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1. Introduction and main results

Let N > 2 and let (-,-) denote the canonical inner product on RN x RN. If wy stands for the
area of the surface of the (N - 1)-dimensional unit sphere, then wy = 27N/2/T(N/2), where T
is the gamma function defined by I'(s) = _[go e~'ts-1dt for s > 0 (see [1, Proposition 0.7]).

Let E denote the normalized fundamental solution of Laplace equation:

1 .
Eln|x|, x #0if N =2,

E(x) = (1.1)

1
(2 - N)wn|x|N-2"

x # 0if N > 3.

Unless otherwise stated, we assume throughout that Q c RN is a bounded domain
with C? boundary 0Q. Let v denote the unit outward normal to 0Q and let do indicate
the (N-1)-dimensional area element in 0Q2. The Green-Riemann formula says that any function
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fecC*(Q)ncCt Q) satisfying Af € C (Q) can be represented in Q as follows (see [2, Section
2.4]):

OE 0
=] (fo5 -9 - L@E-)dow + [ Ex-yaswds, wee,
(1.2)

where (0f/0v)(x) is the normal derivative of f at x € 0Q. In particular, if f € C°(Q) (the set of
functions in C*(£2) with compact support in L), then (1.2) leads to the representation formula

fly) = IQ E(x-y)Af(x)dx, YyeQ. (1.3)

For a continuous function h on 09, the double-layer potential with moment h is defined by

B = [ heOF =) o), (1.4

Expression (1.4) may be interpreted as the potential produced by dipoles located on 0Q;
the direction of which at any point x € 0Q coincides with that of the exterior normal v, while
its intensity is equal to h(x). The double-layer potential is well defined in RN and it satisfies
the Laplace equation Au = 0 in RN \ 0Q (see Proposition 2.8). For other properties of the
double-layer potential, see Lemma 2.9 and Proposition 2.10.

The double-layer potential plays an important role in solving boundary value prob-
lems of elliptic equations. The representation of the solution of the interior/exterior
Dirichlet problem for Laplace’s equation is sought as a double-layer potential with unknown
density h. An application of property (2.14) leads to a Fredholm equation of the second kind
on 0L in order to determine the function h (see, e.g., [3]).

In many problems of mathematical physics and variational calculus, it is not sufficient
to deal with classical solutions of differential equations. One needs to introduce the notion of
weak derivatives and to work in Sobolev spaces, which have become an indispensable tool in
the study of partial differential equations.

For 1 < p < oo, we denote by W7 (Q) the Sobolev space defined by

g1, %2, ..., 8N € LP(Q) such that

W (Q) = uelf(Q) (1.5)

f dxz—f giddx, Vp e C2(Q), Vie (1,2,...,N])
Q 6xi Q

For u € W?(Q), we define gi = Ou/0x; and write Vu = (0u/0x1,0u/0xs,...,0u/0xn). The
Sobolev space W7 (Q) is endowed with the norm

N

||u||w1p(gz |u||U’(Q Z
=1

u
o, (1.6)

where |[|-[|rr(q) stands for the usual norm on LP(Q). The closure of Cj°(Q2) in the norm of
WP(Q) is denoted by Wg’p(Q). For details on Sobolev spaces, we refer to [2, 4], or [5].
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Since Q is bounded, we have C'(Q) ¢ W' (Q) C W'P(Q) for every p € [1, oo].
The following representation holds for functions f in Wg’p(Q) with p > 1 (see Remark
2.3):

fly) = —fg (VE(x-y),Vf(x))dx ae yeQ. (1.7)

We first give an integral representation of functions in W1 (Q) for any p > 1.

Theorem 1.1. For any g € WP (Q) with p > 1, there is a sequence (g,) in C*(Q) such that

gly) = &ijgoj‘aggn(x)g—f(x - y)do(x) — fQ<VE(x -y),Vg(x))dx ae yeQ, (1.8)

0= limj gn(x)a—E(x - y)do(x) — f (VE(x -y),Vg(x))dx, VyeRNV\Q. (1.9)
0Q ov Q

n—oo

Remark 1.2. If g € W&'p(Q), then there exists a sequence (g;,) in C§°(Q) for which (1.8) holds.
Thus, we regain (1.7) for any function f in Wg’p (Q).

Under a suitable smoothness condition, the representation of Theorem 1.1 can be refined
for functions in W'?(Q) with p > N (see Theorem 1.3). Using Morrey’s inequality, one can
prove that functions in the Sobolev space W'?(Q) with p > N are classically differentiable
almost everywhere in Q (cf. [2, page 176] or [4]). By Proposition 2.13, any function in W7 (Q)
with N < p < oo is uniformly Holder continuous in Q with exponent 1 — N/p (after possibly
being redefined on a set of measures 0). In particular, any function in W'?(Q) with p > N is
continuous on Q, and thus it has a well-defined trace which is bounded.

The proof of Theorem 1.1 relies on the density of C*(Q) in WP(Q) as well as the fol-
lowing result.

Theorem 1.3. Assume that f € WP (Q) N CH(Q\ A), where p > 1 and A = (a;); is a finite family
of points in Q.
(a) If p > N, then f can be represented as follows:

us(y) - L(vax ~y), Vf(x))dx, VyeQ,
fy) = (1.10)
2<§f(y) - jg(VE(x ~vy), Vf(x)>dx>, Vy € 0Q.

(b)Ifp>1land f € C(Q), then

0=1s(y) - fQ (VE(x -y),Vf(x))dx, VyeRN\Q. (1.11)
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Remark1.4. (i) If f =1 on Q, then Theorem 1.3 recovers Gauss formula (see Lemma 2.9).

(ii) Theorem 1.3 leads to the mean value theorems for harmonic functions (see
Remark 5.4).

(iii) If f € C*(Q) N CY(Q) such that Af € C(Q), then by combining Theorem 1.3 and
Proposition 2.7, we regain the Green-Riemann representation formula (1.2).

This paper is organized as follows. In Section 2, we include some known results that
are necessary later in the paper. Section 3 is dedicated to the proof of Theorem 1.3. Based
on it, we prove Theorem 1.1 in Section 4. We conclude the paper with a representation of
smooth functions in W'?(Q) with p > N in terms of the integral mean value over the domain
(see Theorem 5.1 in Section 5). As a byproduct of our main results, we obtain a sharp esti-
mate of the difference between the value of a function f and the double-layer potential with
moment f.

2. Preliminaries

Lemma 2.1 (see [4, Theorem IV.9]). Let w C RN be an open set. Let (h,) be a sequence in LP(w),
1< p < oo, and let h € LP(w) be such that ||h, — h|rw) — O.

Then, there exist a subsequence (hy,) and a function ¢ € LP(w) such that

(@) hy, (x) = h(x) a.e. inw,

(b) |hp, (x)| < ¢(x) forall k, a.e. in w.

For fixed y € RN, we define the operator X; by

(Kju) () = fQ |;C"__y]|/jvu(x)dx, ie(L,2,...,N}. 2.1)

Lemma 2.2. (i) If 1 < p < N, then the operator K; : LP(Q) — LP(Q) is compact.
(ii) If p > N, then the operator X : LF(Q) — C (Q) is compact.

Remark 2.3. If Q c RN is a bounded domain and f € Wé’p(Q) with p > 1, then (1.7) holds.
Indeed, E(x) given by (1.1) has weak derivatives and (0/0x;)E(x —y) = (1/wn)((x; —y;)/|x -
yIN) for every j € {1,2,...,N}. If f € CP(Q), then by the definition of weak derivatives, we
have

N OE(x-1vy) O
f E(x-y)(Af)(x0)dx ==Y f M—f,dw—f (VE(x-y),Vf(x)dx. (22)
Q Q Q

0x; 0x;

j=1

Thus, using (1.3), we find (1.7) for every y € Q. Now, if f € Wé’p(Q), we take a sequence
(fn) 1 in C3° (L) such that f, — f in WP(Q) as n — co. Thus, for each f,, with n > 1, we have

LS (O
0 == 3 (5 ) e @23)

WN “=
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By Lemma 2.2, each operator X; is compact from LP(Q) to LP(L2). Thus, df,/0x; — Of/0x;
in LP(Q2) as n — oo implies that X;(0f,/0x;) — K;(0f/0x;) in LP(Q) as n — co. By Lemma
2.1, we have (up to a subsequence of (f,)) lim, ., X;(0f,/0x;) (y) = K;(0f/0xj) (y) and
lim, . fn(y) = f(y) a.e. y € Q (since f, — f in LP(Q) as n — o0). By passing to the limit in
(2.3), we conclude (1.7).

Lemma 2.4 (see [5, Lemma 5.47]). Let y € RN and let w be a domain of finite volume in RN,
If0<y < N, then

f ¢ — y[Vdx < Klew["7N, (2.4)

where the constant K depends on y and N but not on y or w.

By a vector field, we understand an RN-valued function on a subset of RN. If Z =
(z1,22,...,2N) is a differentiable vector field on an open set w C RY, the divergence of Z on
w is defined by

(2.5)

Proposition 2.5 (the divergence theorem). If w C RN is a bounded domain with C' boundary and
Z is a vector field of class C'(w) N C(w), then

j din(y)dsz‘a (Z(x),v(x))do(x). (2.6)

If w is a domain to which the divergence theorem applies, then we have the following.

Proposition 2.6 (Green'’s first identity). If u,v € C?(w) N C(w), then the following holds:
f v(x)Au(x)dx + ’[ (Vu(x), Vo(x))dx = j v(x)g—z(x)da(x). (2.7)
w w ow

Proposition 2.7. Let Q be a bounded domain with C* boundary. If f € C%(Q) N CY(Q) such that
Af € C(Q), then for every y € RN \ 0Q, one has

0
j (VE(x —y), Vf(x))dx = J a—f(x)E(x - y)do(x) - f E(x—-y)Af(x)dx. (2.8)
Q aQ OV Q

Proof. If y € RN\ Q, then (2.8) follows from Proposition 2.6  (since x — E(x — y) belongs to
C*(Q) N CH(Q)). For y € Q fixed, we choose e > 0 such that B(y) C Q, where B(y) denotes
the open ball of radius € > 0 centered at y. By Proposition 2.6 (applied on Q \ B.(y)), we find

0 0
L -ypaoe-[ 2L

o By DECr =)0 (0)

j  E(x-y)Af(x)dx = f
Q\Be(y) 0Q (2.9)

- f ~ (Vf(x),VE(x - y))dx.
Q\B.(y)
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Since AfeC(ﬁ) and feCl(ﬁ), we have that x — E(x —y)Af(x) and x — fQ(VE(x -
y), V f(x))dx are integrable on Q. We see that

I = j g(x)E(x y)do(x) — 0 ase—0. (2.10)
0B.(y) OV

Indeed, for some constant C > 0, we have

1 J‘ of .
— —(x)In|x - ||do(x) <-Celne if N=2,
27r aBe(y) a'l) y

I. < (2.11)
1 of do(x) .
e ————— < Cwpne if N >3.
wn(N=2) Jop.() v |ix- y[N-2 N
Thus, passing to the limit € — 0 in (2.9) and using (2.10), we obtain (2.8). O

We next give some properties of the double-layer potential ﬁh(y) defined by (1.4) (see

[1]).
Proposition 2.8. If h is a continuous function on 0, then

(1) ﬁh(y) given by (1.4) is well defined for all y € RN,
(i) Aup(y) = 0 forall y € RN \ 8Q.

Lemma 2.9. Let o be the double-layer potential with moment h =1, that is,

o) = [ Sotx-y)dot). (2.12)
Ele)
Then, one has
1 ifyeQ,
o(y) = % if y € 0Q, (2.13)
0 ifyeRN\Q.

Proposition 2.10. If h is continuous on 082 and yy € 0, then

. = 1 = = 1 =
lim un(y) = zh(yo) +un(vo), lim  u(y) = —zh(yo) +un(yo)- (2.14)
QY=o 2 EN\Q3y—y0 2
Remark 2.11. If h € C(0L2), then up € C(0Q) N L™(Q), foreach 1 < m < co.

Indeed, by Propositions 2.8 and 2.10, the function ¢ : Q — R defined | by ¢(y) = uh(y)
for y € Qand ¢(yo) = (1/2)h(yo) + uh(yo) for yo € dQ is continuous on Q. It follows that

up € C(0Q) and ¢ € L*(Q). But ¢ = u, on Q so that uy, € L*(Q). Thus, for each 1 < m < o0, we
have

IQ ] " < [T |91 < 0, (2.15)

which shows that w, € L™(Q).
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Definition 2.12. A Lipschitz domain (or domain with Lipschitz boundary) is a domain in R
whose boundary can be locally represented as the graph of a Lipschitz continuous function.

Many of the Sobolev embedding theorems require that the domain of study be a Lips-
chitz domain. All smooth and many piecewise smooth boundaries are Lipschitz boundaries.

Proposition 2.13 (see [2, Theorem 7.26]). Let w be a Lipschitz domain in RN. If N < p < oo, then
WP (w) is continuously embedded in C%* (w) witha =1- N/p.

Proposition 2.14 (see [2, page 155]). If w is a Lipschitz domain, then C*®(w) is dense in WP (w)
for1<p<oo.

3. Proof of Theorem 1.3

Since Q is bounded, we can assume without loss of generality that p < co.
Proof of (a). Suppose that p > N. Then, f € C*%(Q) with a = 1 - N/p (cf. Proposition 2.13). [
Proof of (1.10) when y € Q. We define F : Q\ {y} — RN as follows:

fx) - fy)

F@) = (f@) - f@)VEx-y) = SR

(x-y). (3.1)

Note that F ¢ C'(Q2). We overcome this problem by choosing € > 0 small enough such that
B.(y), respectively, B.(a;) (a; € A\ { y}), is contained within € and every two such closed balls
are disjoint. Therefore, F € C'(D,) N C(D,), where D, = Q \ (U,c;Be(a;) U Be(y)).

Using Proposition 2.5, we arrive at

: _ ~ OE 1 f&x) - fy)
J‘DE dldex—faQ (f(x) f(y)) (x y)do(x) N L — = ~"do(x)

Be(v) wN|x - y|*

(3.2)
1 x
-— f f( f(]g) (x-y,x—a;)ydo(x).
WN el aizy ¥ 0B(a;) elx -yl
We see that
lim f Mda(x) =0. (3.3)
e—0 €N 1-a 9B.(y) |x _ yla
Indeed, by Proposition 2.13, there exists a constant L > 0 such that
1 _
PSRN b O
eNTla -
Lo Y (3.4)
S NI f do(x) = Lwnye® — 0 ase— 0.
e Jap.y)

Notice that, for each i € I with a; # y, there exists a constant C; > 0 such that

|f(x) = f(y)| < Cilx—yIN",  Vx € Be(aj) (3.5)
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(since y¢§€(ai)). Hence, if i € I such that a; # y, then

do(x) < CiwneN™t. (3.6)

(x-y,x—a;)do(x)

f f&x) = fy)
0B (a;)

elx - y|N

<f |f(x) - f(v)]
 JoB.(ay

lx — y[N1

By (3.2)-(3.6) and Gauss lemma, it follows that

fim [ v P = [ (0= £ 5 e yiot)

SE (3.7)
- [ @5 - o) - fw)
0Q v

Recall that x — E(x — y) is harmonic on RN \ {y}. Thus, from (3.1), we derive that

divF(x) = (Vf(x),VE(x-y)), Vxé€D,. (3.8)
From Lemma 2.2(ii), we know that
yr— f (VE(x - y), Vf(x))dx is continuous on Q. (3.9)
Q

From (3.7) and (3.8), we find
. . OE
f (Vf(x),VE(x —y))dx = hrr(}J‘ div F(x)dx = j f(x)a—(x -y)do(x) - f(y), (3.10)
Q =0 Jp, a0 v

which concludes the proof of (1.10) for y € Q. O

Proof of (1.10) when y € 0Q. We apply (1.10) to get f (t) with t € Q. Then, lett — y. Thus, using
(3.9) and the continuity of f on £, we obtain

f) = Jim f(t) = ngitrgyﬁf(t) - L (VE(x - y), Vf(x))dx. (3.11)

From Proposition 2.10, we know that

= fly) =
Qlalgyuf(t) ==t us(y). (3.12)
By combining (3.11) and (3.12), we attain (1.10). Ol

Proof of (b). Assume that f € C(Q) andp > 1. Lety e RV \ Q be fixed.
We define the vector field Z : Q — RN by

fx)

wNIx—yIN(x_y)' Vx € Q. (3.13)

Z(x) = f(x)VE(x - y) =
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Clearly, Z € CHQ\A)NC(Q). Let € > 0 be fixed such thaige(ai) c Qforeveryi € I and Be(a;)N
Be(aj) = @ foralli,j € I withi # j. Set Q. := Q\ (U;c;Be(ai)). By applying Proposition 2.5 to
Z: Q. — RN, we obtain

fO)(x -y, x—ai)

elx —y[N

: _ oF  _ L
ng div Z(x)dx = aQf(x) . (x —y)do(x) Z -[aBe(ai) do(x).

WN iel
(3.14)

If M; = dist (y,Ee(ai)), then M; > 0 for every i € I (since ys&‘ﬁ). Hence, for eachi € I,

f)(x—y,x—a) J’ |f(x)] | fll= (@) N-1
d < ———d < . 3.15
faBe(ai) elx —y[N o(x)‘ = JoB.(ay 1Xx —yINT o) < MN! wNe (3.15)
By (3.14) and (3.15), it follows that
. . OE
lim div Z(x)dx = f(x)—(x-y)do(x). (3.16)
=0 ) g, 80 ov

Note that x — |x — y|'"N is continuous on Q. By Holder’s inequality, x — (V f(x), VE(x — y))
is integrable on Q. Since x +— E(x — y) is harmonic on RN \ {y}, we find

divZ(x) = (Vf(x), VE(x -y)), VxeQ.. (3.17)

Therefore, using (3.16), we obtain
. . OE
j (Vf(x),VE(x - y))dx = hmI div Z(x)dx :f f(x)—(x - y)do(x). (3.18)
Q e—0 Qs oQ av
This completes the proof of Theorem 1.3. O

4. Proof of Theorem 1.1

As before, we can assume that g € W'?(Q) with p < oo. By Proposition 2.14, there exists a
sequence g, € C*(Q) such that g, — gin W'?(Q), that is,

0gn B 0g
axi axi

=0, Vie{l,2,...,N}. (4.1)
17 (Q)

lim g0~ gllye =0, lim|

From Lemma 2.1, we know that, up to a subsequence (relabeled (g,)),
gn— g ae.in Q. (4.2)

Since C1(Q) C W4(Q) for every g > 1, we can apply Theorem 1.3 to each g, and obtain

s(y), YyeQ,

_ 4.3
0, Yy e RN\ Q. (43)

j 80002 (x ~ y)do () —j (VE(x - ), Vgu(x))dx = {
oQ Q
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Using the definition of X; in (2.1), we write

o " 1Y Ogn
fQ (VE(x —y), Vgn(x))dx = —ZJ‘ R Bk (x)dx = @Z/Cj<aij>(y)- (4.4)

| — y|N 0x; =

From (4.1) and Lemma 2.2, it follows that for every j € {1,2,..., N},

lim <ag")—x<ag> -0 if1<p<N,
n—>ooa ox 5 ax] Q) (45)
JC]<axj>—>JC]<—axj> in C(Q) asn — oo if p> N.

Hence, passing eventually to a subsequence (denoted again by (g,)), we have
li x-(ag">( )—JC-(ag>( ) €Q, Viel(l,2,...,N) (4.6)
lim K ox; y) =X, ox; y) ae yeQ,Vj ,2,...,N}. .
This, jointly with (4.4), implies that
lim | (VE(x-y), Vgu(x))dx = f (VE(x-vy),Vg(x))dx ae.yeQ. 4.7)
n—oo Q Q

Hence, passing to the limit n — oo in (4.3) and using (4.2), we reach (1.8).

Proof of (1.9). Let y € RN \ Q be arbitrary. Then, x +— |x — y['"N is continuous on Q. Let p’
denote the conjugate exponent to p (i.e., 1/p + 1/p' = 1). By Holder’s inequality,

J; |<VE(x -v), Vgu(x) - Vg(X)>|dx

1 dx %4 , 1p
S@UQW) <fQIV<gn—g)<x>|dx> .

Thus, using (4.1) and Lemma 2.4, we infer that

(4.8)

lim f (VE(x —y), Vgn(x))dx = j (VE(x-vy),Vg(x))dx, YyeRN\Q. (4.9)
n—oo Q Q
Letting n — oo in (4.3), we conclude (1.9). This finishes the proof of Theorem 1.1. Ol

5. Other results and applications to inequalities

If f: [a,b] — Ris absolutely continuous on [a, b], then the Montgomery identity holds:

1 1
f(x) = g L f(t)dt + A L p(t,x)f'(t)dt for x € [a,b], (5.1)
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wherep : [a, b]> - Ris given by

(t,x) t—a ifa<t<zx, (52)
LX) = .
P f-b ifx<t<b.

In the last decade, many authors (see, e.g., [6] and the references therein) have extended the
above result for different classes of functions defined on a compact interval, including func-
tions of bounded variation, monotonic functions, convex functions, n-time differentiable func-
tions whose derivatives are absolutely continuous or satisfy different convexity properties, and
so forth, and they pointed out sharp inequalities for the absolute value of the difference

b
D(f;x) := f(x) - ﬁj‘ f(t)dt, xe€[a,b]. (5.3)

The obtained results have been applied in approximation theory, numerical integration, infor-
mation theory, and other related domains.

If f is absolutely continuous on [a, b], then we have the following Ostrowski-type inequal-
ities (see, e.g., [6, page 2]):

|D(f;x)|
( 1 — b 2 2
[z () ](b— f,- it £ e 17[a,b],
b— 1/p _ p+1 b p+l 1/p (5.4)
B EP+T;1/”[<;—Z> +<b—z> ] If'll.. if f' € L[a,b] with g>1,
1 b)/2
R |1

where p is the conjugate exponent to g. The constants 1/4, (p + 1)™/?, and 1/2 are best possible
in the sense that they cannot be replaced by smaller constants.

If the function f : [a,b] x [c,d] — R has continuous partial derivatives 0f(t,s)/ot,
of(t,s)/0s, and 02 f(t,s)/0tos on [a,b] x [c,d], then one has the representation (see [6, page
307])

f<x'y>=m”jff‘“>dtd“f: j”“

b pd Bf (L, 2
+L J o5 S)dtdﬁfa f p(t, (s, L8 aras,
(5.5)

5f(t S) 4t ds

for each (x,y) € [a,b] x [c,d], where p is defined by (5.2) and g is the corresponding kernel for
the interval [c, d]. Another representation for f : [a,b] x [c,d] — Ris

1 d 1 b d
d-c J; f(x, S)ds - m fa J; f(t, S)dt ds

1 b4 32 f(t,s)
s ), ) e s

floy) = fbﬂt y)dt +
b-ala (5.6)
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for each (x,y) € [a,b] x [c,d], provided 8*f(t,s)/0tds is continuous on [a,b] x [c,d] (see [6,
page 294]).

For various Ostrowski-type inequalities, the reader is referred to the book in [6, Chapters
5 and 6] and the papers in [7, 8].

In this section, we give a representation formula for f in terms of the integral mean value
over & (under the same assumptions on f as in Theorem 1.3).

Theorem 5.1. One assumes that f € W (Q) N CHQ \ A), where p > N and A = (a;);¢ is a finite
family of points in Q. The following representation formula holds:

1 1 1
F@) =g | e | (G - g )0 -y v

1 1
- fQ<WN|x—y|N B N|Q|><Vf(x),x—y>dx, Vy c Q.

Proof. We prove that

(5.7)

_ 1 _ 1 _ N
J’Qf(x)dx =N Iagf(x)(x z,v)do(x) N J; (Vf(x),x—-z)dx, VzeR". (5.8)

Let z € RN be arbitrary. We define G : Q — RN by G(x) = f(x)(x - z). Let € > 0 be small
such that Be(a;) C Q for every i € I and Be(a;) N B e(aj) = o foralli,j € I withi# j. Set

U, =Q\ (UIGIB (a;)). We have G € CY(U,) N C(U,). By Proposition 2.5, we find

fx) (X)

f div G(x)dx =I f(x){(x—z,v)do(x) - j —(x - z,x—a;)do(x). (5.9)
u. 0Q zeI

For i € I, we choose C; > 0 large such that |x — z| < C;, for every x € E(ai). Hence,

j f) —(x—z,x - a;)do(x)
0B (a;)

LB “ |f(x)||x - z|do(x) < Cill fll=@wne™,

€
(5.10)
which implies that
limf f) (x - z,x - a;)do(x) =0, Vi€l (5.11)
0 JoB.(a) €
Obviously, f € L1(Q) and x +— (V f(x), x — z) is integrable on Q. Therefore, we have
lin(} divG(x)dx = | divG(x)dx = f (Vf(x),x —z)dx + Nf f(x)dx. (5.12)
e~vJu, Q Q Q

Passing to the limit € — 0 in (5.9), then using (5.11) and (5.12), we reach (5.8).
Using representation (1.10) of f(y) with y € Q and representation (5.8) with z = y, we
conclude (5.7). Ol
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Remark 5.2. More generally, in the framework of Theorem 5.1, one has

(x—y,v) (x—z,v)

1
o =g | fwes [ (Rt SRy e

(V@ x-y) (Vf),x-z) N
.[Q< wn|x —yN NIQ| >dX, VyeQ, VzeR".

(5.13)

As a consequence of Theorems 1.3 and 5.1, we obtain the following.

Corollary 5.3. Assume that f € W (Q)NCY(Q\ A), wherep > N and A = (a;),; is a finite family
of points in Q. The following hold.
(i) An arbitrary value of f is compared below with the double-layer potential with moment f:

v 1/p
< NV fllre <I dax > , VyeQ, (5.14)
wN o lx —y|(N-p

OE
- [ @5 - o)

where p' denotes the conjugate coefficient of p (i.e., 1/p + 1/p' = 1). Moreover, for y € Q fixed, the
equality in (5.14) is established for the nontrivial function f(x) = *|x — y| if p = oo, respectively,
f(x) =+lx—ylP withp=(p-N)/(p-1) ifp € (N, 0).

(ii) For each a € Q and R > 0 such that Br(a) C Q, one has

1 1 1 1
f(a) = f(x)dx - — IBR(a) <m - R—N><Vf(x),x - a)dx

|Br(a)| J Bi(a) WN
1 1 (Vf(x),x—a)

= —— x)do(x) — —I ~ 7 dx.

wnRN-1 faBR(a)f( )do(x) WN Jpeay  |x—alN

In addition,

(5.15)

1

Uy [ RN
F@) -~ e [, Fdot (

1/p
S NN \Y ), 5.16
S WN N—(N—1)p'> IV fller ey, (5:16)

where the equality is achieved for f(x) = +|x—alifp = co and f(x) = +|x—a|P"N/PD ifp € (N, c0).

Proof. (i) From f € W'P(Q) with p > N, we have (N - 1)p’ < N so that the right-hand side of
(5.14) is finite (see Lemma 2.4). By (1.10) and Holder’s inequality, we have

Sy V) | Ml __dx N g
Q

wnlx = y|N wN | — y|(N-VP

rw-Fwl-| [ <

Let y € Q be fixed. We define f;, : Q — Rby fi,(x) = |x —y|if p = 00 and |x — y|?-N/ P
if p € (N, o). Clearly, we have f,, € C(Q)NCHQ\ {y}), and for every x € Q\ {y},

PN X-y
p—1 |x—y|PN-2/(-1

x_
V(%) =% y

— if p e (N, ). 5.18
o pe(N,).  (518)

if p=oo,
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Since C(Q) c LP(Q), we infer that foy € WHP(Q) and

N ~ p-N dx 1p
”pr,y(x)”m(gg) =1 <resp., p-1 <fg |x _y|(N—1)P’> (5.19)

if p=oo (resp. p € (N,o)).

By (1.10) and (5.18), the left-hand side (LHS) of (5.14) for f;y is

—1 —dx if p=o0

(x—y, V2, () wn Jolx gV =
LHS) = ’ dx| = 5.20
(LHS) L wnlx— IV x| p-N dx (5:20)

if p € (N, 0).
wN(p_l) le—y|(N_1)pl 1 p ( OO)

A simple calculation shows that the right-hand side of (5.14) for f;, equals the above LHS.
(ii) The first identity of (5.15) follows from Theorem 5.1, while the second follows from
Theorem 1.3 (with Q = Bgr(a) and y = a). Notice that

d R d RN-(N-1)p'
Br(a) [X —al NP Jo N\ Jop, () |x —a|™N-DP -(N-1)p

By applying (5.14) with y = a and Q = Br(a), we find (5.16). O

Remark 5.4. Corollary 5.3(ii) leads to the mean value theorems for harmonic functions. Indeed,
if f is harmonic on €, then for every ball Bg(a) with Br(a) C Q, we have

IBR@ <VJ|(’£x‘)/“J|CN_ a>dx i j: <faBp<a> %(x)do(x)> ;le ) J? <pr(a) Afdx) f% -

(5.22)
This, jointly with (5.15), implies that
f@= s | o) = D[ s (5.23)
wNRN ) 52 WNRN ) g (a) ' '
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