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1 Introduction
If {e;};cr is an orthonormal basis of H, we say that A € B (H) is trace class provided

IA[ly = (Al e, e;) < oo
icl
The definition of ||A||,; does not depend on the choice of the orthonormal basis {e;};.; . We denote by B (H)
the set of trace class operators in B (H) .
The following properties are also well known:
(i) We have
4l = 47|,

forany A € B1 (H);
(i) B1 (H) is an operator ideal in B (H), i.e.
B (H)B1 (H)B (H) C By (H);

(iii) (B4 (H), |||l ) is a Banach space.
We define the trace of a trace class operator A € B; (H) to be

tr(4):= ) (Aej,e;), 1.1)
iel
where {e;};.; is an orthonormal basis of H. Note that this coincides with the usual definition of the trace if

H is finite-dimensional. We observe that the series (1.1) converges absolutely and it is independent from the
choice of basis.
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DE GRUYTER Trace inequalities for positive operators = 181

The following results collect some properties of the trace:
(i) IfA € By (H)then A" € B, (H) and

tr (A*) - r (A);
(i) IfA € By (H)and T € B (H), then AT, TA € B, (H) and
tr (AT) = tr (TA) and |tr (AT)| < ||A[; |IT]|;

(iii) tr (*) is a bounded linear functional on B, (H) with ||tr|| = 1;

(iv) Bgn (H) , the space of operators of finite rank, is a dense subspace of B1 (H).

Now, for the finite dimensional case, it is well known that the trace functional is submultiplicative, that
is, for positive semidefinite matrices A and B in M,(C),

0 < tr(AB) <tr (A)tr (B).

Therefore
0 < tr(4%) = [tr (A)]F,

where k is any positive integer.
In 2000, Yang [31] proved a matrix trace inequality

tr [(AB)k} < (tr A)X(tr B)K, 1.2)

where A and B are positive semidefinite matrices over C of the same order n and k is any positive integer.
If (H, (-, +)) is a separable infinite-dimensional Hilbert space then the inequality (1.2) is also valid for any
positive operators A, B € B1 (H) . This result was obtained by L. Liu in 2007, see [20].
In 2001, Yang et al. [32] improved (1.2) as follows:
1/2

tr [(AB)"] < [tr (A2m> tr (Bzm)} , (1.3)
where A and B are positive semidefinite matrices over C of the same order and m is any positive integer.
Stronger results than inequalities (1.2) and (1.3) had been obtained in the last 70s by Lieb and Thirring in
[19].
In [25] the authors have proved many trace inequalities for sums and products of matrices. For instance,
if A and B are positive semidefinite matrices in My (C), then

tr [(AB)"} < min { 1A% tr (Bk) , |1B]* tr (A") }

for any positive integer k. Also, if A, B € My, (C) then for r > 1 and p, g > 1 with % +
following Young type inequality

% = 1 we have the

tr (‘AB*”) <tr [(% + wc]'q)r] : (1.4)

Ando [1] proved a strong form of Young’s inequality - it was shown that if A and B are in M,(C), then there is
a unitary matrix U such that

‘AB*

sU(lmW+1ww)w,
b q

where p, g > 1 with 117 + < = 1, which immediately gives the trace inequality

1
q
tr (|aB)) < %tr (14P) + %tr (1B[9).

This inequality can also be obtained from (1.4) by taking r = 1.
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182 — S.S.Dragomir DE GRUYTER

The following Holder’s type inequality has been obtained by Ruskai in [23]
1 1
ltr (AB)| < tr (|AB|) < [tr (|4]”)]? [tr (1B|7)]
where p, g > 1 with 1 + 1 = 1and A, B € B (H) with [A[, |B|? € By (H).

In particular, for p = 2 we get the Schwarz inequality

tr(AB)| = tr (14B) = [tr (|AP)] v (18] "

with |A]?, |B|* € By (H).
Assume that A, B are positive invertible operators on a complex Hilbert space (H, (-, -)). We use the
following notation
AfB = A2 (A'l/zBA'l/z)VA”z, (1.5)

for the weighted geometric mean. When v = %, we write A#B for brevity.
We have the following Holder type trace inequality for the weighted geometric mean [9]: If A, B are pos-

itive invertible operators, p, ¢ > 1 with 1 + 1 = 1 and A?, B? € B, (H), then B%4;;,A? € B, (H) and

tr (B74,,AP) = [tr (AP)] "7 [tr (B)] 9.
In particular, if A%, B> € By (H), then B’tA? € B, (H) and
[tr (BzﬁAz)} ? <tr (Az) tr (Bz) .
b

Also, if A, B are positive invertible operators, p, g > 1 with
CBi,C (Bqﬂl/pAP) € By (H)and

=1land C € By (H), C = 0 then CA?,

tr (C (B71,,A")) < [tr (CAP)] P [tr (cBT)] M4

In particular, if C € By (H), then CA?, CB?, C (B*4A?) € B1 (H) and

[tr (c (BZﬁAZ))} 2 ctr (CAZ) tr <CB2) .

Related inequalities may be found in [9] as well.

For the theory of trace functionals and their applications the reader is referred to [27].

For some classical trace inequalities see [4], [6], [22] and [33], which are continuations of the work of
Bellman [2]. For related works the reader can refer to [1], [3], [4], [12], [17], [20], [21], [24] and [30].

Motivated by the above results, we establish in this paper some new trace inequalities via recent scalar
Young type inequalities.

2 Trace Inequalities Via Kittaneh-Manasrah Results

Kittaneh and Manasrah [15], [16] provided a refinement and a reverse for Young’s inequality as follows:
2 2
r(\/a—\/E) s(l—u)a+ub—a1”’b”sR<\/E—\/E> , 2.1)
wherea, b > 0,v € [0,1], r = min{1-v,v} and R = max {1 -v,v}. The case v = % reduces (2.1) to an
identity.
We can give a simple direct proof for (2.1) as follows. Recall the following result obtained by the author
in 2006 [7] that provides a refinement and a reverse for the weighted Jensen’s discrete inequality:

rllicb(xj) -0 (iix)] (2.2)

nie{lr{lzl,?.,n} {pj}
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DE GRUYTER Trace inequalities for positive operators = 183

-0 Em)
o -o(i£4))

where @ : C — R is a convex function defined on convex subset C of the linear space X, {x;}

<n  max {p,
je{1,2,...,

jef1,2,...,.n) A€

vectors in C and { pj} are nonnegative numbers with Py = Z]Zl pj > 0. For n = 2, we deduce from

(2.2) that je{1,2,...,n}
i {CD(X);(D(Y) @ (X;yﬂ sv@N)+(1-)@(y) - PClvx+(1-v)y] (2.3)
<2max{v,1-v} {CD(X)JerD()’) _ o (x;y)]

forany x, y € Rand v € [0, 1]. If we take @ (x) = exp (x), then we get from (2.3)
2min{v,1-v} [w - exp (Xzﬂﬂ svexp(x)+ (1 -v)exp(y) —exp[vx+(1-v)y] (2.4)

2
< 2max (v, 1-r) | FPOTERO) oy (X27)]

forany x, y € Rand v € [0, 1]. Further, denote exp(x) = a, exp(y) = b with a, b > 0, then from (2.4) we obtain
the inequality (2.1).
We have:

Theorem 1. Let A, B be two positive operators and P, Q € B, (H) with P, Q > 0. Then for any v € [0, 1] we
have

/ / —v
r (tr(PA) ) ztr (PAl 2) tr (le 2) N tr(QB)) c(1-1) tr (PA) ‘ tr(QB) tr (PA1 ) tr (QBY) 25

tr (P) tr (P) tr(Q) tr (Q) @ " tr(Q) r(P) tr(Q)

- (tr(PA) ) 2tr (PAl/z) tr (QBl/z) . tr(QB)> ,

tr (P) tr (P) tr (Q) tr (Q)
wherer =min{1 -v,v} and R = max{1 -v,v}.
Proof. Fix b > 0, and by using the functional calculus for the operator A, we have from (2.1) that
r ((Ax, x)-2vh <A1/2x, x> +b(x, x)) < (1-v){(Ax,x) +vb (x,x) - b <A1""x, x> (2.6)
<R ((Ax, x)-2vVb <A1/2x, x> +b(x, x))

forany x € H.
Now, fix x € H \ {0} . Then by using the functional calculus for the operator B, we have by (2.6) that

r((axx) IylI? -2 (4" x) (B 2y y) + x| (By. ) @7)
< (1-0) (Ax. ) |y +v X (By.y) = (By.y) (A" x.x)
<R ((ax,x) Iyl” -2 (4", x) (B'?y,y) + x| (By. )

forany x,y € Hand v € [0, 1].
This inequality is of interest in itself as well.
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184 — S.S.Dragomir DE GRUYTER

Now, let x = PY2e, y = Q'/2f where e, f € H. Then by (2.7) we get
r (<P1/2AP1/2e, e> (Qf  f) -2 <P1/2A1/2P1/2e, e> <Q”231/2Q1/2f,f> 2.8)
+ (Pe, €) <01’2301/2f,f>) <(1-v) <P1/2AP1/2e, e> (Qf,f) + v (Pe, e) <Q”2301/2f,f>
- <P1/2A1‘”P1/2e, e> <QUZB”Q”2f,f> <R (<P1/2AP1/2e, e> (Qf, f)
-2 (P'24M2p! 2, &) (Q'12B12QV2f, £) + (Pe, e) (@'2BQf, £ ) )

foranye, f € H.
Let {e;};c;and {f] }1’6] be two orthonormal bases of H. If we takein (2.8) e = e;,i ¢ Iand f = fj»j €Jand
summing over i € I and j € J, then we get

r (Z <p1/2AP1/2ei, ei> > Q) -2) <p1/2A1/2P1/2e1~, ei> > <Ql/231/201/2fj,fj>

iel jeJ iel jel

+ Z <P€i, €i> Z <Ql/ZBQl/2fj9fj>)

iel jeJ

<(1- u)z <P1/2AP1/2ei, e,-> Z (Qf;, fi) + ”Z (Pe;, e;) Z <QI/ZBQ”2]3~,f,~>

i€l jel iel jeJ

B Z <P1/2A1-VP1/2ei, €i> Z <QI/ZB”Ql/2f,-,f]->

iel j€J

<R (Z <P1/2AP1/2€1-, €i> Z <ij’fi> _ ZZ <P1/2A1/2P1/2e,-, €i> Z <Ql/zBl/201/2f]_’f]_>

iel jeJ iel jel

iel jeJ

+Z<Pei’ei>z<Ql/zBQ1/2fj,fj>) :
Using the properties of the trace we get
r (tr (PA)tr (Q) - 2 tr (PA1/2) tr (QB1/2> +tr (P) tr(QB))
< (1-v)tr (PA) tr(Q) + v tr (P) tr (QB) - tr (PAl‘”) tr (QB)
<R (tr (PA) tr (Q) - 2 tr (PA” 2) tr (QB”Z) +tr(P)tr (QB))
and the inequality (2.5) is proved. O

Corollary 1. Let A be a positive operator and P € B, (H) with P > 0. Then for any v € [0, 1] we have

2
RGO (PAM) _tr(PA) tr (PAM) tr(PAY) 29)
"| ®@ tr (P) = w (P tr(®) (P '

2
e [wen (T (Pav2)
=l wm t(P) ’

wherer =min{1-v,v} andR = max{1-v,v}.

Remark 1. If P, Q are positive invertible operators with P, Q € B4 (H), then by (2.9) for A = P~12QP~1/2 we
get

. (tr(o) . (tr(PﬁQ))2> (@ _tr(Ph,QuPLQ) . (tr(o) . (tr(PﬂQ))2>
tr (P) tr (P) " tr(P) tr(P) tr(P) tr (P) tr (P) ’
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DE GRUYTER Trace inequalities for positive operators = 185

where the operator weighted geometric mean is defined in (1.5).

Corollary 2. Let A, B two positive operators and P, Q € B, (H) with P, Q > 0. If p, q > 1 with 1—1, + % =1, then
we have
/ /
[wpar) (PA” 2) tr (QB" 2) L(QBY) | _1tr(PAY) 1tr(QBY) tr(PA)tr(QB) 2.10)
tr (P) tr (P) tr(Q) tr(Q) T p tr(P) q tr(Q) tr(P) tr(Q) )

tw(P) w®  w@Q = u(Q

.7 (tr (pAP> 2’[1‘ (PAP/Z) tr (QBq/z) tr (QBCI)) ’
where t = min{%}, %} and T = max{l, l} .
The proof follows by (2.5) on replacing A with A?, B with B? and v = %.

Remark 2. If P, Q, S, V are positive invertible operators with P, Q, S, V € B1 (H), then by (2.10) we get for
A =P 1Y25p 12 qnd B = Q" V2vQ1/2 that

(2.11)

([ PipS) ,tr(Pep)aS) tr(QtgaV) | tr(QigV) | _ 1tr(PspS) , 1tr(QigV) _ tr(S) tr(V)
tr (P) tr (P) tr (Q) tr (Q) " p tr(P) q tr(Q) tr (P) tr (Q)

<7 (tl’ (PtpS) Ztr (Ptpy2S) tr (Qig)2V) LU (Qﬂqv)> ’

tr (P) tr (P) tr(Q) tr(Q

11 - 11
5173 andT—max{p,q

In particular, if we take in (2.11) S = Q and V = P, then we get

where t = min {

tr (P) tr (P) tr(Q) tr(@Q | p t(®) g t(Q

7 [ E@PpQ Lt (PhynQ) tr(QlgpP) | tr(QtgP)
- tr (P) tr (P) tr (Q) tr(Q |’

. (tr (PepQ _,1r (P2 Q) tr (Qtg2P) tr(QﬁqP)> _1uPypQ) |, 10(QP)

—mi 11 - 11
wheret—mln{p,q}andT max{p,q}.

3 Trace Inequalities Via Liao-Wu-Zhao and Zuo-Shi-Fujii Results

We consider the Kantorovich’s ratio defined by

_(h+1)?

K(h) == h>0.

The function K is decreasing on (0, 1) and increasing on [1, o), K (h) = 1 for any h > 0 and K (h) = K (%) for
any h > 0.

The following multiplicative refinement and reverse of Young inequality in terms of Kantorovich’s ratio
holds

K (%) a'b’ <(1-v)a+vb<KR (%) a b, 3.1)

wherea, b >0,v €[0,1],r=min{1-v,v}and R=max {1-v,v}.
The first inequality in (3.1) was obtained by Zuo et al. in [34] while the second by Liao et al. [18].
We can give a simple direct proof for (3.1) as follows.
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186 —— S.S.Dragomir DE GRUYTER

Indeed, if we write the inequality (2.3) for the convex function @ (x) = - In x, and for the positive numbers
a and b we get

a+b> _Ina+Inb

2min{v,1-v} [In( 3 3 }sln[ub+(1—u)a]—(1—y)1na—ulnb

< 2max (v, 1- v} {ln<a+b> ~ 1na+1nb}

2 2

that is equivalent to

2
min{y,l—u}ln<a+b> <In [M}

2 /ab al—l/bl/
< max {v 1—u}ln(a+b)2
B ' 2vab

and to (3.1), as stated.
If a € [my, Mi]and b € [m,, M,] with 0 < m; < My, 0 < m, < M, then

m o _a M

M, b m

Denote
: min K (E
(@,b)e[my,M]x[mz,M;]  \ b

) and M =: max K (E> .
(a,b)€[my,M1]x[m3,M;] b

Taking into account the properties of Kantorovich’s ratio we have

M e M e M
K(m—§)>11fm—;<1, K(A"}I—i)>11fm—;<1,
m:= 1if1"’w—§s1s],‘;{—;, = 1if%sls%—;, (3.2)
K(%)>1if1<ﬂ’%, K(%)>1if1<%

and

K(%)>1if%<l,

M := max{K(%),K(%)}>1if%sl

IN

M
e (33)
K(M)>1if1< g,
K(%—f) >1if%—;<1,
= max{K(%—f),K(%)}>lif%

K(@)>1if1<%.

my

1

IN

IN
3

>

We have the following result:

Theorem 2. Let A, B be two operators such that
O0<mI<A<MI, 0<myl<Bs<MI (34)
and P, Q € By (H) with P, Q > 0. Then for any v € [0, 1], we have for m, M as defined by (3.2) and (3.3) that

(tr (PAY™) tr(QBY)
tr (P) tr (Q)

tr(PA) , tr(QB) _, ol (PA™) tr (QBY)

*A-9%P VR © @ Q) ’

(3.5)

Brought to you by | Victoria University Australia
Authenticated
Download Date | 10/31/18 5:45 AM



DE GRUYTER Trace inequalities for positive operators =—— 187

wherer =min{1 -v,v} andR = max{1 -v,v}.
In particular, we have

i (PA) w(0B) y raea) | sy
tr (P) @ 2| u® @ wQ
tr (PA1/2) tr (QB”Z)
tr (P) tr (Q)

< M2

Proof. From (3.1) we have
m'at™b" <(1-v)a+vbh < MRa*"b", (3.6)

where a € [my, M1], b € [m2, Mh]and v € [0, 1].
Using the functional calculus for the operator A, we have

m’b” <A1‘”x, x> < (1-v) (Ax, X) + vb ||x||* < MRb” <A1‘”x, x> , (3.7)

forany x € H, b € [mp, Mx] and v € [0, 1].
Using the functional calculus for B we get from (3.7) that

m' (4%, x) (B'y,y) = (1 =) (4%, ) |YII” + v | (By, ) (3.8)
< MR <A1_”x, x> (B"y,y),

forany x,y € Hand v € [0, 1].
This is an inequality of interest in itself as well.
Further, let x = PY2e, y = Q'/2f where e, f € H. Then by (3.8) we have

m’ (P24 P2, e) (@128 QY7 F) < (1-v) (PY2AP2e, €) (f ) + v (Pe,e) (Q'7BQYV*f, )
<MF (P24 P e e) (0B QS ),
foranye, f € Hand v € [0, 1].

Now, on making use of a similar argument as in the proof of Theorem 1, we get the desired result (3.5). [

Remark 3. Let A, B be two operators such that the condition (3.4) is valid and P € B, (H) with P > 0. Then for
any v € [0, 1], we have for m, M as defined by (3.2) and (3.3) that
(A (PAT™) tr(PBY) _tr(P[(1-v)A+vB])
r(P) w(P) tr (P)
(PA™) tr (PB¥)
tr(P) tw(P) ’

sMRtr

wherer =min{1 -v,v} and R = max{1 -v,v}.
In particular, we have
1/2 1/2
(A7) 0 (PB) b (s32))
tr (P) tr(P) = t(P)
tr (PAY?)  (PB?)
tr (P) tr (P)

< M2

For 0 < my <M1,0<m2<M2andp,q>1withll]+ = 1 we define

1
q
P P
K(M—;) > 1if M < q,
m, m,

omd MP
Mpg:i=4 1 1fﬁ§ N ?é’ (3.9)

1<(M3’) >1if1< ™

b q
my M;
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188 —— S.S.Dragomir DE GRUYTER

and . w
K(—Z) > 1if 0 < 1,

D
my

3 ‘:;;

IN
IN
Nog|

M? MP oml
Mpg:={ max {K (m*%) K (mfé)} > 1if i < 1 (3.10)
M . P
K(m—%) >1if1< 1"‘;—%

Corollary 3. Let A, B be two operators such that (3.4) is valid and P, Q € B, (H) with P, Q > 0. Then for any
p, q > 1 with 1% + % = 1 we have for mp,q, Mp,q as defined by (3.9) and (3.10) that

¢ tr(PA)tr(QB) 1t (PAP) 1tr(QB?)

PURP) €@ Sp 6P ' q 6Q G1D
r tr(PA) tr (QB)
*Mpat @) @@
wheret=min{},, %}andT=max{Il,, %}
Proof. From (3.4) we have
0<mfI<AP <MFI, 0 <mil<B?<Mil
By replacing A by AP, Bby B and v = % in (3.5) then we get the desired result (3.11). O
Remark 4. If we take Q = P in (3.11), then we get
1 1
. tu(PA)u@PB) T P (347 +187)]
P4 g (P) tr(P) tr (P)
_ T tr(PA) tr(PB)
=UPaTy Py w(P)
For p = g = 2 we consider
2
K[(%) } >1if M <1,
my =4 1if <1< 0, (3.12)
2
K[(Q%) } >1ifl<
and .
K[(%—i) > 1if%—; <1,
. 2 2
My := max{K[(%—i) }I([(""{—z) H >STif M <1< M (G.13)
2
I([(%—;) } > 1if 1 < it

Corollary 4. Let A, B be two operators such that (3.4) is valid and P, Q € By (H) with P, Q > 0. Then for f,,
M, as defined by (3.12) and (3.13) we have that

-12tr(PA)tr(QB) _ 1t (PA?) L1 tr (QB?)

" w@) w@ “p w® g w(Q
L jyi/2tr(PA) tr (QB)
T2 (P tr(Q)
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DE GRUYTER Trace inequalities for positive operators =—— 189

In particular,

ﬁHJZU(PA)U(PB)<tr[P<é%¥ﬁ)} _ it (PA) tr (PB)
2w «® - w@ 2 w@ u@

Corollary 5. If P, Q, S, V are positive invertible operators with P, Q, S, V € B1 (H) and for 0 < my < My,
0< my < MZ’
0<miP<S<MP, 0<myQ<V<MQ. (3.14)

Then for any v € [0, 1], we have for m, M as defined by (3.2) and (3.3) that

ot (Ph,S) tr(Qh V) _

tr(S)  tr(V)
w@ w@ a7V

() "t (Q)
Rtr (Ph1-,S) tr (Q4. V)
tr (P) tr(Q) ’

(3.15)

<M

wherer =min {1 -v,v}and R = max{1-v,v}.
In particular, we have

12t (PES) tr(Q4V) _ 1 [tr(S) | tr(V)
tr(P) tr(Q) ~2|tr(P) tr(Q)

< b2 L (PeS) tr (QeV)

B tr(P) tr(Q) °

Proof. From (3.14) we have
0<my <P V25 Y2 <My, 0<my < QY2VQ Y2 < M.

If we use the inequality (3.5) for A = P"/25P~Y/2 and B = Q" /2VQ"V/2 then

-1/2gp-1/2 17”) _ _1o\Y _ _ _ _
mrtr (P (P P ) tr (Q (Q 12y 1/2) ) tr (PP 1/26p 1/2) tr (QQ 112y 1/2)

+v

<(1-v)

tr (P) tr(Q) tr (P) tr (Q)
50 ofae
<M tr (P) tr(Q) ’
which, by the properties of trace, is equivalent to (3.15). O

Remark 5. IfP, S, V are positive invertible operators with P, S, V € By (H)andfor0 < my < M1,0 < my < M3,
O<M1PSSSM1P, 0<m2Ps VSsz,

then for any v € [0, 1], we have for m, M as defined by (3.2) and (3.3) that

A (Ph1,S) tE (PR V) _ tr((L-1)S +vV)
™ Tw®  u@) tr (P)
_ Rt (PELS) tr(PE V)
= w(P) () ’

wherer =min{l -v,v}and R = max {1 -v,v}.
In particular, we have

/2 T (PES) tr (PEV) _ tr (¥) _ /2t (PES) tr (P3V)
tr(P) tr(P) =~ tr(P) tr(P) tr(P) °
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4 Trace Inequalities Via Tominaga and Furuichi Results

We recall that Specht’s ratio is defined by [28]

hFT
S(h) o eln(hh%l>

lifh=1.

ifh e (0,1)U(1, )

DE GRUYTER

It is well known that limy,_,; S(h) = 1, S(h) = S () > 1 for h > 0, h # 1. The function is decreasing on (0, 1)
and increasing on (1, c0).

The following inequality provides a refinement and a multiplicative reverse for Young’s inequality

s((5))ap <a-nasubs(f)ap,

wherea, b >0,v € [0, 1], r =min {1 - v, v}.

(4.1)

The second inequality in (4.1) is due to Tominaga [29] while the first one is due to Furuichi [11].
Ifa € [my, M ]and b € [m;, My] with 0 < my; < My, 0 < my < M, then

mi a M1
<< —=,
Mz b m;
Denote, for r € (0, 1)
~ . a\’ o
my =: min S ((—) > and M =: max
(@,b)E[my1,Mi]x[my,Mo] b

Taking into account the properties of Specht’s ratio we have

and

M =

We have the following result:

S((%)r) > 1if M <1,

S¢
oy
Il
—_
=
SE
IN
—_
IN
3=

max{S(%—f),S(%—;)}>1if%sls%

S(m—;>>1if1<%.

Theorem 3. Let A, B be two operators such that

O<m11sA<M11, 0<m2[SBSM21

(a,b)e[my,M;]x[my,M;]

(4.2)

(4.3)

and P, Q € B, (H)with P, Q > 0. Then for any v € [0, 1], we have for y, M as defined by (4.2) and (4.3) that

r

_ tr (PAY™) tr(QBY)

a®@  w@ a7

tr(PA)  tr(QB)
o Q)
L i (PAT) tr(@BY)

N tr (P) tr(Q) ’
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DE GRUYTER Trace inequalities for positive operators = 191

wherer =min{1 -v,v} andR = max{1 -v,v}.
In particular, we have

; tr(PAl/z) tr(QB”Z)<1 tr (PA)  tr(QB)
™24 (P (@ 2 { tr(P) tr(Q)}
tr (PA1/2> tr (031/2)
M—? e

Proof. From (3.1) we have
mra’™b” <(1-v)a+vb<Ma'™"b",

where a € [my, M1], b € [my, M3]and v € [0, 1].
Now, on making use of a similar argument as in the proof of Theorem 2, we get the desired result (4.4). [

For 0 < my < My, 0 < m; < M, and p, g > 1 with % %—1wedeﬁneforre(0 1)
M e MP
(—q )>11f?§<1’
4
ﬁlr,p,q = 1if % <1< %, (4.5)
MINT m
S (W}) >1if1< ™

and

- Mq MP 17 MP
Mpg:={ max {s (m—,§) S (Wé)} > 1if 3 < 12 2, (4.6)
jyi . p
S(m—i,) >11f1<1%1'

Corollary 6. Let A, B be two operators such that (3.4) is valid and P, Q € Bq (H) with P, Q > 0. Then for any
p, q > 1 with % + % = 1 we have for iy .4, Mp,q as defined by (4.5) and (4.6) that

e tr (PA) tr (QB) 1tr(PAp)+1tr(QBq)
P ®P) w(@ p u®P) g tu(Q
<1 tr (PA) tr (QB)
P4t (P) tr(Q)°

- mi 11
wheret—mln{p,q}.

The interested reader may write similar inequalities to those in the previous section, however we do not
present them here.

Acknowledgement: The author would like to thank the anonymous referees for their valuable comments that
have been implemented in the final version of the paper.
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