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ABSTRACT. We establish an operator extension of the following inequality, due
to Cartwright and Field

(b—a)?

1 b—a)?
SO path-d < g0 p) =

1
ap(1=7) min {a, b}

2 max {a,b
(,b>0, pe01]).
Applications of this inequality for self-adjoint operators, continuous fields of
operators and unital fields of positive linear mapping are also given.

1. INTRODUCTION

As is customary, we reserve m, M for scalars. Other capital letters are used to
denote general elements of the C*-algebra B (H) of all bounded linear operators
acting on a Hilbert space (H,(-,-)). An operator A € B(H) is called positive if
(Az,z) > 0 for all x € H, and we then write A > 0. For self-adjoint operators
A,B € B(H) we say that A < Bif B— A > 0. The Gelfand map f (t) — f (4)
is an isometrical *-isomorphism between the C*-algebra C (sp(A)) of continuous
functions on the spectrum sp (A) of a self-adjoint operator A and the C*-algebra
generated by A and I. If f,g € C (sp(A)), then f(t) > g(t) (t € sp(A)) implies
that f(A) > g(A) (see for instance [12, p. 15]). A linear map ¢ is positive if
¢ (A) > 0 whenever A > 0. It said to be unital if ¢ (I) = I. Moreover, C ([m, M])
is the set of all real valued continuous functions defined on an interval [m, M]|. For
more studies in this direction, we refer to [IJ.

Let A be a positive operator on H. Then for any x € H and a given positive
real number p

(APz,z) < |l«)* P (Az, 2)P, p € (0,1] (1.1)
and
(AP, 2) > ||| TP Az, 2)P, p > 1. (1.2)
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McCarthy [9] proved the inequalities and by using the spectral resolution
of A and the Holder inequality. There is considerable amount of literature devoting
to the study of Holder-McCarthy inequality and reverses. In [5, Theorem 3] Fuji
et al. obtained the following interesting ratio inequality that provides a reverse of
the Holder-McCarthy inequality for self-adjoint operator A on H satisfying
O<mI<A<MI

1 MP — mP

<Apx,$>§< I

p
T - | (Az, )",
prq? (M —m)? (mMP — Mmp)?»

for any « € H with ||z| =1, where ¢ = ;25,p > 1.
Moreover, Dragomir in [4, Theorem 3.1] obtained the following reverse inequality
under the same conditions

0 < (APz,z) — (Az,z)?

N

5 O = m) (|42 = (4o )’

5 (77 =) (|l Ax)® - (Az,2))
< P (M —m) (M7 — ),

for any x € H with ||z|| = 1, where p > 1. For other inequalities of Hélder-McCarthy
type, we refer to [0} [7, [§] and references therein.
In 1978, Cartwright and Field [2] obtained the following inequality

(b—a)’

(b—a)’
= min {a, b}

max {a,b} ~ (1.3)

1 1
5P (1=p) (1—p)a+pb—a1‘pb’”§§p(1—p)

for any a,b > 0 and p € [0,1]. For some recent operator inequalities obtained via
Cartwright and Field inequality see [3].

Several inequalities involving positive linear maps have been recently given in
[10, [1T]. Motivated by the above results, in this paper we continue and complement
this research by proving some reverses of Holder-McCarthy inequality involving
unital positive linear map by use of Cartwright and Field inequality. In Section [2]
of this paper, we generalize inequality . More precisely, we show new versions
of reverse Holder-McCarthy inequality (Theorem and Proposition . We
begin Section |3| by establishing an operator version of inequality involving
continuous fields of operators (see Theorem [3.1). It seems that the inequalities
related to positive linear maps are useful in operator theory and mathematical
physics and are interesting in their own right.

2. Some Reverses of Operator Holder-McCarthy Inequality

We start our work with the following theorem.
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Theorem 2.1. Let A € B(H) be a self-adjoint with 0 < mI < A < MI and ® be
a unital positive linear map on B(H). Then

S (<<I’ (A*) z,z) — (@ (A)J%@Q) < (@ (A)a,2) — (D (A7) 2, 2) (D (A7) 2, )

M
Spﬂ—m
m

(@ (4%) 2.2) - (@ (4) 2. 2)°)
(2.1)
for each x € H with ||z|| =1 and p € [0, 1].

Proof. If a,b € [m, M], then by Cartwright-Field inequality we have
1 ) - 1 )
mp(l—p)(b—a) <(l-plat+pb—a bpgﬁp(l—p)(b—a)

for any p € [0, 1].
Fix a € [m, M] and by using the operator functional calculus for A we get

1
mp(l —p) (A2 —2aA+a21) < (1—p)al +pA—a'~PAP

1
< —p(1—p)(A* —2aA + a*I).
<5, p(1=p) ( aA+a’I)
Since @ is unital positive linear map we have

ﬁp (1—p) (@ (A°%) — 2a® (A) +a’I) < (1 —p)al +pP (A) — a' PP (AP)

< %p(l —p) (® (A%) — 2a® (A) + a*I).

(2.2)
Then for any x € H with ||z|| = 1 we have from that
ﬁp(l —p) ((® (A%) z,2) — 2a (P (A) z,z) + a1
< (1= p)al +p(® (A)a,2) —a'? (& (A7), 2) (23

< Lp(l —p) (@ (4%) z,2) — 2a (® (A) z,z) + a°I) .

— 2m

By applying again functional calculus we deduce
ﬁp (1—p) (B (A2) 2,2) T — 24 (B (A) 2, ) + A?)
<(1—p)A+p(®(A)z,2) [ — AP (®(A”) 2, 2)
< p (L p) (@ (A7) 2.2) 1~ 2(@ (A)2,0) A 4 A2)
m

Since @ is unital positive linear map we have

ﬁp (1—p) (( (A2) 2, ) T — 28 (A) (@ (A) z,2) + @ (A%))

<(1-p)@A)+p(®(A)z,z) [ —D (Alfp) (P (AP) x, x)
< 5op (1= p) (0 (4) ,2) 1 = 20 (4) (@ () ,2) + @ (47))

for any € H with ||z|| =1 and p € [0,1].
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Therefore

]% (<‘I’ (4%) w,z) — (@ (A)f'%x)Q) < (@ (A)z,z) — (D (A7) 2, 2) (P (AP) z, x)

< # ((@ (42) 2,2) - (@ (4)2,2)7)

for any z € H with ||z|| =1 and p € [0,1]. O

Remark. Let ® be a identity positive linear map in (2.1), then we have the follow-
ing reverses of McCarty inequality

PP (20, 2) — (A2,0)?) < (Ae,2) — (A7, 2) (42,

M
< p-p) (<A2x,x> - (Az,a:)z)

m

(2.4)

for each x € H with ||z =1 and p € [0,1]. Choose p= % in ([2.4)), then

ﬁ <<A2x,x> — (Ax,m}z) < (Az,z) — <A%a:,x>2 < ﬁ (<A2x,m> - <Aa:,x>2)

for each x € H with ||z|| = 1.
On the other hand, if A is a self-adjoint operator satisfying 0 < mlI < A< MI,
then for every x € H with ||z|| = 1 we have

(M —m)®
1 .
Based on this fact and the inequality (2.4]), we deduce

<A2x,x> - (Ax,x)z <

M —m)?

1 2 (
_ 2 <
(Az, ) <A2 m,ac> 16
for each x € H with ||| = 1.

Remark. All assumptions as in Theorem[2.1 Another interesting case for Theo-
rem is to apply functional calculus for self-adjoint operator B in (2.3)). In fact
the following inequality holds for each x € H with ||z|| =1 and p € [0, 1].

Si7p (L) (B (A7) 2,2) — 2(® (B) 2, ) (® (A) 2,2) + (@ (B) ,))

<(1=-p)(®(B)z,z) +p(P(A)z,x) — <<I> (Blfp) x,sc> (P (AP) z, x)

< ip(l—p) (<¢’ (AQ)x7x>—2<‘I)(B)x7x> <‘I)(A)x,x>+<(l) (BZ) x,a:>)

In the following, we give a reverse of AM-GM inequality involving operator norm.
In fact, when the operators A and B are bounded above and below by constants
we have the following result as well:

Remark. Assume that 0 <ml < B< A< MI, then
m—M<||®(A)—[eB)|<M-m

therefore

(e (A)]| = lle (B)])* < (M —m)*.



68 M. TALEB ALFAKHR, M.E. OMIDVAR, H.R. MORADI, S.S. DRAGOMIR

If we take a = || (A)|| and b= ||® (B)] in (L.3), we get

%(H@ (B)|| — @ (A)])* < (1 —p) |® (A)] +p||® (B)] — ||® (A)|" || (B)|”

<2022 1 (8 - 1@ (4)))*
(2.5)

Putp=1in (2.5), then

I2ANEIREN _ (15 (ay) 0 ()1
(2.6)
(18 (B)] — @ (A)])*.

1 2
—(||® (B)|| — ||® (A <
sz 2B =2 A" <
1
8m
By the inequality (2.6) we deduce

@ (A +[I®B)I

2
Remark. There are several examples of normalized positive linear maps. But for
our application we consider among them ® : My (C) — M, (C), which ® (A) =

(3tr (A)) 1y for all Hermitian matrices A € My (C). From inequality [2.7), we
have

<

(M —m)”

(e @2 B <=

2.7)

[tr (A)] + [tr (B)]
2

(M —m)”

= (tr (Al ltr (B))? < ——

(2.8)

Remark. Taking ® (A) = > X;AX; and ®(B) = >, X;/BX, with XX, =1 in
i=1 i=1
(2.7), therefore
X7AX,
=1

+I>° X7BX,
=1

()

ix;AéxiH
=1

(2

n 2
ZXTKB%XH) < M
=1

8m

Now, from a different view point we may state:

Proposition 2.2. Let A, B € B(H) be self-adjoint with0 < mI < A, B < MI and
@ be a unital positive linear map on B(H). Then

p(;i]\_/n) (@ (4)2,2)* =2 (@ (4) 2,2) (@ (B) 2,2) + (@ (BY) 2,))

< (1-p)(®(B)a,z) +p(@(A)z,z) — (B (B ) a,z) (B (A)z.2)  (29)

< 1% ((<I> (A) z, a:>2 —2(®(A) z,z) (P (B)z,z) + <<I> (BQ) x,x>)

for each x € H with ||z|| =1 and p € [0, 1].

Proof. If we take b = (® (A) z, ) in (1.3) and then applying functional calculus for
the operator B we get

(1—p) : 2
%(@(A)x,x) I—2<<I>(A)x,$>B+B)

<(A-=p)B+p(®A)z,z) I — B P(®(A)x,z)’

p(1—p)
2m

<

(<c1> (A)a,2)°T — 2(® (A)z,z) B + BQ)
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for each x € H with ||z| = 1.
Since ® is unital positive linear map we have

I% ((‘I) (A)z,2)°T —2(® (A) z,2) P (B) + (BQ))
<(1-p)®(B)+p(®(A)z,2) I - (B"7) (D (A)z,z)"
S%(((D(A)a:,x>2]_2<(I>(A)x,x><p(3)+¢(BQ)).
Whence
% (<<I> (A)z,2)> —2(® (A) z,z) (® (B) z,z) + (@ (B?) x’x>)

<(1=p)(®(B)z,z) +p(®(A)z,z) — (®(B'P)z,2) (P (A) z,z)" (2.10)

< 1’3(1277;”) ((@ (A)2,2)* = 2(® (A) 2,2) (@ (B) w,2) + (@ (B) z,))
for each z € H with ||z| = 1. O

Remark. If we take B = A in Proposition 2.4, we get

p(1—p)

o (<<1> (42) z,z) — (@ (A)x,x>2) < (@ (A)a,z) — (D (AP) 2, 2) (@ (A) 2, 7)"

< p(1-p) (<<I> (A?*) z,z) — (@ (A) :I:,g:>2) .

- 2m

3. Continuous Field of Operators

Let T be a locally compact Hausdorff space, and let 2 be a C*-algebra of op-
erators on a Hilbert space . We say that a field (A;),., of operators in 2 is
continuous if the function ¢ — A; is a norm continuous on 7. If in addition u
is a Radon measure on T and the function ¢ — || 4| is integrable, then we can
form the Bochner integral [ @;dpu (t), which is the unique element in A such that

T

7 (f Azdp (t)) = [ ¢ (A¢) dp (t) for every linear functional ¢ in the norm dual A*.
T T

Let (¢¢),c be a field of positive linear mappings ®; : A — B from 2l to another
C*-algebra B of operators on a Hilbert space K. We say that such a field is
continuous if the function t — ®; (A) is continuous for every A € 2. If in addition
the C*-algebras are unital and ®; (1) is integrable with integral 1, we say that
(®t);cr is unital.

Utilizing the above facts we prove our main result of this section.

Theorem 3.1. Let A and B be C*-algebras of operators containing I, T be a
locally compact Hausdorff space equipped with a bounded Radon measure p such
that p (T') = 1. Also let (At),cp be a bounded continuous field of positive elements
in A and (®t),cp be a field of positive linear mappings ®¢ : A — B defined on T'.
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Then

1
gp(L=p)e(m. M) [ @ (Dt

<ot ([ a2 [ e a0 [ amao)
<(-p) [ onin)+p [ @ a0dn0) = [ ontan)ducy

l(nl{_n“} (/ @ (A7) du(t /T‘Pt (At)du(t)+/T<1>t (I du (t))

p(1—=p)C(m, M) T(I)t (I)dp (1)

for every p € [0, 1], where

(M-1?% ifM<1

c(m,M)=¢ 0 fm<1<M
oD ifl<m
and
W if M <1
C (m, M) = %maX{Q(m—l)Z,(M—l)g} fm<1<M .
(M-1) ifl<m

Proof. If we write the inequality (1.3)) for a = 1 and b = z we get

(- 1)°

max {z,1} ~

(- 1)°

min {z, 1} (3.1)

1 1
21 =p) Sl-ptpz—2r<gp(l-p)
for any z > 0 and for any p € [0, 1].

If z € [myM] C (0,00), then max{z,1} < max{M,1} and min{m,1} <

min {z,1} and by (3.1 we get

min  (z— 1) 2
- (1_p)% < ,p(l_p)@
2P max {M, 1} 2 max {M, 1}
1—p+pz—2°

1 (z—1)° (3:2)

§p(1—p)

IN

IN

min {m, 1}

_1)2
e (=)

IN

1—
p(1=p) min {m, 1}
for any z > 0 and for any p € [0, 1].

Observe that

(M—-1)?% ifM<1
min (2—1)2: 0 tm<1<M
*€tm. M (m—1) ifl<m
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and
(m—1) if M <1
max (=~ 1)% = max{(m— 1)%, (M — 1)2} ifm<1<M
ze|m,
(M —1)? if 1 <m
Then )
min  (z — 1) (M—-1)% ifM<1
ZEmM___ ) g ifm<1<M =c(m,M)
max {M, 1} (m—1)? .
M ifl<m
and
max (z—1)? W it M<1
el M) imaxt(m_1)2,(M_1)2} ifm<1<M =C(m M)
min {m, 1} m
(M —1) if 1< m
Using the inequality (3.2]) we have
1 1 (z—1)
“p(l— M)<=p(l—p) 2" _
g (L= p)elm M) < 5p(l=p) oy Ty
<l-—-p+pz—2°
3.3)
1 (z— 1) (
<p(l—p) 22
- 2p( P) min {m, 1}
1
< Sp(1=p)C (m, M)
for any z > 0 and for any p € [0, 1].
Using functional calculus and taking z = A;, from (3.3)) follows
1 (A, —1)°
—p(1— MHYT < 1—p) ————
5P (1=p)c(m M)I < op(1-p) max {3, 1]
< (1 =p)I+pA— A
y 1 4o (A — T)? (3.4)
=P P nin {m,1}
1
< ep(L=p)C(m M)

Applying the positive linear mapping ®; and integrating, we obtain

1
g (1= e(m ) [ & (aut)

<1 p(-p)
~ 2max {M, 1}

Hence Theorem is proved.

([otanyame -2 [ saao- [ o (I)dﬂ()>

< (1—p)/T¢’t (Ddp (t) + /(I)t (Ar)dp(t

_</<I>t(A2)du() / (At)du()/ (I)du(t)>

p(1—p)C (m, M) /T B, (I)dp (t)

/(I)t Ap d/,é
T
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A discrete version of Theorem [3.1] is the following result obtained by taking

T=A{1,...,n}.

Corollary 3.2. Let Aq,...,A, be positive operators acting on a Hilbert space H
and ®; (i =1,...,n) be positive linear mappings on B(H). Then

1 1 - ) -
Sp(1- mMZ(I) V<3 I;L{M 3 (Z@ (43 —2Z<1> —1—2@-([))

i=1 i=1

(1- )Z +pZ<I> Zcp (A7)

=1

= %Ir];m{m 1} (Z‘I) (47) 2;@ (&)4—;@ (I))

Sp(1—=p)C(m, M) & (I).

i=1

IN

IN

By setting ®; (4) = X*AX; in Corollary we find the following result.

Corollary 3.3. Let Aq,..., A, be positive operators acting on a Hilbert space H
with A; >0 and X1,...,X, € B(H). Then

n

—p(L—p)e(m, M) XX, g%ml;x{M 0 (ZX A2X 22){ A X, +ZX X)

=1
—p) ZXin + pz XFAX; — ZXjAin
i=1 i=1 i=1

1 p n . n .
§2m1n{m 1 (ZX AX 2;XiAiXi+;XiXi>

n

IN

1 *
<5p(1=p)C(m, M)y XX;

i=1

i=1

Corollary 3.4. If in addition we take >, XX, =1, in Corollary we deduce

g1 - petm )1 < 5 LU D (ZX )
_ZX* (1—p)+pd; — AN X

SQM(X <A—I>X)

%p(l—p)C(m,M)].

IN
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Remark. If we replace Ay by ®; (Ay) in (3.4) and then integrating, we obtain

g (1= e(m ) [ @ (Daut)

< ;m (/Tq>§ (At)du(t)—2/T<I>t (At)du(t)+/T<I>t (I)du(t)>

<O-p) [ oDdn+p [ o a0dut - [ oFa)duey
1 p(1—p) 2 .

<t D ([t o -2 [ @+ [ e nauo)
1

min {m, 1}
2
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< fp<1—p>0<m,M>/T<I>t (1) du ().

REFERENCES

[1] R. Bhatia, Positive Definite Matrices, Princeton University Press, 2007.

[2] D.I. Cartwright, M. J. Field, A refinement of the arithmetic mean-geometric mean inequality,
Proc. Amer. Math. Soc. 71 (1978), 36-38.

[3] S.S. Dragomir, Additive refinements and reverses of Young’s operator inequality via a result
of Cartwright and Field, Preprint RGMIA Res. Rep. Coll. 19 (2016), Art. 6.

[4] ———, Some reverses of the Jensen inequality for functions of self-adjoint operators in Hilbert
spaces, J. Inequal. Appl., Volume 2010, Article ID 496821, 15 pages.

[5] M. Fuji, S. Izumino, R. Nakamoto, Y. Seo, Operator inequalities related to Cauchy-Schwarz
and Holder-McCarthy inequalities, Nihonkai Math. J. 8 (1997), 117-122.

[6] M. Fujii, S. Izumino, R. Nakamoto, Classes of operators determined by the Heinz-Kato Furuta
inequality and the Hélder-McCarthy inequality, Nihonkai Math. J. 5(1) (1994), 61-67.

[7] T. Furuta, Extensions of Holder-McCarthy and Kantorovich inequalities and their applica-
tions, Proc. Japan Acad. Ser. A Math. Sci. 73(3) (1997), 38-41.

[8] , Operator inequalities associated with Hélder-McCarthy and Kantorovich inequalities,
J. Inequal. Appl. 2(2) (1998), 137-148.

[9] C.A. McCarthy, cp, Israel J. Math. 5 (1967), 249-271.

[10] H.R. Moradi, M.E. Omidvar, S.S. Dragomir, An operator extension of Cu’ebys“m) inequality,
An. Stiing. Univ. “Ovidius” Constanta Ser. Mat. 25 (2) (2017), 135-147

[11] H.R. Moradi, M.E. Omidvar, S.S. Dragomir, M.K. Anwary, More operator inequalities for
positive linear maps, Bull. Math. Anal. Appl. 9(7) (2017), 65-73.

[12] G. J. Murphy, C*-Algebras and Operator Theory, Academic Press, San Diego, 1990.

MAHDI TALEB ALFAKHR
DEPARTMENT OF MATHEMATICS, MASHHAD BRANCH, ISLAMIC AZAD UNIVERSITY, MASHHAD, IRAN
E-mail address: mehdifakhr11@gmail.com

MOHSEN ERFANIAN OMIDVAR
DEPARTMENT OF MATHEMATICS, MASHHAD BRANCH, ISLAMIC AZAD UNIVERSITY, MASHHAD, IRAN
E-mail address: erfanian@mshdiau.ac.ir

HaMID REzZA MORADIR
YOUNG RESEARCHERS AND ELITE CLUB, MASHHAD BRANCH, ISLAMIC AZAD UNIVERSITY, MASH-
HAD, IRAN

E-mazil address: hrmoradi@mshdiau.ac.ir

SILVESTRU SEVER DRAGOMIR
SCcHOOL OF COMPUTER SCIENCE AND MATHEMATICS VICTORIA UNIVERSITY OF TECHNOLOGY, PO
Box 14428, MCMC 8001, VICTORIA, AUSTRALIA

E-mail address: sever.dragomir@vu.edu.au



	1. Introduction
	2. Some Reverses of Operator Hölder-McCarthy Inequality
	3. Continuous Field of Operators
	Acknowledgments

	References

