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1. Introduction

Let L be a linear class of real-valued functions g : £ — R having the
properties
(L1) f,g € Limply (af + Bg) € L for all a, 3 € R;

(L2) 1€ L,ie.,if fo(t)=1,t € E then fy € L.
An isotonic linear functional A : L — R is a functional satisfying
(A1) A(af +Bg9) =aA(f)+PBA(g) forall f,g e L and o, 5 € R.
(A2) If fe Land f >0, then A(f) > 0.

The mapping A is said to be normalised if
(A3) A(1)=1.

Isotonic, that is, order-preserving, linear functionals are natural objects in
analysis which enjoy a number of convenient properties. Thus, they provide,
for example, Jessen’s inequality, which is a functional form of Jensen’s in-
equality (see [2], [15] and [16]). For other inequalities for isotonic functionals
see [1], [4]-[14] and [17]-[20].

We note that common examples of such isotonic linear functionals A are
given by

A(g) = /Egdu or A(g) = prgr,

keE
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where p is a positive measure on E in the first case and E is a subset of the
natural numbers N, in the second (py > 0,k € E).

As is known to all, the famous Young inequality for scalars says that if
a,b> 0 and v € [0,1], then
(1) a7y < (1—-v)a+vb

with equality if and only if @ = b. The inequality (1) is also called v-weighted
arithmetic-geometric mean inequality.

Kittaneh and Manasrah [12], [13] provided a refinement and a reverse for
Young inequality as follows:

2 2
@ r(Va-vb) <(1-va+w—a b <R(Va-vb)
where a,b > 0, v € [0,1], r = min{1 — v, v} and R = max {1 —v,v}. The
case v = % reduces (2) to an identity and is of no interest.
We observe that, if a,b € [m, M| C (0,00), then ‘f— \/l;‘ <VM-—\/m

and by (2) we obtain the following reverse of Young inequality
2
(3) (1-v)a+vb—ad " <R <\/M - \/m)

We can give a simple direct proof for (2) as follows.
Recall the following result obtained by Dragomir in 2006 [8] that provides
a refinement and a reverse for the weighted Jensen’s discrete inequality:

1 & 1 &
4 i - :
(4) o Aps) ng n;%
1 & 1 &
<) o p® () - 5> piw
P, & Py

1o R
<n max O (z;) - | — T ,
T je{1,2,...n} {p] n Z nz J
7j=1 7=1
where & : ¢ — R is a convex function defined on convex subset C' of
the linear space X, {a:j}je{1727._.7n} are vectors in C' and {pj}je{l,Q,...,n} are
nonnegative numbers with P, = >"_; p; > 0.
For n = 2, we deduce from (4) that

(5) 2min {v,1 - v} [‘I’(l‘);r@(y) & <$J2ry>}
<v®(2)+ (1-v)®(y) — Pz + (1 -v)y]

< 2max {v,1 - v} [W _ o <fv-2%y>}
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for any z,y € R and v € [0, 1].
If we take ® (z) = exp (x), then we get from (5)

(6) 2min {v,1 — v} | P + P _ o <m ;r y)]
<wvexp(z)+ (1 - )GXP(?/) —exp vz + (1 -v)y
21— [PREEER0) _ (30)]

for any z,y € R and v € [0,1]. Further, denote exp(z) = a, exp(y) = b with
a,b > 0, then from (6) we obtain the inequality (2).

In this paper we obtain some inequalities for isotonic functionals via the
reverse and refinement of Young’s inequality (2). Applications for integrals
and n-tuples of real numbers are also provided.

2. On Callebaut’s inequality

The functional version of Callebaut inequality states that

(7) A% (fg) < A(f7 g")A(f'g*") < A(f*) A%

provided that f2, g2, f277g¢*, fYg*>7", fg € L for some v € [0,2]. For the
discrete and integral of one real variable versions see [3].

We have the following result that provides a refinement and reverse of
Callebaut’s inequality:

Theorem 1. Let A, B : L — R be two normalised isotonic functionals.
If f,g : E — R are such that, 2, ¢%, fg, f2(1_”)g2”, f2”g2(1_”) € L for
some v € [0, 1], then
®)  r(A(f*) B(9°) —24(f9) B(f9) + A(s*) B(f*)
<= A(f ) (9%) +vA (") B(f7)
A(f2 (1-v) ) <f2u92 - )

<R(A(f) B( %) = 24(f9) B(f9) + A(9*) B(f*).
where r = min{1 — v,v} and R = max {1 —v,v}.

Proof. Let z,y € E such that g (z), g (y) # 0. If we use the inequalities
(2) for
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then we get
f@)  fw))
) r(ﬂ(x) g(y)>
@ P () 2 (y)
U= Ew T e (92@:)) (g2<y>)
ORI
SR(g(:v) g(y))

where v € [0,1], r = min {1 — v,v} and R = max {1 — v, v}.
Therefore

w (Gl -otintn L
o) G

2 () f) f
2<x>+”g W) <g
2

2 (z)
VI f (y)>
(w 9@ 9y P
If we multiply (10) by g2 (z) g2 (y), then we get
1) (@) g (y) —2f (@) g () f () g (W) + > (v) ¢° (x))
< (1=v) f2(2) g° () + vg” (z) f* (v)
— 207 (2) g () 12 (9) ) ()
<R(f*(x)g* (y) —2f (@) g () f () g (v) + [* (v) ¢° (2)) ,

which holds for any z,y € F.
Fix y € E. Then by (11) we have in the order of L that

(12) v (W) -2 WgW) fa+ 2 W)g°)
<(A-v)g*y) FA+vfily) d® — 2 (y) ¢* ) (y) 26>
SR(@PWF=2fWgW) fa+Fwg°).

If we take the functional A in (12), then we get
r(* (W) A(F?) =2f (v) g (W) A(f9) + [ (y) A(g°))
<(1=v)g® (W) A(f?) + v (v) A
— () *) (y) A (fz“’”)gz”)
<R(¢*WA(f?) —2f W) g A(fa)+ > (y) A(g)),
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for any y € E.
If we write this inequality in the order of L, then we have

r(A(f?) 9 = 24(f9) fo + A(d%) £*)
<(1-v)A (f2) @ +rA (92) 2_4 <f2(1—l/)92y) 72 g20-v)
< Rr(A(f?) 9" =2A(f9) fa+ A(5°) 1)

and by taking the functional B we deduce the desired result (8). |

Corollary 1. Let A: L — R be two normalised isotonic functionals. If
f.g: E = R are such that 2, g2, fg, f20""g?  f2¢20=%) ¢ L for some
v € [0,1], then
(13) 2r (A(f?) A(g%) — A* (f9))

<A (f2) A (92) A <f2(1—1/)921/) A <f21/92(1—u))
<2R(A(f?) A(6*) - A%(f9))-

The following result also holds:

Theorem 2. Let A,B : L — R be two normalised isotonic functionals.
If f.g: E — R are such that f >0, g > 0, f2, g2, f20-g frg20-v) ¢ [,
for some v € [0,1] and

(14) O<m<=<M<x

for some constants m, M, then
(15) (1=v)A(f*) B(9°) +vA(s°) B(f*)
A <f2(171/)g2l/> B <f21/g2(1711))
<R(M-m)*A (gz) B (92) )
In particular, we have
(16) A (f2) A (g2) _A (f2(lfz/)921/) A (f21192(171/))
< R(M —m)* A% (¢?).
Proof. For any x,y € F we have

2o 2@ )
g% (x) ¢ (y)

< M2



34 S. S. DRAGOMIR

If we use the inequality (3) for

a:fQ(w) b:fQ(y)
92 (x)’ 92 (y)’

then we get

P @ L P (PN (PWY .
an -G ey (g2<x>> <92<y>>§R(M )

for any =,y € F.
Now, if we multiply (17) by g% (x) ¢? (y) > 0 then we get

(18) (1—v) f*(x) ¢* (y) +vg” () f ()

— 2 (@) g* (@) 12 (y) ) ()
< R(M —m)*¢*(z) g* (y)

for any =,y € F.
Fix y € E. Then by (18) we have in the order of L that

(19) (=)@ WL +vf W — W) (y) g™
< R(M —m)*g* (y) g*.
If we take the functional A in (19), then we get
(20) 1=v)g® (W) A(f*) +vf* (v) A(g°)
_ (v) g2(171/) (y) A (fZ(lfu)QQV)
<R(M-m)*g* (y) A(g),

for any y € F.
This inequality can be written in the order of L as

(21) 1-v)A (f2) P+ A (92) 2_4 (fQ(l—z/)g2y) f21/g2(1—1/)

< R(M—m)*A (92) q°.
Now, if we take the functional B in (21), then we get the desired result
(15). [

Corollary 2. Let A, B : L — R be two normalised isotonic functionals.
If f,g: E — R are such that f >0, g >0, f2, g%, fg € L and the condition
(14) is valid, then

(22) AP B +AW) B(P)] - Alf9) B(fo)

< 5 (M -m)* A(g*) B ().

N =
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In particular, we have

(23 A(P)A(P) ~ 42 (fg) < 5 (M —m)* 4° (¢?).

3. On Holder’s inequality
We have:

Theorem 3. Let A : L — R be a normalised isotonic functional and
p,qg>1 wz’th%+%:1. If f, g: E — R are such that f, g > 0 and fg, f?,
g? € L then

(24) 25 (VAP A(g) - A(f5g2)) [AGM]P 2 [A(g") 2
<A~ A(fg)
<28 (VAP A(g) - A(fg
where s = min{%, %} and S = max{l l}.
Proof. From (2) we have
(25) 8(a+b—2\/%>§;a+;b—a;bé§5’(a—l—b—2\/@>

where a,b > 0.
If we choose in (25) a = %, b= A?;)v then we get

(26) S(A{p PP |

in the order of L..
If we take the functional A in (26), then we get

8<1 A<f§g%> ><1 A(fg)

VA(fP) Alg?) [A(f)]VP[A (g9)]"/
g AU )
A(fP) A(g?)
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which is equivalent to the desired result (24). [
The following result also holds:

Theorem 4. Let A: L — R be a normalised isotonic functional and p,
qg>1 with%—l—%:l. If f, g: E— R are such that fg, fP, g? € L and

(27) O<m < f<Mi<oo, 0<me<g< M < oo,
for some constants m1, mo, M1 and My, then

(28) [A(fP)]YP[A (g )1”‘1 A(fg)

el {202
x [A ()] 1/p[A( DIRAS

11
where S = max{p q}

Proof. Observe that, by (26) we have

< A(fP) < MY and md < A(g7) < MJ.

Also , »
P
(W) <_{ S(Ml>
M A(fP) 1
and
<mz>q§ g’ §<Mz>q
My A(g?) 2
Therefore

IN

ol ) ) = =2 (49

and by (3) we have for v = %, a= {;p), b= Aé’;q)’m — min {(m)p’ (m>q}

and M = max {(%—1) , <%—§> } that

LA f9
pA (fp) qA (g‘J) [A (fp)]l/p [A (gq)}l/q

()} {Gi) (52)

(29)

N
—
N——

[\
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Now, if we take the functional A in the inequality (29), then we get

B A(f9)
[A(f2)]/7 [A (g0

s (s ()" ()

which is equivalent to the desired result (28). [ |

N
——
|
=
=
——
7 N
SE

[l e
N——
(M)
7 N\
SE
NN
N——
[V
——
N———
)

Corollary 3. Let A: L — R be a normalised isotonic functional. If f,
g:E — R are such that fg, f?, g> € L and (27) is satisfied, then

<[A(A)])*[A()]* - 2
;<max{%i %z} min{]w1 ZZ })
< [A () 1A )]

(30)

4. Applications for integrals

Let (Q,.A, 1) be a measurable space consisting of a set €, a o -algebra A
of parts of Q and a countably additive and positive measure y on A with
values in RU {oo}. For a p-measurable function w : Q — R, with w (z) >0
for p -a.e.(almost every) x € Q and p > 1 consider the Lebesgue space

LP(Q,pu) = {f : Q) = R, fis py-measurable and

/Qif(x)!pw(x)du (r) < oo}.

For simplicity of notation we write everywhere in the sequel fQ wdp instead
of [ow(z)du(x). The same for other integrals involved below. We assume
that |, wd,u =1.

Assume that f2, g2, f20=) g2 2 g20-v) ¢ [ (Q, p) for some v € [0, 1],
then by (13) we have

31) 2r (/wazdu/gwgzdu— </wagdu>2>
S/waQdM/QwQleu_/ﬂwa(lV)QZVdM/wangZ(ly)du
< 2R (/Q wadu/ngQdu (/Q wfgdu>2> :
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Iff>0,9>0,f% g% f2Ug>, f2rg20=) € Ly, (Q, ) for some v € [0, 1]
and

(32) O<m§£§M<oo
)

for some constants m, M, then by (16)

(33) /wf2dﬂ/w92d,u—/wf2(1”)gbdu/wf”gz(l”)du

< R(M —m)* (/ng2dﬂ>27

where R = max {1 — v, v}.
If f,g > 0and fP,g? € Ly, (Q,p) for p, ¢ > 1 with %—l—% = 1, then by
(24)

(34) 2s <\//wapdu/ﬂwquu—/9wf§ggdu)
[ v
< [ /Q wf”du} v [ /Q wquu] l/q— /Q w fgdp
<28 <\//wa”du/gwquu—/gwfgggdu>
X [/wa”du] [/ngqdu] : ;

where s = min {%, %} and S = max{%, %}
Let f, g be y-measurable functions defined on €2 and

S =
NI
Q=
NI

(35) O<m < f<M;<oo, 0<my<g<My<ooa.e. onf

for some constants mq, ma, M7 and Ms, then by (28)

(36) 0< [ /Q wfpdu} l/p [ /Q wquﬂ] " /Q wfgdp
: ‘ NE iy AY)
<s o (32 Ga) } el G) G })
] o
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In particular, we have

1/2 1/2
(37) 0< U wfgdu] [/ wg?d/»] —/wfgdu
Q Q Q
My M _(m1 ma)\?
< e W B
_S<max{m1’m2} mln{Ml,M2}>

1/2 1/2
[ [l

5. Applications for real numbers

We consider the n-tuples of positive numbers a = (ay, ..., an), b = (b1, ..., by)
and the probability distribution p = (p1,...,pn), i.e. p; > 0 for any i €

{1,..,n} with > | p; = 1.
If we use the inequality (31) for the counting discrete measure, then we
have

n n n 2
(38) 2r Zpia? Zpib? - (Zpiaibi>
< sz 2 szbg sz 21— b2u Zn:piazzub?(l_u)

=1
n n n 2
<2R sz‘a? sz'b? - (Zpiaibz) )
i=1 i=1 i=1

where v € [0,1], r = min{1 — v, v} and R = max {1 — v, v}.
If there exists some constants m, M such that

0<m§%§M<oo for any i€ {1,...,n},

7

then by (33) we have that

(39) sz ZZprZ sz (1- ”b?'/z (a2p21)

=1
=1

where R = max {1 — v, v}.
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If p,g > 1 with % + % = 1, then by (34) we have

N[

1_ 1_
P q

1
o) 20\ S St Sopalsd | [Soat] [
=1 =1 i=1 i=1 i=1
n 1/p n 1/q n
< [Z pia; ] [Z pibﬁ’] - piaib;
i—1 i=1 i—1

n n n

P g

<25 (| Dpial Y pib! =D piajb;
=1 =1 i=1

1_1
q 2

][]

where s =min{ %, 1} and § = max{i 1
pq p’q

If for the constants mq,mo, M7 and M2 we have

'U\'—‘

0<my <a; <M <oo, 0<mg<b; <M <oo, forany i€ {1,..,n}

then by (36) we have
1/q n
(41) [ p] [Z pzbq] - Zpiaibi
i=1
D a D q 2
< S | ma Ml P Mz min m ) ¢ ma ) ®
x 2 _ bt 2
’ mo M1 ’ Mg

n 1/p n 1/q
X [Z pial ] [Z pib?] )
i=1

In particular, we have
n 12 1 12 .

) o< [zpiaz?] [zpizﬁ] S s
i=1 i=1 i=1

My My . (m1 ma)\?
< e v 0o e
_S<max{m1’m2} mm{MﬂMg})

n 12 1, 1/2
; [zpiagl [zpib%] |
=1 =1
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