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ABSTRACT. Some new inequalities of Hermite-Hadamard type for log-convex
functions defined on real intervals are given.

1. INTRODUCTION

A function f : I — [0,00) is said to be log-convex or multiplicatively convex
if log f is convex, or, equivalently, if for all z,y € I and ¢t € [0,1] one has the
inequality:

fle+ 1=ty <[fF@I[f@]" (1.1)
We note that if f and ¢g are convex and ¢ is increasing, then g o f is convex;
moreover, since f = exp (log f), it follows that a log-convex function is convex,
but the converse may not necessarily be true. This follows directly from (1.1)
because, by the arithmetic-geometric mean inequality, we have

f @V If @) <tf(@)+ 1 —1)f(y)

for all z,y € I and t € [0,1].
Let us recall the Hermite-Hadamard inequality

f<a;b)§bia/abf<x>d$gw’ (12)

where f: I C R — R is a convex function on the interval I, a,b € I and a < b.
For related results, see [1]-[22], [25]-[28], [29]-[39] and [40]-[51].
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Note that if we apply the above inequality for the log-convex functions f : I —
(0,00), we have that

()] L [ s s

(1.3)

from which we get

f (“‘2”’) < exp [ﬁ /ablnf(x)dx} <T@ f0), (1.4)

which is an inequality of Hermite-Hadamard’s type for log-convex functions.
By using simple properties of log-convex functions, Dragomir and Mond proved
in 1998 the following result [31].

Theorem 1.1. Let f : I — [0,00) be a log-convexr mapping on I and a,b € I
with a < b. Then one has the inequality:

1Y) <55 [ ViOT@r ot < F@rm. a9

The inequality between the first and the second term in (1.5) may be improved
as follows [31]. A different upper bound for the middle term in (1.5) can be also
provided.

Theorem 1.2. Let f : [ — (0,00) be a log-convex mapping on I and a,b € I
with a < b. Then one has the inequalities:

f (“"2”7> < exp {ﬁ /ablnf(a:) dx] (1.6)

bia/ab\/f(x)f(a—l—b—x)dx

b
[ @<L @.f o).

where L (p,q) is the logarithmic mean of the strictly positive real numbers p,q,
1.€.,

<

<

P—q .
L = dL = p.
(p:q) np _Ing ifp#qand L(p,p):=p

The last inequality in (1.6) was obtained in a different context in [41].
As shown in [57], the following result also holds.

Theorem 1.3. Let f : [ — (0,00) be a log-convex mapping on I and a,b € I
with a < b. Then one has the inequalities:

f(a;b)s(ﬁ/j%m)!ﬁ/jﬂxm. (17)

The following result improving the classical first Hermite-Hadamard inequality
for differentiable log-convex functions also hold [15].
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Theorem 1.4. Let f: I — (0,00) be a differentiable log-convex function on the
interval of real numbers I (the interior of I) and a,b € I with a < b. Then the
following inequalities hold:

s ) f (@) da
f(452)

> 1 (exp [J;((:)) (b;“)] e H((:)) (‘j)]) > 1.

The second Hermite-Hadamard inequality can be improved as follows [15].

(1.8)

Theorem 1.5. Let f : I — R be as in Theorem 1./. Then we have the inequality:

J(a)+f(b) b
x) dx
5 14 log [, f(z)

o I) f () da 2 @) exp |5 (252 — 0) | do

(1.9)

> 1+ log

r b

e Jo | (2) do
a+b > 1.

F (%)

Motivated by the above results, we establish in this paper some new inequalities

for log-convex functions, some of them improving earlier results. Applications for
special means are also provided.

2. NEwW INEQUALITIES

The following refinement of the Hermite-Hadamard inequality holds.

Lemma 2.1. Let h : [a,b] — R be a convez function and a = o < 1 < ... <
Tp_1 < xp, = b an arbitrary division of [a,b] with n > 2. Then

a+b 1 & [+ Tit1
< Lo T bitl o
h < 5 ) < o g h ( 5 (Tip1 — ;) (2.1)

1=0
1 b
§b_a/ah(x)dx
n—1
1 h(x;) + h(2ig1) h(a)+ h(b)
< L SR, g < HUEAD)

The inequality (2.1) was obtained in 1994 as a particular case of a more general
result (see [14] and also mentioned in [34, p. 22]). For a direct proof, see the
recent paper [27].

Theorem 2.2. Let f : [a,b] — (0,00) be a log-convex function on [a,b] and
a =2y <x < .. <Tpq <y =">ban arbitrary division of a,b] with n > 1.
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Then

Ti41—%q

(550 <R ()]

=1

p(bia/ablnf(x)da:)

Ti+1 %
b—a

<[I[ViG@) @] ™ <Vi@ro).

1

IN

IN
@
"

i
L

K2

Proof. 1f we write the inequality (2.1) for the function h = In f, then we get

a+b 1 = T + x4
1nf( : )sb_aZum—xi)lnf(T“)

=0

1 b
Sb—a/a In f (z)dx

1 Inf(z;) +1Inf(x41)
= b—az 2

=0

SR VI RS W)
i+1 i) = ) .

This inequality is equivalent to
n—1 Tip1 T

o (50 < (7 ()] o

=1

1 b
<— [ 1
<7=a /. nf (z)de

<In (1:[ [ f(%)f(l’iﬂ)] e ) <Inv/f(a) f (D).

i=1

This inequality is of interest in itself.
If we take the exponential in (2.3), we get the desired result (2.2). O

Corollary 2.3. Let f : [a,b] — (0,00) be a log-convezr function on [a,b] and
x € [a,b], then

CRDETPET e
< exp (ﬁ /ablnf(x) dw)
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and, equivalently
a+b T — a+x b—x r+b
< .
lnf( )_b lnf( )+b—a1nf( 5 ) (2.5)

Sbia/a In f(z)dx

1 (x—a)lnf(a)+ (b—z)Inf(b)
Sé{lnf(fE)WL b—a ]

SLVUELYI0)

Remark 2.4. If we take in (2.5) z = %t then we get

lnf(a;—b) 1{1 f(3a+b) 1f<a—|—3b)} (2.6)
ST/Inf(x)dx

{1 f(a+b) Jrlnf(a);tlnf(b)} - lnf(a);_lnf(b)-

| /\

From the second inequality in (2.6) we get

I b
ogb_a/a lnf(x)d:c—lnf(a;_ )

] In f (b b
< nf(a);— nf()_bia/a lnf(w)dx

which shows that the integral term in (1.3) is closer to the left side than to the
right side of that inequality.
We also have the particular inequalities:

In f (a i b) (2.7)

ﬁ(ﬁ+\/5))  Vhin s (ﬂwﬂﬂ))}

ko (4 2

< — "/ (v) dy

1 \/_lnf ) ++aln f (a) In f (a) + In f (b)
| LG i ()] < L
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and

lnf(a;—b) (2.8)
1 3a+b 1 a+ 3b
= a—i—balnf <a2(a+b)> - a—l—bblnf <b2(a+b))

1 b
<—— [ Inf(y)dy

“b—al,
1[olnf(b)+alnf(a) 2ab In f(a) +1n f(b)
Sﬁ[ a+b —an(a%—bﬂg 2 '

The following reverses of the Hermite-Hadamard inequality hold [23, 24].

Lemma 2.5. Let h: [a,b] — R be a convex function on |a,b]. Then

og%{m (“;b)—h (“;bﬂ(b—a) (2.9)
h(a) + h(b) 1 /bhw "

IN
|

and

lm (a;b) e <a+b)] (b—a) (2.10)
b

The constant ¢ is best possible in all inequalities from (2.9) and (2.10).
In the case of log-convex functions we have:

Theorem 2.6. Let f : [a,b] — (0,00) be a log-convex function on [a,b]. Then

1| f+ (aTb) — /- (GTH))] (b _ a)) (2_11)
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and

(aTb)] (b— a)) (2.12)

|
~
—~
S
oft
=
N—

<ew (5 F -~ Tl 0 ).

Proof. 1f we write the inequality (2.9) for the convex function h = In f

1 f+(a2b)_ —(azb)

St BTG ]““”
In f (a) +1In f (b) I

< 5 —b_a/amf(:c)d:r;
L0 fel@]

<5 [T Tl 0o

that is equivalent to
_ , ash
0<In exp<§[f+<2)

. F@ /) ))

<o (5 | a7~ o) 0 0) |

By taking the exponential in this inequality, we get the desired result (2.11).
The inequality (2.12) follows from (2.10). O]

We also have the following result.

Theorem 2.7. Let f : [a,b] — (0,00) be a log-convez function on |a,b] and
a=1xy <2 < ..<Tp 1<z, =0>bean arbitrary division of [a,b] with n > 1.
Then

b n—l Tit1
P [ﬁ/{l I f () dx} = ﬁ 2;/1 VI (@) f (24 20 — 2)dz (2.13)

bia/abf(x)da:.

<
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Proof. Observe that we have

exp [ﬁ / " f (2) dx} (2.14)

B 1 n—1 Tiy1
b_alz:;/xi In f(z)dx
[n—1 )
o Tiv1 — T4 1 Tit1
= exp Z T (xi+1_mi /x lnf(:c)dx)] :

L =0 i

= exp

Since Y77 HH-T = 1, by Jensen’s inequality for the convex function exp we

have
n—1 .
Tir1 — X5 1 Tit1
exp [E P <-’Ez‘+1 = /x, In f (x) dx)] (2.15)

i1~ T 1 v
< T T exp < / In f () dx) :
=0 b—a Titl — Ti Jg,

Utilising the inequality (1.6) on each of the intervals [z;, z;44] for i € {0,....,n — 1}
we have

1 Tit1
_— 1 2.1
exp [%H - /x nf(x) dx] (2.16)

1 Ti+1

< m 5 \/f(x)f($i+$i+1 —z)dx

1 Tit1
< — / f(z)dz,
Li+1 — Li Sy,

3

for any i € {0,...,n — 1}.
If we multlply the inequality (2.16) by xl“ “t and sum over 7 from 0 ton — 1,
then we get

n—1

Tiy1 — T 1 Tit1

- i )
=0 v

) n—1

Tit1 1 Ti+1

< — () f (@i + wip1 — x)dw < Z/ f (x) de

i=0 v i Ti
1 b

=3 a/a f(z)dx

Making use of (2.14), (2.15) and (2.17) we get the desired result (2.13). O
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Corollary 2.8. Let f : [a,b] — (0,00) be a log-convezr function on [a,b] and
y € la,b], then

exp{bl /mf() } (2.18)

[/ VI a+y—x)da:+/yb\/f(x)f(ber—x)dx

We define the p-logarithmic mean as

pp+1_gp+1 p
[m} Wlth a # b

L,(a,b) =

a, ifa=>

for p #0,—1 and a,b > 0.
The following result also holds.

Theorem 2.9. Let f : [a,b] — (0,00) be a log-convex function on [a,b]. Then
for any p > 0 we have the inequality

f (a;b) < exp {ﬁ /ablnf(x) dx] (2.19)

1 ’ p P 2p
< (525 [ r@rarr-na)

1

< (75 [ mrwa)”

{ [Lapr (f (@) S )7 [L(S (@) f O] p# &

<

Ifp e (O, %) , then we have

f(a;b)<exp{b1a/lnf() ] (2.20)

1 P P _ *
< (b_a (rwrar-oa)

1

b 2p b
S(bia/afm)(x)d:c) gbia/af(a:)d:c.
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Proof. If f is a log-convex function on [a, b], then f?” is log-convex on [a, b] for
p > 0 and by (1.6) we have

N ™
1 b
< b_a/a 17 (@) " (a+b— ) da
<t [ <L @, o)

Taking the power QLP in (2.21) we get

f (a;b) < oxp [ﬁ /ablnf(x) dx} (2.22)

: (bia/abfp@)fp(aﬂ_x)dx)z;

< (bia/abf%(x)dx);” < (L (@17 )]

Observe that, for p # %,

[L(f* (a), f* (b))]ﬁ ~ |Inf Ea) —In f2 (D)
)

(
_ fzf’(a)—f%(b)rp{ f (@) = f (0) }
2p(f(a) = ()] [Inf(a)—Inf(b)
= [Lap1 (f (a), f (B)]'"2 [L(f (a), ] (b))

and by (2.22) we get the desired result (2.19).
The last inequality in (2.20) follows by the following integral inequality for
power ¢ € (0,1), namely

[ rwes (G [rwe)

that follows by Jensen’s inequality for concave functions. O
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Remark 2.10. If we take in (2.19) p = 1, then we get

f(a;_b><exp[bl /mf() ] (2.23)
< (7 [0 s ers-ni)
s(b_a/a J"’Q(ﬂc)da:>é

<[A(f(a), FONI* [L(f(a), f (b))
If we take p = 1 in (2.20), then we get

f(a;—b)<exp[b1 /mf() ] (2.24)
(b_a/ Vi) fla+b—2) d:z:>2

= (b—a/a mdx) <—/ flo

This improves the inequality (1.7).

N|=

3. RELATED INEQUALITIES

In this section, we establish some related results for log-convex functions.

Theorem 3.1. Let f : [a,b] — (0,00) be a log-convex function on [a,b]. Then
for any x € [a,b] we have

b
f<b><b—x>+f<a><x—a>—/ £ (y) dy (3.1)

2/ f(y)lnf(y)dy—lnf(x)/ £ (v) dy

In particular,

f(b);f(@_bia/a (y)dy (3.2)
b b
> f(y)lnf(y)dy—lnf(“;b)ﬁ/a ) dy,
f®) Vb f(a
\f+\/‘ b_a/ fy (3.3)

y)In f (y)dy — lnf

/f
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and

f()zj—:é b—a/f (3:4)

> [ rwmr @i (25) 2 [ e

Proof. Since the function In f is convex on [a, b], by the gradient inequality we
have

Inf(z) —Inf(y) == (3.5)

for any z € [a,b] and y € (a,b) .
If we multiply (3.5) by f (y) > 0 and integrate on [a, b] over y we get

b b
1nf<x)/ f(y)dy—/ f (w)Inf (v) dy
2/ f’+(y)(fc—y)dy=f(y)(fv—y)IZJr/ f(y)dy

:f(b)(x—b>+f<a><a—x>+/ f () dy,

which is equivalent to (3.1).
The inequality (3.2) follows by (3.1) on taking = =

If we take in (3.1) 2 = v/ab, then we get

(b>\/5(\/5—¢5>+f(a)\/5(\/5—\/5 )~ [ rwa

/f in f (4) dy —n f (Vab /f ) dy,

which is equivalent to (3.3).

If we take in (3.1) z = %, then we get

on (i) n(55)- L1
z/abf(y)lnf(y)dy—lnf<2ab>/ £ (y) dy.

which is equivalent to (3.4). O]

a+b

Corollary 3.2. Let f : [a,b] — (0,00) be a log-convez function on [a,b]. Then

f(b>—i2_f(a)_bia/af(y>dy (36)

> [ rwmswa- [ rwag= [z
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Proof. If we take the integral mean over x in (3.1), then we get

= [ UO -2+ f@e-ald- [ Fu
and since

> [ romrwa- [ swa [
1

= [ T 0-0+ @@ —ald - i [ twa

then the first inequality in (3.6) is proved.
Since In is an increasing function on (0, 00), we have

(f (x) = f(y)) (I f(z) —=Inf(y) =0
for any z,y € [a,b], showing that the functions f and In f are synchronous on
la,b].
By making use of the Cebysev integral inequality for synchronous functions
g,h :la,b] = R, namely

1 b 1 b b
b_a/g(x)h(x)dxzm/g(x)dx L [ h@)ds,
we have
I I I
- >_ -
_a/af(:r:)lnf(x)dx_b_a/af(x)dxb_a/alnf(a:)dm
which proves the last part of (3.6). O

The inequality (3.6) improves the well know result for convex functions

b) + 1 b
f()Qf(a) >_b—a/a ) dy
We have:

Corollary 3.3. Let f : [a,b] — (0,00) be a log-convex function on [a,b]. If
f(a)# f(b) and
S Wydy _bf ) —af (@)= [ f
TPy ) —f(a)

€ [a,b], (3.7)

then
f fy lnf
I f

Proof. Follows from (3.1) by observing that

f(b)(b—af>+f<a><af—a>=/ £ (y) dy

In f (ay) >

(3.8)
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Remark 3.4. We observe that if f : [a,b] — (0, 00) is nondecreasing with f (a) #
f (), the condition (3.7) is satisfied.

We also have:

Corollary 3.5. Let f : [ b] — (0,00) be a log-convex function on [a,b]. Then

ity Lvfwdy
£ () (b o >+f(a) (—fb - ) / Fwdy  (39)
ouf (y
/f Jin f (y dy/f (” )zo

Proof. The first inequality follows by (3.1) on taking

Ly ) dy
I f () dy

since f (y) > 0 for any y € [a,b].
By Jensen’s inequality for the convex function In f and the positive weight f

we have
Py lnf f<f f(y ydy)
) f () 12 fy ’

which proves the second inequality in (3.9). O

€ |a, b]

4. APPLICATIONS

The function f : (0,00) — (0,00), f (t) = 1 is log-convex on (0,00) . If we use
the inequality (2.2) for this function, then we have

Ti+1 %4

Aa,b) > | | [A (4, zi41)] > I (a,b) (4.1)

Ti4+1— %4

Z‘ G (zi, xi41)] 0 > G (a,b),

for any a = xy < 71 < ... < x,_1 < x, = b an arbitrary division of [a, b] with
n>1.
In particular, we have

z—a b—x

A(a,b) > [A(a,z)]v= [A(z,b)]=e (4.2)

e

> I (a,b) >

for any x € [a, b].
If we use the inequalities (2.11) and (2.12) for f : (0,00) — (0,00), f (t) = 1,

then we have
I (a,b) 1(b—a)’
<)< 7 ,
1=)g = &P (8 ab (4.3)
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and
1(b—a)?

Ala,
o< S SN .
I =SPAST w (44)

If we use the inequality (3.6) for f : (0,00) — (0,00), f () = 1, then we have

L(a,b) — H (a,b) > (b—a)H (a,b)In (%) (>0). (4.5)

The interested reader may apply the above inequalities for other log-convex func-

tions such as f (t) = &, p > 0,t > 0, f (t) = exp g (), with g any convex function

w
on an interval, etc. The details are omitted.
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