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EMPIRICAL ESTIMATION OF THE ELASTICITY OF - SUBSTITUTION:

A REVIEW

by

Vern Caddy

1. INTRODUCTION

Recent development in economic theory have placed
increasing emphasis on the importance of measuring the relative
ease with which various factor§ can be substituted for each other
in the productive process. Prior to 1961 econometric studies
.involving the use of production functions dealt almost exclusively
with functional forms which assumed specific numerical values for
the important elasticity of substitution parameter (o). The most
popular of these, the celebrated Cobb/Douglas function,(l)
implies a o of unity while the alternatives, the Leontief fixed
coefficient model and the "straight line isoquant""préduction
function, imply values for o of zero and infinity respectively.
However, in view of the fact that this parameter can conceptually
have any value between zero and infinity (in the two factor case),
the ad hoc prior restrictions imherent in the above functions
deprive the empirical results of much of their interest, as well
as introducing the possibility of specification error if the

assumption is not substantially correct.

(1) See Cobb and Douglas (1928).
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The Constant Elasticity of Substitution (CES)
functional form introduced by Arrow et al. (1961) was intended
to overcome this problem to some extent by allowing the value
of ¢ to be determined by the data. Although the CES function
represented a substantial generalization beyond the earlier
functions the substitution parametér was restricted to be constant
over all outéut and input combinations. Other funciional forms
have been developed which allow for some systematic variation in
0(2) but these have been largely ignored in favour of the CES

form by applied workers.

In the ORANI module the specification of the technical
relationship between inputs and output, and the firms behavioural
characteristics have been used to derive input demand functions
for.each of the 105 iﬁput—output industries.3 The demand
equations for primary inputs in the production of manufactured
goods inherit from the production function the elasticity of
substitution between capital and labour as one of their parameters.
The current specification of the ORANI module defines the
substitution possibilities between labour and capital in terms of a
CES function. While the CES form is conceptually preferable to the
more restrictive Cobb/Douglas function in that it does not assume a
priori a value for o, it does introduce the non-trivial problem of

obtaining satisfactory estimates for that parameter.

Despite the considerable intellectual effort that has

{2) See Revankar (1971) for an outline of some of these functions.

- (3) For the specification of the ORANI module and the derivation of
demand functions see Dixon (1975) and Caddy (1975).
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been directed towards this task the results have, to say the
least, been disappointing. The apparent sensitivity of the
estimates to the particular data base used, the form of the
estimating equation and the estimating technique employed has

caused the reported results to show a high degree of instability.

It is not the purpose of this paper to advance any new
hypotheses as to why this instability occurs or to present any new
results, but rather to highlight the estimation problem that does
exist By'providing a summary of some of the Sfudies that have been
ﬁndertaken‘using indusfry classifications which have a Sufficiently
hiéh dégree of &isaggregation to be of relevance for the ORANI
'mbdule. if a pérusal of the empirical evidence indicates that there
is a persistent tendency for the industry production functions to be

characterised by unitary elasticity of substitution the.genéralization
afforded by the CES function is unnecessary and therefore the module

could revert to the use of the Cobb/Douglas form.

2. 'THE CES FUNCTION AND ITS ESTIMATION

Although there is evidence of the CES functional form
appearing in the literature prior to the joint paper by Arrow,
Chenery, Minhas and Solow (1961) it is undoubtedly that article
which gave it its current pre-eminent role in production analysis.
The derivation 6f the functional form was based on the empirical
observation that a log-linear relationship existéd between output_per
unit of labour and the real wage rate (i.e. log V/L = log a + b log W/P
where V is value added, L is labour input, W is the wage rate and
P is the output price.) It turns out that in a constant elasticity

of substitution framework the functional form implied by this



relationship is:

Vay LP + -8k , (1)

where K is capital input and o

In practice a2 number of different approaches have been
followed in estimating the parameters of (1). The most obvious is
_the direct approach in which output is treated as being the dependent
variable and capital and labour inputs as the explanatory variables.
An obvious disadvantage of this method is that the function is
non-linear in parameters and hence the OLS method cannot be used.
Kmenta {1964) has suggested using a Taylor series expansion about the
point p = O {which implies ¢ = 1)to obtain a linear second order

approximation of {(1). This approximation has the form:
log V=1log y+ (1 -8) log K+ 48 logL -3 (1 - 6)[10g{K/L)]2. (2)

There are two problems associated with direct estimation
of the function. Firstly, the problem of multicollinearity between
the inputsleads to imprecise estimates of the parametel;s.3a
Secondly, there is the problem of simultaneous equation bias.
Marschak and Andrews (1944) pointed out that if the behavioural
characteristics of the production umit ﬁnder consideration are
specified, the production function can be seen to be only one in a
system of'simultaneous relationships. Under the 'traditional'
specifying assumptions the inputs will not be independent of the -

production function error term, and consequently least squares

3a. See Tsang and Persky (1975).
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estimates will be biased. Zellner et al. (1966) have rehabilitated
the direct estimation approach by providing an alternative

specification which does not give rise to the simultaneity problem.

A more popular (and historically the first) way of
estimating the parameters of (1} is to use one or.other of the
necessary first order optimizing conditions which make up the
"complete model". If the objective of profit maximization is applied

to a competitive firm, these take the form:

log (V/;) = a; + 0 log (W/p), _ ' (3

and

log (V/y) = a, + o log (_R/p). @)

where R is the price of capital. (2) is referred to as the "labour
marginal productivity side condition" while (3) is the "capital

marginal productivity side condition".

A third condition relating the mérginal rate of

substitution to the price ratio, can be obtained by subtracting (3)

from (4). This gives:
log (K/L) =a; +0 log (W/R). : (5)

These forms have the advantage of simplicity, and the fact
that o enters as a first order parameter enhances the possibility
of it being estimated with some precision. Ir the direct approach
it is a second order parameter, affecting the curvature of the

relations only.



Other estimating equations could be used (e.g. factor
demand or cost functions) but as these have not been used in any
applied studies of the type which are relevant to this survey, they

will not be discussed here.4

3.  CROSS-SECTIONAL STUDIES

The estimates of o reported in the ACMS article were
~obtained from the regression of log (PV/L) on log W. The log W
coefficient was interpreted as the elasticity of substitution of a.

CES function;
i.e., log (PV/L) = ai + o log W. (3a)

It should be noted that this fegression equation differs
from the labour side condition implied by the CES function as it
measures output'and wages in money rather than real terms. McKinnon
(1963) has pointed out that if prices vary across units of observation,
the use of the above equation (32} instead of the relationship (3)
leads to a specification error due to an omitted variable. This can be
readily seen if we attempt to derive (3a) from {3) by adding log P.

This gives

a

log (PV/,)

10 log W/P + log P,

a, + o log W+ (1 - o) log P; (3b)

1

i.e., equation (3a) omits the log P term. If P is constant over all
observations then the omitted term can be regarded as being absorbed

into the constant a, Since the “efficiency” and "distribution

4.7 For a survey of the alternative approaches see Woodland (1976).
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parameters which normally make up the constant term cannot in amy
case be identified, the characteristics of the estimates will not

be adversely effected if (3a) is used under these circumstances.

If, however, P does vary then the estimates will be inefficient and
will also be biased if P and W are correlated. ACMS recognise this -
problem but decide, on the basis of the rather inconclusive

evidence that is available, fhat the quantitative significance of

the error will be small and hence can be ignored.5a

The data used consisted of observations on 24 industries
from a cross-section of 19 countries. The results are summarized in

b 0f the 24 values for o that were estimated,

Column 1 of Table 1.
14 proved to be insignificantly different fron one at the 95% level

of confidence.

ACMS point out however that variations in efficiency from

one country to another could, like variations in output price, cause
the estimates to be biased. If y is in fact variable it cannot be
regarded as being part of the constant term and must be included
explicitly as an explanatory variable if a specification error is to
be avoided. In this case the correct specification of the labour side

condition is
log (V/L) =a + 0o log (W/P) + (1 - o) log ¥. (3c)

If the actual o is less than one then the coefficient on

Sa. It will be seen below that this premise is implicitly accepted
in most cross-sectional studies. '

5b. In order to make the various results more comparable Table 1
attempts to present them using a common industry classification
(USSIC). -
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the log Y term will be positive. If in addition there is a positive
correlation between efficiency and money wage (as postulated by ACMS)G,

the exclusion of the last term will bias the estimate of o upwards.

ACMS suggest that if capital as well as labour data is
available at two points on 2 production function, an unbiased estimate
of ¢ can be obtained by using the relationship between factor and
pfice ratio expressed by (5). The reason for this is thatlin
deriving (5) from (3) and (4) the efficiency parameter vy is eliminated
and the term a; contains only the distribution parameter §. Thus even
if v changes froﬁ one country to another, so long as & remains constant
(i.e. the efficiency changes are neutral) the following relationship

will hold’:

(K/")l = (H/R)l . s . | (6)

where the subscripts refer to countries.

They used this relationship, which is independent of the
efficiency parameter, with data for Japan and the U.S. to get an
alternative set of estimates. The two sets of results differed

substantially. The latter estimates exceeded the former in 67% of the

industries which appeared in both sets of data and had a median value
of .93 compared with .87 obtained in the earlier analysis. As the
measure of capital used in the estimation did not include working

capital this apparently perverse result was taken to indicate that the

6. Arrow et al. (1961, p.236).

7. This equation is obtained by dividing the "expansion path"
(i.e. eqn (5)) for country one by the "expansion path" for country
two.



elasticity of substitution between labour and working capital was
"much less™ than unity. Although not intended by ACMS this
conclusion draws attention to one of the undesirably restrictive
aspects of the CES function. If the elasticity of substitution
between working capital and labour is different to that between
fixed capital and labour then this implies that the two types of
capitél inputs are not separable and hence cannot be aggregated into
a éonsistent index. A correct specification of the production
function would be one that recognizes the three inpﬁts but wﬁich does
not make any prior'assumptions aﬁout equality fetween the various
substitution elasticities ®. The multi-factor generalization of

the CES does not satisfy this requirement.

Fuchs (1963) attempted to account for the expected
differences in efficiency by dividing the countries used by ACMS
into two groups according to differences in devélopment. -‘He then
re-estimated the labour side condition with a shift variable included
to allow the constant term (which contains the efficiency paraméter)-

to differ between the two groups.

The estimates that were obtainedSb were, in all but
three cases, higher fhan'those obtained by ACMS and only in two
cases did they differ significantly.from one. Again the relationship
between efficiency and the wage rate had an effect contrary to that
expected. In most cases the constant term was higher for the
under-developed group than for the developed group. This implied

that for any given wage rate, output per unit of labour would be

8a. See Berndt and Christensen (1973) for an elaboration of this point,

8b. See Column 2 Table 1.
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higher in the less developed countries. Fuchs attempts to
rationalize this result by postulating that observed wages in
these countries do not reflect labour costs as fully as they do

in developed countries.

Estimation of the CES labour side condition using

international cross-sectional data has also been carried out by
Arrow and Murata (1965). Using U.N. and I1.L.0. data for a total of

23 countries estimates were made for two periods, 1953-6, and 1957-9.
These results éppgar in columns 3 and 4 of Table 1. The estimated
values for o for the two periods agree reasonably well and, in general,
tend to be of slightly smaller magnitude than those estimated by ACMS
and Fuchsg. Probably.the most significant difference between the
Murata-Arrow results and those cited earlier is the much wider range

of industries over which the hypothesis that ¢ = 1 can be rejected.

A large number of cross-sectional studies have been
carried out using data collected in the U.S. "Survey of Manufacturers’
conducted during 1957 and 1958 (e.g. Minsian (1961), Solow (1964},
Dhrymes (1965, 1970), Bell (1965), Hildebrand and Liu (1965)). A
perusal of the resﬁlts of these studies highlights the extreme
instability exhibited by the ¢ estimates when slightly different data

concepts, estimating equations or estimating techniques are used.

' In attempting to estimate the elasticity of demand
for labour with output held constant Minsian (1961), independently

of ACMS, derived an estimating equation of the form.

log [%TJ = C+ (1 +n) logW . | (3d)

g. In making such comparisons it should be noted that a higher
level of industry aggregation has been used by Murata and Arrow.
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ACMS were able to prove that under the assumptions adopted by
Minsian the estimated demand elasticity (n) was equal to the
elasticity of substitution between labour and capital and hence
established the equivalence of (3d) and (3a). These results should

therefore be comparable to those of Solow (1964) who, like Minsian,

0

uses U.S. Survey of Manufacturers data to estimate (Sa).l They do

however, use different years and different geographical areas of

aggregation.

Minsian uses State data for 1957 while Solow employs
aggrégates over Census regions for 1956. In several cases [e.g.
industries 21, 29, 30, 33? 36 and 37) there are substantial
differences between the two sets of estimates which can only be
accounted for in terms of the differences in regions of aggfegation
and the years used. Nerlove (1967, p.70) suggests that the different
areas of agg:egation will effect the results because they will lead to
different product mixes being compared,and that different years would
have an effect due to the higher level of capacity utilization in
1956 than in 1957 (which was a recession year). It does not appear
however, that the observed pattern of differences can be adequately

explained by reference to these factors.

A further comparison can be made between these and the
inter-national cross-sectional results summarized above. If, as has
been suggested earlier, differences in efficiency_between the
observational units causes ¢ to be biased upwards, it is to be

anticipated that the intra-national studies would yield lower estimates

10. These estimates appear in Columns 5 and 6 of Table 1.
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than those made on an internatiomal basis. This is so because
efficiency differences would be expected to be substantially lower
in the former than the latter. However, again the empirical results

do not appear to conform to this prior reasoning.

Although all the above studies have used the labour
marginal productivity side condition as the estimating equation there
are no a priori theoretical grounds for using this in preference to
the capital side conditiﬁn. If the specified functiomal form is
valid then either side condition should yield substantially the same
results. Dhrymes (1965) tests this proposition by estimating both
equations using U.S. data on individual States for 1957. In his 1965
article Dhrymes claimed that his estimates were based on the

regressions (3a) and the corresponding "money version" of (4)

i.e. log %E- = aé +0 logR . (4a})

Subsequently however Dhrymes and Zarembka (1970) discovered that

the results were in fact based on the reciprocal regression.

log W

by * [1/;] log [PV/L]‘ (7

1

log R=b_ + (1/ log {PV/ (8)
2z o K

Consequently the Dhrymes (1965) results are estimates of (1/0) not o

as reported. Dhrymes and Zarembka (1970) presented a ''corrected”

set of results derived from the equations originally thought to have
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been used.11

Which version does in fact constitute the appropriate
regression equation depends on the assumptions on which the
endogenous/exogenous classification of variables is made. The implicit
assumption underlying the Dhrymes-Zarembka desire to 'correct" the
estimates is that factor prices are exogenous while quantities are
endogenous and hence the original (Dhrymes (1965)) estimates will suffer
from simultaneous equation bias. Since it may be more appropriate to
also treat prices as being, at least to some extent, endogenous to ;he
production model, a comparison of the small sample properties of the
estimates based on (3) and (4) and their reciprocal regressions (7)

and (8) is of interest.

Unfortunately, the magnitude and direction of the
simultanéous equation bias cannot.in general be determined. Maddala
and Kadane (1966) have however conducted_Monte Carlo studies in which
they compare the small sample pibperties of the o estimates from (3)
and (7) (call these estimates o, and o_ respectively}. They found

3 7

that s estimates are biased downwards, that the bias is fairly large
except when the true values of o are clpse'to one, and that 0.
estimates are more robust in the face of simultaneous equations
mis-specification. Also Nerlove (1967, p.89) claims that "it can be
argued that the two estimates of the elasticity of substitution (i.e.

estimates from the "original" equation and its reciprocal) tend to

bracket the true value as the sample size increases'.

11. Berndt (1976) has pointed out that the R2 figures reported by
Dhrymes (1965) do not equal the R” figures for the "corrected”
reciprocal regression as would be expected. He concludes that
the correction must therefore be incomplete or additional errors
must have been contained in the original estimates.
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The estimates from both the original reciprocal regressions
(Dhrymes 1965) and the "corrected" results (Dhrymes/Zarembka 1970)
have been reported in Table 1 (ref. Col. 7 to 10). In general the
point estimates from the labour side condition were higher than for
the capital side condition. Since both relations are equally admissable
under the standard ACMS model, Dhrymes (1965) attempts to avoid the apparent
mis-specification by developing a more general model which does not
assume a priori that homogeneity of degree one and perfectly competitive
factor markets.eiist as does the ACMS model. The estimates of ¢ |

arising from this modeél appear in Column 11 of Table 1.

A conflicting result was obtained by Bell (1965) who found
that the use of capital data generally resulted in higher estimates
of o. His estimates were made uSing the labour side gondition (egn.3a)

and a variant of the reciprocal regression of (5), namely

(%)

[l

Iog'[f,—gi'—w-i‘-—]= c + p log

These results appear in columns 12 and 13. All but omne of
the estimates obtained using capital data and half those obtained from
labour data alone exceeded unity. Bell (1965, p.330) claims that
"there is general agreement amongst many industries in the estimation
of the elasticity using the two equations" but finds "the disagreement
between the two methods fqr some industries difficult to explain".
Although he suggests lack of first degree homogeneity in the
production function, non-competitive factor markets and variations in
capacity utilization as possible reasons for the inconsistencies, he

does not pursue the matter.
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Mo?oney (1972) has also used the marginal-rate of
substitution condition (éqn.(S)) as an estimating equation.
He suggests that in view of the specification problems which
arise if output prices and the efficiency parameter are not
constant over observations, the "expansion path" equation (5)
should be preferred for estimation. Since neither the product
price nor the efficiency parameter appéar in this equation the
problems which would be ofherwiée infroduced by their variability

are eliminated.

The results (ref. columns 14) which are based on
US Census of Manufacturers data for 1963, show a substantially
different digtribution to those reported above. In only one case
is the point estimate of o greater than one and the hypothesis

that ¢ equals one can be accepted in only 4 of the 18 cases.

By way of contrast Moroney has also uséd the labour side
condition (éqn.(sa)) for estimation. There is a considerable
difference between the two sets of estimates with'the latter
(ref. Col.15) being in almost ali_cases higher than the former.

Such a result could be explained in terms of bias due to output-
price variations. If the true o is less thgn one then the
coefficient on the log P term in the true relationship (10} will

be positive. If in addition there is a positive correlation between
prices and money wages (as might reasonably be expected) the

exclusion of this term will bias the estimate of o upwards.

Probably the most disturbing aspect of a comparison of
the results of all the above studies is the lack of any consistent

relationship between the various industry estimates. As they all
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use basically the same data and production specification (and in
several cases the same estimating equation), the magnitude of the

discrepancies is unacceptable.

Hildebrand and Liu (1965) have used a similar data set
(i.e. U;S. data by States for 1957) with an estimating equation
which is derived from a variable elasti;ity of subStitutioﬁ function
(which includes the CES as a speciél case)lz. The labour marginal

productivity condition for the function has the form
log (PV/L)'= log oy t o, jog W + a, log (K/L) R (11

and the elasticity of substitution is given by

s = —4 (12)

where Sk is capital's share in ocutput.

Although it is intuitively appealing to have the capital/
labour ratio serving as an explanator for output per unit of labourls,
the behaviour of o implied by the function is not easily comprehensible.
The values for v have been calculated from the Hildebrand and Liu |
results14 and appear in column 16 of Table 1. In terms of the data

used these results should be comparable with those discussed earlier.

12. This function was also suggested by Bruno (1962).

13. Wise and Yeh (1965) have compared production functions for several
countries and have found that ¢ is strongly correlated to the
capital labour ratio.

14. See Nerlove (1967, pp-84, 85) for these calculations.
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Again the most striking characteristic of the estimates is their
diversity. The Iack of standard errors on the Hildebrand/Liu

results precludes the possibility of making tests of significances

on . However it has been suggested that the large standard errors
which are associated with the coefficients of the estimating equation
(11) are comsistent with the results that would be expected if the
true production function was in fact Cobb/Douglas. This—would imply
a 1log-linear relationship between (K/L) and W which would in turn
lead to a high level of multi-collinearity between the variables, and

hence large standard errors on the regression coefficients.-

More recent estimates are available from the work of
Zarembka and Chernicoff {1975} and Grilicﬁes and Ringstad (1971).
The former study,lwhich uses the U.S. Census of Manufacturers data
for 1963, estimates two sets of results using different levels of
aggregétion. The results are presented to support the claim made
by Zarembka in an earlier paper that "for most empirical purposes
the—elasticity should be assumed. equal to unity and the Cobb/Douglas
function employed rather than the CES function" (1970, p.53). The
equatioh used was of the general form (3a) but four regional dummies
were included to absorb any inter-regional variations in product
price or labdur quality. At the higher level of aggregation
{table 1, Col17) 6 of the 19 estimated-parémeters show a significant
departure ffom one at the 95% confidence level, while the more dis-
aggregated reéults show o differing from one in only 15 of the 79
cases (table 1,C0l.18). Although both sets of éstimateS'have the
characteristic of centering about unity the point estimates show a
considerable amount of variation. In some cases the o value for an

industry group as a whole falls outside the values posited for each
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of the activities that go to make up that industry group. This

further adds to ¢o's image of a highly unstable parameter.

As the Zarembka-Chernicoff study provides estimates at
two different levels of aggregation a comparison should provide some
indication of the vaiidity of Solow's (1964, p.118) assertion that
"elasticities of substitution should be smaller the more narrowly
defined the industrial classification, and larger the higher the
degree of aggregation'". It is not apparent from a perusal of the

results that such a relationship exists.

] The Griliches-Ringstad (1971) estimates have been made from
the data obtained in the 1963 Norwegian Census of Manufacturing
Establiéhments. They have obtained o values from direct estimation
of the production funétion {using both non-linear estimation and OLS

on the Kmenta approximation) as well as the ever-popular labour side

" .condition. These results appear in columns 19, 20 and 21 of Table 1.

In view of the recent work by Tsang and Persky (1975) it
is not surprising that the direct estimation procedures provide
results of low statistical significance. When the Kmenta approximation
is used the hypothesis that o = 1 can be tested by checking to see
whether or not the coéfficient on the squared term differs significantly
from one. In 75% of the industries examined by Griliches and Ringstad
the null hypothesis could not be rejected. Furthermore, of the cases
in which it is rejected, half the estimates imply the wrong curvature

~

for the isquants (o < ¢) and hence cannot be taken seriocusly.

The non-linear estimates (obtained by searching over a

grid of o values) are similarly umable to reject the Cobb-Douglas
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specification. While the point estimates obtained from the search
technique fluctuate considerably about one, in only one case was the
residual sum of squares (édjusted for degrees of freedom) significantly
lower than for the Cobb-Douglas form. As an indication of the extreme
flatness of the likelihood fuaction in the ¢ direction Griliches and
Ringstad reported that the residual sum of squares for total
manufacturing differed by less than one per cent for values of o

between 0.6 and 1.5.

The use of the labour marginal productivity condition again
gave estimates clustered around unity. In only 6 of the 27 industries
could the estimated values of ¢ be regarded as significantly different
from one. A comparison between these and the direct eﬁtimates does
not indicate any systematic relatiOnship between the alternative sets
of results. Griliches and Ringstad suggest thét "since theyrare all

imprecisely estimated, perhaps this is not so surprising" (1971, p.85).

4. SUMMARY OF CROSS-SECTIONAL ESTIMATES

The above survey of cross-sectional estimates of ¢ appears
to yield littlein the way of substantive results. Perhaps the most
cbvious guestion to ask is whether or not_the generalization of the
Cobb-Douglas afforded by the more complex CES form is in fact
necessary. On the basis of the results cited ahove'there is no strong
evidence to refute the maintained hypothesis that the production
function for the various industries is of the Cobb-Douglas form. In
a great majority of the cases the estimated value for ¢ did not show
any significant deviation from unity. However, in many cases the
power of the tests is very low and these may equally be taken to

indicate the poor quality of the data rather than the validity of

the Cobb-Douglas form.
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5. TIME SERIES STUDIES

The main difference between the specification of the
regression model for use with time series data and the.cross-sectional
models cbnsidered above lies in the need to allow for technological
change and other effects that may cause the production function to
shift over time. In most of the studies in which o rather than the
rate of technological progress per se is of prime interest, the
technological change is specified as being Hicks neutral and constant
(i.e. increases in the marginal productivity of both labour and
capital are equi-proportional and advance at a constant réte of time).
This featu;e is incorporated into the CES function by making the
efficiency parameter (y)} a function of time. For example let
Y, =TolCt where t measures units of time and ¢ is the rate of constant
neutral technical progress. Under these circumstances the time series

version of the Iabour marginal productivity condition (3) is

log [V/L] = a+ g log [W/P] + ct . (13)

McKinnon (1962) uses an estimating equation of the general
form of (13) but allows for a distributed lag in the felationship.ls
The data used was taken from a number of secondary sources. The most
apparent difference between these long-run results (ref. Col.1l table 2)
and the cross;sectional ones summarized above is the tendency for the

estimates to be comsistently less tham one. As will be seen below

this is a characteristic common to most time series studies.

An exception to this are the estimates made by Ferguson

(1965). He used the labour side condition with time series data

15, McKinnon's derivation of the relationship is not based on the use of
a CES function. In his interpretation of (13) the log W coefficient
must take a value between 0 and 1. However since this restriction
is not enforced in the estimation, the results are comparable to

those derived using a CES function.
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covering 19 U.S. manufacturing industries over the period 1949-61.

The initial estimates for seven of the industries yielded a
technological change coefficient which was negative and insignificantly
diffeient from zero. For these industries the trend term was
eliminated and the parameters were re-estimated. The final results
for z11 industries are listed in colwmn 2 of table 2. Although the
period covered was roughly the same as that used by McKinnon there are
substantlial differences between the two sets of estimates. Ferguson's
estimates are distributed about one with, in the majority of cases,

the deviation being insignificant. However as his data was in current
doliar values and output prices would certainly have risen over the
period the estimates could, aécording to the argument advanced earlier,

be expected to have an upwards bias.

Lucas (1969) provides some support for the lower estimates of
McKinnoh, based on a larger sample size. Lucas uses U.S. data for the

period 1931-58 to compute two sets of estimates for ¢ using (13).

The first of these (Col.3) uses current period's price
as the explanatory variable while the other (Col.4) uses previous'
period's price (i.e. a lag of one period is assumed). In some industries
(e.g. 28, 33, 35 & 37) there are considerable differences between the
two estimates of the elasticity of substitution. Although there
appears to be mo consistent relationship between these and McKinnon's
estimates at the individual industry level, both sets of results give
the same overall picture of being substantially lower than the

cross-sectional estimates.

Maddala (1965} presents estimates of the elasticity which

are in one respect similar to those (unintentionally) provided by
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Dhrymes. He uses two different types of information on the rate
- 1 - . . .
of return to capital 6 to estimate equation (5) and it's reciprocal,

log [W/R] = a} + [1/0] log [K/L] (14)

The data used covers the period 1947-58. The results (ref. Col.5 - 8
of Table 2) again tend to be less than one but otherwise show little
similarity to those summarized above. The degree of variability in the
estimates (which refer to roughly the same time period) indicates that
like the croSs—sectional estimates the time series estimates of o are
extremely sensitive to the form of the fitted relatiomship and the

data definitions used.

In view of the crucial role played by the data in these
estimates it is surprising that Australian statistics - claimed by
P.H. Douglas to be '"the best statistics in this field in the world" -
have not been more fully exploited. The only comprehensive set of
Australian estimates that are available are those of Sampson {1969).
He uses data on a éelection of 22 industries over the period
1949-50 to 1964-65 to estimate equation {13)17. The results follow
the pattern established in overseas studies in so far as all the
estimated values ﬁere less than one. Although this pattern of
behaviour appears to be established the considerable disparity
between the estimates at the individual industry level is difficult

to rationalize.

‘Mayor (1975) has used a generalization of the Hall and

Jorgenson (1967) investment model to obtain estimates of the elasticity

16. The first rate of return series used was.taken from Stigler (1963)
while the other was determined by "residual computation".

17. Refer Column 9 of Table 2 for these results.
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of substitution. The investment equation that is estimated is based on
a distributed lag model which uses the capital side condition of the
CES function (eqn. 4) to determine the desired capital stock. Unlike
the models that have been referred to above, the estimating equation
in this study has ¢ entering in a non-linear fashion. Since the
equation was linear in all other parameters estimation was carried out
by scanning over a grid of ¢ values and using the results which
yielded the lowest residual sum of squares. The standard errors which
accompany these estimates (ref. Col.10) were calculated using a method
suggested by Hartley and Booker (1965). The estimates écver a much
wider range of values than has been observed in the other time series

studies.

Non-linear least squares estimating techniques have also been
employed by Tsurumi (1970). He presents estimates based on both a
direct and two stage least squares application of Marquardt's (1959)
maximum neighbourhood method. For coﬁparison he also computes
estimates using ordinary least squares on the labour side-condition
(13). None of these estimates (ref. Col. 11-13) exceed unity. However
although there is some measure of agreement between the alternative
estimates for the various industries it is again difficult to detect
any systematic relationship between these and the other time series

estimates.

6. SUMMARY OF TIME SERIES RESULTS

The time séries estimates by themselves appear to provide
little on which to base any strong conclusions about the value of the
elasticity of substitution parameter for various industries. In
general the estimates are lower than those obtained from cross-sectional

data and fall in the range 0 to 1.
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7. CONCLUSION

This review of time series and cross-sectional studies
has indicated that there is little agreement as to the "true" value
of the elasticity of substitution. There are significant differences
between the estimates and there appears to be mo clear-cut explanation
for their diversity. Even slight changes in the period or concepts
produce drastic changes in the estimates. Suggested causes of the
instability in the estimates cover such factors as variations in the
efficienﬁy parameter, output price or quality of inputs, lagged
adjustment, cyclical changes in utilization, serial correlation,
- simultaneous equation bias and random measurement errors. The overall
impression is that there are a large number of biases, the magnitude
and direction of whose effects are uncertain, operating simultaneously

to produce very inconsistent and untrustworthy results.

Not only do the various studies attribute widely different
absolute levels to the elasticity of substitution in the industries
considered,but there is also no apparent consistency between the
ordinal raﬁkings of the industries within each study. There is
however a general pattern of differences between.the cross-sectional
and time series estimates - namely the former are usually larger

than the latter.

A more basic criticism of the general model underlying the
above estimates has been advanced by Harcourt {1966) and others. He
has shown that serious biases in the estimates may stem from a failure

to identify clearly the differences between the ex post and ex ante

substitution possibilities. As factor proportions of plant cannot

be easily varied after it has been installed it is only the factor
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proportions of the newest plant that will be adjusted to current
price conditions. The practice of regressing aggregate factor
proportions against recent costs will lead to a hybrid substitution

parameter which actually reflects neither the ex post nor ex ante

production possibilities and whose value depends on the relation of

average-practice and best-practice factor proportions.

Johansen (1972, p. 1) points out that when there is 2

difference between the ex ante and ex post substitution possibilities

"it may well be that we should get different estimates by different
types of data, these different estimates reflecting different aspects
of a more complex technological structure than that described by tradi-
tional production functions." To overcome this problem he develops a
model which carefully distinguishes between the short and long runm,

ex ante and ex post production functions. It is my view that the

Johansen model would provide a more realistic production framework for

future estimating attempts.

8. RECOMMENDATION

In spite of the dubious record of attempts to estimate neo-
classical production functions econometrically, in a forthcoming paper
I show that recent cross-sectional evidence on Australian manufacturing
industries will, when fitted under a flexible econometric'specifitation,
yield a capital-labour substitution elasticity which has a relatively
narrow confidence band. Such an estimate may temporarily fill a vacuum
until more ambitious work recognizing the vintage composition of capital
can be attempted. But in any event, prudence requires that ORANI results
be subjected to intensive analysis of their sensitivity to the values of

the capital-labour substitution elasticities.
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