, PCr failure and critical pressures, respectively
EL, ET Young's modulus in a composite laminate's local

material orientation
ε4, εq, gq4 in-plane strains
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coordinate axis, presenting the meridian direction 4, parallel
(circumferential) direction q, and radial direction r, as well as
location of the surface-bounded sensors on the shell surface, are
illustrated in Fig. 1. According to Fig. 1, eight surface-bounded
sensors are installed on the shell surface with four sensors placed
parallel and four sensors placed perpendicular to the circumfer-
ential direction for the purpose of measuring the circumferential
and meridian strains, respectively.

The principle equilibrium equations for a pressure vessel, whose
cross-section is ellipse with major and minor axis 2a and 2b
respectively, are represented in Eqs. (1)e(3) [32]. These equations
are expressed in terms of usual shell stress resultants. Shell's stress
resultants acted on a shell element are shown in Fig. 2. Here, co-
ordinates oriented along the tangent to themeridian, the tangent to
the parallel and normal to the surface are labelled as X, Y, and Z,
respectively. In addition, the angle between the shell axis of revo-
lution and the normal to surface is labelled as 4.

v
�
N4r

�
v4

þ v
�
N4q

�
vq

r4 � Nqr4 cos 4þ DPr4rr4 ¼ 0 (1)

v
�
N4qr

�
v4

þ vðNqÞ
vq

r4 þ N4qr4 cos 4þ DPrqrr4 ¼ 0 (2)

N4

r4
þ Nq

rq
þ DPr ¼ 0 (3)

where;

r4 ¼ a2b2�
a2 sin2

4þ b2 cos2 4
�1:5

rq ¼ a2�
a2 sin2

4þ b2 cos2 4
�0:5

DPr4 ¼ Por4 � Pir4

DPrq ¼ Porq � Pirq

DPr ¼ Por � Pir

r ¼ rq sin 4

As shown in Fig. 1, r4 and rq are defined as radius of the ellip-
soidal shell's curvature, r is the radius of a parallel circlePor4,P

o
rq,P

o
r

and Pir4,P
i
rq,P

i
r are the outer and inner surface stresses in the di-

rection of meridian, circumference and radius, respectively. r4 and
rq being substituted into Eq. (3) results in a relationship between
Shell's stress resultants as shown in Eq. (4).

Nq ¼ �
"
N4

�
a2 sin2

4þ b2 cos2 4
�

b2

þ DPr
a2�

a2 sin2
4þ b2 cos2 4

�0:5
#

(4)

Eq. (4) is then substituted into Eq. (1) to obtain the following
differential equation for N4, as shown in Eq. (5).

vN4

v4
þ N4

�
b2 cot 4

a2 sin2
4þ b2 cos2 4

þ cot 4
�

þ vN4q

vq

"
b2

sin 4
�
a2 sin2

4þ b2 cos2 4
�
#

þ DPr

"
a2b2 cot 4�

a2 sin2
4þ b2 cos2 4

�1:5
#

þ DPr4

"
a2b2�

a2 sin2
4þ b2 cos2 4

�1:5
#

¼ 0 (5)

The integration factor method is used to solve the first order
differential equation for N4, resulting in Eq. (6).

Fig. 1. Schematic of spherical coordinate axis and location of the surface-bounded
sensors in an ellipsoidal composite shell.

Fig. 2. Direct and shear stress resultants in a shell element subjected to internal
pressure.
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N4 ¼
"�

a2 sin2
4þ b2 cos2 4

�0:5
sin2

4

#

�
"
C �

Z
S sin2

4�
a2 sin2

4þ b2 cos2 4
�0:5 d4

# (6)

where;

S ¼ vN4q

vq

"
b2

sin 4
�
a2 sin2

4þ b2 cos2 4
�
#

þ DPr

"
a2b2 cot 4�

a2 sin2
4þ b2 cos2 4

�1:5
#

þ DPr4

"
a2b2�

a2 sin2
4þ b2 cos2 4

�1:5
#

In this study, some assumptions have been adopted to simplify
the stress resultants equations. It is assumed that the shell is

subjected to the constant internal pressurePir ¼ P. Thus, it can be
concluded that N4q ¼ DPr4 ¼ DPrq ¼ Por ¼ 0 , since internal pres-
sure results in shell being symmetrically loaded. It is further
assumed that there is no external pressure applied on the shell. The
constant of integration C presented in Eq. (6) is also assumed to be
equal to zero to prevent unbounded result at 4¼ 0. Finally, based on
the assumptions made, the meridian and radial stress resultants
can be obtained using Eqs. (7) and (8).

N4 ¼ P
2

"
a2�

a2 sin2
4þ b2 cos2 4

�0:5
#

(7)

Nq ¼
"

Pa2

2
�
a2 sin2

4þ b2 cos2 4
�0:5

#�
2� a2 sin2

4þ b2 cos2 4

b2

�

(8)

In this study, the shell's total thickness is defined as H. It is
assumed that each ply's thickness defined as h is constant. Fibre
angle orientation (winding angle of fibre with respect to 4 direc-
tion) is b as shown in Fig. 3, and the distance frommid-plane (plane
between plies numbers 3 and 4 as shown in Fig. 4) to the kth ply is
h. t is ply thickness as stated in Eq. (9). Here, the stress resultants in
the geometric coordinate axes are stated in Eq. (10).

t ¼ H
k

(9)

½N� ¼ ½A�½ε� þ ½B�½K� (10)

where k is number of layers; K is the curvature matrix in the
laminate; H is the total thickness; N is the vector of stress resultants
[N/m], [A] and [B] stand for the extensional and flexural stiffness
matrixes, respectively; and ε is the strains vector. The relationship
between stresses and strains for the kth orthotropic layer is rep-
resented in Eq. (11).

sðkÞ ¼ Q
ðkÞ

εþ zKðkÞ (11)

s(K) stands for the vector of stresses for the kth ply; Q is known as
transformed material stiffness content (refer to Appendix A) and z

Fig. 3. Schematic of a Lamination Geometry with fibres' winding angle.

Fig. 4. Schematic of laminated ellipsoidal shell with cross-sectional view.
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stands for distance from the mid-plane in the thickness direction.
Local stress resultants can be obtained using Eq. (12).

½s�Localk ¼ ½T �½s�Globalk (12)

In Eq. (12) T is the transformation matrix (refer to Appendix A)
which varies as fibre angle orientation changes. Global load re-
sultants N4 and Nq, applied per unit length [N/m] in the meridian
and radial directions respectively in a shell element internally
pressurized (refer to Fig. 1), can be obtained using Eq. (9) and Eq.
(10), respectively. The shear stress value shown is equal to zero due
to symmetric loading. Bending and twisting moments M4, Mq and
N4q are assumed to be zero. The relationship between in-plane
stress resultants is defined in Eqs.(13)e(15) [32]. These equations
relate the normal load resultants with the stress values at kth ply in
the shell.

N4 ¼
ZH
0

s4

�
1þ z

rq

�
dz (13)

Nq ¼
ZH
0

sq

�
1þ z

r4

�
dz (14)

N4q ¼
ZH
0

t4q

�
1þ z

r4

�
dz (15)

After defining the shell principle equations, they are combined
with laminated composite materials theory. The coordinate axis of

local material orientations along fibre and perpendicular to fibres
are defined as longitudinal and transfer axis, respectively, shown as
L and T orientations in Fig. 3. Reduced stiffness matrix and trans-
formation matrix are both dependent on the material properties of
composite materials (refer to appendix A). The compliance
matrices, A, B and D of the composite shell internally pressurized
are shown in Eq. (16), Eq. (17), Eq. (18) and Eq. (19), respectively.
The constitutive form of the compliance matrices, A, B and D con-
sists of 12 elements for i,j ¼ 1,2, …,6. However, in this study the
simple form of the stiffness matrix is considered, neglecting shear
deformation and transverse normal stress, letting i,j ¼ 3,4,5 ¼ 0
[33]. Values of global load resultants [N/m] for N4 and Nq in ellip-
soidal shell subjected to static internal pressure can be obtained
using Eq. (9), Eq. (10) and Eq. (11), respectively. Schematic of
ellipsoidal shell semi-minor and semi-major axis with its cross-
sectional view is illustrated in Fig. 4.

2
6666664

N4

Nq

N4q

M4

Mq

M4q

3
7777775
¼

2
6666664

A11 A12 A16 B11 B12 B16
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3
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2
6666664

ε4

εq

ε4q

K4

Kq

K4q

3
7777775

(16)

Aij ¼
Xn
K≡1

h
Qij

i
K
ðhK�hk�1Þ; i ¼ 1;2;6; j ¼ 1;2;6 (17)

Bij ¼
1
2

Xn
K≡1

h
Qij

i
K

�
h2K � h2K�1

	
; i ¼ 1;2;6; j ¼ 1;2;6 (18)

Dij ¼
1
3

Xn
K≡1

h
Qij

i
K

�
h3K � h3K�1

	
; i ¼ 1;2;6; j ¼ 1;2;6 (19)

where, the initial conditions are;

N4q ¼ M4 ¼ Mq ¼ M4q ¼ 0

N4 ¼ P
2

"
a2�

a2 sin2
4þ b2 cos2 4

�0:5
#

Nq ¼
"

Pa2

2
�
a2 sin2

4þ b2 cos2 4
�0:5

#�
2� a2 sin2

4þ b2 cos2 4

b2

�

To assess the strength of a shell structure, a failure criterion is
needed. In this study, Tsai-Wu failure is adopted in the study of the
laminated ellipsoidal shell internally pressurized. TsaieWu failure
criterion stipulates that for non-failure the constraint given in Eq.
(20) below should be satisfied.

Table 1
Characteristics of laminated woven GFRP shell incorporated with surface-bounded sensors.

Shell's geometry Shell's elastic properties Sensor characteristics

bo ¼ [0/45/0/45/0/45] EL ¼ ET ¼ 20.8[GPa] Type. FCA-3-11
a ¼ 200 [mm] GLT ¼ 3.92 [GPa] Lot No. A601522
b ¼ 100 [mm] yLT ¼ 0.173 Batch No. II28K
t ¼ 0.35 [mm] F1t ¼ F1C ¼ 473 [MPa] Gauge Length. 3 [mm]

F2t ¼ F2C ¼ 473 [MPa] Gauge Resistance. 120 ± 0.5 [U]
F6 ¼ 85 [MPa] Gauge Factor. 1 ¼ 2.12, 2 ¼ 2.12, ±1 [%]

Transverse Sensitivity. 0.2 [%]

Fig. 5. Schematic of linear interpolation technique used to predict the shell's first-play
failure at kth ply.

S. Gohari et al. / Composites Part B 77 (2015) 502e518506

69



F11
�
s
ðKÞ
L

	2 þ F22
�
s
ðKÞ
T

	2 þ F66
�
t
ðKÞ
TL

	2 þ 2F12s
ðKÞ
L s

ðKÞ
T

þ F1s
ðKÞ
L þ F2s

ðKÞ
T � 1

FðsL;sT ; sLT ÞK � 1 (20)

where,

F11 ¼ ðF1t � F1CÞ�1; F22 ¼ ðF2t � F2CÞ�1; F66 ¼ ðF6Þ�2;

F1 ¼ ðF1tÞ�1 � ðF1CÞ�1; F2 ¼ ðF2tÞ�1 � ðF2CÞ�1;

F12 ¼ �0:5ðF1t � F1C � F2t � F2CÞ�0:5

F1t, F2t, F1c and F2c are the tensile and compressive strength of the
composite material along longitudinal and transverse directions
respectively, and F6 is the in-plane shear strength. Material prop-
erties and geometry of woven GFRP composite are shown in Table 1.

Finally, the linear interpolation technique is used to interpolate
(with high accuracy) the failure and critical pressure values Pf and
PCr, respectively over the initial pressure interval at which the first-
ply failure occurs. This numerical technique is adopted because the
theoretical prediction of the failure pressure in the selected pres-
sure interval at which the first-ply failure occurs is impossible. It
must be taken into account that load stress resultants vary at each
meridian angle. This problem becomes more crucial when the
number of layers increases. The schematic of linear interpolation
technique and its application in the current study is shown in Fig. 5.

Fig. 6. The algorithm used for the theoretical analysis to interpolate the shell's first-ply failure at kth ply.
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In addition, the analytical procedures performed are summarized
in the form of an algorithm as shown in Fig. 6.

According to Fig. 6, the initial input values are selected in the
interpolation algorithm. These values include dp, x and k which

stand for the initial range of internal pressure interval in which the
failure pressure lies within, the range of interpolation accuracy, and
number of plies in the composite laminate, respectively. Subse-
quently, the initial values undergo the series of systematic loops

Fig. 7. Elliptical shell pattern made of polyurethane foam. (a) Covered by putty; (b) Polished.

Fig. 8. Mould manufacturing process, (a) Applying gelcoat; (b) Laying up tissues; (c) CSM laying up; (d) Curing; (e) Final composite mould.
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until the desired failure/critical internal pressure and the output
parameters such as failure/critical external load resultants applied
to the shell elements, failure/critical stress/strains at the particular
layer, and critical failure factor to avoid failure according to Tsai-Wu
failure criterion, are accurately interpolated. Upon successfully
obtaining all failure/critical output parameters, the loops are
terminated and the interpolation algorithm ends.

3. Experimental procedures

3.1. Preparation of the laminated ellipsoidal shell model

In the experimental work the VIP method was used to fabricate
the shells. The VIP is a method inwhich vacuum pressure is applied
to drive resin into dry fibre reinforcement material. Dry fibres are
placed in the mould before vacuum is applied. Once a complete
vacuum is achieved, resin is sucked into the dry fibres through resin
feed tubing. A vacuum pump is utilized for evacuating the air and
consolidating the dry materials and finally creating a “vacuum
cavity”. Resin is then injected into the cavity via resin feeder lines.
The pressure difference between the cavity and atmospheric
pressure causes the resin to flow through the porousmaterials until
the part is completely saturated. The vacuum is continued until the
part is consolidated. In this research, epoxy resin (type: 1006) and
fibre glass (type 290gsm plain weave Woven Rovings (WR)) were
used to produce composite shells using VIP technique. Epoxy resin
is the matrix. Direction of the fibres was based on WR [0/45]3
procedures during the manufacturing process. The mould and plug
as well as design and fabrication of the test rig and experimental
tests will be explained here.

The schematic of the laminated ellipsoidal composite shell and
its cross-section as shown in Fig. 3 was discussed in section.2. The
geometry was determined at pre-processing section.

3.2. Mould preparation

Male (plug) and female moulds are two fundamental types of
moulds; however they produce significantly different parts. Mould
which is also called female mould is the reverse of the reverse of
the object's shape. Making the mould is the first step in the pro-
cedure of manufacturing a composite shell through vacuum infu-
sion method. In this work, hand lay-up method was used for
preparing the mould. Manufacturing process of glass fibre mould

started by producing a plug, which is an exact representation of the
object to be made.

3.2.1. Constructing the plug
Successful mould construction requires proper preparation of

the plug, including the exact shape and dimension of the final part,
used to create the female mould. In this research, elliptical shell
pattern is prepared by shaping closed cell polyurethane foam based
on geometries. Computer Numerical Control (CNC)millingmachine
was used to form shell patterns. The plug needs to have a finish
surfaces as good as the desired part to be produced. Some of im-
perfections in the plug surface will be transferred to the mould, and
then to future parts made from the mould. The preferable surface
for the plug is a polished smooth finish without any scratches or
porosity. In order to achieve an acceptable mould surface and a long
mould life, the plug was covered with means of plaster putty and,
subsequently polished uniformly in order to have a smooth surface-
finish. It is far more effective to remove defects from the plug
surface than attempting to remove defects from the mould surface.
Fig. 7a and b shows the elliptical shell pattern made of poly-
urethane foam.

3.2.2. Constructing the female mould
After forming the plug, female mould is manufactured using

plug mould. For manufacturing the female mould in the first step, a
mould release agent is applied to the plug. If the mould does not
release properly from the plug, the mould and the plug could be
either damaged or destroyed. Due to this, the release wax was
applied several times on the surface of the plug. Once this step was
completed, the gelcoat was applied on the surface. Gelcoat is used
to make the mould surface strong and scratch resistant. It also
contributes to a high-quality surface-finish in shells. After the
surface coat was applied, it was left for 3e4 h to become approxi-
mately cured and then the procedure was followed by putting a
layer of tissues on the gel coat. Subsequently, Chopped Strand Mat
(CSM) fibres with resin were hand layup on the plug surface.
Applying CSM and resin continued several times to achieve desired
number of layers and to also ensure the coated mould has become
string enough. Eventually, the mould was left for 24e48 h to cure
completely.

It must be distinguished that the first layer of reinforcement is
the most critical layer in the mould to lay down without trapping
air bubbles. For the other layers also, the air must be released from
laminate at least every other layer. The other important thing to

Fig. 9. Schematic of the test rig including Sequences of Layers and material used in infusion process.
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take into consideration in making female mould is that in case of
using chopped strand mat, it must be torn (not cut) into manage-
able chunks so the frayed edges blend well with one another
without trapping air like sharp scissor cut edges do. When the
mould is sufficiently cured, it can be separated from the plug. In
order to separate the female mould off the plug, the wedge is
released and air shut gun can is used. The produced femalemould is
used in VIP or manufacturing shells. Fig. 8aee illustrate the
sequence of mould manufacturing.

3.3. Laminated ellipsoidal shell fabrication

Manufacturing of laminated ellipsoidal composite shells was
performed using VIP. The advantages of using VIP are that the parts
fabricated using VIP method are stronger, lighter, and more
economical. In addition, quality control issues are much easier.
Inspections can be easily carried out before the resin is introduced

Fig. 10. The sequences of producing composite shell, (a) Woven fibre glass placed on the mould; (b) Peel ply; (c) Resin flow mesh; (d) Vacuum bagging film; (e) Vacuum pressure
applied; (f) Resin infusion.

Fig. 11. Schematic of the test ring, pressure gauge hydraulic oil pump and connecting
hose.
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Fig. 12. Schematic of shell's boundary condition and gauge sensors instalment on the second sample.

Fig. 13. Schematic of the testing setup of the composite shell under internal pressure.

Table 2
Critical internal pressure and strains at k ¼ 1 based on analytical and experimental approaches.

PCr [MPa] e1 [%]

Ana. 1.6449 8.80

Exp. 1.5

4 ¼ 45o e [%] 4 ¼ 67o e [%] 4 ¼ 74o e [%] 4 ¼ 80o e [%]

Ana. ε4 0.0037 26 0.0054 14.81 0.0058 15.51 0.0061 1.63
Exp. 0.0050 0.0046 0.0049 0.0060
Ana. εq �0.0025 26.47 �0.0068 16.17 �0.0082 7.31 �0.0089 13.48
Exp. �0.0034 �0.0057 �0.0076 �0.0077

e1 ¼




x1�x2

x1





� 100:

Fig. 14. Observation of failure in the shell's outermost ply (k ¼ 1) at pressure of Pf ¼ 1.7 [MPa] at 4 ¼ [70e90].
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into the part, and with the use of clear gel coat, the part is very
easily examined for flaws after the infusion process. The vacuum
evenly applies pressure, conforming to both simple and complex
shapes. Application of vacuum provides control of part thickness by
compressing the laminate during cure. Furthermore, the process is
environmentally friendly. This also means that the working envi-
ronment is greatly improved. Today, VIP is drawing significant in-
terest due to its low capital investment and easily manageable
learning curve [34,35].

In this study, materials are first laid up dry into the mould and
the vacuum is applied before resin is introduced. Once a complete
vacuum is achieved, resin is literally sucked into the laminate via
carefully placed resin-feed tubing. A vacuum pump is used to
evacuate the air and apply atmospheric pressure to consolidate the
dry materials and create a “vacuum cavity”. Subsequently, resin is
introduced into the cavity via strategically placed resin feeder lines.
The pressure differential between the cavity and the outside at-
mospheric pressure pushes the resin through the porous materials
until the part is completely saturated. The vacuum is maintained
until the part is consolidated. The surface-bounded sensors char-
acteristics used in the experimental analysis are shown in Table 1.
Meanwhile, some bubbles were detected in the resin mixture
during the fabrication process. Voids caused by bubbles were
released from the resin before performing VIP to boost the quality
of the shell. The following procedures were performed during the
shell's fabrication using VIP method:

� Controlling the environmental temperature at 22 �C.
� Mould preparation and surface impregnation using wax.
� Selecting stanching sequence for woven glass fibres, as shown in
Fig. 4.

� Laying peal ply and resin flowmesh on the mould surface based
on the stacking sequence.

� Placing resin flow channel circumferentially on the shell and
using vacuum bagging film and sealant tape to cover and seal
the channel, respectively.

� Making resin through blending epoxy and hardener with ratio of
10:6 by weight.

The materials and tools required for infusion process to manu-
facture a part as well as the materials location on the mould during
the infusion process are illustrated in Fig. 9.

The following sequences were carried out to fabricate the
ellipsoidal shell via the infusion method. As the initial step, the
surface of the mould was polished by releasing wax. Woven glass
fibres were placed on the mould with layup sequence of WR [0/45]
3 (Fig. 10a), peel ply and resin flow mesh were then placed on the
surface of the mould in the same order (Fig. 10b and c). After that,
the resin flow channels were placed circumferentially on themould
and all were covered with a vacuum bagging film and sealed with a
sealant tape (Fig. 10d). In the next step, the fibres were held under
1 bar vacuum pressure for 8e12 h in order to release the air bubbles
and the moisture (Fig. 10e). The resin was then produced by
blending epoxy and hardener in the exact ratio of 10:6 by weight.
During the mixing of the epoxy and hardener, some bubbles
appeared in the resin that led to some voids in the composite shell.
Thus, to solve this problem the resinwas held under a 1 bar vacuum
pressure for 5 min before starting the infusion process. At that
point, the infusion process was started by flow of the resin through
the resin feeder and then the fibres were impregnated by resin. In
this project, the time taken for saturating the whole fibres with
resin was around 30 min (Fig. 10f). The saturated fibres with resin
were held under a 1 bar vacuum pressure for approximately 12 h to
achieve adequate harness. After that, the shell could be separated
from the mould by means of wedges and air shut gun.

3.4. Test rig setup

A special test rig was designed and fabricated for the purpose of
this test. The composite shells were pressurized by pumping hy-
draulic oil continuously from an oil container. To release the air
during injecting oil in the shell, four holes were made in the base
plate. The schematic of the test rig, as well as the method of
applying the internal pressure, is shown in Fig. 11. Rate of pres-
surization such that the rate of strain was adequately low and
therefore the effect of loading rate on the behaviour of the com-
posite shell during test was trivial. The oil pressure in the shell that

Fig. 15. Failure factor distribution against meridian and b. P factor in the laminated ellipsoidal GFRP shell with (a/b) ¼ 2 at a) k ¼ 1, b) k ¼ 2, c) k ¼ 3, d) k ¼ 4, e) k ¼ 5, and f) k ¼ 6,
respectively.

S. Gohari et al. / Composites Part B 77 (2015) 502e518512

75



was measured by the installed pressure gauges, increased from 0 to
15 bars gradually. The gauge sensors were used to measure the
strain values at some selected points along meridian directions. All
gauge sensors were met in a data acquisition unit to record the
history of strains as the pressure was increased in the shell. The
schematic of fixing the shell's boundary conditions and installing
the gauges sensors on the shell's surface is shown in Fig. 12. The
sensors were then connected to a data acquisition unit to record the
history of strains as pressure in the shell was increasing. The
schematic of the testing setup of the composite shell under internal
pressure is shown in Fig. 13.

4. Results and discussions

First-play failure of laminated ellipsoidal woven GRP shell
internally pressurized, and with geometrical characteristics as
shown in Figs. 1 and 4, was investigated analytically and experi-
mentally. The Tsai-Wu failure criterion was used during the theo-
retical analysis to inspect the critical ply. Firstly, the critical and

failure pressures were interpolated using the linear interpolation
technique for some arbitrary points along the meridian direction.
Subsequently, the analytical results were validated by the findings
derived by the experimental analysis for the corresponding points
along the meridian orientation in the actual model. The experi-
mental analysis limitations are listed below:

� The first-ply failure occurred at the innermost ply (k ¼ 6) ac-
cording to Eq. (20), and the algorithm used during the theo-
retical analysis to interpolate the shell's first-ply failure as
shown in Fig. 6. However, it was practically impossible to install
sensors on such ply. The sensors could only be installed on the
shell's surface (k¼ 1). Thus, the critical strains at k¼ 1, as a result
of critical internal pressure, were compared with the corre-
sponding values obtained from the experimental analysis.

� Since the concentrated stresses at boundary conditions were not
considered in the analytical investigation, in the experimental
analysis the shell is considered failed when the failure occurs at
the regions regardless of the boundary conditions.

Fig. 16. Critical stress distribution Vs meridian angle in a) global and b) local material orientations, (a/b) ¼ 2.
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� The pressure recorded from pressure gauge represents the
failure pressure at k ¼ 1 rather than k ¼ 6. The critical pressure
to avoid first-ply failure must be less than the value recorded
from pressure gauge. Thus, the shell's critical pressure at which
the first-ply failure occurs is selected based on the critical
pressure at k ¼ 1.

In this study, two samples were fabricated during the experi-
mental analysis. One sample was used for the purpose of obtaining
the failure pressure. Subsequently, the gauge sensors were installed
on the second sample in order to measure the strain values at
critical pressure. The failure occurred at ply k ¼ 1 and a pressure of
17 bar. Thus, the estimated critical pressure to avoid failure at the
outmost ply was 16 bar. Conversely, a pressure of 15 bar was
selected as a critical pressure to avoid failure at innermost ply.
Table 2 shows the comparison between analytical and experi-
mental results for the laminated ellipsoidal woven GFRP composite
shell internally pressurized. According to Eq. (20) and the linear

interpolation algorithm shown in Fig. 6, the failure occurs at higher
meridian angles, which is around the shell's edges since for any ply,
the failure factor increases as 4/90�. According to the experi-
mental analysis, the failure area was observed to be close to the
shell's edges, where it was fixed to its boundaries regardless of
concentrated stresses at that area. According to the experimental
test of the first sample, a small amount of hydraulic oil drops was
observed at the pressure of nearly 17 bar. Furthermore, the shell's
surface colour at the area along the meridian axis and close to the
boundary varied significantly, indicating the shell's instability in
that region. The analytical investigation, which shows the failure
factor distribution along the meridian direction for kth ply as shown
in Fig. 14, also indicates the same trend of failure. Thus, it can be
concluded that as the meridian angle increases (4/90�) the failure
factor rises. Therefore, the first-ply failure occurs in the regions
close to the shell's edge. In addition, the innermost ply sustains
higher stresses for all meridian angles compared with the outer-
most ply, since the failure factor is close to 1 at the innermost layer.

Fig. 17. Critical strain distribution Vs meridian angle in a) global and b) local material orientations, (a/b) ¼ 2.
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The schematic of failure facture distribution for all plies is illus-
trated in Fig. 15.

In order to correct the amount of error between analytical and
experimental results, an offset factor R can be defined as shown in
Eq. (21). . In the current study the offset factor is R ¼ 1.0966.

R ¼ PAnaCr

PExpCr

(21)

4.1. Further extension to the analytical study

Effect of various parameters such as lay-up thickness, aspect
ratio, and stacking sequence on failure strength of the laminated
ellipsoidal woven GFRP composite shells were then investigated in
this study. The critical stress and strains in the global and local
orientation respectively, as well as critical internal pressure to
avoid failure, were plotted against meridian direction.

Figs. 16 and 17 show the critical stress/strain distribution for an
ellipsoidal shell with semi-major over semi-minor axis ratio for an
unsymmetrical laminated ellipsoidal GFRP composite shell with
stacking sequence of 0/45/0/45/0/45. The results were computed
using MATLAB software.

Fig. 16 shows the distribution of critical stresses versus meridian
axis in global and local material orientations for each ply. Nonlinear
distribution of critical stresses is observed in both global and local
material orientations. All plies present the highest critical stresses
in both material orientations as 4/90�. If the critical internal
pressure was kept constant, for a particular meridian angle, the
maximum critical meridian, circumferential, longitudinal, and
transverse stresses are detected to be at k ¼ 5. However, the shear
stress varies significantly with regard to material orientations. The
shear stress in global material orientation is negligible as it is small,
while the innermost ply presents the maximum critical shear stress
in local material orientation. In addition, the shear stress in global
material orientation appears to vary symmetrically for even and
odd plies being stretched and compressed, respectively.

Fig. 18. Effect of thickness on the failure strength of laminated ellipsoidal woven GFRP composite shell internally pressurized in a) a/b � 1 and b) a/b < 1.
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Fig. 17 shows the distribution of critical strain distribution
versus meridian axis in global and local material orientations for
each ply. Nonlinear distribution of critical stresses is also observed
in both global and local material orientations. According to Fig. 17,
the maximum critical strain distribution occurs at innermost ply
along meridian, circumferential and shear directions and k ¼ 5 at
longitudinal, transverse, and local shear directions. There is a
consistency in critical strain distribution in global material orien-
tation, as k/6 the critical strain distribution increases. However,
no such consistency is observed in local material orientation as ply
number changes. Similar to Fig. 16, Fig. 17 also illustrates that all
plies present the highest critical strain in bothmaterial orientations
as 4/90�.

Fig. 18 illustrates the effect of both thickness and semi-major
over semi-minor axis ratio on the first-ply failure strength of a
laminated ellipsoidal woven GFRP composite shell internally
pressurized and with stacking sequence of 0/45/0/45/0/45.
Nonlinear critical stress distribution along meridian axis in global
material orientation accounts for a composite shell with ellipsoidal
geometry. However, for a/b ¼ 1, which is a geometry for hemi-
spherical shell, the stress and critical pressure remain constant in
global material orientations along the meridian axis, proving that
the failure factor distribution does not vary throughout the hemi-
spherical shell. However, any slight change in a/b ratio resulted in
critical internal pressure fluctuating considerably. Furthermore, a
slight change in the shell lay-up thickness can also affect the failure
strength of the shell. Higher failure strength accounted for shells
with thicker lay-up.

Effect of stacking sequence on failure strength of laminated
ellipsoidal woven GFRP composite shell with semi-major over
semi-minor axis ratio of two is illustrated in Fig. 19. Various
stacking sequences were selected for this purpose and the critical
stress distribution in global material orientation versus meridian
axis for each particular case was plotted. The comparison of the

results shows the significant changes in first-play failure as the
stacking sequence changes. For instance, the cross play laminate
with the stacking sequence of 90,0,0,90 represents the highest
critical stresses in meridian and circumferential directions with no
shear stress distribution through laminate. However, non-cross-ply
laminates represent lower critical stress distribution in meridian
and circumferential direction but higher critical shear stress dis-
tribution in comparison with cross-ply laminates. Furthermore, all
laminates present the nonlinear trend in critical stress distribution
in global material orientation. Similarly, all laminates present the
highest critical stress distribution in global material orientation as
4/90� regardless of stacking sequence.

5. Conclusion

The failure characteristics of laminated ellipsoidal woven GFRP
composite shell were studied analytically and experimentally. The
failure criterion of Tsai-Wuwas adopted in this study and the linear
interpolation technique was adopted to interpolate the critical in-
ternal pressure. The analytical results were verified for some arbi-
trarily selectedmeridian angles on the shell surfacewith the results
derived by the experimental approach. The results obtained by the
two approaches showed a good agreement. Following the verifi-
cation of the analytical results, the effect of various parameters on
failure strength of laminated ellipsoidal woven GFRP composite
shell was investigated. Based on the analytical and experimental
findings derived in this study, the following conclusions are made:

1. A laminated ellipsoidal woven GFRP composite shell is more
vulnerable to failure at regions close to higher meridian angels
(4/ 90�) when subjected to internal pressure regardless of the
boundary conditions.

2. The failure occurs at the shell's innermost ply while the outer-
most ply is the last layer at which the failure occurs.

Fig. 19. Effect of stacking sequence on the failure strength of laminated ellipsoidal woven GFRP composite, a/b ¼ 2.
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3. In order to correct the amount of error between analytical and
experimental results, an offset factor R can be defined as shown
in Eq. 21. Since the critical failure pressure obtained from
experimental study is lower than that of analytical results, an
offset factor can minimize the analytical results error. Thus, the
results obtained from analytical solution become closer to the
results obtained from the actual modelling.

4. Effect of various parameters such as layup thickness, semi-major
axis over semi-minor axis ratio, and stacking sequence on failure
strength of a laminated ellipsoidal woven GFRP composite shell
is significant. The higher critical stress distribution accounts for
laminates with lower thickness regardless of their stacking
sequence. For a/b � 1, higher ratio resulted in increase in the
critical stress distribution in global material orientation while
no consistency was observed if a/b < 1. Thus, the ellipsoidal
composite shells with a/b < 1 could not be a good choice for a
design against the first-ply failure. Furthermore, the ellipsoidal
composite shell with non-cross-ply stacking sequence pre-
sented the higher critical shear stress distribution and lower
critical meridian and circumferential stress distributions in
comparisonwith cross-ply laminates when subjected to internal
pressure.
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Appendix. (A)

The elements of the reduced stiffness matrix ½Q � of a laminate
shown in Eq. (8), Eq (9) and Eq. (10) are described as

Q11 ¼ Q11c
4 þ 2ðQ12 þ 2Q66Þc2s2 þ Q22s

4 (A.1)

Q12 ¼ ðQ11 þ Q22 � 4Q66Þc2s2 þ Q12

�
c4 þ s4

	
(A.2)

Q22 ¼ Q11s
4 þ 2ðQ12 þ 2Q66Þc2s2 þ Q22c

4 (A.3)

Q66 ¼ ðQ11 þ Q22 � 2Q12Þc2s2 þ Q66

�
c2 � s2

	2
(A.4)

Q16 ¼ �Q22cs
3 þ Q11c

3s� ðQ12 þ 2Q66Þ
�
c2 � s2

	
cs (A.5)

Q26 ¼ �Q22c
3sþ Q11cs

3 � ðQ12 þ 2Q66Þ
�
c2 � s2

	
cs (A.6)

The standard transformation matrix is

½T � ¼
2
4 c2 s2 2cs

s2 c2 �2cs
�cs cs

�
c2 � s2

�
3
5 (A.7)

where c is cos(b) and s is sin(b).
The lamina stiffness matrix [Q] elements can be represented as

below:

Q11 ¼ E1
ð1� n12Þn21

(A.8)

Q22 ¼ E2
ð1� n12Þn21

(A.9)

Q12 ¼ n12E2
ð1� n12Þn21

(A.10)

Q16 ¼ Q26 ¼ 0 (A.11)

Q66 ¼ G12 (A.12)
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a b s t r a c t

In this study, strain deformation of three types of internally pressurized laminated composite shells
(hemispherical, ellipsoidal, and torispherical) with two types of woven roving (WR) stacking sequence
(WR [0]6 and WR [0/45]3) was studied numerically and experimentally. The regions at which the critical
strain occurs were determined by using finite element analysis (FEA). Careful experimental study was
carried out for results validation. Vacuum infusion process (VIP) was employed for the composite shell
fabrication. The surface-bounded sensors were used to measure strain values occurring at the outermost
ply. In general, a good agreement between strain variation rates derived by the two approaches was
observed. However, some discrepancy was observed for strain magnitude, particularly the ones close to
the boundary. The possible reasons behind this were then discussed. Furthermore, the effect of staking
sequence and geometrical shape on the mechanical strength of laminated woven composite shells was
investigated and critical mechanical factors were accounted for. Laminated composite shells with WR [0/
45]3 were found to be the preferred choice over WR [0]6. Laminated hemispherical shells were also found
to be the preferred choice against mechanical failure while laminated tosipherical shells were found to
be the least choice.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

Fibre reinforced composites have received considerable atten-
tion in numerous and diverse applications due to low weight, good
corrosion and chemical resistance, and high specific stiffness
compared to conventional metallic counterparts [1e3]. Woven is
one type of fibre-reinforced compositewhich has recently attracted
engineers and industry applications since it offers a number of
attractive properties such as high capacity to conform to compli-
cated contours, suitability for manufacturing components with
complex shape, and greater flexibility in processing options
compared to metals and unidirectional composites [4e7].

One of the main applications of composite materials is in pres-
sure vessels design and fabrication. Pressure vessels have been
increasingly used in industrial compressed air receivers, distillation
towers, oil refineries, aerospace, automotive, hot water storage

tanks, portable oxygen storage, fuel tanks, and compressed natural
gas (CNG) tank. A common feature of such products is that they
must safely undergo a certainworking pressure which makes these
structures vulnerable and exposed to failure, fatigue and fracture
[8,9]. Consequently, several studies have been reported on optimal
structural analysis of composite pressure vessels subjected to
arbitrarily loading conditions such as external load [10e15], inter-
nal pressure [16e19], combined axial and impact load [20e22],
pure impact load [23e27], combined aerodynamic torque and axial
thrust [28], and thermo-mechanical loads [29].

Internally pressurized laminated composite pressure vessels
have been studied extensively by several researchers. Uemura and
Fukunaga [30] presented an analytical method to predict probabi-
listic burst strength of carbon fibre filament wound cylinders
subjected to internal pressure. Tarakcioglu et al. [31] studied fatigue
behaviour of fibre glass reinforced plastic composite pipes under
alternating internal pressure. Limam et al. [32] conducted experi-
mental and numerical analyses to investigate collapse and inelastic
wrinkling of tubes subjected to combined bending and internal
pressure. Shen et al. [33] studied post buckling in composite cy-
lindrical shells under internal pressure. Blachut [34] studied strain
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and stress distribution of steel torispherical shells subjected to in-
ternal pressure experimentally and numerically. Sori�c and Zahlten
[35] presented some numerical results for elasto-plastic analysis of
internally pressurized torispherical shells under internal pressure.

A pressure vessel consists of two main parts including drum
(cylindrical region) and dome (cap region). Parameters such as
constituent materials, head shape, shell radius, layer thickness,
fibre angle, stacking sequence, and volumetric fibre fraction are
crucial in designing composite pressure vessels. Since head part
undergoes high stress levels, it is generally the most significant part
in designing pressure vessels. End-closure, or shell, is themajor and
most complex part of the design of any pressure vessel [36e38].
According to the study conducted by Vafaeesefat and Khani [39],
domes are the most important part in pressure vessels design.
Circular cylindrical pressure vessels are mostly closed with curved
heads including hemispherical, torispherical, and elliptical shapes.

Pressure vessel manufacturing requires careful selection of dome
shape as it influences the capacity of vessel volume and its resis-
tance to arbitrary loads like burst pressure, internal and external
pressure, and impact load. Extensive research has been conducted
on various shell dome shapes under different loading conditions.
Blachut and Galletly [40] conducted a research on elastic buckling
of torispheres due to local shape imperfections. Ross [41] studied
elastic buckling and vibration of thin-walled hemi-elliptical shells
subjected to uniform external pressure. In another study, effect of
geometry and material on stresses occurring in various internally
pressurized laminated composite shells was studied by Won et al.
[42]. Hwang et al. [43] predicted probabilistic deformation and
strength for filament wound pressure vessels. Dong and Blachut
[11] used woven carbon fibre reinforced for externally pressurized
shells to examine the sensitivity of buckling, first and last ply failure
for a range of torispherical shells.

Additionally, Błachut [10] studied buckling of multi-layered
hemispherical and torispherical metal shells under external pres-
sure based on numerical and experimental approaches. Crisp [44]
analysed elastic stress distributions in torispherical dome heads
utilizing a computer program. Aggarwal and Nayak [45] conducted
investigations based on elasto-plastic analysis using FEM to design
cylindrical steel pressure vessels with different end closures
(hemispherical, torispherical, semi-ellipsoidal, and toriconical
shapes). Yeom and Robinson [46] studied behaviour of pressure
vessels with torispherical and ellipsoidal heads loaded by internal
pressure. Magnucki and Lewinski [47] studied head shape of vessel
under internal pressure. Magnucki et al. [48] conducted a numer-
ical and analytical study on minimizing stress concentration in
cylindrical pressure vessels with ellipsoidal heads. Vafaeesefat and
Khani [39] studied winding angle and head shapes of composite
pressure vessels. Carbonari et al. [49] adapted shape optimization
for designing pressure vessels. Şenalp [50] investigated the effect of
perturbation forces on buckling in thin-walled torispherical pres-
sure vessels subjected to internal pressure. Various design methods
against buckling failure of torispherical heads under internal
pressure was studied by Muscat and Camilleri [16]. Hu et al. [51]
conducted some careful experimental tests on structural design
of filament wound toroidal pressure vessels.

However, none of these studies has directly investigated the
influence of stacking sequence and geometrical shape on strain
behaviour of woven fibre composite shells. Furthermore, compar-
ison between strain behaviour of laminated hemispherical, ellip-
tical, and torispherical shell shapes under same amount of internal
pressure has not been studied yet. To gain an insight into the
possible effect of lay-up angle on strain behaviour of laminated
composite shells, a study on strain distribution occurring in inter-
nally pressurized laminated woven composite shells with two
proposed stacking sequences is undertaken herein. To this end,
the numerical and experimental analyses were conducted to

Fig. 1. (a) Schematic of hemispherical, ellipsoidal and torispherical shells; geometrical
profiles: (b) hemispherical, (c) elliptical, and (d) torispherical.

Table 1
Shell geometry.

Type of dome Description Dimension [mm]

Hemispherical R 200
t 2.1

Elliptical a 200
b 100
t 2.1

Torispherical Do 400
CR 400
KR ¼ 0.1 Do 40
DH ¼ 0.1935e0.455 t 76.4
Thi ¼ SF þ DH 83.7
t 2.1
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investigate strain behaviours of two various stacking sequences
(WR [0]6 and WR [0/45]3) in three different types of shells. Simi-
larly, three geometrical shapes of composite shells were analysed to
determine the desirable shape with highest strength against
delamination and deformation.

2. Methodology

2.1. Numerical method: FE simulation

To select shells with optimal stacking sequence three shapes of
the laminated composite shells (hemisphere, ellipsoid, and tori-
sphere) were studied numerically using ABAQUS/CAE 6.13

Fig. 2. Stacking sequence configurations: (a) WR [0]6, and (b) WR [0/45]3; square and rhombic areas in fibres configuration for a layer of laminated woven composite shell: (c) side
view and (d) top view; Shell partition: (e) selecting the point on the shell along fibres and (f) defining a surface based on the critical points.
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software. The profiles, geometry, and dimensions of the shells
studied in this research are shown in Fig. 1a and d, and Table 1,
respectively. Shells were modelled by adopting six layers of woven
fibre glass reinforced epoxy composite laminate with particular
patterns as illustrated in Fig. 2a and b. They were then fixed at their
boundary with no degree of rotation and displacement. According
to Fig. 2a and b, the concept of WR [0]6 stipulates that for
manufacturing the laminated woven composite shell specimens,
every six sheets of woven fibres should be set on each other
following the same direction as shown in Fig. 2a. However, when
considering WR [0/45]3, the second sheet should be located on the
first sheet with winding angle of 45�. The process is repeated
sequentially until the last layer is properly incorporated into the
laminates (see Fig. 2b.)

Fig. 2c and d shows the woven fibres configuration in the
laminated woven composite shells in which some areas of woven
remain in initial geometry (square shape) while the rests are
deformed into the rhombic shape. The side and top views of the
laminated woven fibre composite shell is also shown in Fig. 2c
and d, respectively. In case of dividing the shells into four equal
quadrants, two different types of shapes for woven fibres would
appear in each quadrant. It is noticed that around the region q ¼ 0�,
the woven fibres are almost square in shape. By moving along
circumferential direction from the area close to q ¼ 0� to q ¼ 45�,

and q ¼ 45� to q ¼ 90�, the shape of woven fibres changes gradually
from square to rhombic, and rhombic to square, respectively. In
other words, woven fibres in the regions near q ¼ 0�, q ¼ 90�,
q¼ 180�, and q¼ 270� are square-like shapewhile the areas close to
q ¼ 45�, q ¼ 135�, q ¼ 225� and q ¼ 315� represent the rhombic-like
shape. The effect of woven fibres transformation from square to
rhombic was taken into account during the shells fabrication.

Due to different stacking sequences and geometrical shapes in
the laminated woven composite shells, different strain distribu-
tions under the same loading condition are expected. In FEA of the
shells, quadrilateral linear S4R (shell, four node, reduced integra-
tion) elements in ABAQUSwere selected for simulation of fabrics. In
order to accomplish this, the “partition cell using datum plane”
method was chosen. In this method, a surface must be defined for
forming each partition. The partitions were created in the
conjunction area of the surface and the model. Fig. 2e and f illus-
trate the selected points and defined surface on the shells,
respectively. Various surfaces were defined for partitioning whole
shell model following the mentioned method. In the next step, the
laminated woven composite shells were partitioned in the direc-
tion of the shell fibres. The boundary conditions and static internal
pressure were then applied afterwards. It must be taken into ac-
count that from ABAQUS package, the letter E means strain.

2.2. Experimental analysis

2.2.1. Manufacturing process
In this step, the experimental setup and analysis of the hemi-

spherical, elliptical, and torispherical shells with WR [0/45]3 are
discussed and the results are then compared with the ones ob-
tained from numerical approach. In this study, VIP method is
adopted for the laminated woven composite shell fabrication and
epoxy resin (type 1006) made by blending epoxy and hardener in
the exact ratio of 10:6 and fibre glass (type 290 gsm plain weave
woven roving) are used. VIP method involves preparing plug, fe-
male mould, and vacuum infusion. The primary factor for con-
structing a suitable mould for VIP process is the adequate
preparation of the plug used to create the female mould. In this
study, shell patterns (plug) were prepared by shaping closed cell
polyurethane foam based on geometries, as shown in Fig. 1a and
d and Table 1, respectively. Computer numerical control (CNC)
millingmachinewas employed tomake shell patterns (plugs). After
forming the plugs, femalemouldwasmanufactured via hand lay-up
method. Following this, VIP was applied to fabricate the laminated
woven composite shells. To this end, the infusion process started by
flow of the resin through the resin feeder and subsequently, the
fibres were impregnated by resin as shown in Fig. 3a. The estimated
time taken for saturating the whole fibres with resin was around
30 min. After fibres were completely saturated, they were kept
under the vacuum pressure of 1 [bar] for approximately 12 h to
achieve adequate hardness (see Fig. 3b). The comparison between
Fig. 3a and b are that Fig. 3a shows resin flow through the woven
fibres at initial step when the resin has not yet flowed throughout
woven fibres in the laminated woven composite shells. However,
Fig. 3b shows the whole woven fibres being completely impreg-
nated into the resin epoxy. The final form of the laminated woven
composite shell made of woven fibres when using VIP method is
illustrated in Fig. 3c. The detailed discussion of VIP manufacturing
method for laminated woven fibre composite shells was presented
by Gohari et al. [52]. The volume fraction of the laminated com-
posite shells fabricated by using this method was 54.5%.

2.2.2. Experimental set-up and testing procedures
In order to measure the internal pressure induced strains, sen-

sors type FCA-3-11 with resistance of 120 U were installed on

Fig. 3. Vacuum infusion: (a) flow of resin through resin feeder and fibres saturation,
(b) applying 1 [bar] vacuum pressure on saturated fibres, and (c) prepared shell.
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surface of the laminated composite shells. The circumferential and
meridian coordinates and sensors location in the woven composite
shells are illustrated in the Fig.4a and b. The locations of sensors on
the laminated woven composite shells' outermost ply are shown in
Fig. 4c and e. In this study, the strains along meridian and
circumference axis are named meridional and circumferential
strains, respectively. The exact location of sensors in the laminated
hemispherical, ellipsoidal, and torispherical shells are tabulated in
Table 2. A special test rig was designed and fabricated in order to fix
the shell sections to the boundaries. After enforcing the boundary
conditions, the laminated woven composite shells were pressur-
ized through pumping hydraulic oil continuously from an oil
container. The oil pressure was raised from 0 to 5 [bar] gradually
and then measured with an installed pressure gauge. The sensors
were then connected to the data acquisition unit to record the
history of strains. The schematic of the experimental test rig,
applied boundary conditions and actual test components are
illustrated in Fig. 5a and c, respectively.

3. Results and discussions

Strain distribution in the internally pressurized laminated
woven composite shells were obtained and the critical points
were determined. The numerical results for the laminated
hemispherical, ellipsoidal, and torispherical woven composite
shells are illustrated in Figs. 6, 8 and 10, respectively. Comparison
between the pressure-strain diagrams of WR [0]6 and WR [0/45]3
lay-ups for different geometrical shapes (See Figs. 6, 8 and 10)
were analysed and compared to identify the appropriate
geometrical shape and stacking sequence. The results demon-
strated that the laminated composite shells with WR [0/45]3 are
an optimal choice over WR [0]6 due to higher uniform strain
distribution regardless of geometrical shape, while no consis-
tency was observed in WR [0]6. Therefore, the specimens with
WR [0/45]3 were selected for the experimental tests. In the next
step, comparison of numerical and experimental results in the
laminated hemispherical, ellipsoidal, and torispherical woven

Fig. 4. Sensors locations on the shell outermost ply: (a) hemisphere, (b) elliptical, and torisphere shell; sensors locations: (c) hemisphere, (d) elliptical, and (e) torisphere shell.
(Note: S stands for strain).

Table 2
Coordinates of strain-gauges locations on outer surface of hemispherical, elliptical, and torispherical shell.

Strain gauge Hemispherical Elliptical Torispherical Direction

q� 4� q� 4� q� 4�

A S1 0 22.5 0 45 0 45 Meridian
S2 0 22.5 0 45 0 45 Circumference

B S3 0 45 0 60 0 65 Meridian
S4 0 45 0 60 0 65 Circumference

C S5 0 70 0 70 0 70 Meridian
S6 0 70 0 70 0 70 Circumference

D S7 45 70 0 80 0 80 Meridian
S8 45 70 0 80 0 80 Circumference

E S9 90 70 45 80 45 80 Meridian
S10 90 70 45 80 45 80 Circumference
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composite shells are discussed, respectively. It must be noted
that the letter “E” in FE simulation contour plots refers to strain
values.

3.1. Numerical and experimental results for the laminated
hemispherical woven composite shell

In order to numerically investigate the effect of stacking
sequence on strain distribution in the laminated hemispherical
woven shell, two stacking sequences of WR [0]6 andWR [0/45]3 are
considered. To understand strain distribution direction as shown in
Fig. 4a and e, the directions along which the sensors are bounded
horizontally and vertically are called circumferential and meridi-
onal, respectively. The mid-plane meridional and circumferential
strain distribution FE contour plots are illustrated in Fig. 6a and d,
respectively. Fig. 6a and d represent the analysis for WR [0]6 and
WR [0/45]3, respectively. According to Fig. 6, more stable uniform
strain distribution was observed in WR [0/45]3 than in WR [0]6, for
both meridional and circumferential strains. This is due to the fact
that inWR [0]6 the rhombic and square areas in different layers face

the rhombic and square areas of adjacent layers, respectively.
However, in WR [0/45]3, the rhombic regions meet the normal
woven configuration (square area) from one layer to another.
Consequently, weak areas (rhombic area) could be strengthened by
strong areas (square area) and favourite lay-up configuration can be
achieved. Thus, the laminated hemispherical woven composite
shells with the stacking sequence of WR [0/45]3 should be the
optimal choice.

To obtain the meridional and circumferential strains distribu-
tion occurring on the laminated hemispherical woven shell, three
different paths from 4 ¼ 0� to 4 ¼ 90� are selected on the shells'
surface at q¼ 0�, q¼ 45� and q¼ 90� and five critical points (A, B, C,
D and E) from the view point of strain are set on the paths (see
Figs. 4a and 7a). The strains occurring at these points are used as
the benchmark for numerical and experimental investigation.
According to Fig. 7b and c, the meridian and circumferential
strains have equal values in angels up to 4 ¼ 40�. However, after
passing this point, strain values deviate in WR [0]6 while the ones
along both circumferential andmeridional axis remain constant in
WR [0/45]3.

Fig. 5. (a) Schematic of circuit design in the experimental analysis; (b) schematic of the boundary conditions and the basement at which the laminated composite shells are fixed to;
(c) actual model of experimental set up and test rig.
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The numerical results in WR [0]6 and WR [0/45]3 at the critical
points C, D and E, which are located along circumferential axis,
indicate that in WR [0]6 strain-pressure at point D is higher
compared with WR [0/45]3. Furthermore, strain values in WR [0/
45]3 at three points C, D and E are almost the same, while there is a
discrepancy at these points in WR [0]6. The numerical results also
showed that strain values at point D are 6.5% higher than those at

points C and E in WR [0]6. This behaviour can be observed along
the circumferential and meridian direction at each selected point.
The comparison between strains at points C, D and E in both
stacking sequences shows that the fibre angel affects the
pressure-induced strains of the laminated hemispherical com-
posite shell.

Fig. 6. Strain variation in the laminated hemispherical shell under internal pressure, meridional strains: (a) WR [0]6 and (b) WR [0/45]3; circumferential strains: (c) WR [0]6 and (d)
WR [0/45]3 (Note: E11-meridian strain and E22-circumferential strain).
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In the next step, the numerical results obtained for the lami-
nated hemispherical shell were compared with the results of
experimental test. WR [0/45]3, as an optimal stacking sequence,
was selected for the fabrication using VIP method. The shell
boundary was constrained before applying the internal pressure
via oil injecting. The schematic of the point selection and instal-
lation of the surface-bounded sensors on the laminated composite
shells are illustrated in Fig. 4c. The points' description is explained
in Table 2. In the experimental analysis, strain values selected
at the critical points (A, B, C, D and E) were measured using the
surface-bounded sensors and then compared with the numerical
results. According to Fig. 7d and e, five sensors were surface-
bounded on the laminated hemispherical shell along the merid-
ian direction and five others along the circumferential direction,
respectively. The numerical and experimental results comparison
at points A to E showed that the meridional and circumferential
strains were constant and had the positive signs. It was demon-
strated that WR [0/45]3 undergoes the constant uniform defor-
mation when internally pressurized.

Comparison of results obtained from experimental and nu-
merical approaches showed a good agreement in the strain rate
deformation as strain variation followed the same pattern. How-
ever, considering the magnitude of strains, no consistency was
observed for the points close to the boundary conditions. The
higher error margin between the results could be due to the stress
concentration factor, oil liquid expansion coefficient, and residual
stress creation during the fabrication process and/or environmental
conditions. These factors were neglected in numerical analysis
which may affect strain values in the actual test. In addition, the
experimental and numerical results shown in Fig. 7d and e
demonstrated that any increase in the amount of internal pressure
results in higher strains.

3.2. Numerical and experimental results for the laminated
ellipsoidal woven composite shell

In this section, the same procedure discussed in the Section 3.1
is performed for the laminated ellipsoidal woven composite shell.

Fig. 7. (a) Selected path on the laminated hemispherical woven composite shell; strain distribution in the laminated hemispherical woven composite shell under 5 [bar] internal
pressure: (b) meridian direction, and (c) circumferential direction; numerical and experimental results in the laminated hemispherical shell with WR [0/45]3: (d) Meridian di-
rection, and (e) Circumferential direction (Note: NU-Numerical, Ex-Experimental).
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The numerical analysis is carried out first to select the optimal
stacking sequence. Subsequently, the experimental tests are con-
ducted on the optimal specimens.

The FE contour plots of the mid-plane meridional and circum-
ferential strains occurring in the laminated ellipsoidal woven
composite shell are illustrated in Fig. 8a and d, respectively. Ac-
cording to Fig. 8a and d, more uniform strain distribution was
observed in WR [0/45]3 while there was no consistency in WR [0]6.

The paths crossing the laminated ellipsoidal woven composite
shell surface along the meridian axis are illustrated in Fig.9a. The
paths are located at q¼ 0� and q¼ 45, respectively. In the next step,

the critical points (A, B, C, D and E) are set on the paths (see Figs. 4b
and 9a). The strains occurring at these points are used as the
benchmark for numerical and experimental investigation. The
meridional and circumferential strains distribution along the paths
are illustrated in Fig. 9b and c, respectively. According to the nu-
merical results, circumferential and meridian strains were constant
inWR [0/45]3. However, no consistency was observed inWR [0]6 as
the circumferential and meridian strains remained slightly con-
stant up to 4¼ 30� and then, both fluctuated afterward, resulting in
non-uniform strain distribution. In details, circumferential and
meridional strains in WR [0]6 at the point E are nearly30% and

Fig. 8. Strain variation in the laminated ellipsoidal shell under internal pressure, meridional Strains: (a) WR [0]6 and (b) WR [0/45]3; circumferential strains: (c) WR [0]6 and (d) WR
[0/45]3 (Note: E11-meridian strain and E22-circumferential strain).
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27%more than point D, respectively. In other words, strain values in
the selected circumferential circle (0<q < 45) remained constant in
WR [0/45]3 unlike in WR [0]6 which no consistency was seen.
Furthermore, It was noticed that the sign in circumferential strains
varied from negative to positive at 4 ¼ 65� along meridian axis in
WR [0/45]3 and WR [0]6 (see Fig. 9c).

In the next step, the same experimental procedures as
explained in the Section 3.1 is performed in the laminated ellip-
soidal composite shell. The numerical results were compared with
the results of experimental analysis. WR [0/45]3 as an optimal
stacking sequence was selected for the fabrication by using VIP
method afterwards. The shells were first configured during the
manufacturing process and then fixed to the boundaries (see
Fig. 5b). In the next step, the critical points (A, B, C, D, and E) are set
on the two paths in the laminated ellipsoidal shell. After the
experimental setup was prepared and the internal pressure was
applied, the laminated ellipsoidal woven composite shell was
deformed due to creation of the pressure-induced strains. Sub-
sequently, the meridional and circumferential strains at the crit-
ical points weremeasured using the surface-bounded sensors (see
Fig. 4d).

Themeridional and circumferential strains comparison between
the numerical and experimental results under various internal
pressures is shown in Fig. 9d and e. It is noticed that slight changes
in the amount of internal pressure result in strain values fluctuating
significantly regardless of strains type and location. In addition, the

circumferential strains at points C, D and E have negative trends,
which is due to the fact that these points are located in the shell's
region with inward displacements while other points (A and B)
have outward displacement. As in the previous section, comparison
of the results obtained by the two approaches showed a strong
agreement in strain rate deformation, as strain changes followed
the same pattern. However, considering the magnitude of strains,
no consistency was observed between the results particularly for
the points close to the boundary conditions.

3.3. Numerical and experimental results for the laminated
torispherical woven composite shell

In this section, numerical and experimental analyses of the
laminated torispherical woven composite shell is discussed. The
first step is to find the optimal stacking sequence since the exper-
imental specimens are selected for fabrication based on the nu-
merical results. The FE contour plots of the mid-plane meridional
and circumferential strains are illustrated in Fig. 10a and d,
respectively. Fig. 10a and d represents the shells with WR [0]6 and
WR [0/45]3, respectively. Again, the two paths along the meridian
axis are chosen (Fig. 11a). The paths are located at q¼ 0� and q¼ 45,
respectively. The points (A, B, C, D, and E) are set on the two paths
(see Figs. 4b and 11a).

The meridional and circumferential strains distribution occur-
ring along the selected paths are illustrated in Fig. 11b and c. WR [0/

Fig. 9. (a) Selected path on the laminated elliptical composite shell; Strain distribution of elliptical composite shell under 5 [bar] internal pressure: (b) Meridian direction, and (c)
circumferential direction; Numerical and experimental results in the laminated elliptical composite shell with WR [0/45]3: (d) meridian direction, and (e) circumferential direction
(Note: NU-Numerical, Ex-Experimental).
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45]3 showed a more uniform strain distribution over WR [0]6, as
also seen in previous sections. Furthermore, the strains occurring in
WR [0/45]3 at points D and E are comparably equal as long as they
are located at the same circumferential path. However, there is a
moderate discrepancy between strains at points D and E in WR [0]6
since the amounts of circumferential and meridian strains at point
Eweremeasured to be nearly 24.3% and 33% higher than at point D,
respectively. No circumferential and meridional strain changes
were seen at points A and B in WR [0/45]3 and WR [0]6. It can also
be observed that in the crown area, the amount of meridional and
circumferential strains remains constant in WR [0/45]3 and WR
[0]6. However, no consistency was observed in WR [0]6 in the re-
gions near the junction between knuckle and crown. There is also a
sharp increase in the amounts of strains deformation near the
knuckle region regardless of the shell's stacking sequence. How-
ever, the strains occurring at q ¼ 0� and q ¼ 45� in WR [0/45]3
remained constant. According to Fig. 11b and c, the sign of
circumferential strains is negative near the knuckle region at points

C, D and E due to inward displacement when internally pressurized
and positive near crown region due to onward displacement at all
critical points.

Experimental analyses on the laminated torispherical woven
composite shell adopted the same procedures as described before.
The sensors were installed at the points (A, B, C, D and E) as shown
in Fig. 4e. The meridian and circumferential strains were measured
experimentally and then compared with the numerical results (see
Fig.11d and e) at the selected points. Good agreements between the
numerical and experimental results were seen in circumferential
and meridional strains. According to the numerical results, there
was a significant discrepancy between strain values at points D and
E in WR [0]6 unlike WR [0/45]3. According to the both approaches,
the effect of internal pressure on strain distribution is significant.
For instance, if the internal pressure is raised, the strain distribution
varies considerably as seen in previous sections. It must be taken
into account that the points close to the boundary are affected by
some factors in actual modelling.

Fig. 10. Strain variation in the laminated torispherical shell under internal pressure, meridional strains: (a) WR [0]6 and (b) WR [0/45]3; circumferential strains: (c) WR [0]6 and (d)
WR [0/45]3 (Note: E11-meridian strain and E22-circumferential strain).
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3.4. Pressure-strains at critical points in the laminated
hemispherical, elliptical, and torispherical woven composite shells

In this step, the meridional and circumferential strain distribu-
tion diagrams of the critical points (A, B, C, D and E) on the paths in
the laminated hemispherical, elliptical and torispherical woven
composite shells are compared and plotted in Fig. 12a and b,
respectively. The amount of internal pressure was kept constant at
Po ¼ 5 [bar]. Under the same amount of internal pressure and
regardless of the stacking sequence, both meridional and circum-
ferential strains were minimum in the laminated hemispherical
woven composite shell while the torispherical one presented the
maximum strain deformation. In addition, more structural stability
was observed when selecting WR [0/45]3 due to the uniform strain
distribution throughout the woven composite shells. Considering
geometrical properties, hemispherical shell is the preferred choice
compared to ellipsoidal and torispherical shells according to
Fig. 12a and b.

4. Conclusion

In this research, the mechanical strength of the internally
pressurized laminated hemispherical, ellipsoidal and torispherical
composite shells with two different stacking sequences, WR [0]6
and WR [0/45]3, was studied numerically and experimentally. The

laminated composite shells were made of woven fibres reinforced
glass/epoxy. The effect of geometrical shape and stacking sequence
on the strain distribution throughout the samples was significant
which led to the following remarks:

1. Considering the uniform strain distribution, WR [0/45]3 was
observed to be the optimal choice compared to WR [0]6. This is
due to the adequate coverage of the week areas in woven fabric
in WR [0/45]3. However, no consistency was observed in WR
[0]6. Nevertheless, both numerical and experimental results
demonstrated that slight changes in the amount of internal
pressure induce the pressure-strain deformation significantly,
regardless of the geometrical shape and stacking sequence
employed.

2. The numerical and experimental results showed that the
internally pressurized shell with hemispherical geometry could
be the best choice if the space limitation is of no concern, as the
hemispherical shell takes up more space than other types.
Furthermore, most instability in the strain distributionwhen the
laminated composite shell is subjected to internal pressure was
measured in the torispherical shell, which makes it the least
choice.

3. The entire reign of the laminated hemispherical shell when
internally pressured had positive strain distribution trends,
which results in more uniform strain distribution. However, it is

Fig. 11. (a) Selected path on the laminated torispherical composite shell; Strain distribution in the laminated torispherical shell under 5 [bar] internal pressure: (b) meridian
direction, and (c) circumferential direction; numerical and experimental results in the laminated torispherical shells with WR [0/45]3: (d) meridian direction, and (e) circumferential
direction (Note: NU-Numerical, Ex-Experimental).
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not the case for the elliptical and torispherical shells which both
have positive and negative strain distribution trends. In addi-
tion, the laminated elliptical and torispherical shells were found
to have an outward deformation with negative strains near the
knuckle region. Therefore, according to the deformation analysis
of the laminated elliptical and torispherical shells, a turning
point, which is estimated to be around the junction area be-
tween the knuckle and crown region, must be strengthened.

4. Comparison of the numerical and experimental results showed
a good agreement in the rate of strain variation as the strain
fluctuation followed the same pattern. In addition, well agree-
ment in the strain signs (compression or tensile) at particular
critical points (A, B, C, D, and E) was seen. However, considering
the magnitude of strains, no consistency was observed between
the results in the critical points, particularly the ones close to the
boundary. The higher error margin between the results could be
due to the stress concentration factor, oil liquid expansion co-
efficient, residual stress creation during the fabrication process
and/or environmental conditions. These factors were neglected
in the numerical analysis but may have some effects on the
strain values in the actual experimental tests.
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3.5. CONCLUDING REMARKS 

 

This chapter presented novel analytical and numerical methods to investigate the 

effectiveness of PZT strain gauge sensors for obtaining the critical mechanical strains and 

possible failure in various types of internally pressurized laminated composite shells with 

complex geometries. The laminated composite shells with ellipsoidal geometry were 

studied using the analytical method while more comprehensive studies on the laminated 

ellipsoidal, hemispherical, and torisoherical composite shells were conducted through 

numerical simulations. 

 

The analytical and numerical results were then verified by using the experimental test 

results known as VIP. The analytical results were derived by adopting the linear 

interpolation technique to accurately interpolate the critical regions at which failure may 

occur. Tsai-Wu failure criterion was adapted as a failure design factor. The numerical 

analysis was based on the 3D FE simulation using ABAQUS. MATLAB was adapted for 

the analytical investigation. During the experimental analysis, the surface-bounded PZT 

strain gauge sensors were installed on the outmost layer of the laminated composite shells 

to measure the strain values after internal pressure was applied. The data obtained by PZT 

sensors were then compared with the analytical and numerical results. Based on the 

findings in this chapter, the following conclusions are made: 

 

 Observation of a good agreement between the experimental, analytical and 

numerical results demonstrated the effectiveness of PZT strain gauge sensors in 

predicting the strain values in laminated composite structures under mechanical 
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loads. Furthermore, the use of analytical and numerical methods to predict the 

mechanical deformation as presented in the current research eliminates the need 

for the experimental analysis which is often time-consuming and expensive. 

 

 The effect of various parameters such as layup thickness, shells axis ratio, stacking 

sequence configuration, laminate thickness, layup symmetry, and mechanical 

loads intensity on the mechanical deformation and failure strength of laminate 

composite shells is significant.  

 

 Maximum mechanical strains occur in the innermost layers and the areas close to 

the boundary conditions, where it is usually difficult to install PZT sensors for 

structural monitoring.  

 

 Relying on the analytical solutions and FE simulations as proposed in this study 

is beneficial since measurement of mechanical strains in the regions close to 

boundary conditions is complicated and difficult. Moreover, the experimental 

analysis for structural health monitoring of laminated composite structures is 

costly and requires extensive tests and specimen calibrations to acquire accurate 

results. 

 

 To correct the trade-off between the analytical and experimental results, an offset 

factor R must be defined. Since the critical failure pressure obtained from the 

experimental study is lower, an offset factor can minimize the analytical results 

error. Thus, the results obtained analytically become closer to the results obtained 

from the actual modelling. 
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SHAPE CONTROL OF LAMINATED COMPOSITE HYBRID 

STRUCTURES USING PIEZOELECTRIC ACTUATORS: A NOVEL 

ANALYTICAL SOLUTION 

 

 

 

 

1.1. INTRODUCTION 

 

In this chapter, an analytical solution is proposed to obtain the static bending-twisting 

deformation and optimal shape control of laminated piezo composite hybrid plates and 

beams by using the non-angled and inclined piezoelectric actuators. The linear 

piezoelectricity and plates theories are adapted for the analysis. Although the analytical 

solution proposed in this research is adapted for cantilever plates and beams, it can also 

be modified and extended to cover various boundary conditions and geometrical shapes. 

The major part of the investigation in this chapter relies on a double integral 

multivariable Fourier transformation method and discretised higher order partial 
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differential unit step function equations. This chapter is divided into two sections. First, 

pure bending control of the laminated composite hybrid plates and beams using the 

piezoelectric actuators is investigated. Second, the proposed analytical solution is 

extended to cover more complex shape control tasks such as twisting deformation 

control. The inclined piezoelectric actuators are then used to control the twisting 

deformation created in the laminated composite plates and beams.  

 

One of the advantages of the proposed analytical method is its ability to consider the 

effect of residual thermal stresses during the shape control performance. The effect of 

various parameters including arbitrary loads such as non-uniform thermal stresses, 

electrical and mechanical loads, layup thickness, piezoelectric actuators size and 

placement, stacking sequence, and geometrical dimension are investigated. To verify 

the reliability of the proposed analytical solution, the results are compared with some 

published benchmark results and a series of simple, accurate and robust 3D analysis 

models by using ABAQUS. 
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a b s t r a c t

In this paper, a new explicit exact analytical solution is proposed for obtaining static deformation and
optimal shape control of smart laminated cantilever piezo composite hybrid plates and beams under
thermo-electro-mechanical loads using piezoelectric actuators. The linear piezoelectricity and plates the-
ories were adapted for the analysis. A novel double integral multivariable Fourier transformation method
combined with discretised higher order partial differential unit step function equations were employed.
The effect of various parameters including arbitrary loads such as non-uniform thermal stresses, electri-
cal and mechanical loads, layup thickness, piezoelectric actuators size and placement, stacking sequence,
and geometrical dimension were considered. The results were then compared with some published
benchmark results and good agreement was observed. Unlike the earlier studies, the proposed method
does not require the characteristic and trial deflection function to be predetermined. Both, the embedded
and bounded actuators are considered. Until now, the shape control task of reducing mid-plane deforma-
tion at free end in smart laminated cantilever plates and beams was unsolvable and approximations were
typically employed in numerical analysis Yu et al. (2009). This problem becomes more complicated for
wider and longer plates but the method proposed herein successfully resolves this issue.

� 2016 Elsevier Ltd. All rights reserved.

1. Introduction

Piezoelectric materials have recently drawnmuch attention due
to their low power consumption, high material linearity, and quick
response when induced by external forces [1–3]. Numerous smart
engineering structures incorporated with smart devices such as
piezoelectric sensors and actuators have proved to be superior to
their conventional counterparts for being capable of acoustical
noise reduction, damage identification, structural health monitor-
ing, vibration suppression, static torsional control of helicopter
blades, deflection control of missile fines, airfoil shape changes,
and many more [4–9]. One of the great advantages of piezoelectric
materials is to be able to respond to changing environment and
control structural deformation which has led to the new genera-
tion of aerospace structures like morphine airplanes [10]. Among
piezoelectric materials, bounded piezoceramic actuators have been
commonly used for shape control of online monitoring systems.
They can also be embedded in laminated composite structures to

induce structural stiffness system to the advantage [2,11–13].
Laminated composite structures are being used considerably in
aerospace, automotive, civil, mechanical and structural engineer-
ing applications due to their high stiffness and strength to weight
ratio [14]. Piezoelectric materials can be integrated with laminated
composite structures to provide smart-intelligent composite sys-
tem. Laminated cantilever composite plates have been widely used
in various engineering applications such as airplane wings, corru-
gated plates, reinforced concrete slaps, decks of contemporary
steel bridges, boom arms of industrial cranes, and flight control
surfaces [15–17].

Numerous numerical and experimental studies have been car-
ried out to analyse smart piezo composite laminates subjected to
arbitrary loads. Milazzo [18] developed a family of two dimen-
sional (2D) refined equivalent single layer models for vibration
analysis of multilayered and functionally graded smart magneto-
electro-elastic plates. The single layer FE model presented in his
work was then validated against available benchmark three
dimensional (3D) solutions. In another study, Milazzo [18] devel-
oped a FE model for large deflection analysis of multi-layered
smart plates. Sartorato et al. [5] worked on a FE formulation for
smart composite shells. This smart shell FE formulation was the
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benchmark for his work on dynamic analysis of laminated curved
isotropic and orthotropic structures integrated with piezoelectric
layers. The presented FE model was then compared and verified
against experimental research and FE formulations in the litera-
ture. Zhang et al. [19] developed a linear electro-mechanically cou-
pled FE model for thin-walled smart composite laminates bounded
with macro-fibre composite (MFC) actuators. The proposed
method was then compared with numerical simulation and exper-
imental results. In another similar study, Zhang and Schmidt [9]
formulated a FE model based on large rotation shell theory for sta-
tic and dynamic analysis of thin-walled smart piezoelectric com-
posite laminates. Plattenburg et al. [20] studied vibration
excitation of a thin plate with free boundary conditions with mul-
tiple bounded piezoelectric actuator patches analytically, numeri-
cally, and experimentally. In another study by Lin and Nien [21],
static and dynamic shape deformations of laminated plates inte-
grated with piezoelectric actuators and subjected to unknown
loads were studied numerically and experimentally. The study
demonstrated the effectiveness of piezoelectric actuators on the
shape and deflection control of composite laminates. Other exper-
imental and numerical studies concerning the deflection and shape
control of smart laminated cantilever and simply-supported com-
posite plates and beams as well as unattached laminates can be
found in Refs [22–25].

There are anumberof explicit exact analytical solutions available
in the literature for analysis of smart cantilever composite laminates
incorporated with piezoelectric actuators. Huang and Sun [26]
worked on effect of surface bounded piezoelectric actuators on the
load transfer and wave propagation of an anisotropic elastic med-
ium. The effect of optimal piezoelectric actuators placements on
the static and dynamic control of simply supported laminated com-
posite structures was studied analytically by using the principle of
virtual work [27]. Multiscale analysis of the plates is one of the
semi-analytical studies based on the asymptotic expansion homog-
enization method used to couple the micro-scale and macro-scale
field variables [8]. In another study, the effect of surface load and
residual thermal stresses on the buckling of an isotropic cantilever
plate was studied [16]. In another study focusing on the theoretical
analysis of plates static deflection, Sader andWhite [15] emphasized
the minimization of an isotropic plate’s potential energy by imple-
menting calculus of variation to obtain the governing equation of
deflection function under external transverse load. However, the
exact solution was approximated and it was assumed that the vari-
ation along the plate width was negligible.

It can be observed from literature that most studies on the
smart piezocomposite laminates were based on experimental and
numerical approaches. Furthermore, theories adapted for the anal-
ysis of smart structures displacement fields result in significant
computational time required due to a large number of degrees of
freedom [28]. There are a number of explicit analytical solutions
available in this area. However, most studies were conducted on
unattached laminates, and clamped and simply supported plates
and beams, without taking into account the effect of various
parameters such as thickness, residual thermal stresses, and com-
plex boundary conditions. Smart cantilever composite plates and
beams are important structural elements while their exact analyt-
ical evaluation has been one of the most difficult problems in the
theory of elasticity. Multiscale and approximation solutions, typi-
cally adapted for analytical evaluation of smart composite lami-
nates, are complex and require characteristic function.

In the present paper, a new explicit exact analytical solution for
the shape deformation control of smart laminated cantilever piezo
composite hybrid plates and beams is obtained. The approach is
based on a novel double integral multivariable transformation
method combined with discretised higher order partial differential
unit step function equations. The shape of smart piezo composite

hybrid laminates is induced using multiple piezoelectric actuators
either bounded or embedded to the host structure (composite
hybrid laminate). The advantages of the proposed explicit analyti-
cal solution presented in this research paper are that it eliminates
the need for characteristic and trial deflection functions to be pre-
determined. Furthermore, unlike in previous research studies were
bounded sensors and actuators were typically the framework of
study, both embedded and bounded actuators’ effect can now be
considered using the proposed explicit method. In addition, it is
also adapted for variety of complex loading systems including
but not limited to thermo-electro-mechanical loads, residual ther-
mal stresses, uniform lateral pressure, mechanical patch loading,
and point loads. Furthermore, the shape control task of reducing
the mid-plane deformation at free end in smart laminated can-
tilever plates and beams was unsolvable by using the Hamilton
and virtual work principle, and the FE method [1]. The problem
becomes even more complicated for wider and longer plates, and
the proposed method has clearly demonstrated its ability to over-
come this issue. The results were compared and verified against
those available in the literature and a good agreement was
achieved. MATLAB was adopted to obtain the structural shape
deformation values. Calculation of required optimal voltages to
suppress the deflection of smart cantilever piezo composite hybrid
laminates was based on classical trial and error techniques.

2. Mathematical modeling

Consider a piezo composite hybrid laminate with a total layup
thickness of H and composed of N orthotropic layers as shown in
Fig. 1. Various piezoelectric layers are presumably incorporated
into the laminate. Considering the material linearity for small dis-
placements, the Kirchhoff hypothesis leads to the general form of
displacement fields as shown in Eq. (1) [29]. Considering the com-
posite hybrid laminates and piezoelectric layers/patches, some ini-
tial assumptions for mathematical modeling are made as follows
[29,30]:

� Fibers distribution throughout the matrix is uniform.
� There is a perfect bonding between fibers and matrix, avoiding
fibers dislocations and disarrangements through the matrix. No
slip also occurs between the lamina interfaces.

� The matrix is perfectly fabricated with no voids and impurity.
� The lamina is initially pre-stressed (thermal stresses may exist).
Thus, there are residual stresses in presence of matrix and
fibers.

� The matrix and fibers behave linearly within elastic domain.

For the smart part of the laminates, the linear piezoelectricity
theory is adapted with assumptions made as follows [30]:

� The strain-electric filed varies linearly.
� The piezoelectric confidents are constant within the linear zone.
Thus, they cannot be electrically turned with a bias field.

� The electric field is assumed to be constant across each lamina.
� The piezoelectric actuators are polarized through thickness.
Therefore, the electrical discharge through thickness Ez is con-
sidered in this study (Ex = Ey = 0).

uðx; y; zÞ ¼ u0ðx; yÞ � z @w0
@x

vðx; y; zÞ ¼ v0ðx; yÞ � z @w0
@y

wðx; y; zÞ ¼ w0ðx; yÞ
ð1Þ

u0, m0, and w0 are the mid-plane displacements along x, y, and z
directions, respectively on the xy-plane. z is the vertical distance
from the mid-plane to the kth layer which is located between
z = hk and z = hk+1 through laminate thickness, as shown in Fig. 1.
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After obtaining the mid-plane displacements, the displacements of
any arbitrary point, x, y, and z in 3D space can be determined. The
linear strain–displacement relation is stated in Eq. (2). It is
assumed that all strain components change linearly in entire lam-
inate independent from changes in material properties through
layup thickness.

½ exx eyy cxy �T ¼ @u
@x

@m
@y

@u
@y

þ @m
@x

� �T
¼ e0xx e0yy s0xy
� �T

þ z e f
xx e f

yy s f
xy

h iT
ð2Þ

where,

e0xx e0yy c0xy
� �T ¼ @u0

@x
@v0

@y
@u0

@y
þ @v0

@x

� �T

e f
xx e f

yy c f
xy

h iT
¼ � @2w0

@x2
� @2w0

@y2
� 2

@2w0

@x@y

" #T

e0xx, e0yy, and c0xy are the laminate’s mid-plane strains, e0ff , e
f
yy, and

c f
xy are the flexural (bending) strains and wo is the transverse

deflection of a composite laminate’s mid-plane. The bending
strains are topically caused by laminate’s stacking sequence asym-
metric or external thermo-electro-mechanical bending and twist-
ing loads. Since the flexural shape control of the lateral
displacements due to thermo-electro-mechanical loads acting on
smart symmetrical laminates is considered in this study, thus the
effect of laminate’s mid-plane strains can be neglected and the
effect of flexural strains are taken into account. The in-plane

Fig. 1. Schematics of smart laminated cantilever piezo composite hybrid plate induced by thermo-electro-mechanical loads.
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stress–strain relationship for a kth smart orthotropic piezo com-
posite hybrid laminate is shown in Eq. (3a) [30]. The derivation
of 2D piezoelectric electromechanical equations from 3D equations
of theory of elasticity and three charged equilibrium equations of
piezoelectric medium are discussed in Appendix A.

rxx

ryy

sxy

2
64

3
75

k

¼
�Q11

�Q12
�Q16

�Q12
�Q22

�Q26

�Q16
�Q26

�Q66

2
64

3
75

k exx
eyy
cxy

8><
>:

9>=
>;

k

�
�a1

�a2

�a6

8><
>:

9>=
>;

k

DTðx; y; zÞ

0
BB@

1
CCA

�
�e31
�e32
�e36

2
64

3
75

k

Ek
3ðx; y; zÞ ð3aÞ

Qk
ij, e

k
ij, a1, and a2 are the transformed reduced stiffness matrix, the

piezoelectric moduli, and the coefficients of material expansion in
the kth orthotropic layer, respectively. rij

k, eijk, and Eij
k are the in-

plane stress, strain, and electrical field components of the kth ortho-
tropic layer, respectively.DT is temperature gradient functionwhich
is the difference between reference (room) temperature T1 = 20 [�C]
and final temperature T2. The elements of transformed reduced stiff-
ness matrix are described in Eq. (3b), respectively [14,30].

�Q11 ¼ Q11c4 þ 2ðQ12 þ 2Q66Þc2s2 þ Q22s
�Q12 ¼ ðQ11 þ Q22 � 4Q66Þc2s2 þ Q12ðc4 þ s4Þ
�Q22 ¼ Q11s4 þ 2ðQ12 þ 2Q66Þc2s2 þ Q22c4

�Q16 ¼ �Q22cs3 þ Q11c3s� ðQ12 þ 2Q66Þðc2 � s2Þcs
�Q26 ¼ �Q22c3sþ Q11cs3 � ðQ12 þ 2Q66Þðc2 � s2Þcs
�Q66 ¼ ðQ11 þ Q22 � 2Q12Þc2s2 þ Q66ðc2 � s2Þ2
Q11 ¼ E1

1�m12m21 ; Q22 ¼ E2
1�m12m21 ; Q12 ¼ m12E2

1�m12m21 ; Q66 ¼ G12

ð3bÞ

c is cos(b) and s is sin(b). b is the winding angle made between
fibres and x axis. E1, E2, v12, and G12 are in-plane local elasticity
modules of an orthotropic layer in the material coordinate system.
The transformed thermal coefficients and piezoelectric moduli of
expansion are described in Eq. (4), respectively [30].

�a1 ¼ a1c2 þ a2s2�a2 ¼ a1s2 þ a2c2�a6 ¼ 2ða1 � a2Þsc
�e31 ¼ Q11d31 þ Q12d32 ¼ Q11ðd31c2 þ d32s2Þ þ Q12ðd31s2 þ d32c2Þ
�e32 ¼ Q12d31 þ Q22d32 ¼ Q12ðd31c2 þ d32s2Þ þ Q22ðd31s2 þ d32c2Þ
�e36 ¼ Q66d36 ¼ 2Q66ðd31 � d32Þsc

ð4Þ
dij
k, a1, and a2 are the piezoelectric dielectric constants and coeffi-

cients of material expansion in the kth orthotropic layer, respec-
tively. The relationship between stress resultants and flexural
moments for the mid-plane in a composite laminate is described
as stated in Eq. (5) [4]. First, Eq. (2) is substituted into Eq. (3a). Sub-
sequently, Eq. (6) is derived by substituting Eq. (3a) into Eq. (5).

Mxx Myy Mxy½ �T ¼
Z H=2

�H=2
zðrxx;ryy; sxyÞdz

� MT
xx þMP

xx MT
yy þMP

yy MT
xy þMP

xy

h iT
ð5Þ
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2
64

3
75 ¼

B11 B12 B16

B12 B22 B26

B16 B26 B66

2
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3
75

@u0
@x
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@y

@u0
@y þ @v0

@x

2
664

3
775þ

D11 D12 D16

D12 D22 D26

D16 D26 D66

2
64

3
75

�
� @2w0

@x2

� @2w0
@y2

�2 @2w0
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2
6664

3
7775�

Mxx

Myy

Mxy

2
64

3
75

T

�
Mxx

Myy

Mxy

2
64

3
75

P

ð6Þ

[Mxx]T,[Myy]T,[Mxy]T,[Mxx]P,[Myy]P, and [Mxy]P are bending and twist-
ing moments induced by thermal and electrical loads, respectively.
It is assumed that the temperature and electric positional fields vary
linearly through laminate thickness. Therefore, the linear interpola-
tion functions can be used to simplify the temperature and electri-
cal gradients, as shown in Eqs. (7a–b), respectively.

DTðx; y; zÞ ¼ Tk
1ðx; y; zÞxk

1ðzÞ þ Tk
2ðx; y; zÞxk

2ðzÞ ð7aÞ

Ezðx; y; zÞ ¼ Ek
1ðx; y; zÞxk

1ðzÞ þ Ek
2ðx; y; zÞxk

2ðzÞ ð7bÞ
xi

k, i = {1,2} shown in Eq. (8) represents the linear interpolation
function of the kth orthotropic layer in a smart piezo composite
hybrid laminate.

xk
1 ¼ hkþ1 � h

tk
¼ hkþ1 � h

Pnta þ Ntp
; xk

2 ¼ h� hk

tk
¼ h� hk

Pnta þ Ntp
;

hk 6 h 6 hkþ1 ð8Þ
Pn, ta, and tp in Eq. (8) are the number of piezoelectric actuators, and
actuator thickness, and host structure (composite hybrid laminate)
thickness, respectively. Governing partial differential equation
relating the transverse bending and twisting moments to mid-
plane displacements and thermo-electro-mechanical loads in a
smart laminated piezo composite hybrid plate is stated in Eq. (9)
[2]. In this study, thin symmetrical cross-ply laminates are consid-
ered. Thus, the effects of bending–stretching coupling matrix ([Bij]
= 0), bending–twisting elements of flexural stiffness matrix
(D16 = D26 = 0), and thermo-electrical twisting moment resultants
([Mxy]T = [Mxy]P = 0) in Eq. (6) are neglected. The linear interpolation
of thermo-electrical functions in Eqs. (7a–b) are also substituted
into thermo-electrical bending moment resultants ([Mxx]T, [Myy]T,
[Mxx]P, [Myy]P) in Eq. (6). Thus, by applying the initial conditions
to Eq. (6), it can be simplified to Eq. (10). Finally, Eq. (11) is derived
by substituting Eq. (10) into Eq. (9).

@2 Mxx �MT
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D11
@4w0

@x4
þ 2ðD12 þ 2D66Þ @4w0

@x2@y2
þ D22

@4w0

@y4

¼ Pmðx; yÞ þ @2MT
xx

@x2
þ @2MP

xx

@x2
þ @2MT

yy

@y2
þ @2MP

yy

@y2
ð11Þ

where,

Ptðx; yÞ ¼ @2MT
xx

@x2
þ @2MT

yy

@y2

Peðx; yÞ ¼ @2MP
xx

@x2
þ @2MP

yy

@y2

MT
i

h i
¼
XN
k¼1

Z hkþ1

hk

�Qij
� �kf�ajgkDTzdz

¼ 1
6

XN
k¼1

X
j¼1;2;6

½�Qij�k½�aj�kfTk
1ðhk þ 3zkÞ þ Tk

2ð2hk þ 3zkÞghk
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MP
i

h i
¼
XN
k¼1

Z hkþ1

hk

½�Qij�k½d3j�
k
Ek
zzdz

¼ 1
6

XN
k¼1

X
j¼1;2;6

½�Qij�k½�d3j�k Ek
1ðhk þ 3zkÞ þ Ek

2ð2hk þ 3zkÞ
n o

hk

Dij ¼ 1
3

XN
K¼1

X
j¼1;2;6

½Qij�kðh3
K � h3

K�1Þ

i = j = {1,2,6}, D11 and D22 are flexural stiffness about x and y axis,
respectively, D12 and D66 stand for effective torsional rigidity.
Pm(x,y), Pt(x, y), and Pe(x,y) are mechanical, thermal, and electrical
loads applied to the smart piezo composite hybrid laminate, respec-
tively. The schematic of coordinate system and geometry of the
smart laminated cantilever piezo composite hybrid plate with
incorporated piezoelectric actuators, actuators size, placement,
and polarization, layers winding angle, and applied thermo-
electro-mechanical load functions is illustrated in Fig. 1. Activated
piezoelectric actuators are capable of inducing bending moments
which can be expressed in terms of 2D unit step functions [2]. In
this study, mechanical load function, thermal and electrical
moments are expressed in the form of multivariable unit step func-
tions according to Eqs. (12a–c), respectively.

½Mi�T ¼ 1
6

XTn
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k¼1

X
j¼1;2;6

½�Qij�k½�aj�k Tk
1ðhk þ 3zkÞ þ Tk
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ð12aÞ

½Mi�P ¼ 1
6

XPn
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XN
k¼1

X
j¼1;2;6

½�Qij�k½�d3j�kfEk
1ðhk þ3zkÞþ Ek

2ð2hk þ3zkÞg

� hk UL
kðx� x1PÞ�UL

kðx� x2PÞ
h i

UL
kðy� y1PÞ�UL

kðy� y2PÞ
h i

ð12bÞ

Pm¼
XMn

L¼1

Pmðx;yÞ UL
kðx�x1MÞ�UL

kðx�x2MÞ
h i

UL
kðy�y1MÞ�UL

kðy�y2MÞ
h i

ð12cÞ
i = j = {1,2,6} and Uk

L(x,y) presents the unit step function expressed
for effective areas at which the thermo-electro-mechanical bending
moments are applied at the Lth location and in the kth ply. Mn, Pn,
and Tn are the number of effective areas at which the mechanical,
electrical, and thermal loads are applied, respectively (see Fig. 1).
The general load resultants applied to a plate element are expressed
in Eqs. (13a–g).
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Mxx, Myy, Mxy, Qxx, Qyy, Vxx, and Vyy are bending moment resultants,
torsional moment resultants, shear force resultants, and the total
shear force resultants per unit length, respectively [4]. The bound-
ary conditions should be prescribed to a cantilever plate as stated
in Eqs. (14a–j).

w0ð0; yÞ ¼ 0 ð14aÞ

@w0

@x
ð0; yÞ ð14bÞ

Mxxða; yÞ ¼ 0 ð14cÞ

Myyðx;0Þ ¼ 0 ð14dÞ

Myyðx; bÞ ¼ 0 ð14eÞ

Vxxða; yÞ ¼ 0 ð14fÞ

Vyyðx;0Þ ¼ 0 ð14gÞ

Vyyðx; bÞ ¼ 0 ð14hÞ

Mxyða;0Þ ¼ 0 ð14iÞ

Mxyða; bÞ ¼ 0 ð14jÞ
The double finite integral transformation of the mid-plane ver-

tical displacement of function wo(x,y) is shown in Eq. (15).

wmn ¼
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2
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Eq. (15) is then inversed to represent the exact mid-plane ver-

tical displacement of function wo(x,y) as stated in Eq. (16).
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The double integral transformation of higher-order partial
derivatives of the multivariable function wo(x,y) taken over Eq.
(11) results in Eqs. (17a–g):Z a
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Considering the integral by parts principle and applying the
boundary conditions in Eqs. (14a,b,i,j) to I1, I2, and I3, the double
integral transformations of higher-order partial derivatives of the
function wo(x,y) over Eqs. (17b–e) result in Eqs. (18a–d),
respectively.
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Let Pmðx; yÞ ¼ P0 be defined as uniform distributed pressure or
patch loading magnitude, hence:
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ð18dÞ
The second derivatives of partial differential 2D unit step func-

tion equations of thermo-electrical bending moments (Eqs. (17f,g))
acting on a smart laminated cantilever piezo composite hybrid
plate with respect to x and y are expanded as shown in Eqs.
(19a–d), respectively.
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Hence, the effect of thermal bending moments acting on a smart

laminated cantilever piezo composite hybrid can be stated in Eq.
(20).
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Lðsinðbny1TÞ � sinðbny2TÞÞL ð20Þ
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Same procedures for I5 are performed over equation I6 to obtain
the electrical induced bending moments in the smart cantilever
piezo composite hybrid plate as shown in Eq. (21). It is assumed
that the electrical intensity field (Ez) varies linearly through actua-
tor thickness.
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Lðsinðbny1PÞ � sinðbny2PÞÞL ð21Þ
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where,
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The values x1M, x2M, x1T, x2T, x1P, x2P, y1M, y2M, y1T, y2T, y1P, and y2P
are the placements of effective mechanical, thermal, and electrical
loads along x and y axis, respectively. Va

k stands for the applied elec-
trical voltage through the kth layer’s thickness and ta

k presents the
thickness of the piezoelectric actuators in the kth layer. Ex = Ey = 0
is based on the fact that for the shell/plate type piezoelectric mate-
rials, only the transverse electric field component Ez is dominant
when the electrical voltage Va is only applied to the actuators
through thickness [31,32].

In the next step, parameters I1, I2,. . ., I6 are substituted into Eq.
(17a), resulting in Eq. (22). Simplifying and rearranging both sides
of Eqs. (22) leads to Eq. (23).
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Cmn
1, Cmn

2, and Cmn
3 are effective mechanical, electrical and

thermal coefficients in a smart laminated cantilever piezo compos-
ite hybrid plate, respectively. The boundary conditions in Eqs.
(14f–h) are expanded as shown in Eqs. (24a–c) and then substi-
tuted into Eq. (23). Rearranging Eq. (23) results in Eq. (25). For sim-
plicity purposes, unknown variablesDm; Xm;Pn, andWn are defined
as shown in Eqs. (26a–d), respectively.
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Substituting Eqs. (26a–d) into Eq. (25) and then rearranging Eq.
(25) yields Eq. (27) which satisfies the boundary conditions in Eq.
(11). Finally, the remaining boundary conditions in Eq. (11i,c,d,e)
are substituted into Eq. (16) and then simplified as shown in Eqs.
(28a–d). Eq. (27) represents the double finite integral transforma-
tion of the mid-plane vertical displacement of function wo(x, y) in a
smart laminated cantilever piezo composite hybrid plate incorpo-
rated with arbitrarily positioned piezoelectric actuators and under
thermo-electro-mechanical loads which can be expressed in terms
of function wmn. The first and second partial derivatives of the dou-
ble Fourier series wo(x,y), presented in Appendix B, were used to
expand the boundary conditions in Eqs. (14f–h).
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The double finite integral transformation CIn and SIm are per-
formed over Eqs. (28a–b) and Eqs. (28c–d), respectively. The CIn
and SIm are stated in Eqs. (29a–b), respectively. Taking integration
over the specified domains results in Eqs. (30a–d), respectively.
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Finally, Eq. (27) is substituted into Eqs. (30a–d) to obtain the
four finite systems of linear simultaneous multivariable equations
as stated in Eqs. (31a–d), respectively. The sufficient finite terms of
m and n in each set of multivariable equations are considered in
order to accurately compute the constant values of unknown vari-
ables Dm, Xm, Pn, and Wn:X1
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Table 1
Material properties.

Material
properties

Aluminum
[34]

PZT G1195 N
[1,2,31]

T300/976
GFRP [1]

AS/3501
GFRP [33]

KYNAR
[35]

Prepreg
CFRP [36]

E1 [GPa] 75.22 63 150 144.8 2 135
E2 [GPa] 75.22 63 9 9.65 2 8.8
v12 0.33 0.3 0.3 0.3 0.29 0.33
G12 [GPa] 28.28 24.2 7.1 7.1 0.77 4.47

a1½10�6=�C� 23 0.00012 – – – 0.19

a2½10�6=�C� 23 0.00012 – – – 40.3

d31 ½10�10 m=V� 0.0 1.9 0.0 0.0 0.23 0.0

d32 ½10�10 m=V� 0.0 1.9 0.0 0.0 0.046 0.0
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Fig. 2. Schematic of (a) smart laminated piezo composite beam incorporated with bounded actuator patches, (b) 2th-layer KYNAR bimorph beam, (c) smart laminated piezo
composite beam incorporated with bounded actuator layers.

Fig. 3. Wo(x,b/2) 2D graphs of shape control task of smart laminated cantilever piezo composite beam (see Fig. 2a) (a) separate actuator patches centred at ①, ③, or ⑤, (b)
combined actuator patches centred at ① and ③, (c) combined multi-layered actuator patches centred at ① and ③.
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Fig. 4. Wo(x,y) 3D graphs of shape control task in smart laminated cantilever piezo composite beam (see Fig. 2a) (a) separate actuator patches centred at ①, ③, or ⑤, (b)
combined actuator patches centred at the ① and ③, (c) combined multi-layered actuator patches centred at ① and ③.
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Fig. 5. Wo(x,b/2) 2D graphs of optimal shape control task in smart laminated cantilever piezo composite beam using combined multi-layered actuator patches centred at ①
and ③ in Fig. 2a with the stacking sequence (a) [(piezo)2/0/[(piezo)2], (b) [(piezo)3/0/[(piezo)3], (c) [(piezo)4/0/[(piezo)4], (d) [(piezo)5/0/[(piezo)5].
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Fig. 6. Wo(x,y) 3D graphs of optimal shape control task in smart laminated cantilever piezo composite beam using combined multi-layered actuator patches centred at① and
③ in Fig. 2a with the stacking sequence (a) [(piezo)2/0/[(piezo)2], (b) [(piezo)3/0/[(piezo)3], (c) [(piezo)4/0/[(piezo)4], (d) [(piezo)5/0/[(piezo)5].

Fig. 7. (a) Effect of electrical voltage on shape deformation of 2th-layered bimorph beam, (b) shape control of smart laminated cantilever piezo composite beam under
uniform pressure Po using bounded actuator layers.
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Computation of Simn, i = {1,2, ..,20} leads to obtaining the
unknown constants in Eqs. (26a–d) as four finite systems of linear
simultaneous multivariable equations which are later substituted

into Eq. (27) to calculate the double finite integral transformation
of the mid-plane vertical displacement of function wo(x,y). Once
the wmn is found, it can be substituted into Eq. (16) to calculate
the exact mid-plane vertical displacement of function wo(x,y) in
the smart laminated cantilever piezo composite hybrid plate sub-
jected to thermo-electro-mechanical loads.

3. Results and discussions

In this section, various examples are intended to demonstrate
and evaluate the accuracy of the proposed method for deformation
analysis and shape control task of smart laminated cantilever piezo
composite hybrid plates and beams under thermo-electro-
mechanical loads using arbitrarily positioned multiple piezoelectric

Table 2
Effect of electrical voltage on the tip deflection of 2th-layered cantilever bimorph beam.

Tip Displacement [mm] V [Volts]

V = 50 V = 100 V = 150 V = 200 V = 250 V = 300 V = 350 V = 400 V = 450 V = 500

[11] 0.49 0.98 1.46 1.95 2.4 2.9 3.75 3.95 4.22 4.91
[33] 0.48 0.99 1.47 1.96 2.45 2.95 3.67 4.20 4.45 4.95
Present study 0.485 0.970 1.456 1.941 2.426 2.912 3.97 3.882 4.368 4.853

Table 3
Effect of electrical voltage on shape control of smart laminated cantilever piezo composite beam under uniform pressure Po using bounded actuator layers.

Tip Displacement [mm] P0 ¼ 0 ½kPa� P0 ¼ 2 ½kPa�
V [Volts] V [Volts]

V = 50 V = 100 V = 150 V = 200 V = 0 V = 100 V = 200 V = 250

[33] 0.07 0.17 0.25 0.33 0.65 0.50 0.33 0.23
Present study 0.074 0.161 0.243 0.324 0.647 0.486 0.324 0.243

Fig. 8. Schematic of smart laminated cantilever piezo composite plate under electro-mechanical loads incorporated with (a) bounded actuator layers, (b) bounded actuator
patches, (c) bounded/embedded/core actuator layers.
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actuators. The results were verified by some published benchmark
results. In the first examples, the effect of electro-mechanical cou-
pling was taken into account. The effect of residual thermal stres-
ses as well as electro-mechanical coupling along with more
complex load functions were considered, afterward. Generally,
the effect of various parameters including: different complex loads,
ply thickness, size and placement of bounded and embedded
piezoelectric actuators, stacking sequence, and geometrical shape
were emphasized. The effect of actuators and host structure weight
is neglected in all examples. For greater actuation result, the acti-
vated piezoelectric actuators were symmetrically bounded and
embedded with respect to the mid-plane under same amount of
constant electrical voltage but different polarization direction. In
general, for an upward displacements, the upper and lower actua-
tors require a negative and positive voltage, respectively and vice
versa [1]. Material properties of piezoelectric actuators and com-
posite hybrid laminates used in the following examples are sum-
marized in Table.1 [1,2,31,33–36]. The results are presented in
2D and 3D graphs, respectively.

3.1. Example 1: Placement effect of single bounded actuator on the
shape control of smart laminated cantilever piezo composite beams

As shown in Fig. 2a, a smart elastic cantilever beam (a = 300
[mm], b = 40 [mm]) with thickness tp = 10 [mm] and made of uni-
directional T300/976 GFRP is incorporated with bounded PZT
G1195 N piezoelectric actuator patches with thickness ta = 0.2

[mm] and under constant actuation voltage of V = 200 [Volts].
The material orientations are along x, y, and z directions, respec-
tively. A concentrated point load equal to F = �4 [N] was applied
at the beam’s free end at y = b/2. The effect of pure mechanical
and thermo-mechanical coupling for the actuators separately
placed at positions ①, ③, or ⑤, respectively is shown in Fig. 3a
in 2D and Fig. 4a in 3D, respectively. It is seen that the effect of
actuation on shape control task is significant. However, if one
places actuators close to the fixed end, the shape control task will
be more optimal and significant. It is also seen that unsolvable
shape control task of reducing the beam’s mid-line deflection at
free end (location ⑤) which requires approximation solution
through other approaches can accurately be performed using the
proposed explicit solution. The results were verified with the ones
presented in Ref [1] and good agreement was observed.

3.2. Example 2: Effect of multiple bounded actuators on shape control
of smart laminated cantilever piezo composite beams

A combination of multiple bounded actuator groups positioned
at ① and ③ was considered in this example. The applied load, and
actuator and composite beam characteristics are shown in Fig. 2a.
The same material properties and dimensions, as used in Example
1, were adopted. The actuator patches were subjected to different
electrical voltages V = {205,120,0} [Volts] and the final shape
results were plotted in Fig. 3b in 2D and Fig. 4b in 3D, respectively.
It is obviously seen that the combination of actuator groups can

Fig. 9. Shape control of smart laminated cantilever piezo composite plate under uniform pressure Po using bounded actuator layers and patches. (a) wo(x,b/2), (b) wo(x,y).

Fig. 10. Effect of bounded/embedded/core actuator layers on shape control of smart laminated cantilever piezo composite plate under uniform patch loading Po. (a) wo(x,b/2),
(b) wo(x,y).
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result in saving energy for shape control task. Compared with
example 1, the multiple actuators proved to significantly reduce
the mid-plane deflection. However, the best results were achieved
whenmultiple actuators were subjected to the highest voltage. The
results, illustrated were verified with the ones presented in Ref [1]
and good agreement was achieved. According to Examples 1–2, it
can be concluded that a higher electrical voltage and electrical filed
intensity are required to suspend the effect of higher concentrated
load applied at the free end. Thus, the use of multiple actuator
patches would be more beneficial and optimal compared with a
single actuator patch.

3.3. Example 3: Effect of multiple bounded/embedded actuators on
shape control of smart laminated cantilever piezo composite beams

The mid-plane deflection of a smart cantilever piezo composite
beam as shown in Fig. 2a was suspended using multiple combined
embedded and bounded actuator patches positioned at ① and ③.
The same material properties and dimensions, as used in Exam-
ple1, were considered in this example. In order to see the sole
effect of embedded and bounded actuators on the host structure
(laminated composite beam), the amount of electrical voltage
was kept constant at V = 43 [Volts]. According to the 2D and 3D
results presented in Figs. 3c and 4c, respectively, any increase in
the number of embedded actuator patches results in the beam’s
deflection reducing significantly due to the two facts: (1) multiple
actuator patches produce electrical bending moments indepen-

dently, and (2) the multiple bounded/embedded actuator patches
strengthen the beam’s stiffness by increasing the layup thickness.
The results were compared with the ones presented in Ref [1]
and a good agreement was confirmed. However, as the number
of embedded/bounded actuator layers increased, minor error was
seen since the effect of transverse shear deformation on thick lam-
inates become more significant.

3.4. Example 4: Effect of combined optimal electrical voltage and
multiple bounded/embedded actuator patches on shape control of
smart laminated cantilever piezo composite beams

In this part, combined effect of optimal voltage and the number
of embedded/bounded actuator patches on shape control of a
smart cantilever piezo composite beam with characteristics as
shown in Fig. 2a was investigated and the 2D and 3D results were
plotted in Figs. 5a–d and Fig. 6a–d, respectively. The same material
properties and dimensions, as used in Example1, were adopted.
Embedded/bounded actuator patches were positioned at ① and
③. As seen in Example1, single bounded actuators require higher
electrical voltage and electric field intensity for desired shape con-
trol performance compared with Examples 2–3. In addition, adding
multiple bounded/embedded actuators to the host structure
enhances the stiffness and boosts induced electrical bending
moment as seen in Example 3. Higher electrical voltage leads to
a strong electric field intensity and, therefore the higher risk of
being destroyed in actuators. It is also cost effective and not

Fig. 11. Effect of in-plane transverse actuation on shape deformation of smart laminated cantilever piezo composite plate: (a) wo(x,b/2), (b) wo(a,y), (c) wo(x,y).
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efficient, requiring more maintenance and inspections. Thus, in
this example, the emphasis is placed on using optimal low control
voltage for the desired shape control task. Through classical trial
and error techniques, the optimal voltages were calculated. The
results were then verified by Ref [1]. Again minor error was seen
between the results for 4th-layered and 5th-layered embedded/
bounded actuator patches since the effect of transverse shear
deformation on thick laminates become more significant. It was
also obvious that when the number of embedded/bounded actua-
tors was increased, the lower optimal electrical voltage was
required for the desired shape control performance as seen in the
results.

3.5. Example 5: Effect of electro-mechanical coupling on shape control
of smart bimorph and laminated piezo composite beams

Bimorph beams (cantilever PZT benders) are potentially used
for power and voltage generation by transforming ambient vibra-
tions into electrical energy. This device can potentially replace
the battery that supplies the power in a microwatt range necessary
for operating sensors and data transmission. Thus, shape deforma-
tion analysis of these structures is important [37]. In this example,
the effect of various pure electrical voltage on a 2th-layered KYNAR
piezoelectric bimorph beam (a = 80 [mm], b = 10 [mm]) was inves-
tigated and the results were plotted in Fig. 7a. The schematic of the
bimorph beam in this example is illustrated in Fig. 2b. Each KYNAR
actuator layer has the thickness of ta = 0.2 [mm]. Subsequently, the
tip deflection results were tabulated in Table.2 and then compared
with the results in Refs [11] and [33]. The results were in excellent
agreement. When an external voltage is applied through beam’s
thickness, the induced strain generates control moments capable
of bending the beam and any increase in the electrical voltage
resulted in a larger deflection as the maximum deflection was cal-
culated to be at V = 500 [Volts]. Shape control of a smart laminated
cantilever piezo composite beam (a = 0.254 [m], b = 0.0254 [m])

was considered, afterward. The host structure was made of
AS/3501 GFRP with stacking sequence of [0/90]s and sandwiched
by a pair of thin actuator layers as shown in Fig. 2c. Actuators
and host structure have the thickness of ta = 0.2 [mm], and
tp = 5.08 [mm], respectively. The beam was first subjected to uni-
form pressure of Po = 2 [kPa] and various pure electrical loads.
The results are shown in Fig. 7b. Furthermore, the tip deflection
results were tabulated in Table 3 and then compared and verified
with the results of Ref [33]. It was noticed that shape control task
of reducing the mid-plane deflection of a uniformly pressurized
smart cantilever laminate composite beam was excellently per-
formed with the use of a pair of bounded actuator layers. For
instance, by applying high electrical voltage of V = 250 [Volts],
the structure almost comes back to the undeformed shape.

3.6. Example 6: Effect of bounded actuator plies and patches on shape
control of smart laminated cantilever piezo composite plates

Numerous FE studies have been carried out for the shape con-
trol analysis of smart plates. Plate’s displacement fields can be cal-
culated using Higher Order Shear Deformation theory (HSDT) [38]
as an initial step to mathematically formulate the FE modeling. In
this example, shape control task of a smart cantilever laminated
piezo composite plate sandwiched by piezoelectric actuator layers
and patches made of PZT G1195 N was implemented. The sche-
matic of the cantilever plate with bounded actuator layers and
patches under uniform pressure is shown in Fig. 8a–b, respectively.
It was assumed that a square plate (a = b = 0.4 [m]) was under
Po = 2.5 [kPa] and actuator layers/patches were under constant
external voltage of V = 40 [Volts]. The host structure is composed
of [0/90]s configuration and made of T300/976 GFRP. When a pair
of actuator layers was considered, tp = tc = 1.25 [mm], while ta = 0.1
[mm] and tp = 2.5 [mm] when the actuator patches were consid-
ered. The 2D and 3D results are shown in Fig. 9a–b using the pro-
posed explicit method and then verified with the results in the

Fig. 12. Schematic of smart laminated cantilever piezo composite plate with (a) combined piezoelectric actuator patches, (b) separate actuator patches, (c) bounded actuator
layers and core aluminum layer.
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literature based on FE formulation using HSDT theory and
commercial FE package ANSYS [10]. Well agreement of the solu-
tions was met. It was noticed that thicker actuators and composite
plies resulted in the mid-plane deflection reducing significantly
regardless of actuators size and placement.

3.7. Example 7: Effect of core/embedded/ bounded actuator layers on
shape control of smart laminated cantilever piezo composite plates

Some of the advantages of having actuators/sensors embedded
into smart structures rather than bounded to the outer surface can
be; (1) effect of shape ties on actuation in spots is difficult to access
from outside, (2) protecting actuation system inside smart struc-
tures due to harsh environment affecting the actuation perfor-
mance such as atmospheric agents. Thus, in this example, the
effect of core/embedded actuator plies made of PZT G1195 N (see
Fig. 8c) on the shape control of a smart laminated cantilever com-
posite square plate (a = b = 0.4 [m]) made of T300/976 GFRP was
investigated and compared with the bounded ones. The electrical
voltage was kept constant at V = 42 [Volts]. Thickness of piezoelec-
tric actuators and composite layers are ta = 0.2 [mm] and tp = 2
[mm], respectively. It was assumed that the plate was subjected
to the uniform patch loading of Po = �1 [kPa]. The 2D and 3D
results for the stacking sequences of [Piezo/0/90]s, [0/Piezo/90]s,
and [0/90/Piezo]s are shown in Fig. 10a–b, respectively. It was

observed that the bounded actuator layers had the most effective
shape control performance while the core actuators were the
least to induce the structural shape. Thus, the core actuators would
not be a good choice for shape control task of smart cantilever
composite structures over embedded ones in harsh environments.

3.8. Example 8: Effect of piezoelectric size on transverse shape
deformation of smart laminated cantilever piezo composite plates

For width plates, the effect of transverse actuation on shape
deformation performance as a result of piezoelectric dielectric con-
stant d32, can be significant. Transverse actuation is dependent on
various factors such as piezoelectric placements and size, plate
width, intensity of applied external electrical voltage, and piezo-
electric actuator type. In this part, the effect of transverse actuation
on a smart laminated cantilever square plate (a = b = 0.3 [m]) with
bounded actuator patches was investigated. The plate was sub-
jected to a constant voltage of V = 50 [Volts]. Various actuators
made of PZT G1195 N with different size were selected for this
purpose. The function Lo(x1,x2,y1,y2) [mm] was defined to explain
the size and placement of the bounded piezoelectric actuator
patches. The effect of the bounded piezoelectric patches placement
defined as Lo(0,300,0,300), Lo(0,300,30,270), Lo(0,300,60,240),
Lo(0,300,90,210), and Lo(90,300,120,150) on the shape deforma-
tion task of a smart laminated cantilever composite plate was

Fig. 13. Effect of optimal voltage to suppress twisting deformation of smart laminated cantilever piezo composite plate under twisting load: (a)wo(x,0), (b)wo(a,y), (c)wo(x,y).
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investigated and their transverse actuation effect were compared.
The host structure is composed of [0/90]s configuration and made
of T300/976 GFRP. Thickness of the piezoelectric actuator patches
and composite layers are ta = 0.2 [mm] and tp = 2 [mm], respec-
tively. The 2D and 3D results are shown in Fig. 11a–c, respectively.
According to the results, the wider actuator patches resulted in
more deflection as the plate curvature increased while the narrow
actuator patches with respect to y axis resulted in less deflection
and lower curvature.

3.9. Example 9: Effect of optimal electrical voltage on twisting
suppression of smart laminated cantilever piezo composite plates

Some loading conditions can result in significant twisting
moments in cantilever plates. In this example, through two pairs
of bounded actuator patches made of PZT G1195 N and under con-
stant optimal voltages, a shape control task was performed to
supress the effect of twisting moment Mxy caused by two concen-
trated loads (F1 = 1 [N] and F2 = �1 [N]) in the smart laminated can-
tilever piezo composite plate (a = 0.2 [m] and b = 0.05 [m]) (see
Fig. 12a). The point loads resulted in twisting moment occurring
in the plate. The host structure is composed of [0/90/0] configura-
tion and made of T300/976 GFRP. Thickness of the piezoelectric
actuator patches and composite layers are ta = 0.2 [mm] and
tp = 1.5 [mm], respectively. Through classical trial and error tech-
niques, the amounts of optimal voltage were calculated and the
shape control task was then performed to fully supress the effect

of twisting moment. The 2D results are shown in Fig. 13a–b,
respectively. The initial and final shapes before and after applying
the electrical voltage are illustrated in a 3D graph (see Fig. 13c). It
was noticed that combination effect of piezoelectric actuators
placement and applied electrical voltage on shape control task
was significant. It was also noticed that shape control task could
be perfectly implemented if each actuator received different con-
stant electrical voltage.

3.10. Example 10: Effect of actuator patch placement on shape
deformation of smart laminated cantilever piezo composite plates

In this example, the effect of thin pair of bounded actuator
patches made of PZT G1195 N on shape deformation of a width
and long smart cantilever piezo composite square plate (a = b = 0.4
[m]) was studied. The actuator patches placements are shown in
Fig. 12b. The host structure is composed of [0/90/0] configuration
and made of T300/976 GFRP. Thickness of the piezoelectric actuator
patches and composite layers are ta = 0.2 [mm] and tp = 1.5 [mm],
respectively. The constant electrical voltage of V = 50 [Volts] was
applied to the actuators. The shape deformations considering various
actuator placements are shown in Fig. 14a–i, respectively. The
results clearly demonstrated that the amount of bending moments
produced in the plate differs significantly and ultimately results in
different shape deformation as the actuator placement varies. In
addition, actuators positioned close to the plate’s edges along the y
axis resulted in the unsymmetrical deformation.

Fig. 14. Effect of actuator patches placement on shape deformation of smart laminated cantilever piezo composite plate (see Fig. 2h) centred at (a) ①, (b) ➃, (c) ⑦, (d) ②, (e)
⑤, (f) ⑧, (g) ③, (h) ⑥, (i) ⑨.

S. Gohari et al. / Composite Structures 145 (2016) 89–112 107

123



Table 4
Effect of electrical voltage on shape control of smart laminated cantilever piezo composite beam induced by thermal loads using actuator patches centred at ① and ② (see
Fig. 2a).

DT ½�C� V [Volts] w0
a
5 ;

b
2

� 

H

w0
2a
5 ; b2
� 

H

w0
3a
2 ; b2
� 

H

w0
4a
5 ; b2
� 

H

w0 a; b2
� 

H

DT ¼ 30 V ¼ 0 �0.0180 �0.0713 �0.1607 �0.2869 �0.4462
V ¼ 30 �0.0034 �0.0129 �0.0437 �0.1107 �0.2115
V ¼ 50 0.0062 0.0260 0.0343 0.0068 �0.0551
V ¼ 70 0.0159 0.0649 0.1123 0.1243 0.1014
V ¼ 100 0.0305 0.1232 0.2294 0.3005 0.3361

DT ¼ 70 V ¼ 0 �0.0419 �0.1663 �0.3750 �0.6695 �1.0412
V ¼ 30 �0.0274 �0.1080 �0.2580 �0.4933 �0.8065
V ¼ 50 �0.0177 �0.0691 �0.1800 �0.3758 �0.6501
V ¼ 70 �0.0080 �0.0302 �0.1020 �0.2583 �0.4936
V ¼ 100 0.0065 0.0282 0.0151 �0.0821 �0.2589

DT ¼ 120 V ¼ 0 �0.0719 �0.2851 �0.6429 �1.1477 �1.7850
V ¼ 30 �0.0574 �0.2267 �0.5259 �0.9715 �1.5503
V ¼ 50 �0.0477 �0.1878 �0.4478 �0.8540 �1.3938
V ¼ 70 �0.0380 �0.1489 �0.3698 �0.7365 �1.2373
V ¼ 100 �0.0235 �0.0906 �0.2528 �0.5603 �1.0026

DT ¼ 175 V ¼ 0 �0.1584 �0.6282 �1.4166 �2.5290 �3.9333
V ¼ 30 �0.0903 �0.3574 �0.8205 �1.4975 �2.3684
V ¼ 50 �0.0806 �0.3185 �0.7425 �1.3801 �2.2119
V ¼ 70 �0.0709 �0.2796 �0.6645 �1.2626 �2.0555
V ¼ 100 �0.0564 �0.2213 �0.5475 �1.0864 �1.8207

Fig. 15. Optimal electrical voltage for shape control of smart laminated piezo composite beam under non-uniform thermal loads using bounded actuator layers: (a) 86 [Volts]
and 70[�C], (b) 148 [Volts] and 120[�C], (c) 215 [Volts] and 175[�C].
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3.11. Example 11: Optimal shape control of smart laminated cantilever
piezo composite beams under residual thermal stresses

Laminated composite structures are quite often subjected to
harsh thermal environment in which residual thermal stresses
are remained throughout laminates. Thermal stresses can result
in early crack initiation and propagation in structures under arbi-
trary loads [39]. Thus, in particular cases, design against thermal
loads can become a primary factor. Due to widely existence of
non-uniform temperature fields, laminated structures are often
affected by non-uniform thermal loads [40,41]. One of the aims
of this research is to suspend shape deformation (snap-through)
effect of residual thermal stresses occurring in smart laminated
cantilever composite plates and beams using piezoelectric actua-
tors. In this example, the schematic of the smart laminated can-
tilever piezo composite beam is same as Fig. 2a. The host
structure consists of Prepreg CFRP [0/90/0] and is sandwiched by
a pair of PZT G1195 N piezoelectric layers/patches. Before integrat-
ing the actuators into the host structure, the uniform transverse
temperature gradient along z direction was applied to the host
structure whose bottom layer was presumably kept isolated to
avoid the temperature passing through the thickness. Thus, it
resulted in non-uniform temperature gradient through thickness.
Subsequently, the actuators were incorporated into the composite
laminate. In the first attempt, the beam was subjected to the ther-
mal loads of DT = {30,70,120,175} [�C], respectively. Two pairs of

actuator patches were first positioned at ① and ② and then sub-
jected to various constant electrical voltages. The effect of
thermo-electrical loads on shape deformation is shown in Table.4.
The results showed that the piezoelectric actuators can signifi-
cantly induce smart laminated cantilever composite structures
under residual thermal stresses. Therefore, by applying appropriate
electrical voltage, shape control task of reducing thermal stresses
snap-through effect can be perfectly implemented. In the second
attempt, the actuator patches were replaced by a pair of bounded
actuator layers. Through classical trial and error techniques, the
optimal voltages V = {86,148,215} [Volts] were calculated and
applied to the beam subjected to DT = {70,120,175} [�C], respec-
tively in order to fully suspend the non-uniform thermal loads
snap-through effect. According to Fig. 15a–c, it is observed that
as the thermal stresses increase, higher amount of optimal electri-
cal voltage is required for optimal shape control performance and
fully suppression of the snap-through effect.

3.12. Example 12: Effect of thermo-electro-mechanical loads on shape
deformation of smart laminated cantilever piezo composite hybrid
plates

In the final example, more complex loading system was pre-
sented. A smart laminated cantilever piezo composite hybrid plate
made of bounded PZT G1195 N actuator layers, laminated Prepreg
CFRP composite, and an aluminum core was subjected to the

Fig. 16. Effect of thermo-electro-mechanical loads on shape deformation of smart laminated cantilever piezo composite hybrid plate under combined uniform pressure
Po = �1 [kPa] and non-uniform temperature function: (a–c) Tbot = 30 [�C] and V = 0, 100, 200 [Volts], respectively; (d–f) Tbot = 70 [�C] and V = 0, 100, 200 [Volts], respectively;
(g–i) Tbot = 120 [�C] and V = 0, 100, 200 [Volts], respectively.

S. Gohari et al. / Composite Structures 145 (2016) 89–112 109

125



thermal load (see Fig. 12c). The temperature of the top surface Ttop
was kept constant at the room temperature of 20[�C] while Tbot =
{30,70,120} [�C] were applied at the bottom surface. It is assumed
that the thermal load varies non-uniformly through thickness, DT
(z) = TaH

�1z + Tb, where: Ta = Tbot � Ttop and Tb = 0.5(Tbot + Ttop).
The uniform pressure Po = �1.0 [kPa] was applied to the plate. In
addition, the bounded actuator layers were activated by the vari-
ous constant electrical voltages V = {0,100,200} [Volts], respec-
tively. The combination of thermo-electro-mechanical loading
system changed the structural shape considerably as shown in
Fig. 16a–i. The results illustrated the snap-through effect along
the plate’s edges using the activated bounded actuator layers is sig-
nificant. Furthermore, the effect of uniform pressure on plate’s cur-
vature deformation was also noticeable. In a case, when the
amount of thermal load is not significant as seen in Fig. 16a–c,
the plate is subjected to the curvature sign transformation when
the applied electrical voltage increase.

4. Conclusion

In this study, a new explicit exact analytical solution was pro-
posed for the shape control analysis of smart laminated cantilever
piezo composite hybrid plates and beams under thermo-electro-
mechanical loads. Embedded/bounded piezoelectric layers/patches
were used to achieve the desired shape control task. According to
the results, following remarks can be concluded:

1. The shape control task in smart laminated cantilever piezo
composite hybrid plates and beams can be well implemented
using the proposed explicit exact analytical solution. Unlike
previous studies, the new proposed method demonstrated its
ability to cover more general problems concerning the shape
control task of smart cantilever structures. The method is par-
ticularly well suited for long and wide plate cases where actu-
ator patches were positioned far from fixed ends.
Furthermore, unlike in previous studies, the explicit exact ana-
lytical solution proposed in this research does not require the
characteristic and trial deflection function to be predetermined
for shape control performance.

2. Higher electrical voltage leads to a greater actuation and more
significant shape control performance. However, thicker actua-
tors have less actuation power due to low electrical filed pro-
duced through actuators’ thickness while improving the
laminates’ stiffness against flexural deformation. Thus, through
selecting appropriate actuators in terms of size and elastic/elec-
trical properties, the optimal shape control task can be
achieved.

3. Effect of piezoelectric actuators’ size and placement in shape
control of smart structures is significant. Generally, actuator
layers have higher actuation compared with actuator patches.
Actuator patches placed close to the fixed end have more opti-
mal shape control performance while their ability to overcome
shape deformation reduces significantly as positioned far from
fixed end. Furthermore, bounded actuator layers/patches
proved to be a better choice for optimal shape control of smart
structures compared with embedded and core actuators.
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Appendix A

The simplified 2D thermo-electro-mechanical plate equations
are derived from 3D equations of theory of elasticity and three
charged equilibrium equations of piezoelectric medium as shown
in Eq. (A1).
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2
666666664
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777777775
¼

C1111 C1122 C1133 0 0 0
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rij; eij;Cijkl;aij;DT; eijk; and Eij are the stresses, the strains, the elastic
stiffness, thermal expansion coefficients, temperature difference
from the reference point (room temperature), piezoelectric coeffi-
cients, and the components of the electric fields, respectively in
the orthotropic material orientation. The plane stress assumption
(r33 ¼ r23 ¼ r13 ¼ 0) is used to simplify Eqs. (A1) and (A2).
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The Kirchhoff assumption adapted for plate theory stipulates
that c23 ¼ c31 ¼ 0: In addition, only a through-thickness electric
field is considered (E1 = E2 = 0). Therefore, Eq. (A2) is reduced to
Eq. (A3). Global stresses in the kth ply along xyz direction can be
calculated by transforming 2D stresses in the material direction
through transformation matrix [T] as stated in Eq. (A4).
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½r�Globalk ¼ ½T��1½r�Localk ðA4Þ
where,

½T� ¼
c2 s2 2cs
s2 c2 �2cs
�cs cs ðc2 � s2Þ

2
64

3
75

c is cos(b) and s is sin(b), Qijs and eijs are the reduced elastic stiffness
and reduced piezoelectric coefficients, respectively, which are given
in Eqs. (A5–10), respectively.
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Q11 ¼ C1111 � C2
1133

C3333
¼ E1

1� m12m21
ðA5Þ

Q22 ¼ C2222 � C2
2233

C3333
¼ E2

1� m12m21
ðA6Þ

Q12 ¼ C1122 � C1133C2233

C3333
¼ m12E2
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ðA7Þ

Q66 ¼ C1212 ¼ G12 ðA8Þ

e31 ¼ e311 � C1133

C3333
e333 ¼ Q11d31 � Q12d32 ðA9Þ

e32 ¼ e322 � C2233

C3333
e333 ¼ Q12d31 � Q22d32 ðA10Þ

Appendix B

The first and second partial derivatives of the double Fourier
series wo(x,y) in Eq. (16) for boundary value problems in a can-
tilever plate can be expanded by:
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a b s t r a c t

In the present work, a novel explicit analytical solution is proposed for obtaining twisting deformation
and optimal shape control of smart laminated cantilever composite plates/beams using inclined piezo-
electric actuators. The linear piezoelectricity and plate theories are adapted for the analysis. A novel dou-
ble integral multivariable Fourier transformation method and discretised higher order partial differential
unit step function equations are employed. For the first time, an exact solution is developed to analyse
electro-mechanical twisting moments in smart composite structures. Since there are no published bench-
mark results for verification, a series of simple, accurate and robust finite element (FE) analysis models
and realistic electro-mechanical coupled FE procedures are developed for the effective prediction of
the structural behaviour of the smart laminated piezo-composite structures under arbitrary loads. In
addition to the novelty of the explicit solution, more comprehensive FE simulations of smart structures
and step-by-step guidelines are discussed. The effect of various parameters including electro-mechanical
twisting coupling, layup thickness, actuators size, placement, and inclination angle, electrical voltage,
stacking sequence, and geometrical dimension are taken into account. The comparison of results shows
an excellent agreement. Unlike the earlier studies, the proposed method does not require the character-
istic and trial deflection function to be predetermined.

� 2016 Elsevier Ltd. All rights reserved.

1. Introduction

Laminated and asymmetric composite structures are being used
considerably in aerospace, automotive, civil, mechanical and struc-
tural engineering applications due to their high stiffness and
strength to weight ratio, low density, and temperature resistance
[1–3]. Laminated plates and beams are usually applied to achieve
the desired stiffness and lightness for parts of load-bearing engi-
neering structures [4,5]. For instance, laminated cantilever com-
posite plates are adopted widely in various engineering
applications such as airplane wings, corrugated plates, reinforced
concrete slabs, decks of contemporary steel bridges, boom arms
of industrial cranes, and flight control surfaces [6–8]. Piezoelectric
materials have recently drawn much attention due to their low
power consumption, high material linearity, and quick response
when induced by external forces [9–11]. Piezoelectric materials
can be integrated with laminated composite structures to provide
smart-intelligent composite systems. Numerous smart engineering

structures incorporated with smart devices such as piezoelectric
sensors and actuators have proved to be superior to their conven-
tional counterparts. Static analysis of advanced composite struc-
tures under axial, transverse, twisting, and torsional loads due to
piezoelectric materials has potential application in mechanical sys-
tems, helicopter rotor blades, and blades for turbomachinery [12].
Some other applications of piezoelectric materials in adaptive
engineering structures are acoustical noise reduction, damage
identification, structural health monitoring, vibration suppression,
deflection control in missile fines, and airfoil shape changes
[13,14,15]. One of the great advantages of piezoelectric materials
is their ability to respond to changing environment and control
structural deformation, which has led to the new generation of
aerospace structures like morphing airplanes [11]. Among piezo-
electric materials, bounded piezo-ceramic actuators are commonly
used for shape control of online monitoring systems. Piezoelectric
actuators can also be embedded in laminated composite structures
to induce structural stiffness system to the advantage [16–18].

Failure and deformation analysis of load-bearing structures
made of isotropic/composite structures with/without piezoelectric
materials have been studied broadly by several researchers using
analytical methods, FEM and experimental work [19–21]. Milazzo

http://dx.doi.org/10.1016/j.compstruct.2016.11.063
0263-8223/� 2016 Elsevier Ltd. All rights reserved.

⇑ Corresponding author. Tel.: +61423656484.
E-mail addresses: soheil.gohari@live.vu.edu.au, soheil.gohari7@gmail.com

(S. Gohari), sharifi.te@gmail.com (S. Sharifi), Zora.Vrcelj@vu.edu.au (Z. Vrcelj).

Composite Structures 161 (2017) 477–504

Contents lists available at ScienceDirect

Composite Structures

journal homepage: www.elsevier .com/locate /compstruct

 129

http://crossmark.crossref.org/dialog/?doi=10.1016/j.compstruct.2016.11.063&domain=pdf
http://dx.doi.org/10.1016/j.compstruct.2016.11.063
mailto:soheil.gohari@live.vu.edu.au
mailto:soheil.gohari7@gmail.com
mailto:sharifi.te@gmail.com
mailto:Zora.Vrcelj@vu.edu.au
http://dx.doi.org/10.1016/j.compstruct.2016.11.063
http://www.sciencedirect.com/science/journal/02638223
http://www.elsevier.com/locate/compstruct


[22] developed a FE model for the large deflection analysis of
multi-layered smart plates. Sartorato et al. [23] worked on a FE for-
mulation for smart composite shells. This smart shell FE formula-
tion was used as a benchmark for his work on dynamic analysis
of laminated curved isotropic and orthotropic structures integrated
with piezoelectric layers. The presented FE model was then verified
with experimental and numerical findings available in open litera-
ture. Milazzo [22] developed a family of two dimensional (2D)
refined equivalent single layer models for vibration analysis of
multilayered and functionally graded smart magneto-electro-
elastic plates. The single layer FE model presented in his work
was validated against available benchmark three dimensional
(3D) solutions. Zhang et al. [24] developed a linear electro-
mechanically coupled FE model for thin-walled smart composite
laminates bounded with macro-fibre composite (MFC) actuators.
Their proposed method was compared with numerical and exper-
imental results. In a similar study, Zhang and Schmidt [25] formu-
lated a FE model based on the large rotation shell theory for static
and dynamic analysis of thin-walled smart piezoelectric composite
laminates. Plattenburg et al. [26] studied analytically, numerically,
and experimentally vibration excitation of a thin plate with free
boundary conditions and with multiple bounded piezoelectric
actuator patches. Numerical and experimental studies were under-
taken by Lin and Nien [27] on static and dynamic shape deforma-
tions of laminated plates integrated with piezoelectric actuators
and subjected to unknown loads. Their study demonstrated the
effectiveness of piezoelectric actuators on the shape and deflection
control of composite laminates. Other experimental and numerical
studies concerning the deflection and shape control of smart lam-
inated cantilever and simply-supported composite plates and
beams, as well as unattached laminates, can be found in Refs.
[27–30]. The FE simulation of composite structures with/without
piezoelectric actuators have been studied by several researches
using FE commercial software. Gohari et al. [31,32] studied the
mechanical deformation of laminated composite domes under
internal pressure using FE simulation and compared the results
with the theoretical ones based on classical shell theory. There
are also numerous studies regarding the FE simulation of lami-
nated thin/thick composite cylindrical shells under arbitrarily sta-
tic [33–35] and dynamic [36,37] loads. Several studies regarding
the FE simulation of composite plates induced by piezoelectric
actuators can be found in Refs. [38,39].

There are few works presenting the effect of flexural-torsion
loads on composite structures with or without piezoelectric ele-
ments. Considering torsional-bending coupling mode of beams, a
very limited published benchmark results are available. Sakawa
and Luo [40], adapted a shear deformable theory for modelling of
a mass-coupled beam considering the internal beam damping in
which a motor shaft was used to create actuation torque. The effect
of warping torsion on natural frequency of a composite beam,
when considering the transverse shear deformation for various
beam aspect ratios, was investigated in multiple studies [41–43].
In addition, the vibration analysis of a beam adopting Timoshen-
ko’s beam theory and excluding the effect of warping torque was
studied by Banerjee and Williams [44].

There are a few researchers who studied the torsion-bending
behaviour of smart structures analytically, numerically, and
experimentally. Park et al. [45] developed new models for
prediction of the torsion-bending and couple extension in a beam
using piezoelectric patches with arbitrary orientation with respect
to the beam axis. The model was based on a Newtonian shear lag
formulation, neglecting the through-thickness strain variation in
the actuator patches. However, the strain variation through-
thickness of the beam was assumed to be linear. A new model to
predict the effect of coupled extension and torsion-bending in a
beam incorporated with piezoelectric actuators was then

developed by Park and Chopra [46]. Their experimental results
showed accuracy when the piezoelectric actuators had the inclina-
tion angles up to 45 degrees with respect to the beam axis. In
another similar study by Chen and Chopra [47], the static bending
and torsion response of a fraud-scale helicopter rotor blade was
investigated. Takawa et al. [48] used the piezoelectric actuators
with 90-degree inclination angle with respect to the beam princi-
ple axis to control the torsional vibration mode of the beam. Thiru-
pathi et al. [49] investigated the effect of piezoelectric actuators on
the blades for turbomachinery application using FEM. The quadri-
lateral shell FE model with eight nodes and curved edges was
adapted for the numerical analysis of piezoelectric actuated blades.
Subsequently, the results were verified using experimental find-
ings and a good agreement between numerical and experimental
results was observed. In their experimental work, the piezoelectric
actuated blades were modelled as piezo-ceramic cantilevered
bimorph beam.

It can be observed from available literature that most of the
studies on smart piezo-composite laminates were based on exper-
imental and/or numerical approach. In addition, there are no exact
solutions for the twisting analysis of smart cantilever composite
structures induced by electrical twisting moment. There are also
very limited number of studies on the torsion and deflection of
beams in which the effect of different parameters, such as
electro-mechanical twisting coupling, layup thickness, piezoelec-
tric actuators size, placement, and inclination angle, electrical
potential intensity, stacking sequence, and geometrical dimension,
were not taken into account. Furthermore, some theories adapted
for the analysis of smart structures displacement fields result in
significant computational time required due to a large number of
degrees of freedom [50]. Smart cantilever composite plates and
beams are important structural elements, but their exact analytical
evaluation is one of the most difficult problems in the theory of
elasticity. Multi-scale and approximation solutions, typically
adapted for analytical evaluation of smart composite laminates,
are complex and require characteristic and trial deflection func-
tions to be predetermined.

In the present work, a new explicit solution is proposed for
obtaining twisting-bending deformation and optimal shape control
of smart laminated cantilever composite plates and beams using
inclined piezoelectric actuators. The linear piezoelectricity and
plates theories are adapted for the analysis. The results are then
compared with the numerical results by using finite element
method (FEM). A series of simple, accurate and robust FE analysis
models and realistic electro-mechanical coupled FE procedures
are developed for the accurate and reliable prediction of the struc-
tural behaviour of smart laminated cantilever piezo composite
structures under arbitrary electro-mechanical loads. The ABAQUS
FE package is adopted for this purpose. MATLAB was also employed
to obtain structural twisting-bending deformations of smart can-
tilever piezo composite plates/beams for the explicit evaluation
of the results. Calculation of required optimal voltages to suppress
the twisting-bending deformation was based on classical trial and
error techniques.

2. Mathematical modelling

Consider a cantilever laminated composite plate composed of N
orthotropic layers and with a total layup thickness of H. Each layer
can be incorporated with arbitrarily positioned inclined piezoelec-
tric actuators (see Fig. 1). Considering the material linearity for
small displacements, the Kirchhoff hypothesis leads to the general
form of displacement fields as shown in Eqs. (1a–c) [51]. For
composite laminates and piezoelectric layers/patches, some initial
assumptions for mathematical modelling are made as follows
[51,52]:
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� Fibers distribution throughout the matrix is uniform;
� There is a perfect bonding between fibers and matrix, avoiding
fibers dislocations and disarrangements through the matrix and
no slip occurs between the lamina interfaces;

� The matrix is perfectly fabricated with no voids and impurity;
� The lamina is not initially pre-stressed, thus, there are no resid-
ual stresses in presence of matrix and fibers; and

� The matrix and fibers behave linearly within elastic domain.

For the smart part of the laminate, the linear piezoelectricity
theory is adapted with assumptions made as follows [52]:

� The strain-electric filed varies linearly;
� The piezoelectric confidents are constant within the linear
zone; thus, they cannot be electrically turned with a bias field;

� The electric field is assumed to be constant across each lamina;
and

� The piezoelectric actuators are polarized through thickness;
therefore, the electrical discharge through thickness U3 is con-
sidered in this study (U1 ¼ U2 ¼ o).

uðx; y; zÞ ¼ u0ðx; yÞ � z
@w0

@x
ð1aÞ

vðx; y; zÞ ¼ v0ðx; yÞ � z
@w0

@y
ð1bÞ

wðx; y; zÞ ¼ w0ðx; yÞ ð1cÞ
u0, m0, and w0 are the mid-plane displacements along x, y, and z
directions, respectively on the xy-plane [53]. z is the vertical dis-
tance from the mid-plane to the kth layer which is located between
z = hk and z = hk+1 through laminate thickness, as shown in Fig. 2.
After obtaining the mid-plane displacements, the displacements
of any arbitrary point, x, y, and z in 3D space can be determined.
The linear strain-displacement relation is stated in Eqs. (2a–c)
[54]. It is assumed that all strain components change linearly in
the entire laminate independent from changes in material proper-
ties through layup thickness.

exx eyy cxy
� �T ¼ @u

@x
@m
@y

@u
@y þ @m

@x

h iT
¼ e0xx e0yy s0xy
� �T þ z e f

xx e f
yy s f

xy

h iT ð2aÞ

where,

eoxx eoyy coxy
� �T ¼ @uo

@x
@vo
@y

@uo
@y þ @vo

@x

h iT ð2bÞ

Fig. 1. Schematics of smart laminated cantilever piezo composite plate integrated with arbitrarily positioned inclined piezoelectric actuators.

Fig. 2. Schematic of placement, geometry, and inclination angles of inclined piezoelectric actuators and smart composite laminate cross-section.
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½ e f
xx e f

yy c f
xy �

T ¼ ½� @2w0
@x2 � @2w0

@y2 �2 @2w0
@x@y �

T ð2cÞ

exx
o , eyyo , and cxyo are the laminate’s mid-plane strains, exxf , eyyf , and cxyf

are the flexural (bending) strains and wo is the transverse deflection
of a composite laminate mid-plane. The bending strains are typi-
cally caused by laminate’s stacking sequence asymmetric or exter-
nal electro-mechanical bending and twisting loads. Since the
flexural shape control of the lateral displacements is considered in
this study, the effect of laminate’s mid-plane strains can be
neglected and the effect of flexural strains are taken into account.
Considering the plane stress assumption and neglecting the
through-thickness stresses, the simplified 2D electro-mechanical
plate equations are derived from the 3D equations of theory of elas-
ticity and three charged equilibrium equations of piezoelectric
medium, as stated in Eq. (3a) [55]. The electrical field potential rela-
tionships for an orthotropic static piezoelectric lamina is stated in
Eq. (3b) [56].
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rij, eij, Cijkl, eijk, and Ui are the stresses, the strains, the elastic stiff-
ness, the piezoelectric coefficients, and the components of the elec-
tric fields, respectively in the orthotropic material orientation. pi
and fij are the electric displacement and the piezoelectric dielectric
constants, respectively. The Kirchhoff assumption adapted for plate
theory stipulates that c23 ¼ c31 ¼ 0. In addition, only a through-
thickness electric field is considered. Therefore, Eqs. (3a–b) are
reduced to Eq. (4a). Global stresses (Eq. (4b)) in the kth ply along
xyz direction can be calculated by transforming 2D stresses in the
material direction through transformation matrix [T] (Eq. (4c)) [57].
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Fig. 3. The schematic of FE simulation of smart cantilever piezo composite plates and beams induced by electro-mechanical twisting loads using Commercial Finite Element
software ABAQUS/CEA 6.13–1: (a) sketching and defining the dimensions and material properties to composite laminate and piezoelectric actuators, (b) applying the electro-
mechanical boundary conditions, piezoelectric actuators groundings, inclination angles, and electrical surface charges, (c) Applying the FE meshing to the smart cantilever
piezo composite and defining the element type of the host structure and the piezoelectric actuators, (d) defining a path along a specific direction in the smart cantilever piezo
composite laminate mid-plane.
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½T� ¼
c2 s2 2cs
s2 c2 �2cs
�cs cs ðc2 � s2Þ

2
64

3
75 ð4cÞ

c is cos(b) and s is sin(b). b is the winding angle between Fibers and
x axis. Qij and eij are the reduced elastic stiffness and the piezoelec-
tric modules, respectively, as given in Eqs. (5e,f), respectively.

Q11 ¼ C1111 � C2
1133

C3333
¼ E1

1� m12m21
ð5aÞ

Q22 ¼ C2222 � C2
2233

C3333
¼ E2

1� m12m21
ð5bÞ

Q12 ¼ C1122 � C1133C2233

C3333
¼ m12E2

1� m12m21
ð5cÞ

Q66 ¼ C1212 ¼ G12 ð5dÞ

e31 ¼ e311 � C1133

C3333
e333 ¼ Q11d31 � Q12d32 ð5eÞ

e32 ¼ e322 � C2233

C3333
e333 ¼ Q12d31 � Q22d32 ð5fÞ

E1, E2, v12, and G12 are in-plane local elasticity modules of an
orthotropic layer in the local material coordinate system. dij is
the piezoelectric dielectric constant. The in-plane stress-strain
relationship for the kth smart orthotropic piezo-composite plate
is shown in Eq. (6a) [38]. For the beam type laminates, the plane
stress assumption is adapted and the width along y direction is
assumed to be stress free. Therefore, Eq. (6a) is reduced to Eq.
(6b) and only the transformed piezoelectric coefficient along x axis
is considered [12].
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Qk
ij and �ekij are the transformed reduced stiffness matrix and trans-

formed piezoelectric modules in the kth orthotropic layer, respec-
tively. In Eqs. (6a,b), rij

k and eijk are the in-plane stress, strain, and
electrical field components of the kth orthotropic layer in xyz coor-

Table 1
Material properties.

Material properties KYNAR [64] PZT G1195N [61] T300/976 GFRP [63]

E1 [GPa] 2 63 150
E2 [GPa] 2 63 9
v12 0.29 0.3 0.3
G12 [GPa] 0.77 24.2 7.1
G13 [GPa] 0.77 24.2 2.5
d31[nm/V] 0.023 0.254 0
d32[nm/V] 0.0046 0.254 0
qz [nF/m] 0.1062 15 0

Fig. 4. Schematic of the smart laminated cantilever composite plates with (a) single bounded actuators pair, (b) double bounded actuators pairs, (c) double bounded actuators
pairs and various stacking sequence configuration, (d) single bounded actuator pair and under various electrical voltage.
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dinate system, respectively. The elements of transformed reduced
stiffness matrix are described in Eqs. (7a–f), respectively [52].

�Q11 ¼ Q11c
4 þ 2ðQ12 þ 2Q66Þc2s2 þ Q22s ð7aÞ

�Q12 ¼ ðQ11 þ Q22 � 4Q66Þc2s2 þ Q12ðc4 þ s4Þ ð7bÞ

�Q22 ¼ Q11s
4 þ 2ðQ12 þ 2Q66Þc2s2 þ Q22c

4 ð7cÞ

�Q16 ¼ �Q22cs
3 þ Q11c

3s� ðQ12 þ 2Q66Þðc2 � s2Þcs ð7dÞ

�Q26 ¼ �Q22c
3sþ Q11cs

3 � ðQ12 þ 2Q66Þðc2 � s2Þcs ð7eÞ

�Q66 ¼ ðQ11 þ Q22 � 2Q12Þc2s2 þ Q66ðc2 � s2Þ2 ð7fÞ
The transformed piezoelectric modules are described in Eqs.

(8a–c), respectively [52].

�e31 ¼ Q11d31 þ Q12d32

¼ Q11ðd31C
2 þ d32C

02Þ þ Q12ðd31C
02 þ d32C

2Þ ð8aÞ

�e32 ¼ Q12d31 þ Q22d32

¼ Q12ðd31C
2 þ d32C

02Þ þ Q22ðd31C
02 þ d32C

2Þ ð8bÞ

�e36 ¼ Q66d36 ¼ 2Q66ðd31 � d32ÞCC0 ð8cÞ
�dij

k are the transformed piezoelectric dielectric constants in the kth
orthotropic layer. C and C0 stand for cos(h) and sin(h), respectively. h
is the inclination angle between the piezoelectric actuators and x
axis, as shown in Figs.1, 2. The relationship between stress resul-
tants and flexural-twisting moments for the mid-plane in a com-
posite laminate is described in Eq. (9) [58]. First, Eq. (2a) is
substituted into Eq. (6a). Subsequently, substituting Eq. (6a) into
Eq. (9) leads to Eq. (10).

Mxx Myy Mxy½ �T ¼
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Fig. 5. Explicit and numerical analysis of shape deformation in the smart cantilever composite plate integrated with single piezoelectric actuators pair when h ¼ 0o: (a) wo(x,
b), (b) wo(a,y), (c) wo(x,y): Explicit, (d) wo(x,y): Numerical.
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[Mxx]P, [Myy]P, and [Mxy]P are bending and twisting moments
induced by electrical loads, respectively [59]. It is assumed that
the electric positional fields vary linearly through laminate thick-
ness. Therefore, the linear interpolation functions can be used to
simplify the electrical gradients, as shown in Eq. (11) (Note:
U3 ¼ Uz).

U3ðx; y; zÞ ¼ Uk
aðx; y; zÞxk

1ðzÞ þUk
bðx; y; zÞxk

2ðzÞ ð11Þ
xi

k, i = {1,2} shown in Eq. (12) represents the linear interpolation
function of the kth orthotropic layer in a smart piezo-composite
laminate.

xk
1 ¼ hkþ1 � h

tk
¼ hkþ1 � h

Pnta þ Ntp
; xk

2 ¼ h� hk

tk
¼ h� hk

Pnta þ Ntp
;

hk 6 h 6 hkþ1 ð12Þ
Pn, ta, and tp in Eq. (12) are the number of inclined piezoelectric
actuators, and actuator thickness, and host structure (composite
laminate) thickness, respectively (See Fig. 1). Governing partial dif-
ferential equation relating the transverse bending and twisting
moments to mid-plane displacements and electro-mechanical
loads in a smart laminated piezo composite plate is stated in Eq.
(13) [38]. In this study, thin symmetrical cross-ply laminates are
considered. Thus, the effects of bending-stretching coupling matrix
([Bij] = 0) and bending-twisting elements of flexural stiffness matrix
(D16 = D26 = 0) in Eqs. (6a,b) are neglected. However, due to

inclination angle between the inclined piezoelectric actuators and
composite laminate with respect to x axis, the effect of electrical
twisting moment should not be neglected.

In the next step, the linear interpolation of the electrical
functions stated in Eq. (11) is substituted into Eq. (10). Finally, by
applying the initial conditions to Eq. (10), it can be simplified to
Eq. (14). Substituting Eq. (14) into Eq. (13) leads to Eqs. (15a–d).
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Fig. 6. Explicit and numerical analysis of shape deformation in the smart cantilever composite plate integrated with single piezoelectric actuators pair when h ¼ 30�: (a)wo(x,
b), (b) wo(a,y), (c) wo(x,y): Explicit, (d) wo(x,y): Numerical.
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i = j={1,2,6}, D11 and D22 are flexural stiffness about x and y axis,
respectively, D12 and D66 stand for effective torsional rigidity. Pm(x,
y) and Pe(x,y) are mechanical and electrical loads applied to the
smart piezo composite laminate, respectively. [M]total is the combi-
nation of electrical and mechanical moments. The schematic of
coordinate system and geometry of the smart laminated cantilever
piezo composite plate with incorporated piezoelectric actuators
and actuators size and placements is illustrated in Fig. 2. Activated
inclined piezoelectric actuators are capable of inducing bending
and twisting moments which can be expressed in terms of 2D unit
step functions [38,60]. In this study, mechanical load and electrical
moments are expressed in the form of multivariable unit step
functions according to Eqs. (16a,b), respectively.
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i = j = {1,2,6}and Uk

L(x,y) presents the unit step function
expressed for effective areas at which the electrical bending and
twisting moments are applied at the Lth location and in the kth
ply. Mn and Pn are the number of effective areas at which the
mechanical and electrical loads are applied, respectively (see
Fig. 2). The general electro-mechanical load resultants applied to
a plate element are expressed in Eqs. (17a–g).
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Fig. 7. Explicit and numerical analysis of shape deformation in the smart cantilever composite plate integrated with single piezoelectric actuators pair when h ¼ 45�: (a)wo(x,
b), (b) wo(a,y), (c) wo(x,y): Explicit, (d) wo(x,y): Numerical.
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Mxx, Myy, Mxy, Qxx, Qyy, Vxx, and Vyy are bending moment resultants,
torsional moment resultants, shear force resultants, and the total
shear force resultants per unit length, respectively [58]. The bound-
ary conditions for a cantilever plate are prescribed as stated in Eqs.
(18a–j).

w0ð0; yÞ ¼ 0 ð18aÞ

@wo

@x
ð0; yÞ ¼ 0 ð18bÞ

Mxxða; yÞ ¼ 0 ð18cÞ

Myyðx;0Þ ¼ 0 ð18dÞ

Myyðx; bÞ ¼ 0 ð18eÞ

Vxxða; yÞ ¼ 0 ð18fÞ

Vyyðx;0Þ ¼ 0 ð18gÞ

Vyyðx; bÞ ¼ 0 ð18hÞ

Mxyða;0Þ ¼ 0 ð18iÞ

Mxyða; bÞ ¼ 0 ð18jÞ
The double finite integral transformation of the mid-plane ver-

tical displacement of function wo(x,y) is shown in Eq. (19).

wmn ¼
Z a

0

Z a

0
w0ðx; yÞ sin am

2
x

� �
cosðbnyÞdxdy ðm

¼ 1;3;5; . . .Þ ðn ¼ 0;1;2; . . .Þ ð19Þ
Eq. (19) is then inversed to represent the exact mid-plane ver-

tical displacement of function wo(x,y) as stated in Eq. (20).

Fig. 8. Explicit and numerical analysis of shape deformation in the smart cantilever composite plate integrated with single piezoelectric actuators pair when h ¼ 60�: (a)wo(x,
b), (b) wo(a,y), (c) wo(x,y): Explicit, (d) wo(x,y): Numerical.
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In Eq. (20), a and b stand for the plate’s length and width,
respectively (see Fig. 1). The double integral transformation of
higher-order partial derivatives of the multivariable function
wo(x,y) over Eq. (15a) results in Eqs. (21a–f):Z a
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Fig. 9. Explicit and numerical analysis of shape deformation in the smart cantilever composite plate integrated with single piezoelectric actuators pair when h ¼ 90�: (a)wo(x,
b), (b) wo(a,y), (c) wo(x,y): Explicit, (d) wo(x,y): Numerical.
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Considering the integral by parts principle and applying the
boundary conditions in Eqs. (18a,b,i,j) to I1, I2, and I3, the double
integral transformations of higher-order partial derivatives of the
function wo(x,y) over Eqs. (21b–e) result in Eqs. (22a–e),
respectively.
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Let Pmðx; yÞ ¼ Po be defined as uniform distributed pressure or
patch loading magnitude, hence:
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The second derivatives of partial differential 2D unit step
function equations of electrical bending and twisting moments
(Eq. (21f)) acting on a smart laminated cantilever piezo composite
plate with respect to x and y are expanded in Eqs. (23a–f),
respectively.
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Hence, the effect of twisting-bending moments acting on a
smart laminated cantilever piezo composite plate is stated in
Eqs. (24a–f). According to Eq. (24f), it is assumed that the electrical
intensity field varies linearly through piezoelectric actuators
thickness.
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Fig. 10. Explicit and numerical analysis of shape deformation in the smart cantilever composite plate integrated with double piezoelectric actuators pairs when h ¼ 0�: (a)
wo(x,b), (b) wo(a,y), (c) wo(x,y): Explicit, (d) wo(x,y): Numerical.
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The values x1M, x2M, x1P, x2P, y1M, y2M, y1P, and y2P are the place-
ments of effective mechanical and electrical loads along x and y
axis, respectively. Va

k stands for the applied electrical voltage
through the kth layer’s thickness and ta

k presents the thickness of
the piezoelectric actuators in the kth layer. For the shell/plate type
piezoelectric materials, only the transverse electric field compo-
nent is dominant when the electrical voltage Va is applied to the
actuators through thickness [61,62]. In the next step, parameters
I1, I2,. . .,I5 are substituted into Eq. (21a), resulting in Eq. (25). Simpli-
fying and rearranging both sides of Eq. (25) leads to Eqs. (26a–d).
x1P, x2P, y1P, and y2P can be obtained using Eqs. (24g–j), respectively.
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Ox and Oy are the x and y coordinates of the inclined piezoelec-
tric actuators, respectively (see Fig. 2).

D11

Z b

0
ð�1Þm�1

2
@3w0

@x3

�����x ¼ a

 !
þ am

2
@2w0

@x2

�����x ¼ 0

 !"

�ð�1Þm�1
2
a2
m

4
@w0

@x

����x ¼ a
� 	


cosðbnyÞdy

þ D11
a4
m

16
wmnD22

Z a

0
ð�1Þn @3w0

@y3

�����y ¼ b

 !
� @3w0

@y3

�����y ¼ 0

 !"

�ð�1Þnb2
n

@w0

@y

����y ¼ b
� 	

þ b2
n

@w0

@y

����y ¼ 0
� 	


� sin
am

2
x

� �
dxþ D22b

4
nwmn þ ðD12 þ 2D66Þa

2
mb

2
n

2
wmn

� ðD12 þ 2D66Þa
2
m

2

Z a

0
ð�1Þn @w0

@y

����y ¼ b
� 	

� @w0

@y

����y ¼ 0
� 	� 


� sin
am

2
x

� �
dx� 2ðD12 þ 2D66Þð�1Þm�1

2 b2
n

Z b

0

@w0

@x

����x ¼ a
� 	� 


� cosðbnyÞdy ¼
XMn

L¼1

C1
mn

�2P0

ambn

� 	
cos

am

2
x1M

� �
� cos

am

2
x2M

� �� �
L

� ðsinðbny1MÞ � sinðbny2MÞÞL þ
XPn
L¼1

C2
mn

½MP
x �

H
a2
m þ 4½MP

y �
H
b2
n

2ambn

2
4

3
5

� cos
am

2
x1P

� �
� cos

am

2
x2P

� �� �
L
ðsinðbny1PÞ � sinðbny2PÞÞL

þ
XPn
L¼1

C3
mn½MP

xy�
H

sin
am

2
x1P

� �
� sin

am

2
x2P

� �� �
L
ðcosðbny1PÞ

� cosðbny2PÞÞL ð25Þ

D11ð�1Þm�1
2

Z b

0

@3w0

@x3

�����x ¼ a

 !
cosðbnyÞdy

þ D22ð�1Þn
Z a

0

@3w0

@y3

�����y ¼ b

 !
sin

am

2
x

� �
dx

� ð�1Þn D22b
2
n þ

ðD12 þ 2D66Þa2
m

2

� 	Z a

0

@w0

@y

����y ¼ b
� 	

sin
am

2
x

� �
dx

� D22

Z a

0

@3w0

@y3

�����y ¼ 0

 !
sin

am

2
x

� �
dx

þ D22b
2
n þ

ðD12 þ 2D66Þa2
m

2

� 	Z a

0

@w0

@y

����y ¼ 0
� 	

sin
am

2
x

� �
dx

� ð�1Þm�1
2

D11a2
m

4
þ 2ðD12 þ 2D66Þb2

n

� 	Z b

0

@w0

@x

����x ¼ a
� 	

� cosðbnyÞdyþ
D11am

2

� 	Z b

0

@2w0

@x2

�����x ¼ 0

 !
cosðbnyÞdy

þ D11a4
m

16
þ ðD12 þ 2D66Þa2

mb
2
n

2
þ D22b

4
n

 !
wmn

¼
XMn

L¼1

C1
mn

�2P0

ambn

� 	
cos

am

2
x1M

� �
� cos

am

2
x2M

� �� �
L

� ðsinðbny1MÞ � sinðbny2MÞÞL þ
XPn
L¼1

C2
mn

½MP
x �

H
a2
m þ 4½MP

y �
H
b2
n

2ambn

2
4

3
5

� cos
am

2
x1P

� �
� cos

am

2
x2P

� �� �
L
ðsinðbny1PÞ � sinðbny2PÞÞL

þ
XPn
L¼1

C3
mn½MP

xy�
H

sin
am

2
x1P

� �
� sin

am

2
x2P

� �� �
L

� ðcosðbny1PÞ � cosðbny2PÞÞL ð26aÞ
where,

C1
mn ¼

n ¼ 0;m ¼ 1;3;5; . . . ! 1

n ¼ 1;2;3; . . . ;m ¼ 1;3;5; . . . ! bn
y1M�y2M

sinðbny1MÞ�sinðbny2MÞ

h i
L

(

ð26bÞ

C2
mn ¼

n¼0;m¼1;3;5; . . . ! ½MP
x �
H
a2mbn

½MP
x �
H
a2mþ4½MP

y �
H
b2n

y1P�y2P
sinðbny1P Þ�sinðbny2P Þ

h i
L

n¼1;2;3; . . . ;m¼1;3;5; . . . !1

8<
:

ð26cÞ

C3
mn ¼ n ¼ 0;m ¼ 1;3;5; . . . ! 0

n ¼ 1;2;3; . . . ;m ¼ 1;3;5; . . . ! 1

�
ð26dÞ

Cmn
1 , Cmn

2 , and Cmn
3 can be defined as effective mechanical and

electrical bending and electrical twisting coefficients in the smart
laminated cantilever piezo composite plate, respectively. The
boundary conditions in Eqs. (18f–h) are expanded as shown in
Eqs. (27a–c) and then substituted into Eq. (26a). Rearranging
Eq. (26a) results in Eq. (28). For simplicity purposes, unknown vari-
ables Dm, Xm, Pn, and Wn are defined as shown in Eqs. (29a–d),
respectively.

D11

Z b

0

@3w0

@x3

�����x ¼ a

 !
cosðbnyÞdy

¼ ð3D12 þ 2D66Þb2
n

Z b

0

@w0

@x

����x ¼ a
� 	

cosðbnyÞdy ð27aÞ

S. Gohari et al. / Composite Structures 161 (2017) 477–504 489

 141



D22

Z a

0

@3w0

@y3

�����y ¼ 0

 !
sin

am

2
x

� �
dx

¼ 1
4
ð3D12 þ 2D66Þa2

m

Z a

0

@w0

@y

����y ¼ 0
� 	

sin
am

2
x

� �
dx ð27bÞ

D22

Z a

0

@3w0

@y3

�����y ¼ b

 !
sin

am

2
x

� �
dx

¼ 1
4
ð3D12 þ 2D66Þa2

m

Z a

0

@w0

@y

����y ¼ b
� 	

sin
am

2
x

� �
dx ð27cÞ

� ð�1Þn D22b
2
n þ D12

a2
m

4

� 
 Z a

0

@w0

@y

����y ¼ b
� 	

sin
am

2
x

� �
dx

þ D22b
2
n þ D12

a2
m

4

� 
 Z a

0

@w0

@y

����y ¼ 0
� 	

sin
am

2
x

� �
dx� ð�1Þm�1

2

� D12b
2
n þ D11

a2
m

4

� 
 Z b

0

@w0

@x

����x ¼ a
� 	

cosðbnyÞdyþ D11
am

2

�
Z b

0

@2w0

@x2

�����x ¼ 0

 !
cosðbnyÞdy

þ D11a4
m

16
þ ðD12 þ 2D66Þa2

mb
2
n

2
þ D22b

4
n

" #
wmn

¼
XMn

L¼1

C1
mn

�2P0

ambn

� 	
cos

am

2
x1M

� �
� cos

am

2
x2M

� �� �
L

� ðsinðbny1MÞ � sinðbny2MÞÞL

þ
XPn
L¼1

C2
mn

½MP
x �

H
a2
m þ 4½MP

y �
H
b2
n

2ambn

2
4

3
5 cos

am

2
x1P

� �
� cos

am

2
x2P

� �� �
L

� ðsinðbny1PÞ � sinðbny2PÞÞL þ
XPn
L¼1

C3
mn½MP

xy�
H

� sin
am

2
x1P

� �
� sin

am

2
x2P

� �� �
L
ðcosðbny1PÞ � cosðbny2PÞÞL ð28Þ

Dm ¼
Z a

0

@w0

@y

����y ¼ b
� 	

sin
am

2
x

� �
dx ð29aÞ

Xm ¼
Z a

0

@w0

@y

����y ¼ 0
� 	

sin
am

2
x

� �
dx ð29bÞ

Pn ¼
Z b

0

@w0

@x

����x ¼ a
� 	

cosðbnyÞdy ð29cÞ

Wn ¼
Z b

0

@2w0

@x2

�����x ¼ 0

 !
cosðbnyÞdy ð29dÞ

Substituting Eqs. (29a–d) into Eq. (28) and then rearranging
Eq. (28) yields Eq. (30), which satisfies the boundary conditions
in Eq. (18). Eq. (30) represents the double finite integral transfor-
mation of the mid-plane vertical displacement of function wo(x,y)
in the smart laminated cantilever piezo composite plate incorpo-
rated with arbitrarily positioned inclined piezoelectric actuators
and under electro-mechanical loads, which can be expressed in
terms of function wmn. In the next attempt, the remaining bound-
ary conditions in Eqs. (18c–e) are substituted in the first and sec-
ond partial derivatives of the double Fourier series wo(x,y) in Eqs.
(31a–d) [60]. Simplifying and rearranging Eqs. (31a–d) results in
Eqs. (32a–d).
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The double finite integral transformation CIn and SIm are
performed over Eqs. (32a,b) and (32c–d), respectively. The CIn
and SIm are stated in Eqs. (33a,b), respectively. Performing
integration over the specified domains results in Eqs. (34a–d),
respectively.
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Finally, Eq. (30) is substituted into Eqs. (34a–d) to obtain the
four finite systems of linear simultaneous multivariable equations,
as stated in Eqs. (35a–d), respectively. The sufficient finite terms of
m and n in each set of multivariable equations are considered in
order to accurately compute the constant values of unknown vari-
ables Dm, Xm, Pn, and Wn.
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Computation of Simn, i = {1,2,. . .,20} as shown in Appendix A leads to
obtaining the unknown constants in Eqs. (35a–d) as four finite sys-
tems of linear simultaneous multivariable equations, which are
later substituted into Eq. (30) to calculate the double finite integral
transformation of the mid-plane vertical displacement of function
wo(x,y). Once the wmn is found, it is substituted into Eq. (20) to cal-
culate the exact mid-plane twisting-bending displacements of the
function wo(x,y) in the smart laminated cantilever piezo composite
plates induced by electro-mechanical loads.

3. Numerical simulation: finite element method (FEM)

The electro-mechanical coupled FE simulation of smart can-
tilever piezo composite plates and beams induced by electro-
mechanical twisting-bending loads is implemented using FE soft-
ware package ABAQUS/CEA 6.13-1. The smart piezo composite
structure consists of the host structure (fibre-reinforced composite
laminate) and the piezoelectric actuator patches. First, each part is
sketched, the dimensions and material properties are assigned, and
material coordinate systems are defined to composite laminate
and piezoelectric actuators separately (see Fig. 3a). Since the piezo-
electric actuators are polarized through thickness, only the piezo-
electric coefficients d31 and d32 for plate/piezo and d31 for beam/
piezo systems are considered, respectively. The host structure con-
sists of multiple cross-ply fibre-reinforced composite plies in
which each ply is defined through partitioning. The host structure
and the piezoelectric actuators are considered passive and active
parts, respectively, which will be later assembled together in the
assembly module, and subsequently the boundary conditions,
piezoelectric actuators groundings, and electro-mechanical loads
are applied (see Fig. 3b). For a cantilever plate/beam, the displace-
ments and angel of rotations are equal to zero at the fixed end as
seen in Fig. 3b. In ABAQYS software, U1, U2, and U3 are defined as
the displacements and UR1, UR2, and UR3 as the rotational angels
along x,y, and z directions, respectively. The inclination angle
between the piezoelectric actuator patches and host structure is
created during the assembly. To intensify the effect of electrical
twisting-bending moments and greater actuation result, the
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piezoelectric actuators were symmetrically bounded with respect
to the mid-plane under the same amount of constant electrical
voltage but different polarization direction. In general, for an
upward displacement, the upper and lower actuator patches
require a negative and positive voltage, respectively and vice versa
[63]. After assembling and defining the boundary conditions and
loads, the Structured Hex Element Shape was set as the finite ele-
ment mesh control in the smart piezo composite structure. An 8-
node quadrilateral in-plane general-purpose continuum shell,
reduced integration with hourglass control, finite membrane
strains (SC8R) was defined as the element type in the host struc-
ture while a 20-node quadratic piezoelectric brick, reduced inte-
gration (C3D20RE) was used to define the piezoelectric actuator
patches element type (see Fig. 3c). Finally, after submitting the
model through the job module for the full analysis, in order to
obtain the displacements in the arbitrarily selected element nodes,
a path is defined along a specific direction in the smart piezo com-
posite laminate’s mid-plane (see Fig. 3d). The displacement values
(U3) in each path is compared with the proposed explicit results for
verification.

In order to prevent the low accuracy in computational results of
twisting-bending type problems known as Locking phenomenon,

the solid element in FEM linear approximations should be pre-
vented whereas it shows the twisting-bending behaviour much
stiffer in comparison with exact analytical solution. Locking is
higher if the solid element looks like shell (thickness is smaller
than two other sizes). However, it can be resolved by selecting
an appropriate FE with quadratic shape functions such as contin-
uum shell element (SC8R). Since the Locking phenomena may still
be found for FE quadratic shape functions, taking many elements
for the thickness, therefore, leads to higher accuracy of the results,
despite increasing the computational time as a disadvantage. Con-
sidering the element type in the piezoelectric actuator patches, a
20-node quadratic piezoelectric brick, reduced integration
(C3D20RE) has more accuracy over an 8-node linear piezoelectric
brick (C3D8E).

4. Results and discussions

In this section, various examples are intended to demonstrate
and evaluate the accuracy of the proposed method for twisting-
bending deformation analysis and shape control task of smart lam-
inated cantilever piezo composite plates and beams induced
electro-mechanically. The results are verified with the ones

Fig. 11. Explicit and numerical analysis of shape deformation in the smart cantilever composite plate integrated with double piezoelectric actuators pairs when h ¼ 30�: (a)
wo(x,b), (b) wo(a,y), (c) wo(x,y): Explicit, (d) wo(x,y): Numerical.
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obtained from numerical simulation. In the first example, the effect
of electrical twisting-bending coupling is taken into account. In the
last example, a serious of bounded piezoelectric patches with vari-
ous inclination angles are intended to control the twisting-bending
deformation of the smart laminated cantilever fibre-reinforced
composite beam induced by asymmetrical concentrated load at
the free end corner. Generally, the effect of various parameters
including electro-mechanical twisting coupling, layup thickness,
piezoelectric actuators size, placement, and inclination angle, elec-
trical potential intensity, stacking sequence, and geometrical
dimension are considered using the proposed exact solution and
FEM. Material properties of piezoelectric actuators and fibre-
reinforced composite laminates used in the following examples
are summarised in Table 1 [61,63,64].

4.1. Example 1: effect of single inclined actuators pair on twisting
deformation of the smart laminated cantilever piezo composite plates

As shown in Fig. 4a, a smart elastic cantilever composite plate
(a = 0.2 [m], b = 0.04 [m]) with thickness tp = 1 [mm] and made of
unidirectional T300/976 GFRP is incorporated with KYNAR
piezoelectric actuator patches (ta = 0.2 [mm], La = 0.1 [m],
wa = 0.05 [m]). The host structure is a fourth-layered cross-ply lam-
inate with stacking sequence of [0/90]s. Each composite ply is
assumed to have the same thickness. A single inclined piezoelectric

actuators pair, as shown in Fig. 4a, are bounded to the plate and
then polarized with opposite directions (upper patch: 300 [V]
and lower patch: �300 [V]). The inclination angle created in the
piezoelectric actuators with respect to x axis causes the plate to
twist due to existence of electrical twisting moment [Mxy

P ]. The
mechanical twisting-bending deformation created in the smart
cantilever composite plate as a result of electro-mechanical
coupling is analysed against various inclination angles {0�,30�,45�,
60�,90�} through new proposed explicit solution and FEM (see
Figs. 5–9). Good agreement between the results is observed. It
can be noticed from the results obtained from both approaches
that when the inclination angle is equal to 0 (see Fig. 5) and 90
(see Fig. 9) degrees, no twisting deformation occurs in the plate
while the effect of longitudinal and transverse piezoelectric coeffi-
cients is switched when inclination angle is 90 degrees (d31 ? d32
and d32 ? d31). Moreover, according to Figs. 6–8, as the inclination
angle increases, the electrical twisting moment effectiveness
reduces. Thus, 30 degrees results in the most twisting deformation
while 60 degrees the lowest.

4.2. Example 2: effect of double inclined actuators pairs on twisting
deformation of the smart laminated cantilever piezo composite plates

A combination of the multiple bounded inclined actuators
groups (ta = 0.2 [mm], La = 0.05 [m], wa = 0.025 [m]) positioned at

Fig. 12. Explicit and numerical analysis of shape deformation in the smart cantilever composite plate integrated with double piezoelectric actuators pairs when h ¼ 45�: (a)
wo(x,b), (b) wo(a,y), (c) wo(x,y): Explicit, (d) wo(x,y): Numerical.
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➀ and ➁ in the smart elastic cantilever composite plate (tp = 1
[mm], a = 0.2 [m], b = 0.04 [m]) is considered in this example (see
Fig. 4b). The amount of applied electrical voltage, piezoelectric
actuators polarization direction, actuator and composite plate
material properties, and plate stacking sequence are the same as
the ones used in Example 1. It can be easily seen that the combina-
tion of actuator groups can result in significantly higher twisting
deformation in the composite plate. Thus, for twisting-bending
shape control purposes, more energy can be saved to achieve the
same results by applying lower electrical voltage than is it
achieved when using single actuators pair. Again, the mechanical
twisting-bending deformation created in the smart cantilever com-
posite plate with multiple bounded actuators pairs is analysed
against various inclination angles{0�,30�,45�,60�,90�} through
new proposed explicit solution and FEM (see Figs. 10–14). Good
agreement between the results is observed. The effect of inclina-
tion angle variation on shape deformation in composite plates
under either multiple or single actuators pairs seems to be con-
stant. However, since a higher electrical voltage and electrical filed
intensity are required for shape deformation task, therefor, the use
of multiple actuator patches would be more beneficial and optimal
compared with a single actuator patch.

4.3. Example 3: effect of stacking sequence selection on shape
deformation of smart laminated cantilever piezo composite plates

In this example, the effect of various stacking sequence on
shape deformation of smart cantilever piezo composite laminate
is investigated. The relationship between the stacking sequence
and the composite laminates stiffness can result in shape deforma-
tion varying considerably. Thus, it is important to choose the suit-
able layup to control the structural shape deformation of
composite laminates to our advantage. A combination of the dou-
ble bounded inclined actuators groups positioned at ➀ and ➁ is
considered in this example (see Fig. 4c). The piezoelectric actuators
polarization direction, actuator and composite plate properties,
thickness and dimensions are the same as the ones used in Exam-
ple 2. In order to observe the sole effect of stacking sequence on
electro-mechanical twisting-bending coupling, same amount of
electrical voltage is applied to each sample regardless of the stack-
ing sequence configuration. However, 400 [V] and 300 [V] are
applied to the bounded actuators pairs positioned at ➀ and ➁,
respectively. Upper and lower actuator patches are subjected to
positive and negative voltage, respectively. The Samples
stacking sequence configurations are selected as [Piezo/0/0]s,

Fig. 13. Explicit and numerical analysis of shape deformation in the smart cantilever composite plate integrated with double piezoelectric actuators pairs when h ¼ 60�: (a)
wo(x,b), (b) wo(a,y), (c) wo(x,y): Explicit, (d) wo(x,y): Numerical.
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[Piezo/90/90]s, [Piezo/0/90]s, [Piezo/90/0]s. The inclination angle is
also kept constant for all actuators in each sample at 45 degrees.
The results are then obtained using the proposed explicit solution
and the numerical simulation. Fig. 15a–b represents the vertical
displacements of mid-plane points along wo(x,b) and wo(a,y) along
x and y directions, respectively, in a smart laminated cantilever
piezo composite plate with various stacking sequence configura-
tions. According to the results, the configuration [Piezo/0/90]s
and [Piezo/90/90]s has the highest and lowest twisting-bending
stiffness when subjected to electrical voltage, respectively. How-
ever, no major difference in results between the configurations
[Piezo/0/90]s and [Piezo/0/0]s are observed. The results from both
approaches show a good agreement. Subsequently, the wo(x,y) for
each configuration are obtained. The 3D shape deformations
obtained using the explicit solution (see Fig. 16) and the numerical
simulation (see Fig. 17) show the same twisting-bending deforma-
tion trend.

4.4. Example 4: effect of electrical voltage intensity on shape
deformation of smart laminated cantilever piezo composite plates

In this example, the effect of electrical voltage intensity on a
laminated cantilever piezo composite square plate (a = b = 0.2

[m]) is investigated numerically and analytically. The piezoelectric
actuators and composite plate properties, thickness and stacking
sequence are same as the ones used in Example 1, while opposite
polarization direction is selected to polarize bounded piezoelectric
actuator patches (La = 0.1 [m], wa = 0.02 [m]; upper and lower actu-
ator patches are subjected to negative and positive voltage, respec-
tively). To observe the sole effect of electrical voltage on twisting-
bending deformation of the cantilevered composite plates, a series
of electrical voltages, {100,250,350,500} [V], are applied to the
bounded piezoelectric patches and the results are presented in
Figs. 18–20, respectively. According to results, any increase in the
amount of electrical voltage results in higher twisting-bending
deformation in the composite plates. The results from both
approaches shows a good agreement. In addition, it is noticed that
the twisting curvature increases as the electrical voltage is raised.

4.5. Example 5: effect of single inclined actuators pair on twisting
deformation of the smart laminated cantilever piezo composite beams

As shown in Fig. 21a, a smart fourth-layered cross-ply cantilever
composite beam (tp = 1 [mm], a = 0.2 [m], b = 0.03 [m]), made of uni-
directional T300/976 GFRP, and with the stacking sequence of
[0/90]s, is incorporated with the bounded PZTG1195 piezoelectric

Fig. 14. Explicit and numerical analysis of shape deformation in the smart cantilever composite plate integrated with double piezoelectric actuators pairs when h ¼ 90�: (a)
wo(x,b), (b) wo(a,y), (c) wo(x,y): Explicit, (d) wo(x,y): Numerical.

S. Gohari et al. / Composite Structures 161 (2017) 477–504 495

 147



actuator patches (ta = 1 [mm], La = 0.05 [m], wa = 0.03 [m]). The
Inclined piezoelectric actuators pair are polarized with opposite
directions (upper patch: �300 [V] and lower patch: 300 [V]). The

mechanical twisting-bending deformation created in the smart can-
tilever composite beam as a result of electro-mechanical coupling is
analysed against various inclination angles {0�,30�,45�,60�,90�}

Fig. 15. Explicit and numerical analysis of stacking sequence configuration effect on shape deformation in the smart cantilever composite plate integrated with double
piezoelectric actuators pairs: (a) wo(x,b), (b) wo(a,y).

Fig. 16. Explicit analysis of stacking sequence configuration effect on shape deformation in the smart cantilever composite plate integrated with double piezoelectric
actuators pairs: (a) [Piezo,0,0]s, (b) [Piezo,90,90]s, (c) [Piezo,90,0]s, (d) [Piezo,0,90]s.
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through new proposed explicit solution and FEM (see Figs. 22–24).
Good agreement between the results is observed. As discussed
before, for beam type laminates, it is assumed that the width along
y direction is stress free while considering the plane stress assump-
tion. Thus, only the longitudinal piezoelectric coefficient d31 is taken
into consideration. According to the results obtained from both
approaches, any changes in inclination angle can results in the
twisting-bending deformation varying considerably. In addition,
as predicated by the explicit solution, no twisting deformation
occurs for inclination angles 0 and 90 degrees.

4.6. Example 6: twisting-bending control of the smart laminated
cantilever piezo composite beams under asymmetrical point load

In the final example, the effectiveness of the piezoelectric actu-
ators for the shape control of laminated composite structures under
combination of twisting and bending deformations is investigated.
As seen in Fig. 21b, a combination of the multiple bounded
PZTG1195 actuators groups (ta = 0.2 [mm], La =wa = 0.05 [m]), posi-
tioned at ➀ and ➁, is considered. The host structure is a laminated
cantilever composite beam (tp = 1 [mm], a = 0.2 [m], b = 0.05 [m])

Fig. 17. Numerical analysis of stacking sequence configuration effect on shape deformation in the smart cantilever composite plate integrated with double piezoelectric
actuators pairs: (a) [Piezo,0,0]s, (b) [Piezo,90,90]s, (c) [Piezo,90,0]s, (d) [Piezo,0,90]s.

Fig. 18. Explicit and numerical analysis of electrical voltage effect on shape deformation in the smart cantilever composite plate integrated with single piezoelectric actuators
pair: (a) wo(x,b), (b) wo(a,y).
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made of unidirectional T300/976 GFRP. The composite beam is
subjected to a point load F = �1 [N] as seen in Fig. 21b. Since the
concentrated load is unsymmetrically applied to the composite
beam, it results in in-plane twitting deformation while deflecting
downward. In order to fully suspend the twisting-bending effect,

actuators ➀ are positioned without any indication angle and actua-
tors ➁, in contrast, with a negative inclination angle of -30 degrees
with respect to the x axis. The actuator patches ➀ and ➁ are used in
a two-level attempt to suspend the twisting and bending deforma-
tions, respectively. Upper and lower actuator patches positioned at

Fig. 19. Explicit analysis of electrical voltage effect on shape deformation in the smart cantilever composite plate integrated with single piezoelectric actuators pair: (a) 100
[V], (b) 250 [V], (c) 350 [V], (d) 500 [V].

Fig. 20. Numerical analysis of electrical voltage effect on shape deformation in the smart cantilever composite plate integrated with single piezoelectric actuators pair: (a)
100 [V], (b) 250 [V], (c) 350 [V], (d) 500 [V].

498 S. Gohari et al. / Composite Structures 161 (2017) 477–504

 150



➀ and➁ receive same amount of electrical voltage but negative and
positive values, respectively. First, for controlling the twisting
deformation, actuator patches➁ are subjected to an initial electrical
voltage of 100 [V]. As seen in Fig. 25, the twisting deformation is
slightly suspended and the beam starts restoring its original shape.
Finally, by increasing the amount of electrical voltage applied to
actuator patches ➁ up to the optimal level, the twisting deforma-
tion is fully suspended at 170 [V]. During these steps, no electrical
voltage is applied to the actuator patches ➀. Subsequently, in order
to suspend the beam deflection, the actuator patches ➀ are initially
subjected to the electrical voltage of 100 [V] and it is increased until
the optimal voltage of 200 [V]. During the final steps, the electrical
voltage applied to the actuator patches➁ is kept constant at 170 [V].
It is observed that the beam deflection is significantly reduced as
the electrical voltage increases. Therefore, by applying the optimal
voltages of 200 [V] and 170 [V] to the actuator patches ➀ and ➁,
respectively, the twisting-bending deformations could be fully
supressed according to the results illustrated in Fig. 25.

5. Conclusion

In this study, a new explicit analytical solution is presented for
obtaining twisting-bending deformation and optimal shape control
of smart laminated cantilever composite plates and beams using
inclined piezoelectric actuators. For the first time, a mathematical
relationship between the electrical and mechanical twisting

moments are developed. The reliability of the proposed method
is compared with the FE simulation results. The relationship
between electro-mechanical twisting-bending deformation and
various electro-mechanical parameters are taken into account.
Generally, based on the results in the current research, the follow-
ing remarks are concluded:

1. A good agreement observed between the proposed exact ana-
lytical solution and numerical simulation demonstrates the reli-
ability of the model proposed in this paper.

2. Inclined piezoelectric actuators are capable of inducing twisting
deformation in laminated composite structures through apply-
ing electrical voltage to piezoelectric actuators. The intensity of
twisting shape deformation varies by changing the inclination
angle. Therefore, through optimal inclination angle and applied
electrical voltage, the shape control task of laminated compos-
ite structures under asymmetrical loads can be reliably
implemented.

3. Piezoelectric actuator size and placement have direct effect on
twisting-bending shape deformation of laminated composite
structures. Typically, considering the constant electrical volt-
age, inclination angle, and composite laminate stiffness, larger
ones have more power to induce twisting-bending deformation.
In addition, the ones placed closed to the composite plates/
beams fixed end show a better shape deformation while this
effectiveness decreases as they are placed closer to the free end.

Fig. 22. Explicit and numerical analysis of various inclination angle effect on shape deformation in the smart cantilever composite plate integrated with single piezoelectric
actuators pair: (a) wo(x,b), (b) wo(a,y).

Fig. 21. (a) The smart laminated cantilever composite beam integrated with inclined single piezoelectric actuator pair, (b) shape control task of the smart composite laminate
subjected to asymmetrical concentrated load using double piezoelectric actuators pairs.
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4. Six sampleswith various inclination angles ({0�,30�,45�,60�,90�})
were selected in this study. According to the numerical and
analytical results, for the inclination angles h–0o;90o, the
twisting deformation reduces when the inclination angle
increases. As predicted by the both approaches, when

h ¼ 0o;90o, no twisting deformation occurs since the trans-
formed piezoelectric twisting coefficient is equal to zero. More-
over, when the inclination angle is equal to 90�, the effect of
longitudinal and transverse piezoelectric coefficients is switched
(d31 ? d32 and d32 ? d31).

Fig. 23. Explicit analysis of various inclination angle effect on shape deformation in the smart cantilever composite plate integrated with single piezoelectric actuators pair:
(a) h ¼ 0� , (b) h ¼ 30� , (c) h ¼ 45� , (d) h ¼ 60� , (e) h ¼ 90� .
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Fig. 24. Numerical analysis of various inclination angle effect on shape deformation in the smart cantilever composite plate integrated with single piezoelectric actuators
pair: (a) h ¼ 0� , (b) h ¼ 30� , (c) h ¼ 45� , (d) h ¼ 60� , (e) h ¼ 90� .

Fig. 25. Explicit analysis of shape control task of the smart composite laminate subjected to asymmetrical concentrated load using double piezoelectric actuators pairs: (a)
wo(x,0), (b) wo(a,y), (c) wo(x,y): Pure twisting suspension using piezoelectric actuator patches ➁ (h ¼ �30�), (d) wo(x,y): Pure bending suspension using piezoelectric actuator
patches ➀ (h ¼ 0�).
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5. By increasing the applied electrical voltage and/or the number
of inclined piezoelectric actuator patches, the maximum twist-
ing deformation in a composite laminate can be achieved.
Meanwhile, higher electrical voltage for shape deformation
control purposes is difficult to control and may result in the
piezoelectric actuators being destroyed [60]. Thus, the finding
in the current research could be significant for shape control
of laminated composite structures. For example, by selecting
the optimal number of inclined piezoelectric actuator patches
and/or adjusting the applied electrical voltage, optimal results
can be achieved.

6. Composite laminates stiffness can significantly affect the electro-
mechanical twisting-bending coupling. The stiffness matrix can
be induced by selecting various stacking sequence configura-
tions. Among those with symmetrical cross-ply configuration,
[Piezo/0/90]s and [Piezo/90/90]s have the highest and lowest
twisting-bending stiffness when subjected to electrical voltage,
respectively. However, no major differences in results between
the configurations [Piezo/0/90]s and [Piezo/0/0]s are observed.

7. The shape control task in smart laminated cantilever composite
plates and beams can be reliably implemented using the pro-
posed explicit analytical solution. The proposed method is well
suited for laminated composite structures subjected to more
complex and asymmetrical loading systemswhereas the charac-
teristic and trial deflection functions are not required to be pre-
determined for shape control performance. According to the
results, through a two-step task, twisting-bending deformation
in laminated composite structures can be suspended. For
instance, piezoelectric actuatorswith no inclination angles could
be exploited to control pure bending deformation while inclined
ones can be used to suspend the pure twisting deformation.
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Appendix A

The coefficients Simn, i = {1,2,. . .,20}, in the four finite systems of
the linear simultaneous multivariable Eqs. (35a–d), can be com-
puted as follows:
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3.5. CONCLUDING REMARKS 

 

This chapter presented a novel explicit analytical solution for bending-twisting shape 

control analysis of laminated cantilever piezo composite hybrid plates using 

piezoelectric actuators. The shape control task for the host structures under complex 

thermo-electro-mechanical loads was well implemented and the satisfactory results 

were achieved. The results comparison with some published benchmark results and 

numerical simulation demonstrated the reliability of the proposed analytical solution. 

Based on the findings of this chapter, the following conclusions can be drawn: 

 

 Piezoelectric actuators can significantly induce the elastic stiffness of laminated 

composite hybrid structures, which make them an ideal solution for shape 

control task. 

 

 Both embedded and bounded piezoelectric actuators can be considered using the 

proposed analytical solution. 

 

 The shape control task can be well implemented to control both the bending and 

twisting deformation caused by external thermo-electro-mechanical loads.  

 

 Higher electrical voltage leads to a greater actuation and more significant 

bending-twisting shape control performance.   
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 Thicker actuators have less actuation power due to the low electrical field 

produced through actuators thickness, while improving laminates stiffness 

against flexural deformation.  

 

 Piezoelectric actuators with no inclination angle can be used to control the 

bending deformation while inclined actuators can be used for twisting 

deformation control task.  

 

 Increasing the number of piezoelectric actuators regardless of their placement, 

inclination angle, thickness, and type can significantly increase the actuation 

power, which leads to a better shape control implementation. Thus, more 

actuators can be adopted if external loads applied to a host structure intensify.  

 

 Composite laminate stiffness can significantly affect the electro-mechanical 

twisting-bending deformation. The stiffness matrix can be induced by selecting 

various stacking sequence configurations. 

 

 The use of the analytical solution as proposed in the current research could be 

significant for shape control of laminated composite hybrid structures. For 

instance, by selecting the optimal number of inclined piezoelectric actuator 

patches and/or adjusting the applied electrical voltage, optimal results can be 

achieved. 
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Chapter 5 

 

 

 

 

SHAPE CONTROL OF LAMINATED COMPOSITE STRUCTURES 

USING PIEZOELECTRIC ACTUATORS: A NOVEL NUMERICAL 

SOLUTION 

 

 

 

 

5.1. INTRODUCTION 

 

In this chapter, a quadratic 2D FE formulation is developed based on FOSDT for 

assessing the structural deformation in laminated composite plates induced by MFC 

actuators. The proposed FE modelling is used to obtain the linear strain-displacement 

static deformation accurately. FOSDT is adapted from the Reissner-Mindlin plate 

theory. To check the suitability and compatibility of the proposed method in shape 

deformation analysis of laminated composite plates with various boundary conditions, 

cantilevered and simply-supported plates are considered. An eight-node quadratic shell 

element with five degrees of freedom is introduced for the FE formulation. Two types 
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of MFC actuators are exploited: 1) MFC-d31 and 2) MFC-d33 which differ in their 

actuation forces.  

 

The proposed electro-mechanically coupled quadratic FE model is then compared with 

the results using ABAQUS. MATLAB is also used to find the solution of the quadratic 

FE equations. Based on what is available in the literature, the lack of comprehensive 

and in-depth research on MFC materials is noticeable. Thus, in this study, the effect of 

various parameters such as boundary conditions, laminate stacking sequence 

configuration, unsymmetrical layup, electrical voltage intensity, MFC type, and 

piezoelectric fibre orientation on shape deformation of laminated composite structures 

induced by MFC actuators is investigated. 

 

This chapter includes the following papers:  

 

1) S. Gohari, S. Sharifi, and Z. Vrcelj, “Quadratic finite element analysis of smart 

laminated composite plates induced by MFC,” Smart Mater Struct, 2016 (Revised and 

resubmitted). 
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Abstract. Macro Fiber Composite (MFC) actuators developed by the NASA have been 

increasingly used in engineering structures due to their high actuation power, compatibility, and 

flexibility. In this study, a quadratic 2D Finite Element (FE) formulation using First Order Shear 

Deformation Theory (FOSDT) is developed to predict the linear strain-displacement static 

deformation in the laminated piezo composite plates induced by MFC actuators. FOSDT is 

adapted from the Reissner-Mindlin plate theory. Laminated piezo composite plates are either 

cantilevered or simply-supported. An eight-node quadratic shell element with five degrees of 

freedom is introduced for the FE formulation. Two types of MFC actuators are exploited: 1) 

MFC-d31 and 2) MFC-d33 which differ in their actuation forces. Subsequently, the electro-

mechanically coupled quadratic FE model is compared with the ABAQUS results. Unlike 

earlier studies, the proposed quadratic FE formulation in this research is simple, accurate, and 

most importantly efficient which eliminates the need for high-cost FE simulation software. 

Furthermore, due to the lack of comprehensive and in-depth research on MFC materials, the 

effect of various parameters such as boundary conditions, laminate stacking sequence 
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configuration, unsymmetrical layup, electrical voltage intensity, MFC type, and piezoelectric 

fibre orientation on shape deformation of laminated composite structures induced by MFC 

actuators is considered.  

 

Keywords: MFC actuators; Quadratic FE analysis; First order shear deformation theory; Smart 

laminate composite plates; Numerical simulation. 

 

1. Introduction 

 

Laminated and asymmetric composite structures are being used considerably in 

aerospace, automotive, civil, mechanical and structural engineering applications due to 

their high stiffness and strength to weight ratio, low density, and temperature resistance. 

Laminated plates and beams are typically adopted to achieve the desired stiffness and 

lightness for parts of load-bearing engineering structures [1,2]. Piezoelectric materials 

have recently drawn much attention due to their low power consumption, high material 

linearity, and quick response when induced by external forces. As a results, they are 

being used in the fields of mechanical and electrical engineering [3,4]. Piezoelectric 

materials can be integrated with laminated composite structures to provide smart-

intelligent composite systems [5,6].  

 

Numerous smart engineering structures integrated with smart devices such as 

piezoelectric sensors and actuators have proved to be superior to their conventional 

counterparts. Static analysis of advanced composite structures under axial, transverse, 

twisting, and torsional loads in addition to the torsional actuation due to piezoelectric 

materials has potential application in mechanical systems, helicopter rotor blades, 
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and/or blades for turbomachinery [7]. Some other applications of piezoelectric materials 

in smart and adaptive engineering structures are acoustical noise reduction, structural 

shape control, damage identification, structural health monitoring, vibration 

suppression, deflection control in missile fins, and air foil shape changes [8-11]. One of 

the great advantages of piezoelectric materials is their ability to respond to changing 

environment and control structural deformation, which has led to the new generation of 

aerospace structures like morphing airplanes [12]. There has been recently a dramatic 

achievement in development of the new generation of piezoelectric materials called 

piezoelectric fibre composites (PFC) which have orthotropic material properties due to 

unidirectionally aligned piezoelectric fibres with circular cross-section. The fibres are 

impregnated into a resin matrix system to boost PFC properties when sharing the 

mechanical load. PFCs was later upgraded to interdigitated electrode piezoelectric fibre 

composites (IDEPFCs) which is also referred to as active fibre composites (AFCs) in 

order to increase the strain output, directional actuation, flexibility, and durability [13-

15]. 

 

 However, some difficulties were faced during the manufacturing of AFCs such as 

misalignment of piezoelectric fibres and their limited contact with flat electrodes due to 

fibre cross sectional configuration. Therefore, the NASA developed MFC actuators 

whose piezoelectric fibres have rectangular cross sectional shape. All fibres are 

surrounded by polymer matrix. The other components of MFCs are protective and 

electrode layers bounded to piezoelectric fibres. MFC materials are composed of seven 

active layers, two electrodes, two kapton and two acrylic layers [16]. AFCs are also 

more responsive than with conventional electrodes.  
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Developed by the NASA-Langley Research Centre, MFC actuators and sensors present 

superior qualities among AFCs in performance, behaviour, and manufacturability [17]. 

Understanding MFC properties is important to utilize them efficiently. There are several 

studies regarding the MFCs modelling using numerical and analytical approaches. Park 

and Kim [11]modelled the MFC mechanical properties theoretically using classical 

laminated plate theory (CLPT) and uniform field model (UFM). In another similar 

study, the mechanical properties of shear actuated fibre composites (SAFCs) were 

analysed using unit-cell approach by Raja and Ikeda [18]. Since piezoelectric materials 

are sensitive to thermal environment, therefore their effectiveness under thermal was 

examined using equivalent layered and unit-cell approach [19].  

 

MFC materials can be integrated with plate and shell structures due to their flexibilities. 

One of the great application of MFCs is to control the effect of snap-through due to the 

unsymmetrical layup in a composite laminate. During the manufacturing process, with 

no external loads, they can undergo multiple equilibrium shapes when cooled from the 

curing temperature to a lower operating temperature. Therefore, through applying 

appropriate voltage to MFC actuators, the undesired shapes can be controlled and 

modified [20]. The application of MFCs in shape, thermal and vibrational control of 

plates and shells can be found in Refs [21-23].  

 

There are numerous studies concerning 3D FE simulations of composite plates, beams, 

shells, and domes with/without conventional piezoelectric actuators. Gohari et al [24-

25] studied the mechanical deformation of laminated composite domes under internal 

pressure using finite element simulation and compared it with theoretical results based 
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on classical shell theory. There are also numerous studies regarding the FE simulation 

of laminated thin/thick composite cylindrical shells under arbitrarily static [26-28] and 

dynamic [29,30] loads. There are several studies regarding FE simulation of composite 

plates induced by conventional piezoelectric actuators [31-33]. Various researches 

regarding the numerical modelling of MFCs using commercial FE packages, in which 

the results were compared with experimental data, can be found in refs [22,34]. 

 

There are also few analytical and numerical models reported in the literature for 

analysis of smart composite structures induced by MFC actuators [35,36]. Zhang et al 

[37] developed a linear electro-mechanically coupled FE model for thin-walled smart 

composite laminates sandwiched by macro-fibre composite (MFC) actuators. Their 

proposed method was compared with numerical and experimental results.  

 

It can be noticed that computational analysis of the linear strain-displacement static 

deformation of smart composite structures induced by MFC actuators on the effect of 

various boundary conditions, laminate stacking sequence, unsymmetrical layup, 

electrical voltage intensity, MFC type, and piezoelectric fibre orientation are limited. In 

the current research a simple quadratic 2D Finite Element (FE) formulation using First 

Order Shear Deformation Theory (FOSDT) is developed to predict the linear strain-

displacement static deformation in the laminated piezo composite plates induced by 

MFC actuators.  

 

An in-depth study on consideration of transverse shear deformation in laminated 

composite plate structures and its application in static and dynamic structural analysis 
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can be found in Ref. [38]. An eight-node quadratic shell element with five degrees of 

freedom is introduced for the FE formulation. Two types of MFC actuators are 

exploited: 1) MFC-d31 and 2) MFC-d33 which differ in their actuation forces. MATLAB 

is exploited for obtaining the 2D FE results. Subsequently, the 3D electro-mechanically 

coupled FE analysis using ABAQUS is exploited for numerical simulation of smart 

composite structures integrated with MFC actuators. 

 

2. Composite laminates and MFC actuators modelling 

 

Consider a laminated composite plate (host structure) composed of N orthotropic layers 

and with a total layup thickness of H. Each layer thickness is kept constant. The host 

structure is sandwiched by a pair of bounded MFC actuators and is either cantilevered 

(see Fig.1a) or simply supported at two edges (see Fig.1b).  

 

Considering the material linearity for small displacements, plane stress assumption and 

effect of transverse shear deformation, the general form of displacement fields can be 

derived based on FOSDT as stated in Eqs.1a-c [39,40]. For composite laminates and 

MFC patches, some initial assumptions for 2D FE formulation are made as follows 

[34,41]: 

 

 There is a perfect bonding between fibres and matrix, avoiding fibres 

dislocations and disarrangements through the matrix and no slip occurs between 

the lamina interfaces; 
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 Fibres distribution throughout the matrix is uniform; 

 

 There is a perfect bonding between fibres and matrix, avoiding fibres 

dislocations and disarrangements through the matrix and no slip occurs between 

the lamina interfaces; 

 

 The matrix is perfectly fabricated with no voids and impurity; 

 

 The lamina is not initially pre-stressed, thus, there are no residual stresses in 

presence of matrix and fibres; and 

 

 The matrix and fibres behave linearly within elastic domain.  

 

For the smart part of the laminates, the linear piezoelectricity theory is adapted with 

assumptions made as follows [41]: 

 

 The strain-electric field varies linearly; 

 

 The piezoelectric confidents are constant within the linear zone; thus, they 

cannot be electrically turned with a bias field; 

 

 The electric field is assumed to be constant across each lamina in all directions. 
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Fig.1. Schematic of the laminated composite plate sandwiched by a pair of MFC actuators: a) 

cantilevered, b) simply-supported. 
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Ux, Uy, and w0 are the mid-plane displacements along x, y, and z directions, respectively 

on the xy-plane [42]. x and y are rotation of transverse normal in the mid-plane along x 

and y directions, respectively. z is the vertical distance from the mid-plane to the kth 

layer which is located between z = hk and z= hk+1 through laminate thickness [43]. After 

obtaining the mid-plane displacements, the displacements of any arbitrary point, x, y, 

and z in 3D space can be determined. The linear strain-displacement relation is stated in 

Eqs.2a-d [44]. It is assumed that all strain components change linearly in the entire 

laminate independent from changes in material properties through layup thickness.  
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 xx
o,  yy

o, and xy
o are the laminate’s mid-plane strains, xx

f, yy
f, and xy

f are the 

flexural (bending) strains and wo is the transverse deflection of a composite laminate’s 

mid-plane.  yz
o and xz

o are the transverse shear deformation in the yz and xz planes, 

respectively. Considering the plane stress assumption and neglecting the through-

thickness stresses, the simplified 2D electro-mechanical plate equations are derived 

from the 3D equations of theory of elasticity and three charged equilibrium equations of 

piezoelectric medium, as stated in Eq.3a [45]. The electrical field potential relationships 

for an orthotropic static piezoelectric lamina is stated in Eq.3b [45].  
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ij , ij , ijklC , ije , and i are the stresses, the strains, the elastic stiffness elements of the 

matrix [Q], the piezoelectric coefficients, and the components of the electric fields, 

respectively in the orthotropic material orientation. pi and ij are the electric 

displacement and the piezoelectric dielectric constants, respectively. Global stress-

strains and electrical displacements as shown in Eqs.4a-c in the kth ply can be 
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calculated by transforming 2D stress-strains and electrical displacements in the material 

direction through transformation matrix [T] in Eq.4d [46].  
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c is cos(and s is sin(. as seen in Figs.1a-b is the winding angle between either 

fibers and x axis in a fiber-reinforced composite ply ( p ) or piezoelectric fibres and x 

axis in a MFC actuator ( a ). Qij and eij are the reduced elastic stiffness and the 

piezoelectric modules, respectively, as given in Eqs.5e-h, respectively.  
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3212311131 dQdQe                                                                                                    (5e) 

3222311232 dQdQe                                                                                                     (5f) 

1212111111 dQdQe                                                                                                     (5g) 

1222111212 dQdQe                                                                                                     (5h) 

 

E1, E2, v12, and G12 are in-plane local elasticity modules of an orthotropic layer in the 

local material coordinate system. dij is the piezoelectric dielectric constant.  

 

2.1 Electrical properties of MFC actuators (d31-effect) 

 

The polarization direction in MFC-d31 type is through the thickness (Z direction) and 

perpendicular to the piezoelectric fibres which are parallel to the mid-plane. Thus, the 

piezoelectric matrix in global direction can be rearranged to Eq.6a. The electrical field 

in MFC-d31 is obtained using Eq.6b (see Fig.2b). 
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where, V3 and ta are the electrical voltage applied through thickness and a MFC-d31 

thickness, respectively. 

 

2.2 Electrical properties of MFC actuators (d33-effect) 

 

The polarization direction in MFC-d33 type is parallel to the piezoelectric fibres. In this 

type of MFC actuator, both the polarization direction and the piezoelectric fibres are 

parallel to the mid-plane. Thus, the piezoelectric matrix in global direction can be 

simplified to Eq.7a. the electrical filed through thickness for MFC-d33 is obtained using 

Eq.7b (see Fig.2a). 
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where, V1 and x are the electrical voltage applied along piezoelectric fibres and the 

distance between piezoelectric electrodes in a MFC-d33, respectively. 

 

 

Fig.2. Schematic of a MFC actuator and its components: a) d33 effect, b) d31 effect. 
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2.3 Quadratic FE formulations considering first order shear deformation theory  

 

In this study, a pair of MFC actuator patches are bounded to the laminated composite 

plate (host structure). Various boundary conditions (Cantilevered and simply-supported) 

are prescribed to the smart piezo composite plates. Each MFC actuator has embedded 

piezoelectric fibres with different orientation angle with respect to x axis (

={0o,30o,45o,60o,90o}). The applied electrical voltage (Va) induces the host structure and 

creates electro-mechanical strains. The effect of MFC-d31 and MFC-d33 for each case 

need to be examined. Considering N number of MFC actuators, the electric 

displacements, the electrical potentials, piezoelectric coefficients, and piezoelectric 

dielectric constants, the 2D FE matrixes can be derived as stated in Eq.8, respectively.  
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In Eq.8, the term s=3 for MFC-d31 and S=1 for MFC-d33. N stands for the number of 

MFC actuators. In the current research, N=2 for bounded MFC patches. Using Eq.6b 

and Eq.7b, the electric field matrix for multiple MFC-d31 and MFC-d33 can be derived 

as stated in Eqs.9a-b. respectively.  
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In Eqs.9a-b, m=3 and j=1 for MFC-d31 and m=1 and j=3 for MFC-d33. N=2 for a pair of 

piezoelectric actuator patches bounded to the host structure. It must be noted that the 

piezoelectric fiber angle orientation doesn’t affect a MFC actuator electrical potential 

matrix but rather modifies the piezoelectric coefficient matrix.  

 

In the next step, a 2D FE formulation is developed using FOSDT which is in the 

Reissner-Mindlin plate theory. Consideration of transverse shear strains in composite 

laminates is important, since the deformed configuration of composite structures are 

necessarily not normal to the mid-plane, laying out the fact that additional transverse 

shear strains effect must be considered for more accurate perdition of strain-

displacement values. To formulate the 2D FE equations, an eight-node quadratic shell 

element with five degrees of freedom is introduced in the current research. The five 

generalized displacements in the shell space can be defined as the derivative operation 

matrix Z and the generalized displacement vector U as stated in Eq.10. 
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Considering the small linear strain-displacement deformation and using Eqs.2a-d, the 

strain components can be rearranged in form of a matrix in Eq.11 which represents the 

product of the derivative operation matrix D and the generalized displacement vector U.   
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To approximate the displacements and rotations of transverse normal for any point at 

the mid-plane, nodal displacements with use of shape functions need to be introduced. 

For 2D eight-node quadratic shell element modelled in the present work, shape 

functions Ni are defined in the local material orientations known as Jacobian coordinates 

in Eq.12. The schematic of the difference between linear and quadratic FE and their 

representation in the Jacobian coordinate system can be found in Figs.3a-c, respectively. 

 

Fig.3. a) Linear element, b) Quadratic element, c) Jacobian coordinates system. 
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iix UNU ,  y

iiy UNU ,  x

iix N  ,  y

iiy N  ,  ii xNx , 

 ii yNy                                                                                                                (12) 

where, Ni for i=1:8 are used for coordinates and displacements interpolations shape 

functions. The 2D eight-node isoparametric quadratic shell elements are given by 

Eq.13a-c. 

7,5,3,1,)1)(1()1)(1()1)(1( 2

4
12

4
1

4
1  iN iiiii             (13a) 

6,2,)1)(1( 2

2
1  iN ii                                                                                   (13b) 

8,4,)1)(1( 2

2
1  iN ii                                                                                    (13c)  

 

Differentiation of displacements operator expressed through the shape function in Eq.12 

leads to the displacement differentiation matrix [B] in Eq.14.  
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Computation of Jacobian matrix [J] entries at any quadrilateral location requires 

differentiation from the shape functions in Eq.12 with respect to the quadrilateral 

coordinates. Thus, the matrix [J] can be formed as stated in Eq.15. 
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The shape function derivatives in global coordinates as the elements of the displacement 

differential matrix [Bu] is obtained by inversing the Jacobian matrix [J] multiplied to the 

shape function derivatives in Jacobian coordinates. The results are shown in Eq.16. 
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Finally, the strain-displacement matrix [B] required for computation of the element 

stiffness matrix and 2D FE nodal displacement vector [U] leads to computation of 

strains, considering the transverse shear deformation. Therefore, considering the small 

displacements and material linearity, the strain-displacement nodal parameter matrix 

can be obtained using Eq.17.  
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To drive an assembly algorithm to formulate the FE equations, the total potential energy 

and principle of virtual works are topically adapted. In the current research, the 

principle of virtual work is employed to obtain a linear electro-mechanically coupled 

static FE equations. This FE modelling can be extended for sensor equations. However, 

since the aim of this research is to investigate the inverse effect of piezoelectric 

materials on shape deformation of laminated composite structures, the sensor equations 

are neglected. The principle of virtual work in Eqs.18a-b stipulates that the total internal 

work done on a mechanical system should be equal to the total external work. 

 

extWW  int                                                                                                                (18a) 
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

     (18b) 

 

In Eqs.18a-b, the subscripts e and stand for the element on which the total 

internal/external work is done and the variation operator, respectively. In addition, fb, fs, 

and fc represent the body, surface, and concentrated charge vector, s ,and c are the 

surface and concentrated charge vectors in an element, respectively. Substituting 

Eqs.6a,7a,9a-b,10,14 into Eq18.b and considering linear strain-displacement 

deformation due to small displacements, the static equilibrium equations representing 

the electro-mechanically coupled FE model can be obtained (see Eq.19). Computation 

of the system matrix in Eq.19 leads to obtaining the generalized displacements vector 

[U]. Therefore, through use of the derivative operation matrix [Zu], the general form of 

displacement fields can be computed.  
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2.4 Numerical simulation   

 

The linear electro-mechanical coupled FE simulation of smart composite plates induced 

by a pair of MFC-d31 and FMC-d33 actuator patches is implemented using ABAQUS. 

The smart structure consists of the host structure (Laminate fibre-reinforced composite 

plate) and MFC patches bounded to the host structure.  

 

Assigning the material properties to MFC patches and host structure in the local 

material ordinations (see Fig.4a), prescribing the boundary conditions and applying 

electrical loads to bounded MFC patches after assembly (see Fig.4b), and meshing MFC 

patches and composite laminate (see Fig.4c) are done step by step during the FE 

simulation. In ABAQUS software, U1, U2, and U3 represent the displacements and UR1, 

UR2, and UR3 as the rotational angles along x, y, and z directions, respectively. Since 

MFC actuator type varies during the analysis, the piezoelectric coefficients d31 and d32 

for MFC-d31 type and d11 and d12 for MFC-d33 type are considered. The piezoelectric 

and host structure local material orientations are defined, thereafter. The structured hex 

element shape is set as the FE mesh control in the smart piezo composite plate. An 8-

node quadrilateral in-plane general-purpose continuum shell, reduced integration with 

hourglass control, finite membrane strains (SC8R) is defined as the element type in the 

host structure while a 20-node quadratic piezoelectric brick, reduced integration 

(C3D20RE) is used to define MFC patches element type (see Fig.4c). 
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To prevent the low accuracy in computational results of twisting-bending type problems 

known as Locking phenomenon, the solid element in FEM linear approximations should 

be prevented whereas it shows the twisting-bending behaviour much stiffer in 

comparison with explicit analytical solution. Locking is higher if the solid element 

looks like shell (thickness is smaller than two other sizes). 

 

However, it can be resolved by selecting an appropriate FE with quadratic shape 

functions such as continuum shell element (SC8R). Since the Locking phenomena may 

still be found for FE quadratic shape functions, taking many elements for the thickness, 

therefore, leads to higher accuracy of the results, despite increasing the computational 

time as a disadvantage. Considering the element type in MFC patches, a 20-node 

quadratic piezoelectric brick, reduced integration (C3D20RE) has more accuracy over 

an 8-node linear piezoelectric brick (C3D8E) [47].  

 

3. Results and discussions 

 

In this section, various examples are intended to analyse the linear strain-displacement 

deformation of smart piezo CFRP composite plates induced by bounded MFC actuator 

patches (see Fig.1) using the electro-mechanically coupled quadratic FE formulation. 

The results are then compared with the ABAQUS results for various boundary 

conditions. 
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Fig.4. Schematic of FE simulation of smart laminated composite plates MFC actuators induced 

by a pair of bounded MFC actuators using ABAQUS: a) sketching, defining the dimensions, 

and material properties to composite laminate and MFC actuators, b) applying the electro-

mechanical boundary conditions, piezoelectric actuators groundings, and electrical surface 

charges, c) Applying the FE meshing and defining the element type of host structure and MFC 

actuators.  

 

In the current FE study, the effect of various parameters including MFC actuator type, 

applied electrical voltage, laminates stacking sequence, twisting-bending coupling due 

to unsymmetrical stacking sequence configuration, and prescribed boundary conditions 

are considered. Material properties of MFC actuator patches and CFRP composite 

laminate in the following examples are summarized in Table.1[16][43]. The plate 

dimension (tp=1[mm], a=0.24[m], b=0.06[m]) and MFC patches dimension (ta=0.2[mm] 

for MFC-d31, ta=0.4[mm] and x =0.04[mm] for MFC-d33, La=wa=0.06[m] for both 

MFC-d31 and MFC-d33), MFCs placement and composite laminate properties, and 
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composite laminate’s number of layers (fourth-layered fibre-reinforced composite plate) 

are kept constant. Two types of boundary conditions are prescribed to the plate for all 

samples. 

Table.1. Material properties. 

Material properties  MFC-d31 [16] MFC-d33 [16] T300/976 CFRP [43] 

E1 [GPa] 30.336 29.4 150 

E2 [GPa] 15.857 15.2 9 

E3 [GPa] 15.857 15.2 9 

v12 0.31 0.312 0.3 

v13 0.31 0.31 0.3 

v 23 0.438 0.31 0.3 

G12 [GPa] 5.515 5.79 7.1 

G13 [GPa] 5.515 6.06 7.1 

G23 [GPa] 5.515 6.06 2.5 

d31 ][ V
pm

 -170 - 0 

d32 ][ V
pm

 -100 - 0 

d11 ][ V
pm

 - 467 0 

d12 ][ V
pm

 - -210 0 
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Example.1: Effect of MFC actuators fibre angle 

 

First, the cross-ply laminated cantilevered and simply-supported plates with stacking 

sequence [0/90]s are considered. To examine the sole effect of MFC actuator fibre 

angle, same amount of electrical voltage is applied to all actuators. The MFC actuator 

fibre angles are  ={0o,30o,45o,60o,90o}. In the first attempt, the electrical voltage is 

applied to MFC-d31 (upper patch: +240 [V] and lower patch: -120 [V]).  

 

The results at w(x,0) are plotted in Fig.5a and Fig.6a for the cantilevered and simply-

supported boundary conditions, respectively. In the next attempt, MFC-d31 actuators are 

replaced with MFC-d33 actuators and different electrical voltage is then applied to them 

(upper patch: -500 [V] and lower patch: +1500 [V]). The results at w(x,0) are plotted in 

Fig.5b and Fig.6b for the cantilevered and simply-supported boundary conditions, 

respectively. It is obvious that any change in piezoelectric fibre angle results in different 

shape deformation regardless of boundary condition.  

 

However, the higher deformation rate is observed in MFC-d33 actuator due to having the 

higher maximum voltage limit. Subsequently, numerical simulation was implemented. 

The vertical displacements in the cantilever and simply supported plates induced by 

MFC-d31 actuators with various piezoelectric fibre angles are illustrated in Figs.7-8, 

respectively, while Figs.9-10 represent the vertical displacements of the plates with the 

same boundary conditions but induced by MFC-d33 actuators. Comparison of results 

between the 2D linear electro-mechanically coupled static FE analysis and numerical 

simulation shows the same trend in mid-plane vertical displacements. As predicted by 
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both 2D FE formulation and ABAQUS results, any fibre angle other than 0o and 90o 

results in twisting deformation while 0o and 90o result in pure cylindrical bending. 

 

 

Fig.5. Quadratic 2D FE results of w(x,0) in the laminated cantilevered composite plates induced 

by a pair of bounded MFCs with various piezoelectric fibre angles: a) MFC-d31, b) MFC-d33. 
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Fig.6. Quadratic 2D FE results of w(x,0) in the laminated simply-supported composite plates 

induced by a pair of bounded MFC patches with various piezoelectric fibre angles: a) MFC-d31, 

b) MFC-d33. 
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Example.2: Effect of host structure stacking sequence  

 

In this example, the effect of various symmetrical and unsymmetrical stacking sequence 

configurations on shape deformation of smart laminated composite plates induced by 

MFC actuators is investigated. The relationship between stacking sequence and 

composite laminate stiffness can result in shape deformation changing considerably. 

Thus, it is important to choose suitable layup to control the structural shape deformation 

of composite laminates to our advantage.  

 

The samples with symmetrical stacking sequence are: [Piezo/0/30]s, [Piezo/0/45]s, 

[Piezo/0/90]s, and unsymmetrical: [Piezo/0/30/-30/0/Piezo], [Piezo/0/45/-45/0/Piezo], 

[Piezo/0/90/0/90/Piezo]. Each layer thickness and applied electrical voltage are kept 

constant. Same boundary condition is prescribed to the host structure as in Example.1. 

All MFC actuators fibre angle orientation is kept constant at 0o. In the first attempt, the 

electrical voltage is applied to MFC-d31 actuators (upper patch: -120 [V] and lower 

patch: +240 [V]). The results of 2D FE analysis at w(x,0) are plotted in Fig.11a and 

Fig.12a for the cantilevered and simply-supported boundary conditions, respectively. 

 

In the next attempt, MFC-d31 actuators are replaced with MFC-d33 actuators and 

different electrical voltage is then applied to them (upper patch: +1500 [V] and lower 

patch: -500 [V]). All MFC actuators fibre angle orientation is kept constant at 0o. The 

results at w(x,0) are plotted in Fig.11b and Fig.12b for the cantilevered and simply-

supported boundary conditions, respectively. Based on the results, the unsymmetrical 

stacking sequence configuration [Piezo/0/90/0/90/Piezo] seems to have the highest 
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vertical displacements for both MFC-d31 and MFC-d33 types while the vertical 

displacement for the rest of stacking sequence configurations is quite close regardless of 

boundary conditions. 

 

Subsequently, based on numerical simulation results, the vertical displacements of the 

cantilever and simply supported plates induced by MFC-d31 actuators are obtained (see 

Figs.13-14). After replacing the MFC-d31 with MFC-d33 actuators and running the same 

simulation procedures for the similar boundary conditions (see Figs.15-16), the same 

displacement trend but with higher intensity is observed. 

 

 

Fig.7. Numerical simulation results of w(x,y) in the laminated cantilevered composite plates 

induced by a pair of bounded MFC-d31 patches with various piezoelectric fibre angles. 
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Fig.8. Numerical simulation results of w(x,y) in the laminated simply-supported composites 

plate induced by a pair of bounded MFC-d13 patches with various piezoelectric fibre angles. 

 

Example.3: Effect of MFC actuators applied electrical voltage  

 

Composite laminates shape can be significantly manipulated by changing the electrical 

voltage intensity. Therefore, in this example, the effect of applied electrical voltage on 

the shape deformation of the laminated composite plates is investigated. For that 

purpose, a series of arbitrarily selected electrical voltage ranging from lowest to 

maximum voltage limit are applied to the MFC actuators. 
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Fig.9. Numerical simulation results of w(x,y) in the laminated cantilevered composite plates 

induced by a pair of bounded MFC-d33 patches with various piezoelectric fibre angles. 

 

According to the 2D FE formulation results for both cantilevered and simply supported 

composite plates induced by MFC-d31 (see Fig.17a and Fig.18a) and MFC-d33 (see 

Fig.17b and Fig.18b), any increase in voltage results in higher vertical displacement. 

The vertical displacements obtained by ABAQUS in the cantilever and simply 

supported composite plates induced by MFC-d31 actuators are illustrated in Figs.19-20, 

respectively, while Figs.21-22 represent the vertical displacements of the composite 
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plates with the same boundary conditions but induced by MFC-d33 actuators. The 

comparison of results showed the smart composite plates undergoing the same shape 

deformation by changing the electrical voltage. 

 

 

Fig.10. Numerical simulation results of w(x,y) in the laminated simply-supported composite 

plate induced by a pair of bounded MFC-d33 patches with various piezoelectric fibre angles. 
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Fig.11. Quadratic 2D FE results of w(x,0) in the laminated cantilevered composite plate induced 

by a pair of bounded MFC patches with various stacking sequences: a) MFC-d31, b) MFC-d33. 



Chapter 5: Shape Control of Laminated Composite Structures Using Piezoelectric Actuators: A Novel 

Numerical Solution  

 
 

196 
 

S. Gohari: Novel Mechanical Failure Assessment and Shape Control Methods for Smart 

Laminated Composite Structures  

 

 

 

Fig.12. Quadratic 2D FE results of w(x,0) in the laminated simply-supported composite plate 

induced by a pair of bounded MFC patches with various stacking sequences: a) MFC-d31, b) 

MFC-d33. 
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Fig.13. Numerical simulation results of w(x,y) in the laminated cantilevered composite plate 

induced by a pair of bounded MFC-d31 patches with various stacking sequences. 

 

Example.4: Shape deformation comparison between MFC-d31 and MFC-d33  

 

In the final example, the mid-plane displacements Ux, Uy, and w due to the constant 

electrical voltage applied to MFC-d31 and MFC-d33 patches bounded to the cantilevered 

and simply-supported composite plates are investigated and then compared using the 
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developed quadratic 2D FE formulation. The same amount of electrical voltage is 

applied to MFC-d31 and MFC-d33 (upper patch: +200 [V] and lower patch: -100 [V]). 

The results for the cantilevered and simply-supported composite plates are illustrated in 

Figs.23a-c and Figs.24a-c, respectively. 

 

According to the results, regardless of the prescribed boundary conditions, a significant 

fluctuation occurs in the displacements within the area at which the MFC actuators are 

bounded to. However, the displacements sign and intensity vary depending on which 

MFC type is exploited. The reason behind that are the major difference in MFC 

actuators material crystallization and their dielectric coefficient matrixes.  

 

4. Conclusions and remarks 

 

In this research, a quadratic 2D FE formulation using FOSDT is developed to predict 

the linear strain-displacement deformation in the laminated piezo composite plates 

induced by MFC actuators. Two types of MFC actuators are exploited: 1) MFC-d31 and 

2) MFC-d33. FOSDT was adapted from the Reissner-Mindlin plate theory. 

Subsequently, the 3D electro-mechanical coupled FE simulation of smart piezo 

composite plates induced by MFC-d31 and MFC-d33 is implemented using ABAQUS.  

 

Furthermore, the effect of various boundary conditions prescribed to the laminated 

composite plate, laminate stacking sequence, unsymmetrical layup, electrical voltage 

intensity, MFC type, and piezoelectric fibre angle orientation on the linear strain-
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displacement deformation is then discussed thoroughly. Based on the results in the 

current research, the following remarks are concluded: 

 

 

Fig.14. Numerical simulation results of w(x,y) in the laminated simply-supported composite 

plate induced by a pair of bounded MFC-d13 patches with various stacking sequences. 
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Fig.15. Numerical simulation results of w(x,y) in the laminated cantilevered composite plate 

induced by a pair of bounded MFC-d33 patches with various stacking sequences. 

 

 The comparison of the results between the developed 2D FE formulation and 

ABAQUS results in some specific regions shows good agreement in terms of 

displacement values and deformation trend which demonstrates the reliability 

and cost-effectiveness of the model proposed in this paper for smart laminated 

piezo composite plates under various boundary conditions.  
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Fig.16. Numerical simulation results of w(x,y) in the laminated simply-supported composite 

plate induced by a pair of bounded MFC-d33 patches with various stacking sequences. 

 

 MFC actuators can induce mechanical deformation in laminated composite 

structures through applying electrical voltage to them. The intensity of the shape 

deformation varies considerably by changing the piezoelectric fibres angle, 

stacking sequence configuration in the host structure, layup asymmetry, applied 

electrical voltage intensity, and MFC actuator type.  
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Fig.17. Quadratic 2D FE results of w(x,0) in the laminated cantilevered composite plate induced 

by a pair of bounded MFC patches for various electrical voltage: a) MFC-d31, b) MFC-d33. 
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Fig.18. Quadratic 2D FE results of w(x,0) in the laminated simply-supported composite plate 

induced by a pair of bounded MFC patches for various electrical voltage: a) MFC-d31, b) MFC-

d33. 
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 Strain-displacement deformation induced by MFCs is affected by MFC actuator 

type due to changes in the elements of piezoelectric dielectric coefficient matrix 

(dij). Topically, MFC-d33 produces higher actuation power than MFC-d31 due to 

having much larger dielectric constants.  

 

 

Fig.19. Numerical simulation results of w(x,y) in the laminated cantilevered composite plate 

induced by a pair of bounded MFC-d31 patches for various electrical voltage. 
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Fig.20. Numerical simulation results of w(x,y) in the laminated simply-supported composite 

plate induced by a pair of bounded MFC-d13 patches for various electrical voltage. 

 

 

Fig.21. Numerical simulation results of w(x,y) in the laminated cantilevered composite plate 

induced by a pair of bounded MFC-d33 patches for various electrical voltage.  
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Fig.22. Numerical simulation results of w(x,y) in the laminated simply-supported composite 

plate induced by a pair of bounded MFC-d33 patches for various electrical voltage. 

 

 

Fig.23. Quadratic 2D FE results of w(x,0) in the laminated cantilevered composite plate 

induced by a pair of bounded MFC-d13 and MFC-d33 patches: a) Ux, b) Uy, and c) w.  
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Fig.24. Quadratic 2D FE results of w(x,0) in the laminated simply-supported composite plate 

induced by a pair of bounded MFC-d13 and MFC-d33 patches: a) Ux, b) Uy, and c) w. 
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5.4. CONCLUDING REMARKS 

 

In this chapter, a novel numerical method was proposed to obtain the static linear strain-

displacements in laminated composite structures induced by MFC actuators. The 

numerical analysis was based on quadratic FE modelling in which an eight-node 

quadratic shell element with five degrees of freedom was introduced. To increase the 

accuracy of the results, particularly for slightly thicker laminates, the effect of 

transverse shear deformation was taken into consideration. Therefore, the FOSDT 

adapted from the Reissner-Mindlin plate theory was applied to the quadratic 2D FE 

formulation. Two types of MFC actuators are investigated: 1) MFC-d31 and 2) MFC-d33, 

which differ in their actuation forces.  

 

Subsequently, to verify the results, a series of simple, accurate, and robust 3D FE model 

analyses were employed using ABAQUS. Variety of mechanical and electrical factors 

affecting the electro-mechanically couple FE modelling was accounted for and design 

recommendations were then proposed. According to the finding in this chapter, the 

following conclusions are presented: 
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 Comparison of the quadratic 2D FE formulation proposed in this study with the 

ABAQUS results demonstrated the reliability and accuracy of the proposed 

quadratic FE modelling. Therefore, the use of commercial FE software 

packages, which are expensive and require extensive training, could be 

eliminated. 

 

 MFC actuators can induce mechanical deformation in laminated composite 

structures through applying electrical voltage to them. The intensity of the shape 

deformation varies considerably by changing the piezoelectric fibres angle, 

stacking sequence configuration in the host structure, layup asymmetry, applied 

electrical voltage intensity, and MFC actuator type.  

 

 Strain-displacement deformation induced by MFC actuators is significantly 

affected by MFC actuator type due to changes in the elements of piezoelectric 

dielectric coefficient matrix (dij). Topically, MFC-d33 produces higher actuation 

power than MFC-d31 due to having much larger dielectric constants.  
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Chapter 6 

 

 

 

 

CONCLUSIONS  

 

 

 

 

6.1 SUMMARY 

 

In the presented research study, mechanical failure and shape control of smart laminated 

composite hybrid structures integrated with piezoelectric sensors and actuators were 

investigated comprehensively by developing novel analytical and numerical methods. 

Piezoelectric sensors were used to assess the critical mechanical deformation and 

possible failure in host structures (direct piezoelectric effect) while piezoelectric 

actuators were used to induce/control host structures shape (indirect piezoelectric 

effect). The piezoelectric sensors used in this study were made of PZT, which can act as 

strain gauge sensors for obtaining mechanical strains occurring in host structures. The 

piezoelectric actuators were made of variety of materials such as PVD, KENYAR, PZT 

G1195, MFC-d31, and MFC-d33.  
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To analyse the effectiveness of PZT sensors, mechanical shape deformation and 

possible failure of the internally pressurized laminated woven GFRP composite shells 

integrated with the surface-bounded PZT strain gauge sensors was investigated. Various 

types of shells such as hemispherical, ellipsoidal, and torispherical were investigated. 

The exact analytical solution and 3D non-linear FE simulation were utilised to obtain 

the critical mechanical and failure strain/displacements. In the analytical study, the 

linear interpolation technique was adopted to interpolate the critical points conveniently. 

The shell boundary was fixed at its end. Tsai-Wu failure criterion was used as the 

composite failure design factor. The analytical and numerical results, including critical 

internal pressure and strains in the global directions, were validated with the 

experimental results for some arbitrarily selected points on the shells surface along 

meridian axis. Manufacturing of laminated ellipsoidal composite shells for the 

experimental programme undertaken in this study was performed by using the Vacuum 

Infusion Process (VIP), a method commonly adopted for the fabrication of laminated 

composite shells. The surface-bounded sensors were installed on the shells’ surface to 

measure the strain values after the internal pressure is applied. Subsequently, the effect 

of various parameters including thickness, aspect ratio, and stacking sequence on shape 

deformation and failure of the laminated woven GFRP composite shells were 

investigated and the critical mechanical factors to avoid failure were determined. 

 

Subsequently, two novel explicit analytical methods were proposed for obtaining static 

bending, twisting deformation, and optimal shape control of laminated cantilever piezo 

composite hybrid plates and beams using the non-angled and inclined piezoelectric 

actuators. The linear piezoelectricity and plates theories were adapted during the 
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analysis. A double integral multivariable Fourier transformation method combined with 

discretised higher order partial differential unit step function equations were employed. 

The effect of various parameters including arbitrary loads such as non-uniform thermal 

stresses, electrical and mechanical loads, layup thickness, piezoelectric actuators size 

and placement, stacking sequence, and geometrical dimension were considered. The 

results were then compared with some published benchmark results and a series of 

simple, accurate and robust 3D nonlinear analysis models using ABAQUS. 

 

A quadratic 2D FE formulation using FOSDT was also developed to predict the linear 

strain-displacement static deformation in the laminated piezo composite plates induced 

by MFC actuators. FOSDT was adapted from the Reissner-Mindlin plate theory. The 

laminated piezo composite plates were either cantilevered or simply-supported. An 

eight-node quadratic shell element with five degrees of freedom was introduced for the 

FE formulation. Two types of MFC actuators were exploited: 1) MFC-d31 and 2) MFC-

d33 which differ in their actuation forces. The electro-mechanically coupled quadratic 

FE model was compared with the numerical simulation results derived by using 

ABAQUS. Furthermore, due to the lack of comprehensive and in-depth research on 

MFC materials, the effect of various parameters such as boundary conditions, laminate 

stacking sequence configuration, unsymmetrical layup, electrical voltage intensity, 

MFC type, and piezoelectric fibre orientation on shape deformation of laminated 

composite structures induced by MFC actuators was investigated. 
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6.2 NOVEL CONTRIBUTIONS  

 

This thesis has made significant contributions to the area of smart composite materials 

and structures integrated with piezoelectric sensors and actuators. Research 

achievements are summarized as follows: 

 

1. Developed an analytical solution to assess critical mechanical deformation and 

possible failure in smart laminated composite structures using PZT sensors. 

 

2. Developed an experimental setup to assess the effectiveness of PZT sensors for 

structural monitoring and failure prediction of laminated composite structures. 

 

3. Compared the analytical and experimental results together concerning possible 

mechanical failure assessment and proposed the design recommendations. 

 

4. Developed an exact analytical solution for bending-twisting shape control of 

smart laminated composite hybrid structures induced by piezoelectric actuators. 

 

5. Considered the effect of thermal stresses on the shape control performance of 

piezoelectric actuators by using an exact analytical solution. 

 

6. Compared the exact analytical and ABAQUS results together regarding the 

structural shape control of smart laminated composite hybrid structures and 

proposed the design recommendations. 
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7. Developed a simple and accurate quadratic 2D FE solution for bending-twisting 

shape control of smart laminated composite structures induced by MFC 

actuators. 

 

8. Developed a series of 3D nonlinear FE model analysis using ABAQUS and 

proposed the step-by-step guidelines for the numerical simulation of smart 

composite hybrid structures induced by piezoelectric actuators. 

 

9. Compared the quadratic 2D FE formulation and ABAQUS results together 

concerning shape control of smart laminated composite structures and proposed 

the design recommendations. 

 

6.3 FURTHER RESEARCH 

 

The analytical and numerical models developed as part of this research project were 

shown to accurately predict the critical mechanical deformation and shape control of 

smart composite hybrid laminates using piezoelectric sensors and actuators under static 

conditions. The recommendations for further research are summarized as follows: 

 

1. Piezoelectric sensors and actuators proved to have low power to be used in 

shape control tasks, as limited electrical voltage can be applied to them. Even 

when applying electrical voltage close to their maximum, there is a risk of 

piezoelectric actuators being destroyed. Thus, other smart materials such as 

shape memory alloys (SMAs) can serve as a suitable replacement to 
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piezoelectric materials. This class of materials is more suitable for shape control 

tasks when the magnitude of applied loads to host structures intensifies. 

 

2. The developed analytical and numerical models in this study can be extended to 

cover smart materials and structures under more complex loading conditions 

such as dynamic, cycling, and impact loads. 

 

3. The analytical and numerical models, as proposed in this study, are limited to 

bending-twisting problems. However, these can be easily extended to cover 

more complex analyses like pre/post buckling and free/force vibration, and 

problems regarding healing cracks using smart materials with shape recovery 

characteristics.  
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