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Abstract. In this research article, authors have established a general integral identity for Riemann-
Liouville fractional integrals. Some new results related to the left-hand side of Hermite-Hadamard
type integral inequalities utilizing this integral identity for the class of functions whose second
derivatives at some power are P-convex are obtained.The presented results have some closely
connection with [M. E. Özdemir, C. Yıldız, A. O. Akdemir, E. Set, On some inequalities for
s-convex functions and applications, Jounal of Inequalities and Applications, 2013:333]

1. Introduction

Let f : I ⊂ R → R be a convex function on the interval I of real numbers and
a,b ∈ I with a < b. Then

f

(
a+b

2

)
� 1

b−a

∫ b

a
f (x)dx � f (a)+ f (b)

2
. (1)

is known in the literature as the Hadamard inequality for convex mapping. Both in-
equalities hold in the reversed direction if f is concave [1].We take note that Hadamard’s
inequality might be viewed as a refinement of the idea of convexity and it takes after ef-
fortlessly from Jensen’s inequality. Note that few of the classical inequalities for means
can be gotten from (1) for suitable specific selections of the mapping f . It is notable
that the Hermite-Hadamard inequality plays an essential part in nonlinear analysis. In
the course of the most recent decade, this classical inequality has been enhanced and
summed up in various routes; there have been a extensive number of research articles
written on this subject, (see, [2–15]) and the references therein.

Some important definitions and mathematical preliminaries of fractional calculus
theory which are utilized further as a bit of this paper.

Let I ⊂R be an interval. The function f : I →R is said to be P-convex (or belongs
to the class P(I)) if it is nonnegative and, for all a,b ∈ I and t ∈ [0,1] , satisfies the
inequality

f (ta+(1− t)b) � f (a)+ f (b) (2)
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Note that P(I) contain all nonnegative convex functions and quasi convex func-
tions. Since then numerous articles have appeared in the literature reflecting further
applications in this category see [3, 6, 12, 15]

DEFINITION 1. Let f ∈ L1[a,b]. The left-side and right-side Riemann-Liouville
fractional integrals of order α > 0 with a � 0 are defined by

Jα
a+ f (x) =

1
Γ(α)

∫ x

a
(x− t)α−1 f (t)dt, a < x

and

Jα
b− f (x) =

1
Γ(α)

∫ b

x
(t− x)α−1 f (t)dt, x < b

respectively, where Γ(.) is Gamma function and its definition is Γ(α) =
∫ ∞
0 e−uuα−1du.

It is to be noted that J0
a+ f (x) = J0

b− f (x) = f (x).

In the case of α = 1, the fractional integral reduces to the classical integral.
Properties relating to this operator and for useful details on Hermite-Hadamard

type inequalities connected with fractional integral inequalities, readers are directed to
[2]–[7], [8], [10], [13].

In [13] Sarikaya et al. proved a variant of Hermite-Hadamard’s inequalities for
fractional integral which follows as:

THEOREM 1. Let f : [a,b] → R be a positive function with 0 � a < b and f ∈
L1[a,b] . If f is convex function on [a,b], then the following inequalities for fractional
integrals hold:

f

(
a+b

2

)
� Γ(α +1)

2(b−a)α
[
Jα
a+ f (b)+ Jα

b− f (a)
]
� f (a)+ f (b)

2
(3)

with α > 0

REMARK 1. For α = 1, inequality (3) reduces to inequality (1) .
In [11] Özdemir et al. proved some inequalities related to Hermite-Hadamard’s

inequalities for functions whose second derivatives in absolute value at certain powers
are s-convex functions as follows:

THEOREM 2. Let f : I ⊂ [0,∞) → R be a twice differentiable mapping on I0

(where I0 is the interior of I ) such that f ′′ ∈ L [a,b] , where a,b∈ I with a < b. If | f ′′|
is s-convex on [a,b], for some fixed s ∈ (0,1] , then the following inequality holds :∣∣∣∣ f
(

a+b
2

)
− 1

b−a

∫ b

a
f (x)dx

∣∣∣∣ � (b−a)2

8(s+1)(s+2)(s+3)

×
{
| f ′′(a)|+(s+1)(s+2) | f ′′

(a+b
2

)
|+ | f ′′(b)|

}

�
[
1+(s+2)21−s

]
(b−a)2

8(s+1)(s+2)(s+3)
{| f ′′(a)|+ | f ′′(b)|}
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PROPOSITION 1. Under the assumptions of Theorem 2 for s = 1 by Theorem 2,
then we get,

∣∣∣∣ f
(

a+b
2

)
− 1

b−a

∫ b

a
f (x)dx

∣∣∣∣� (b−a)2

48

[| f ′′(a)|+ | f ′′(b)|] (4)

THEOREM 3. Let f : I ⊂ [0,∞) → R be a twice differentiable mapping on I0

(where I0 is the interior of I ) such that f ′′ ∈ L [a,b] , where a,b ∈ I with a < b. If
| f ′′|q , p,q � 1 is s-convex on [a,b], for some fixed s ∈ (0,1] , then the following
inequality holds :∣∣∣∣ f

(
a+b

2

)
− 1

b−a

∫ b

a
f (x)dx

∣∣∣∣
� (b−a)2

16

(
1
3

)1/p
{(

2
(s+1)(s+2)(s+3)

| f ′′(a)|q +
1

(s+3)

∣∣∣ f ′′(a+b
2

)∣∣∣q)1/q

+
(

1
(s+3)

∣∣∣ f ′′(a+b
2

)∣∣∣q +
2

(s+1)(s+2)(s+3)
| f ′′(b)|q

)1/q
}

PROPOSITION 2. Under the assumptions of Theorem 3 for s = 1 by Theorem 3,
then we get,

∣∣∣∣ f
(

a+b
2

)
− 1

b−a

∫ b

a
f (x)dx

∣∣∣∣ � (b−a)2

48

(
3
4

)1/q
{(

1
3
| f ′′(a)|q +

∣∣∣ f ′′(a+b
2

)∣∣∣q)1/q

+
(∣∣∣ f ′′(a+b

2

)∣∣∣q +
1
3
| f ′′(b)|q

)1/q
}

(5)

The aim of this paper is to provide a unified approach to establish Hermite-Hadamard
type inequalities for Riemann-Liouville fractional integral using the convexity as well
as concavity, for functions whose absolute values of second derivatives are P-convex.
we will derive a general integral identity for convex functions.

2. Main results

To obtain our principal results we need the following Lemma:

LEMMA 1. Let I ⊂ R be an open interval, a,b ∈ I with a < b and f : [a,b] →
R be a twice differentiable function such that f ′′ is integrable and 0 < α � 1 on
(a,b) with a < b. If | f ′′| is a convex on [a,b], then the following identity for Riemann-
Liouville fractional integrals holds:

Γ(α +1)
2(b−a)α

[
Jα
a+ f (b)+ Jα

b− f (a)
]− f

(
a+b

2

)
=

(b−a)2

2α+3 (α +1)

4

∑
k=1

Ik,
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where

I1 =
∫ 1

0
(1− t)α+1 f ′′

(
ta+(1− t)

a+b
2

)
dt,

I2 =
∫ 1

0
((1+ t)α+1−2α (1+ t)+ α2α (1− t)) f ′′

(
tb+(1− t)

a+b
2

)
dt,

I3 =
∫ 1

0
(1− t)α+1 f ′′

(
tb+(1− t)

a+b
2

)
dt,

I4 =
∫ 1

0
((1+ t)α+1−2α (1+ t)+ α2α (1− t)) f ′′

(
ta+(1− t)

a+b
2

)
dt.

A simple proof of this inequality can be done by integrating by parts. The details
are left to the interested readers. Using Lemma 1 the following results can be obtained.

THEOREM 4. Let I ⊂R be an open interval, a,b∈ I with a < b and f : [a,b]→R

be a twice differentiable function such that f ′′ is integrable and 0 < α � 1 on (a,b)
with a < b. If | f ′′| is a P-convex on [a,b], then we have the following inequality for
Riemann-Liouville fractional integrals:

∣∣∣∣ Γ(α +1)
2(b−a)α

[
Jα
a+ f (b)+ Jα

b− f (a)
]− f

(
a+b

2

)∣∣∣∣
� (b−a)2

2α+3 (α +1)
(Q1 +Q2)

{∣∣ f ′′(a)
∣∣+2

∣∣∣∣ f ′′(a+b
2

)∣∣∣∣+ ∣∣ f ′′(b)
∣∣} (6)

where

Q1 =
∫ 1

0
(1− t)α+1 dt =

1
(α +2)

Q2 =
∫ 1

0
((1+ t)α+1−2α (1+ t)+ α2α (1− t))dt

=
2α+2

(α +2)
−2α+2 +2α−1− 1

α +2
+ α2α−1

Proof. Since | f ′′| , is a P-convex function, by using Lemma 1, we get∣∣∣∣ Γ(α +1)
2(b−a)α

[
Jα
a+ f (b)+ Jα

b− f (a)
]− f

(
a+b

2

)∣∣∣∣
� (b−a)2

2α+3 (α +1)

∫ 1

0
(1− t)α+1

{
f ′′
(
ta+(1− t)

a+b
2

)
dt + f ′′

(
tb+(1− t)

a+b
2

)
dt

}

+
(b−a)2

2α+3 (α +1)

∫ 1

0
((1+ t)α+1−2α (1+ t)+ α2α (1− t))

×
{

f ′′
(
tb+(1− t)

a+b
2

)
dt + f ′′

(
ta+(1− t)

a+b
2

)
dt

}



NEW RESULTS ON H-H INEQUALITY VIA FRACTIONAL INTEGRALS 659

� (b−a)2

2α+3 (α+1)

∫ 1

0

∣∣∣(1−t)α+1
∣∣∣ ∣∣∣∣
(

f ′′
(
ta+(1−t)

a+b
2

)
|dt+ f ′′

(
tb+(1−t)

a+b
2

))
dt

∣∣∣∣
+

(b−a)2

2α+3 (α +1)

∫ 1

0

∣∣∣((1+ t)α+1−2α (1+ t)+ α2α (1− t))
∣∣∣

×
∣∣∣∣
(

f ′′
(
tb+(1− t)

a+b
2

)
dt + f ′′

(
ta+(1− t)

a+b
2

))
dt

∣∣∣∣
� (b−a)2

2α+3 (α +1)
Q1

{∣∣ f ′′(a)
∣∣+2

∣∣∣∣ f ′′(a+b
2

)∣∣∣∣+ ∣∣ f ′′(b)
∣∣}

+
(b−a)2

2α+3 (α +1)
Q2

{∣∣ f ′′(a)
∣∣+2

∣∣∣∣ f ′′(a+b
2

)∣∣∣∣+ ∣∣ f ′′(b)
∣∣}

� (b−a)2

2α+3 (α +1)
(Q1 +Q2)

{∣∣ f ′′(a)
∣∣+2

∣∣∣∣ f ′′(a+b
2

)∣∣∣∣+ ∣∣ f ′′(b)
∣∣}

which completes the proof. �

COROLLARY 1. Under the assumption of Theorem 4 if we put (| f ′′(a)| = | f ′′(b)|)
= 0 then inequality takes the following form

∣∣∣∣ Γ(α +1)
2(b−a)α

[
Jα
a+ f (b)+ Jα

b− f (a)
]− f

(
a+b

2

)∣∣∣∣
� (b−a)2

2α+2 (α +1)
(Q1 +Q2)

(∣∣∣∣ f ′′(a+b
2

)∣∣∣∣
)

The corresponding version for powers of the absolute value of the derivative is
incorporated in the following theorem.

THEOREM 5. Let I ⊂R be an open interval, a,b∈ I with a < b and f : [a,b]→R

be a twice differentiable function such that f ′′ is integrable and 0 < α � 1 on (a,b)
with a < b. If | f ′′|q is a P-convex on [a,b], q � 1 then we have the following inequality
for Riemann-Liouville fractional integrals:

∣∣∣∣ Γ(α +1)
2(b−a)α

[
Jα
a+ f (b)+ Jα

b− f (a)
]− f

(
a+b

2

)∣∣∣∣
� (b−a)2

2α+3(α +1)
(Q1)

1−1/q

[(
Q1

{∣∣ f ′′ (a)
∣∣q +

∣∣∣∣ f ′′
(

a+b
2

)∣∣∣∣
q})1/q

]

+
(b−a)2

2α+3(α +1)
(Q2)

1−1/q

[(
Q2

{∣∣ f ′′ (b)
∣∣q +

∣∣∣∣ f ′′
(

a+b
2

)∣∣∣∣
q})1/q

]
(7)
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Proof. Using the well-known power-mean integral inequality for q > 1 , we have

∣∣∣∣ Γ(α +1)
2(b−a)α

[
Jα
a+ f (b)+ Jα

b− f (a)
]− f

(
a+b

2

)∣∣∣∣
�
∣∣∣∣∣ (b−a)2

2α+3(α +1)

∫ 1

0
(1− t)α+1

(
f ′′
(

ta+(1− t)
a+b

2

))
dt

∣∣∣∣∣
� (b−a)2

2α+3(α +1)

(∫ 1

0
(1− t)α+1 dt

)1−1/q

×
[(∫ 1

0
(1− t)α+1

∣∣∣∣ f ′′
(

ta+(1− t)
a+b

2

)∣∣∣∣
q

dt

)1/q

+
(∫ 1

0
(1− t)α+1

∣∣∣∣ f ′′
(

tb+(1− t)
a+b

2

)∣∣∣∣
q

dt

)1/q
]

+
(b−a)2

2α+3(α +1)

(∫ 1

0
((1+ t)α+1−2α (1+ t)+ α2α (1− t))dt

)1−1/q

×
[(∫ 1

0
((1+ t)α+1−2α (1+ t)+ α2α (1− t))

∣∣∣∣ f ′′
(

ta+(1− t)
a+b

2

)∣∣∣∣
q

dt

)1/q

+
(∫ 1

0
((1+ t)α+1−2α (1+ t)+ α2α (1− t))

∣∣∣∣ f ′′
(

tb+(1− t)
a+b

2

)∣∣∣∣
q

dt

)1/q
]

� (b−a)2

2α+3(α +1)
(Q1)

1−1/q

[(
Q1

{∣∣ f ′′ (a)
∣∣q +

∣∣∣∣ f ′′
(

a+b
2

)∣∣∣∣
q})1/q

+
(

Q1

{∣∣ f ′′ (b)
∣∣q +

∣∣∣∣ f ′′
(

a+b
2

)∣∣∣∣
q})1/q

]

+
(b−a)2

2α+3(α +1)
(Q2)

1−1/q

[(
Q2

{∣∣ f ′′ (a)
∣∣q +

∣∣∣∣ f ′′
(

a+b
2

)∣∣∣∣
q})1/q

+
(

Q2

{∣∣ f ′′ (b)
∣∣q +

∣∣∣∣ f ′′
(

a+b
2

)∣∣∣∣
q})1/q

]

� (b−a)2

2α+3(α +1)
(Q1)

1−1/q

[(
Q1

{∣∣ f ′′ (a)
∣∣q +

∣∣∣∣ f ′′
(

a+b
2

)∣∣∣∣
q})1/q

]

+
(b−a)2

2α+3(α +1)
(Q2)

1−1/q

[(
Q2

{∣∣ f ′′ (b)
∣∣q +

∣∣∣∣ f ′′
(

a+b
2

)∣∣∣∣
q})1/q

]
.

Which completes the proof. �
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COROLLARY 2. On letting α = 1 in Theorem 5, then inequality (7) becomes as:∣∣∣∣ f
(

a+b
2

)
− 1

b−a

∫ b

a
f (x)dx

∣∣∣∣
� (b−a)2

48

{(
| f ′′(a)|q +

∣∣∣ f ′′(a+b
2

)∣∣∣q)1/q

+
(∣∣∣ f ′′(a+b

2

)∣∣∣q + | f ′′(b)|q
)1/q

}

In the following, we obtain estimate of Hermite-Hadamard inequality (3) for con-
cave functions.

THEOREM 6. Let f : [a,b] → R be a twice differentiable function on (a,b) such
that f ′′ ∈ L [a,b] . If | f ′′|q is concave on [a,b] for some fixed p � 1 with q = p

p−1 ,and
| f ′′| is a linear map, then the following inequality for fractional integrals holds for
α > 0 :∣∣∣∣ Γ(α +1)

2(b−a)α
[
Jα
a+ f (b)+ Jα

b− f (a)
]− f

(
a+b

2

)∣∣∣∣
� (b−a)2

2α+3(α +1)

[
Q1

{∣∣∣∣∣ f ′′
({

Q4a+Q3
(

a+b
2

)
Q1

})∣∣∣∣∣+
∣∣∣∣∣ f ′′
({

Q4b+Q3
(

a+b
2

)
Q1

})∣∣∣∣∣
}

+Q2

∣∣∣∣∣ f ′′
({

(Q5a+Q6
(

a+b
2

)
Q2

})∣∣∣∣∣+ f ′′
{

(Q5b+Q6
(

a+b
2

)
Q2

}]
. (8)

Where

Q1 =
∫ 1

0
(1− t)α+1 dt =

1
(α +2)

Q2 =
∫ 1

0
((1+ t)α+1−2α (1+ t)+ α2α (1− t))dt

=
2α+2

(α +2)
−2α+2 +2α−1− 1

α +2
+ α2α−1

Q3 =
∫ 1

0
(1− t)α+2 dt =

1
α +3

Q4 =
∫ 1

0
t (1− t)α+1 dt =

1
(α +2)(α +3)

Q5 =
∫ 1

0

{
(1+ t)α+1−2α (1+ t)+ α2α (1− t)

}
tdt

=
2α+2

α +2
− 2α+3

(α +2)(α +3)
+

1
(α +2)(α +3)

+ α
2α

6
− 5.2α

6

Q6 =
∫ 1

0

{
(1+ t)α+1−2α (1+ t)+ α2α (1− t)

}
(1− t)dt

= − 1
α +2

+
2α+3

(α +2)(α +3)
− 1

(α +2)(α +3)
− 2α+1

3
+ α

2α

3



662 S. QAISAR, F. AHMAD, S. S. DRAGOMIR AND M. IQBAL

Proof. Using the concavity of | f ′′|q and the power-mean inequality, we obtain

| f ′′(tx+(1− t)y)|q > t| f ′′(x)|q +(1− t)| f ′′(y)|q �
(
t| f ′′(x)|+(1− t)| f ′′(y)|)q

Hence
| f ′′(tx+(1− t)y)|� t| f ′′(x)|+(1− t)| f ′′(y)|,

so, | f ′′| is also concave. By the Jensen integral inequality, we have∣∣∣∣ Γ(α +1)
2(b−a)α

[
Jα
a+ f (b)+ Jα

b− f (a)
]− f

(
a+b

2

)∣∣∣∣
� (b−a)2

2α+3(α +1)

(∫ 1

0
(1− t)α+1 dt

)∣∣∣∣∣ f ′′
(∫ 1

0 (1− t)α+1 (ta+(1− t) a+b
2 )dt∫ 1

0 (1− t)α+1 dt

)∣∣∣∣∣
q

+
(b−a)2

2α+3(α +1)

(∫ 1

0
(1− t)α+1 dt

)∣∣∣∣∣ f ′′
(∫ 1

0 (1− t)α+1 (tb+(1− t) a+b
2 )dt∫ 1

0 (1− t)α+1 dt

)∣∣∣∣∣
q

+
(b−a)2

2α+3(α +1)

(∫ 1

0
((1+ t)α+1−2α (1+ t)+ α2α (1− t))dt

)

×
∣∣∣∣∣ f ′′
(∫ 1

0 ((1+ t)α+1−2α (1+ t)+ α2α (1− t))(ta+(1− t) a+b
2 )dt∫ 1

0 ((1+ t)α+1−2α (1+ t)+ α2α (1− t))dt

)∣∣∣∣∣
q

+
(b−a)2

2α+3(α +1)

(∫ 1

0
((1+ t)α+1−2α (1+ t)+ α2α (1− t))dt

)

×
∣∣∣∣∣ f ′′
(∫ 1

0 ((1+ t)α+1−2α (1+ t)+ α2α (1− t))(tb+(1− t) a+b
2 )dt∫ 1

0 ((1+ t)α+1−2α (1+ t)+ α2α (1− t))dt

)∣∣∣∣∣
q

� (b−a)2

2α+3(α +1)
(Q1)

∣∣∣∣∣ f ′′
(

(Q4a+Q3
(

a+b
2

)
Q1

)∣∣∣∣∣
q

+
(b−a)2

2α+3(α +1)
(Q1)

∣∣∣∣∣ f ′′
(

(Q4b+Q3
(

a+b
2

)
Q1

)∣∣∣∣∣
q

+
(b−a)2

2α+3(α +1)
(Q2)

∣∣∣∣∣ f ′′
(

(Q5a+Q6
(

a+b
2

)
Q2

)∣∣∣∣∣
q

+
(b−a)2

2α+3(α +1)
(Q2)

∣∣∣∣∣ f ′′
(

(Q5b+Q6
(

a+b
2

)
Q2

)∣∣∣∣∣
q

∣∣∣∣ Γ(α +1)
2(b−a)α

[
Jα
a+ f (b)+ Jα

b− f (a)
]− f

(
a+b

2

)∣∣∣∣
� (b−a)2

2α+3(α+1)
×
[
Q1

{∣∣∣∣∣ f ′′
({

Q4a+Q3
(

a+b
2

)
Q1

})∣∣∣∣∣+
∣∣∣∣∣ f ′′
({

Q4b+Q3
(

a+b
2

)
Q1

})∣∣∣∣∣
}

+Q2

∣∣∣∣∣ f ′′
({

(Q5a+Q6
(

a+b
2

)
Q2

})∣∣∣∣∣+ f ′′
{

(Q5b+Q6
(

a+b
2

)
Q2

}]
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The proof is completed. �

COROLLARY 3. On letting α = 1 in Theorem 6, then inequality (8) becomes as:

∣∣∣∣ 1
b−a

∫ b

a
f (x)dx− f

(
a+b

2

)∣∣∣∣� (b−a)2

48

[∣∣∣∣ f ′′
(

5a+3b
8

)∣∣∣∣+
∣∣∣∣ f ′′
(

3a+5b
8

)∣∣∣∣
]
.

(9)

REMARK 2. Inequality (9) is an improvement of obtained inequality as in [11,
Corollary 4]
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[11] M. E. ÖZDEMIR, C. YILDIZ, A. O. AKDEMIR, E. SET, On some inequalities for s -convex functions
and applications, J. Ineq. & Appl. (2013) (333).

[12] S. QAISAR, M. IQBAL, M. MUDDASSAR, New Hermite-Hadamard’s inequalities for preinvex func-
tion via fractional integrals, Journal of computational analysis and application 20 (7) (2016), 1318–
1328.



664 S. QAISAR, F. AHMAD, S. S. DRAGOMIR AND M. IQBAL

[13] M. Z. SARIKAYA, E. SET, H. YALDIZ AND N. BASAK, Hermite-Hadamard’s inequalities for frac-
tional integrals and related fractional inequalities, Mathematical and Computer Modelling 57 (9–10),
2403–2407, (2013).

[14] M. Z. SARIKAYA, N. AKTAN, On the generalization of some integral inequalities and their applica-
tions, Mathematical and computer Modelling 54 (9) (2011), 2175–2182.

[15] C. FEIXIANG, Extension of the Hermite-Hadamard inequality for convex function via fractional inte-
grals, Journal of Mathematical Inequalities 10 (1) (2016), 75–81.

(Received December 6, 2016) Shahid Qaisar
Comsats Institute of Information Technology Sahiwal

Pakistan
e-mail: shahidqaisar90@ciitsahiwal.edu.pk

Farooq Ahmad
Punjab Higher Education Department

Dean Faculty of Sciences, Govt. Islamia College Civil Lines
Lahore, Punjab, 54000, Pakistan

e-mail: farooqgujjar@gmail.com; farooqgujar@giccl.edu.pk

S. S. Dragomir
School of Engineering and Science Victoria University
P. O. Box 14428 Melbourne City, VIC 8001 Australia

e-mail: sever.dragomir@vu.edu.au

Muhammad Iqbal
University of Engineering and Technology

Lahore, Pakistan
e-mail: iqbal uet68@yahoo.com

Journal of Mathematical Inequalities
www.ele-math.com
jmi@ele-math.com


