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Abstract

In this paper we show that the celebrated Davis-Choi-Jensen’s in-
equality for normalised positive linear maps can be extended in a weak-
ened form for convex functions. A reverse inequality and applications
for important instances of convex (concave) functions are also given.
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1. Introduction

The following result that provides an vector operator version for the Jensen
inequality is well known, see for instance [6] or [7, p. 5]:

Theorem 1. Let A be a selfadjoint operator on the Hilbert space H and
assume that Sp (A) C [m, M] for some scalars m, M with m < M. If f is
a convex function on [m, M|, then

(1.1) f((Az,2)) < (f (A) z, z)
for each x € H with ||z| = 1.

As a special case of Theorem 1 we have the Hélder-McCarthy inequality
[5]: Let A be a selfadjoint positive operator on a Hilbert space H, then
(i) (A"z,z) > (Az,z)" for all r > 1 and = € H with [jz| = 1;
(ii) (A"z,z) < (Az,z)" forall 0 <r <1 and z € H with ||z]| = 1;
(iii) If A is invertible, then (A"z,z) > (Az,z)" for all r < 0 and x € H
with ||z = 1.

In [2] (see also [3, p. 16]) we obtained the following additive reverse of
(1.1):

Theorem 2. Let I be an interval and f : I — R be a convex and differ-

entiable function on ; (theinteriorofI)whosederivativef is continuous on
I. If A is a selfadjoint operators on the Hilbert space H with Sp (A) C I,
then

0= (f(A)z,z) - f ((Az, 7))

(1.2) <{f'(A) Az, z) — (Az,z) - (f' (A) z, x)
for any x € H with ||z|| = 1.

This is a generalization of the scalar discrete inequality obtained in [4].
For other reverse inequalities of this type see [3, p. 16].

The following particular cases are of interest: If A is a selfadjoint oper-
ator on H, then we have the inequality:

(0 <) {exp (4) z, ) — exp ((Az, z))

(1.3) < (Aexp (A)z,z) — (Az, z) (exp (A) z, 7) ,
for each € H with ||z| = 1.
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Let A be a positive definite operator on the Hilbert space H. Then we
have the following inequality for the logarithm:

(0 <)In ((Az,z)) — (In (A) z, x)
(1.4) < (Az,x) <A*1x,x> -1,

for each € H with ||z| = 1.
If p>1 and A is a positive operator on H, then

(1.5) (0 <) (APz, ) — (Az,z)P <p [(Apz,@ — (Az, ) <Ap71z,x>} ,

for each € H with ||z|| = 1. If A is positive definite, then the inequality
(1.5) also holds for p < 0. If 0 < p < 1 and A is a positive definite operator
then the reverse inequality also holds

(1.6) (0 <) {(Az,z)! —Px,z) <p [(Am,x) . <Ap_133,33> - (Apzn,:zﬂ ,

for each € H with ||z| = 1.

Let H be a complex Hilbert space and B (H), the Banach algebra of
bounded linear operators acting on H. We denote by By, (H) the semi-space
of all selfadjoint operators in B (H). We denote by Bt (H) the convex cone
of all positive operators on H and by Bt (H) the convex cone of all positive
definite operators on H.

Let H, K be complex Hilbert spaces. Following [1] (see also [7, p. 18])
we can introduce the following definition:

Definition 1. A map ® : B(H) — B(K) is linear if it is additive and
homogeneous, namely ® (AA + uB) = A0 (A) + u® (B)

for any A\, p € C and A, B € B(H). The linear map ® : B(H) — B (K) is
positive if it preserves the operator order,i.e. if A € BT (H) then ® (A)
Bt (K). We write ® € P[B(H),B(K)|. The linear map ® : B(H)
B (K) is normalised if it preserves the identity operator, i.e. ® (1) = 1.
We write ® € Py [B(H),B(K)].

S
—

We observe that a positive linear map ® preserves the order relation,
namely

A < B implies ¢ (A) < @ (B)
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and preserves the adjoint operation ® (A*) = ® (A)".If® € Py [B(H), B (K)]
and aly < A < fBly, then alg < @ (A) < flk.

If the map ¥ : B(H) — B(K) is linear, positive and ¥ (1) € BTt (K)
then by putting ® = U—1/2 (1) WW~1/2 (1) we get that ® € Py [B(H),B(K)],
namely it is also normalised.

A real valued continuous function f on an interval I is said to be oper-
ator convex (concave) on I if

fUL=ANA+AB) < (2)(1=A)f(A)+Af(B)

for all A € [0,1] and for every selfadjoint operators A, B € B (H) whose
spectra are contained in I.
The following Jensen’s type result is well known:

Theorem 3 (Davis-Choi-Jensen’s Inequality). Let f : I — R be an

operator convex function on the interval I and ® € Py [B(H),B(K)], then
for any selfadjoint operator A whose spectrum is contained in I we have

(L.7) f(2(A) <2 (f(4).

We observe that if ¥ € P[B(H),B(K)] with ¥ (1) € Bt (K), then
by taking ® = U~1/2 (1) VT2 (1) in (1.7) we get

F(U 2 () W ()T (1)) < UV (1) W (7 (A) T2 (1)

If we multiply both sides of this inequality by W/2 (15) we get the
following Davis-Choi-Jensen’s inequality for general positive linear maps

U (L) f (0777 (L) W (A) U2 (1)) W2 (1)

(1.8) <V (f(A4)).
It is obvious that, by (1.7) we have the vector inequality
(1.9) (f (@A) y,y) < (2(f(A)y,y)

for any y € K. By (1.1) we also have

(1.10) fFU@A)y,y) <{f(®(A)y.y)
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for any y € K, |ly|| = 1. Therefore, for an operator convex function on I we
have

(1.11) FU2(A)yy) <{f(®(A4)y,y) <(®(f(4)y,y)

for any y € K, |ly|]| = 1.

It is then natural to ask the following question:

Does the inequality between the first and last term in (1.11) remains
valid in the more general case of convex functions defined on the interval 1
o

A positive answer to this question and some reverse inequalities are pro-
vided below. Some applications for important instances of convex (concave)
functions are also given.

2. A Jensen’s Type Inequality

Suppose that I is an interval of real numbers with interior I and f: I — R
is a convex function on I. Then f is continuous on I and has finite left
and right derivatives at each point of I. Moreover, if t, s € I and t < s,
then f7 (¢t) < fL(t) < f_(s) < f% (s) which shows that both f’ and f}
are nondecreasing function on I. It is also known that a convex function
must be differentiable except for at most countably many points.

For a convex function f : I — R, the subdifferential of f denoted by
df is the set of all functions ¢ : I — [—00, 00| such that ¢ (I) C R and

(2.1) f@t)> f(a)+ (t—a)p(a) for any t,a € I.

It is also well known that if f is convex on I, then df is nonempty, f’,
fio € of and if p € Of, then

L) <e(t) < fi(t) forany ¢t € I.

In particular, ¢ is a nondecreasing function. If f is differentiable and
convex on I, then df = {f'}.
We have:

Theorem 1. Let f : I — R be a convex function on the interval I and & :
B(H) — B(K) a normalised positive linear map. Then for any selfadjoint
operator A whose spectrum Sp (A) is contained in I we have

(2.2) FU(A)yy) <(@(f(A)yv)
for any y € K, |ly|| = 1.
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Proof.  Let m, M with m < M and such that Sp (4) C [m,M] C I.
Then mly < A < M1y and since ® € Py [B(H),B(K)| we have that
mlg < ®(A) < M1k showing that (® (A)y,y) € [m, M] for any y € K,

lyll = 1.
By the gradient inequality (2.1) we have for a = (® (4) y,y) € [m, M]
that

F@) = f (@ Ay )+ E—(2(A)y,y) e (2 (A)yy))

for any ¢ € I.
Using the continuous functional calculus for the operator A we have for
a fixed y € K with [|y|| = 1 that

FA) = (@A) y,9) 1r +¢ (2 (A)y,y) (A= (2 (A)y,y) 1)

(2.3)

Since ® € Py [B(H),B(K)], then by taking the functional ® in the
inequality (2.3) we get

D(f(A) = fU2(A)yy) 1k +¢ (P (A)y,y) (2 (A) — (2 (4)y,y) 1K)
(2.4)

for any y € K with |ly|| = 1.
This inequality is of interest in itself.
Taking the inner product in (2.4) we have for any y € K with |y|| =1
that
(@ (f(A)yv)
> £ (@ (A) g, 3) I + 0 (@ () 5,9)) (@ (4) 1) — (@ (4, 1)

= ({®(A)y,y))

and the inequality (2.2) is proved. O

Corollary 1. Let f : I — R be a convex function on the interval I and
U € P[B(H),B(K)] with ¥ (1) € Bt (K). Then for any selfadjoint
operator A whose spectrum Sp (A) is contained in I we have
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(W (A)0,0) \ _ (¥ (f (4)v,0)
(2:5) ! (<\If (L) >> =0 (1) 0.0)
for any v € K with v # 0.

Proof. If we write the inequality (2.2) for ® = W—1/2 (15) O¥—1/2 (1)
we have

F(e? 1) e () e (1) y.y))

< (U2 (1) W (f (A) T (1))

for any y € K, |ly|| = 1.

Now, let v € K with v # 0 and take y = W

1/2 .
lH)vH\IJ (1g)v in (2)

to get

~1/2 ~1/2 U2 (g OV (1g)v >>
f <<\I’ (1H)\I’(A)\I’ (1H) ||\I/1/2 (1H)U||’ H\Ifl/Q <1H)UH

§<\Iv1/2 (L) ¥ (F (A)) w2 (1) e m)e W2 (L) v >

1w172 () of|” [[912 (L) o

that is equivalent to

f<< W (4)v v >><<\I’(f(A))v >
72 (ol TO72 (ol /) = \ T (W ol T () o]

and since

<

H\111/2 (1x) vH2 = (U (1) v, )

for v € K with v # 0, then we obtain the desired inequality (2.5). O

By taking some example of fundamental convex (concave) functions, we
can state the following results:

Let ® : B(H) — B(K) be a normalised positive linear map.
(i) If A is a selfadjoint operator on H and r > 1, then we have

(2.6) (P (A)y, )" < (@A) y,y)
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and in particular

(2.7) (2 (A)y, )l < (2 (A])y, )
for all y € K, ||y|| = 1. We have the norm inequality
2.8) @ (A" < (| (A -

(

(ii) If A is a positive operator on a Hilbert space H, then for any p > 1
(p € (0,1)) we have
(

2.9) (@ (A)y,y)" < (2)(2 (A7) y,y)
for all y € K, ||y|| = 1. We have the norm inequality

(2.10) 1@ (A)]F < (=) | (A)]]-

If A is a positive definite operator on a Hilbert space H, then for any
p < 0 we have

(2.11) (@ (A)y,y) < (2 (A7) y,y)
forally € K, ||y|| = 1.
(iii) If A is a selfadjoint operator on H then we have

(2.12) exp (2 (A) y,y)) < (2 (exp (4))y,y)
for all y € K, ||y|| = 1. We have the norm inequality

(2.13) exp (|2 (A)]]) < [|® (exp (A))] -
Let P;e B(H), j =1,...,k be contractions with

k
(2.14) > PP =1y.
j=1
The map ® : B(H) — B(H) defined by [7]
k
D (A):=> PrAP;
j=1

is a normalized positive linear map on B(H). Therefore, if f: I — R be
a convex function on the interval I and A is selfadjoint operator whose
spectrum Sp (A) is contained in I, we have by (2.2) that
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k

<Pj‘APjy,y>) < <Z Prf(A) Pjy,y>

1 j=1

k
(2.15) i (

J

forally € K, |ly|]| = 1.

If we take k = 1 and P; = 1y in (2.15), then we recapture Jensen’s
inequality (1.1).

We then have for any selfadjoint operator A and r > 1 that

T

k
< <Z Py !AITPjyyy>

=1

k

> <PfAPjy, y>

=1

(2.16)

and

k
(2.17) exp (Z <PJ*APjy,y>) < <Z P} (exp A) Pjy,y>

J=1 Jj=1

for all y € K, |ly|| = 1. In the case r = 1 we have

k k
(2.18) > <Pj"APjy7y> < <Z P} A Pjy,y> -
j=1 Jj=1
By taking the supremum over y € K, ||y|| = 1 we also have the norm
inequalities
k " k
(2.19) S PrAP| < |D_PrIAP|, r>1
j=1 j=1
and
k k
(2.20) exp Z PAP;| | < Z P} (exp A) Py .
j=1 j=1
In the case r = 1 we have
k k
(2.21) Y PrAP|| < > PFIAl" Pl
j=1 J=1

If A is a positive operator on a Hilbert space H, then for any p €
(—00,0)U[1,00) (p € (0,1)) we have by (2.15) for power function that
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k p k
(2.22) <Z PfAPjy’y> < (=) <Z PJA”Pjy,y>
j=1 j=1
forally € K, ||y|| = 1.
If we take k = 1 and P, = 1y in (2.22), then we recapture Holder-
McCarthy’s inequality.

By taking the supremum over y € K, ||y|| = 1 we also have the norm
inequality
k P k
(2.23) Y PAPj|| < ()| PrAPP|,
j=1 j=1

where p > 1 (p € (0,1)).

3. A Reverse Inequality

We have:

Theorem 1. Let I be an interval and f : I — R be a convex and differen-
tiable function on I whose derivative f' is continuous on I. If & : B(H) —
B (K) is a normalised positive linear map and A is a selfadjoint operators
on the Hilbert space H with Sp (A) C I, then

(®(f(A ))1)1 y) — (2 (A)y,y))

0 <
<(@(Af' (A) y,y) — (2 (A)y,y) (2 (f' (4)) y,v)

(3.1) ¥

for any y € K, |ly|| = 1.

Proof. From the gradient inequality (2.1) we have

(3.2) F@)=f(s)+(t=s)f(s)

for any t, s € I.
Let y € K, ||y|]| = 1. If we take in (3.2) t = (® (A) y,y) € I, then we get

FUR Ay ) = [ (s) + (2(A)y,y) = 5) f'(s)

for any s € I that can be written as

(s = (@A) y, ) f'(s) = f(s) = fFUP(A)y,y))
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for any s € I.
Let y € K, |ly]| = 1. Using the continuous functional calculus for the
operator A we have

(3:3)  Af(A) = (@A) y,y) f(A) = f(A) = f(2(A)y.y)) Lu.

Since ® € Py [B(H),B(K)], then by taking the functional ® in the
inequality (3.3) we have

© (Af'(A) = (2 (A)y,y) @ (f' (A))

(3-4) > @ (f(A) - F(2(A)y,9)) Lk,

for any y € K, ||y|| = 1.
This is an inequality of interest in itself.
Taking the inner product in (3.4) we obtain the desired result (3.1). O

Corollary 2. Let I be an interval and f : I — R be a convex and dif-
ferentiable function on I whose derivative f’ is continuous on I. If ¥ €
P[B(H),B(K)] with ¥ (1) € B™ (K) and A is a selfadjoint operators
on the Hilbert space H with Sp (A) C I, then

0 < (T(fA)vv) f (P (A)v,v) )
(3 5) = (¥(1g)v,v) (Y (1g)v,0)
) < (A (Avy) — (F(Avw) (F(f(A)v,v)

(T(1x)vw) (T(1g)ow) (¥(lg)v,v)
for any v € K with v # 0.

The proof follows from the inequality (3.1) by a similar argument to
the one from the proof of Corollary 1 and the details are omitted.

Let ® : B(H) — B(K) be a normalised positive linear map.
(i) If A is a selfadjoint operator on H, then we have

(3.6) 0 <(®(exp(A))y,y) —exp((®(A)y,y)
‘ < (®(Aexp(4))y,y) — (2 (A) y,y) (P (exp (4)) y, y)

forally € K, |ly|]| = 1.
(ii) If A is a positive (positive definite) operator on a Hilbert space H, then
for any p > 1 (p € (—00,0)) we have

(©(A")y,y) — (@ (A)y,y)"

0 <
<p[(®(AP)y,y) — (D (A)y,y) (D (AP 1) y,y)]

(3.7)
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forally € K, ||y|| = 1.
If A is a positive operator on a Hilbert space H, then for any p € (0,1)
we have

0 <(®(A)y,y)" —(®(AP)y,y)
<p[(®(A)y,y) (P (A" ) y,y) — (® (A7) y,9)]

forally € K, |ly|]| = 1.
(iii) If A is a positive definite operator on a Hilbert space H, then

(3.8)

0<In((®(A)y,y) —(®(InA)y,y)
< (@A) yy) (@ (A7) yy) -1
(3.9)

forally € K, |ly|| = 1.

Let P; € B(H), j = 1,...,k be contractions with the property (2.14).
If f: I — R is a convex function on the interval I and A is selfadjoint
operator whose spectrum Sp (A) is contained in I, then we have by (3.1)
that

0 < (Sj1Prf(A) Py,y) — f (X4 (PFAPy.y))
< (5= P*Af’( ) Piy,y) — (X4 Py APy, y) (S50 Pf (A) Py, y)
(3.10)
for all y € K, ||y|| = 1. This is a generalization of (1.2).
In particular, if A is a selfadjoint operator on H, then we have

0 < (X% Pfexp(A) Pjy,y> — exp (Z?:l <P;‘APjy,y>)
< (b PrAexp (A) Pjy7y> —~ <Z§:1 Pj*APjy,y> <Z§:1 Py exp Pjy,y>

forally € K, ||y|| = 1.
If A is a positive (positive definite) operator on a Hilbert space H, then
for any p > 1 (p € (—00,0)) we have

(Sh PrarPy,y) — (Sho (P APy, y))
p[<2 VP APy y) — (S8 PrAPy.y) (X5, P AP Py,y)|,

<
<
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(3.12)

for all y € K, ||y|| = 1. However, when p € (0,1) and A is a positive, then

P
0 < (Zﬁ-;l <Pj‘<APjy,y> - <Z§-;1 P;‘A”Pjy,y>
<p[(Sh PraAPy,y) (Sh, PrartPy,y) — (Xh Prarpy,y)|,
(3.13)
forally € K, ||y|| = 1.
If A is a positive definite operator on H, then

0 <In (Zﬁl <PfAPjya y>> - <Z§=1 P (In A) Py, y>

< (kL PrAPy.y) (S5 PP A Pyy,y) — 1

forally € K, ||y|| = 1.
These inequalities generalize the corresponding results from (1.4)-(1.6).

(3.14)
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