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(Communicated by M. Fujii)

Abstract. In this paper we obtain some new additive refinements and reverses of Young’s opera-
tor inequality. Applications related to the Holder-McCarthy inequality for positive operators and
for trace class operators on Hilbert spaces are given as well.

1. Introduction

Throughout this paper A, B are positive operators on a complex Hilbert space
(H,{(-,-)). We use the following notations for operators

AVyB:=(1-Vv)A+ VB,

the weighted operator arithmetic mean and
AfyB = A1/ (A‘l/zBA‘l/2>vA1/27

the weighted operator geometric mean. When v = % we write AVB and AtB for
brevity, respectively.

The famous Young inequality for scalars says that if a, b >0 and v € [0, 1], then
a'Vb¥ < (1—v)a+vb (1.1)

with equality if and only if a = b. The inequality (1.1) is also called v-weighted
arithmetic-geometric mean inequality.

We recall that Specht’s ratio is defined by [13]
1

L‘)ifhe(o,l)uu,oo),

1
S(h) = el“("H

lith=1.

(1.2)
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Itis well known that lim_; S (h) =1, S(h) =S (4) > 1 for h>0, h # 1. The function
is decreasing on (0, 1) and increasing on (1,o0).

The following inequality provides a refinement and a multiplicative reverse for
Young’s inequality

AN\ 1-vpv a 1-vyv
S((Z))a b g(l—v)a—l—vng(E)a b, (1.3)

where a, b>0, v€0,1], r=min{l —v,v}.

The second inequality in (1.3) is due to Tominaga [14] while the first one is due to
Furuichi [6].

The operator version is as follows [6], [14] :

THEOREM 1. For two positive operators A, B and positive real numbers m, m’,
M, M’ satisfying either of the following conditions:
(D) 0<ml <ALmI<MI<BL<MI,
(i) 0<ml <B<mI<MI<ALMI,
we have
S((n)")AtyB < AV,B < S(h)AtyB, (1.4)

where h:=" 1 = %—,/ and v € [0,1].

We consider the Kantorovich’s constant defined by

(h+1)?

K(h) = yT

,h>0. (1.5)

The function K is decreasing on (0,1) and increasing on [1,00), K (k) > 1 for any
h>0 and K (h) =K (}) forany h > 0.

The following multiplicative refinement and reverse of Young inequality in terms
of Kantorovich’s constant holds.

K’(%)aHbV < (1—v)a+vb<KR(g> avpY (1.6)

where a, b>0, v€[0,1], r=min{l —v,v} and R=max{l —v,v}.

The first inequality in (1.6) was obtained by Zou et al. in [15] while the second by
Liaoetal. [11].

The operator version is as follows [15], [11]:

THEOREM 2. For two positive operators A, B and positive real numbers m, m’,
M, M’ satisfying either of the following conditions:
(()0<ml <ALmI<MI<B<L<MI,
(i) 0<ml <B<mI<MI<ALMI,
we have
K" (W) AtvB < AV,B < K (h)At,B, (1.7)
where h:="Y p' = My el0,1], r=min{l—v,v} and R =max {1 —v,v}.

m



ADDITIVE REFINEMENTS AND REVERSES OF YOUNG’S OPERATOR INEQUALITY 229

Kittaneh and Manasrah [8], [9] provided a refinement and an additive reverse for
Young inequality as follows:

r<\/_—\/l_7>2<(1—v)a—|—vb—a1_vbv<R<\/_—\/l_7>2 (1.8)

where a, b >0, v € [0,1], r =min{l —v,v} and R = max{l—v,v}. The case
V= % reduces (1.8) to an identity.

For some operator versions of (1.8) see [8] and [9]. Other recent results for opera-
tors may be found in [1]-[5].

Motivated by the above results we establish in this paper some new additive refine-
ments and reverses of Young’s operator inequality. Applications related to the Holder-
McCarthy inequality for positive operators and for trace class operators on Hilbert
spaces are given as well.

2. Additive Reverses
We consider the function fy : [0,00) — [0,e0) defined for v € (0,1) by
fr@)=1—-v+vx—x" (2.1
The following lemma holds.
LEMMA 1. Forany x € [m,M] C [0,°0) we have
fy(m) ifM <1,

II[la);/[]fv (x) =Ay (m,M) := < max{fy (m),fy (M)} ifm< 1< M, (2.2)
x€[m,

fv(M) if1<m
and

(M) ifM <1,

n[lirllmfv(x):Sv(mM) =< 0ifm<1I<M, (2.3)
x€[m,

fv(m) if1 <m.

Proof. The function f, is differentiable and

f)=v(l-x""1=v

which shows that the function f, is decreasing on [0, 1] and increasing on [1,eo),
fv(0)=1—-v, f,(1) =0 and the equation f, (x) =1 —v for x > 0 has the unique
solution x, = vﬁ > 1.

Therefore, by considering the 3 possible situations for the location of the interval
[m,M] and the number 1 we get the desired bounds (2.2) and (2.3). O
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REMARK 1. We have the inequalities
0< fy(x)<l—vVvforanyxe [07vﬁ]

and 1
l—v< fy(x) foranyx € [vﬁ,w)

THEOREM 3. Assume that A, B are positive invertible operators and the con-
stants M > m > 0 are such that

mA < B < MA. (2.4)
Let v € [0,1], then we have the inequalities
8y (m, M)A < AV\B — At,B < Ay (m,M) A, (2.5)

where A, (m,M) and 8, (m,M) are defined by (2.2) and (2.3), respectively.

Proof. From Lemma 1 we have the double inequality
Oy (m,M) <1—v+vx—x" <A, (m,M) (2.6)

for any x € [m,M].
If X is an operator such that ml < X < MI, then by (2.6) and the continuous
functional calculus, we have

8y (mM)I < (1= V)I+vX —X" <Ay, (m,M)1. (2.7)

If the condition (2.4) holds, then by multiplying in both sides with A~'/2 we get
ml < A~'/2BA=1/2 < MI and by taking X = A~'/2BA~1/2 in (2.7) we get

\%

Sy (m,M)I < (1—v)I+vA~/2BaA=1/2 _ (A*1/2BA*1/2> 2.8)
<Ay (mM) I

Now, if we multiply (2.8) in both sides with AY? we get the desired result (2.5). [

COROLLARY 1. For two posz{'tive operators A, B and positive real numbers m,
m', M, M’ put h= % and W = %
If
(()0<ml <AL<mI<MI<B<L<MI,
then
fuo (W) A <AV B—A8B < fy (h)A. 2.9)

If
(i) 0 <ml <B<m'I < M'I<ALMI,
then
fv ((h’)_l> A<AVyB—A4B< fy (R 1) A. (2.10)
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Proof. 1f (i) is valid, then we have

M M
A< ZA=WA<B<hA=—A,
m m
and by (2.5) we have for 1 <h' < h
fv(W)A<AV,B—AB< f, (h)A,

and the inequality (2.9) is proved.
If (ii) is valid, then we have

1 |
IA<B<—A<A
I wt s

and by (2.5) for % < % < 1 we also have

1 1
fv (ﬁ)A SAVYB—AfB < fy (Z) A,

and the inequality (2.10) is proved. [J
We have the following simpler bounds:

COROLLARY 2. With the assumptions of Theorem 3 we have
(1—vVM) AifM < 1,
rx§0ifm<1<M,

(Vm—1PAif1<m,

<AV,B—At,B

(1—m)*AifM <1,
<Rx max{(l—\/ﬁ)27(\/zt_4—1)2}Azfm<1<M,,
(VM—1)’Aif1 <m,
where v € [0,1], r=min{l —v,v} and R =max{l—v,v}.

Proof. From the inequality (1.8) we have for b =t and @ = 1 that

r(Vi—1) <o) =1—v+vi—1" <R(Vi—1)?
forany r € [0,1].

231
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Then we have

(1—ym)* if M < 1,

Ay (m,M) <R % max{(l—\/rﬁ)z,(\/z\?— 1)2} ifm<1<M,

(VM—-1)*if 1 <m

and
(1= VM) if M < 1,

Oy (mM)=2rx 0ifm<1<M,

(Vm—1)7if 1 <m,

which by Theorem 3 proves the corollary. [

REMARK 2. With the assumptions of Corollary 1, we have, in the case (i), that

r(x/W— 1>2A <AV,B—At,B<R (x/ﬁ— 1>2A7

and in the case (ii), that

2
(1 _ \/W)
P A<AV,B-ALB <R

()

The following bounds in terms of Specht’s ratio can be stated as well:

COROLLARY 3. With the assumptions of Theorem 3 we have
[S(M")—1MYAifM < 1,
0ifm<1<M,
[S(m") —1]m"Aif 1 <m,

<AV,B—A#,B

[S(m)—1m"AifM < 1,

< ¢ max{[S(m)—1]m",[S(M)— 1M }Aifm <1< M,

[S(M)—1]MYA if 1 < m.

A.

(2.12)

(2.13)

(2.14)
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Proof. From the inequality (1.3) we have for a =1 and b =1 that
St <1—v+ve<S(@)tY, (2.15)

where t >0, v €[0,1], r =min{l —v,v}.
By subtracting #¥ in the inequality (2.15) we get

OLSE) =1tV < fy (1) < [S(r) — 1)1, (2.16)

forany r >0, v €0,1].
Then we have

[S(m)—1]m¥ifM <1,
Ay (m,M) < ¢ max{[S(m)—1]m",[S(M)—1M"} if m<1<M,
[S(M)—1]MY if 1 <m

and
[S(M")—1]MYif M < 1,

Sy (mM) =4 0ifm<1<M,
[S(m")—1]m" if 1 <m,

which by Theorem 3 proves the corollary. [

REMARK 3. With the assumptions of Corollary 1, we have in the case (i), that
[S ((h’)r) — 1] (h’)vA <AV,B—AfB < [S(h)—1]h"A, (2.17)

and in the case (ii), that

S((h))—1 S(h)—1
%A <AV,B—AfyB < (h)‘/ A. (2.18)
From the inequality (1.6) we have
O<)K ()= 1]t <1—v+ve—1" < [KR () —1]#" (2.19)

where 7 >0, v €[0,1], r=min{l —v,v} and R=max{l —v,v}.
We then have the following bounds in terms of Kantorovich’s constant:
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COROLLARY 4. With the assumptions of Theorem 3 we have
K" (M) —1MYA ifM < 1,
Oifm<1<M, (2.20)
K" (m)—1]lm"A if 1 <m,
< AV,B—A4B
(KR (m) —1]m"AifM <1,
< max {[KR(m)—1]m", [KR(M)—1|M"}Aifm <1< M,

(KR (M) —1]MYAif 1 <m.

REMARK 4. With the assumptions of Corollary 1, we have in the case (i), that
(K" (1) — 1] ()" A< AV\B—AfyB < [K® (h) — 1] VA, (2.21)
and in the case (ii), that

K (W) —1
(')

KR (h)—1

ASAVVB-ARBS ——

A. (2.22)

Let p, ¢ > 1 with }—7 + é = 1. Assume that the positive invertible operators A, B
satisfy the condition

mAP < BT < MA?. (2.23)
Then by replacing A with A?, B with B? and v = é in (2.5) we have

1 1
81 (m,M)A? < —AP + —BY — AP, BI < A (m,M)A?, (2.24)
P q q q

1
q

where A (m,M) and &1 (m,M) are defined by (2.2) and (2.3) respectively.
q q

If the positive invertible operators A, B satisfy the condition (2.23), then from
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(2.11) we get for

(1= VM) AP it M < 1,
Fpg X4 0ifm< 1< M,

(Vm—17APif 1 <m

1 1
< —AP 4+ ~B7— APt B
P q a

(1—m)?APifM <1,
<Ry 4% max{(l —\/rﬁ)z’(m_ 1)2}A” itm<1<M, ,

(VM —1)’APif 1 <m,

from (2.14) we get

[S(M"Pa) — 1| MYAP if M < 1,
0ifm<1<M,

[S(m™a) —1]mYAP if 1 <m

1 1
< —AP 4+ ~B7—APY, B
P q 4

[S(m)—1]m AP ifM < 1,
< max{[S(m)—1]m",[S(M)—1]MY}A? it m <1< M,

[S(M) —1]MYAP if 1 < m,

235

(2.25)

(2.26)
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while from (2.20) we get
[K'ra (M) — 1]MYA? if M < 1,

0ifm<1<M, (2.27)

(K™ (m) —1lmYAP if 1 <m

1 1
< —AP + =B — APt B
P q a

[KRra (m) —1]m"AP if M < 1,
< § max { [K®ra (m) — 1] m", [KRra (M) — 1] MY} AP if m <1< M,
[KRra (M) — 1] MYAP if 1 <m,

—mind Ll L — 11
whererlw—mln{p,q} andRp7q—max{p,q}.

If p =g =2 and if we assume that
mA® < B> < MA?, (2.28)
then by (2.24) we get

2

3 (m,M)A? < % (A*+B*) —AMB* <A, (m,M)A%. (2.29)
Assume that A and B satisfy the conditions
mil <A< MI, myl <B< Ml (2.30)
for some 0 < m; < M; and 0 < my < M,. We have from (2.30) that
mi1 <A? < MVL
Then by (2.30) we also have
mt My I <mPB~1 < B #APB} <MPB~1 < Mm) I,

which implies that

_q g Y _4
mM, 1< (B 3arB78)" <pm, 71

<k

_4 _
Now, on using the inequality (2.24) for m = miM, " and M = Mm,

4 _4q 1 1
Sy <m1M2 7, Mym, ”) AP < —AP 4+ —B7— APY, BY (2.31)
P q

, we get

q
q

_4 —4
< AV <M1M2 ”7M1m2 ’)>Ap7
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where p, g > 1 with i—i—é =1.
In particular, we lqave

A +B*) — A*B? (2.32)
~1 —1) 42
L (M, Mymy 1) A%,
provided that A and B satisfy the conditions (2.30).
Further inequalities in terms of Specht’s ratio and Kantorovich’s constant may be

obtained by using (2.26) and (2.27) respectively, however the details are not presented
here.

3. Inequalities Related to McCarthy’s

By the use of the spectral resolution of P > 0 and the Holder inequality, C. A.
McCarthy [12] proved that

(Px,x)P < (PPx,x), p € (1,) 3.1

and
(PPx,x) < (Px,x)", p€(0,1) (3.2)

for any x € H with x| = 1.
From the previous section, for positive numbers a, b with 2 € [m,M] C (0,)
and v € [0,1] we can state the following scalar inequalities

Sy (mM)a< (1—v)a+vb—a~"b" <A, (m,M)a, (3.3)

where A, (m,M) and &, (m,M) are defined by (2.2) and (2.3) respectively.
We also have the scalar inequalities

(1- VM) aif M < 1,
rx{ 0iftm<1<M, (3.4)

(Vm—1)7aif 1 <m,
<(1—v)at+vb—a'"p¥

(1—ym)aif M < 1,
<Rx max{(l—\/rz)z,(m—l)z}aifmg1<M, ,

(VM —1)aif 1 <m,
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[S(M")—1]MVaif M < 1,
Oiftm<1<M,

[S(m")—1lmYaif 1 <m

<(1=v)at+vb—a'"p¥

[S(m)—1]mYaif M <1,

<< max{[S(m)—1m",[S(M)— 1M }aifm< 1< M,

S(M)—1]MYaif 1 <m
and

K" (M)—1]MYaif M <1,
0ifm< 1< M,

[K"(m)—1]mYaif 1 <m
<(1—v)at+vb—a'"p"

(KR (m) —1]m"aif M < 1,

< q max { [K® (m)—1]m", [KR(M)—1]M"}aifm <1< M,

(KR (M) —1]MYaif 1 <m,
where r =min{l—v,v} and R =max{l —v,v}.
THEOREM 4. Let P and operator such that
A< PLZI

for some constants Z > 7 > 0.
Then for any x € H with ||x|| = 1 we have

0<1—%§§§%<Hﬁx{ﬁ(%>Jh(g)}’

where A € [0, 1] and the function fj : [0,00) — [0,00) is defined by
frt)=1—A+At—1*.

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)
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Proof. If u,v € [z,Z] then * € [£, %] and by (3.3) we have

o<-mpeauv i <maln (5)- (£)}

forany A € [0,1].
Fix v € [z,Z], then by using the functional calculus for the operator P with zI <
P < ZI we have

0< (1—A)WI+AP— 4P < max{f;t< )fl< )}v (3.10)

forany A € [0,1].
The inequality (3.10) implies that

0<(1—7L)v+7L<Px,x>—vlA<P’1x,x><max{f;t< )fl< )}v 3.11)

forany x € H with ||x|| = 1, forany A € [0,1] and for any v € [z,Z].
If we take in (3.11) v = (Px,x) € [z,Z], for x € H with ||x|| = 1, then we have

0< (Px,x) — (Px,x) ™ <P7Lx x> < max {f,l ( ) fi ( ) } (Px,x),

which, by division with (Px,x)'™* > 0 produces

0 < (Px,x)* <P X x> < max{fl ( ) fi ( )}(Px,x)A

that is equivalent to the desired result (3.8). [

REMARK 5. If 1 < % < AT with A € (0,1) then by Remark 1 we have that
max{f,l (%) o (%)} < 1—A and by (3.8) we get

A (Px.x)* < <P)Lx,x> (g (Px,x)k> (3.12)
forany x € H with ||x|| = 1.

COROLLARY 5. With the assumptions of Theorem 4 and if T = max{A,1 —A1}
Sfor A € (0,1), then we have

ka,x
°<1—ipTx>x>< SE -3

forany x € H with ||x|| = 1.
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‘We have:

THEOREM 5. Let A and B be two positive invertible operators, p, q > 1 with

+ - =1and m, M > 0 such that

1,1
p q
mPBY < AP < MPBY. (3.13)

Then we have

(Bt ),APx,x) myPp M\?
Os1- (APx,x>1/11’7<B‘1x,x>1/‘1 S max {f,l, <<M> )’f% ((E) )}’ (3-14)

where the function f1 :[0,00) — [0,0) is defined by (3.9) for A = %
P

Proof. From the inequality (3.8) for x = ﬁ, y # 0 we have

OST=  T py ot S AR 3.15
) ) (Py, )t S maxy fa (z) S\ 7 (3.15)

provided that P satisfy the condition (3.7).

Now, from (3.13) by multiplying both sides with B~ we have mPI < B 1APB~ 1 <
MPI.

By writing the inequality (3.15) for P = B 3APB %, ;= mP, Z=MP, A= 11—7

and y :B%x, with x € H, x # 0, we have

that is equivalent to

1
<B% <B_%AI’B_%> P B%x,x>
01—

1 1
(Bix,x)¥ (APx,x) 7

with x € H, x #0.
This is equivalent to the desired result (3.14). [
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COROLLARY 6. With the assumptions of Theorem 5 we have for x € H, x # 0,

that )
E
Tp,q ((%) P - 1) )
<B‘1ti1/pA1’x,x>

AP Bt ) S((D7) 1] %,

b

01—

)

where Ty 4, = max{

=
Q=

4. Trace Inequalities

In the general case of Hilbert spaces (H;(-,-)), if {e;},.; is an orthonormal basis
of H, we say that a bounded linear operator A € & (H) is trace class provided

Al = (Al eiser) < . (4.1)
icl

The definition of ||A||; does not depend on the choice of the orthonormal basis {e;};.; .
We denote by ) (H) the set of trace class operators in % (H) .

The following properties are also well known:

(i) We have

1Al = 114"l

forany A € %, (H);

(ii) %, (H) is an operator ideal in 2 (H), i.e.

P (H)% (H)%(H)C % (H);

(iil) (%1 (H),||l,) is a Banach space.
We define the trace of a trace class operator A € %) (H) to be

tr(A) = (Aei,ei) (4.2)
iel
where {e;};; is an orthonormal basis of H. Note that this coincides with the usual def-
inition of the trace if H is finite-dimensional. We observe that the series (4.2) converges
absolutely and it is independent from the choice of basis.
The following results collect some properties of the trace:
() IfAe % (H) then A* € %, (H) and
tr (A*) =tr(A); (4.3)
(i)IfAc A (H)and T € #(H), then AT, TA € B (H) and
tr (AT) =tr(TA) and |tr (AT)| < ||All; Il (4.4)

(iii) tr(-) is a bounded linear functional on %, (H) with |[|tr]| = 1;
(iv) AByin (H) , the space of operators of finite rank, is a dense subspace of %, (H).
We have the following trace inequality:
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THEOREM 6. Let C be an operator with the property that
A< C<LZI 4.5)

for some constants z, Z with Z>z>0 and P € %, (H), P >0 with tr(P) > 0. Then
forany A € [0,1] we have

tr (PC’I)
T WP (PO) S ax{fk( ) fl( )} *0
and the function f; is defined by (3.9).

Proof. As in the proof of Theorem 4, we have

0< (1—A)WI+AC— v~ Ch < max{fl( >f1< >}

forany A € [0,1].
This inequality implies that

0< (1=A)v{x,x)+A(Cx,x) —vi~? <Clx,x> 4.7)

<max{fk< >f1< )} (x,x),

forany x € H, forany A € [0,1] and for any v € [z,Z].
Now, if we take in (4.7) x = P!/2¢, where e € H, then

0<(1—=A)v(Pe,e)+ A <P1/2CP1/2e,e> A <P1/2C1P1/2€,6> (4.8)

<max{fl< )f;t< )}v(Pe,e),

forany e € H.
Let {e;};-; be an orthonormal basis of H. If we take in (4.8) e =¢;, i € I and by
summing over i € /, then we get

— AW (Pesei) +7LZ<P1/2CP1/2ei,ei> 4.9)
i€l i€l

A Y <P1/2C1P1/2ei,e,~>

icl

< max {fz (%) S (%) } VZ<P€i’€i> :

icl

and by the properties of trace we have

0< (1= A)vtr(P)+ Atr (PC) —v' Hir <PC7L>

<max{fl( )ﬁ( )}vtr<P>,
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forany A € [0,1] and for any v € [z,Z].
This inequality can be written as

0<(1—A)v+xtr(f;c —v”trt(:()i;) 4.10)
<max{fl< ) fl )}
2.

forany A € [0,1] and for any v € [z,
Now, if we take in (4.10) v tr(fc)) [z,Z], then we get

tr(PC) . tr(PC) [t (PC)\'*tr(PC*)
O<U=MTm T %m ~ ( w(P) ) w(P)

<maX{fA( )fl< )}tir(f;c))’

namely
w(PC)  (uw(PC)\' " (PCH)
tr (P) tr (P) tr (P)
tr (PC)
<
m{ ()5 (2)} oy
and by multiplying with (( )) > (0 we get the desired result (4.6). [J

In particular, we have

COROLLARY 7. With the assumptions of Theorem 6 and if T = max{A,1 —A1}

(2.
[s(2)-1] (9"

(K7 (2)~1] (£)".

The following reverse of Holder’s trace inequality may be stated:

for A € (0,1), then we have

A
tr (PC*) @11

S A
trl=* (P)tr* (PC)

THEOREM 7. Let A and B be two positive invertible operators, p, q > 1 with
=1 and m, M > 0 such that
mPB?T < AP < MPB.

+

1.1
P q
4.12)

If B1€ B, (H), then

s <man () (0} e

~ul/r(AP) /4 (B
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Proof. Now, from (4.12) by multiplying both sides with B~7 we have mPI <
B IAPB~1 < MPI. By writing the inequality (4.6) for C = B IAPB 1, z=mP, Z =
MP, A= 1% and P = B? we get the desired result (4.13). O

Finally, we have

<=

COROLLARY 8. With the assumptions of Theorem 7 and if T, ; = max{
then we have

1
7Ea

tr (B9f; ,AF)
/e (Ap)ltrl/q (B9) SYS((MyPy—1] M (4.14)

5. Other Upper and Lower Bounds

In [1] we proved the following reverses of Young’s inequality

0<(1—=v)a+vb—a'""b" <v(1—V)(a—b)(Ina—Inb) (5.1)
and ( )
1—=v)a+vb a

forany a, b >0 and v € [0,1], where K is Kantorovich’s constant defined by (1.5).
The inequality (5.2) is equivalent to

0<(1—v)a+vb—a"p" (5.3)
< (exp[av(1-v) (K (5) —1)| —1)a"s"

forany a, b>0 and v € [0,1].
Therefore, by (2.2), (5.1) and (5.3) we have

fo(m)if M <1,
Ay (m,M) = { max{f, (m),fy (M)} it m<1<M, (5.4)

fy (M) if 1 < m
(m—1)InmifM < 1,

<v(l—=v)x< max{(m—1)Inm,(M—1)InM} if m <1< M,

(M—1)InMif 1 < m,
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and
(expdv(l—v)(K(m)—1)]—1)m" ifM < 1,

max {(exp[4v (1 —v)(K(m)—1)]—1)m",

Av (M) <3 (expav (1— v) (K (M) — 1] — )M} if m< 1< M,

(5.5)

(exp[dv (1 —v) (K (M) —1)] — )M" if 1 < m.

In [2] we also obtained the following refinements and reverses of Young’s inequal-
ity

%v (1—v)(Ina—Inb)’*min{a,b} < (1—Vv)a+vb—a'~"b" (5.6)

< =v(1—Vv)(Ina—1Inb)* max {a,b}

1
2
and

. 27
exp 1v(1—v)<1—%) (5.7)

< (I=v)a+vb
al*VbV

1 max{a,b} 2]
< — _ il Set b NN
<exp 2v(l v)<min{a,b} 1)

forany a, b>0 and v € [0,1].
The inequality (5.7) is equivalent to

1 min{a,b} 2] l—voy

<(1=v)a+vb—a'~'p"
1 max{a,b} 2] -
< —v(l— — =1 -1 VY
(exp ZV( V) (min {a,b} ) ) .

forany a, b>0 and v € [0,1].
Therefore, by (5.6) and (5.8) we have the upper bounds

(Inm)*if M < 1,

Ay (m,M) < =v(1—v) max{(lnm)2 , (1nM)2M} ifm<1<M, (5.9)

N =

(InM)*M if 1 <m
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and

(exp[Sv(1=v) (=1 = ) m¥ifm <1,

Ay (M) < max{(ex;() {%v (1-v)(L- 1)2} — 1) m, 5.10)

(exp[%v 1—v)(M— 1)2] - 1>MV} ifm<1<M,

(exp [%v(l - 1)2] - 1>M" if 1< m.
From (2.3), (5.6) and (5.8) we have the lower bounds
Sr(M) if M <1,
Oy (m,M):=< 0ifm< 1< M, (5.11)

Sfv(m)if 1 <m.
(InM*Mif M < 1,

>

=

V(l=v)x< 0if m< 1< M,

N =

(Inm)? if 1 <m
and
(ol o
exp[Lv(1-v)(1 M)} 1>M ifM <1,

8y (mM) = { 0ifm< 1< M, (5.12)
(exp[Sv=v) (1= 1) = 1)m¥if 1 <m.

Assume that A, B are positive invertible operators and the constants M > m > 0
are such that mA < B < MA. If we use the second inequality in (2.5), then we have the
following upper bounds for the difference AV,B — Af,B:

AV, B — A#,B (5.13)
[(m—1)InmAif M <1,

max{(m—1)lnm,(M —1)InM} A

SVI=V)X e <1<,

[(M—1)InM]Aif 1 <m,
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AV, B — A,B (5.14)
(exp[4v (1 —v) (K (m) — 1)] — 1)Am" if M < 1,

max {(exp[4v (1l —v)(K(m)—1)]—1)m"

S (expdv(I—=v)(K(M)—1)]-1)M"YAifm <1< M,
(exp[4v (1 —v) (K (M) —1)]— 1)AM" if 1 < m,
AV,B—AfyB (5.15)

[(lnm)z]A M <1,

<=v(1-v) max{(1nm)2,(1nM)2M}A ifm<1<M,

[(lnM)zM] Aifl<m
and

AV, B — At,B (5.16)

(exp[Sv(1=v) (=1 = 1) amit m < 1,

max { (exp | 4v 1—v(——1)2} m,

(exp[ v(l—v) —1} 1 }Alfm 1< M,

N

Ju
(exp[Sv(1=v)(M 17| ~ 1) AM" if 1 < m.

If we use the first inequality in (2.5), then we have the following lower bounds for
the difference AV,B — Af,B:

AV, B — At,B (5.17)
[(lnM)zM } AIfM < 1,

1
>3v(1=v)x § 0ifm <1< M,

[(mm)z] Aifl<m
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and
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AV, B~ A%,B (5.18)
(mm[gwl—vﬂl—ﬂnﬂ—J)AMVﬂA4<1

>{0iftm< 1< M,

(exp[3v(1=v) (1= L1)"] = 1) Am if 1 <m.

The interested reader may state other inequalities by using Theorems 4-7, however

the details are nor presented here.

Acknowledgement. The author would like to thank the anonymous referee for

valuable comments that have been implemented in the final version of the paper.

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]
[11]

[12]
[13]

REFERENCES

S. S. DRAGOMIR, Some new reverses of Young’s operator inequality, Preprint RGMIA Res. Rep.
Coll., 18 (2015), Art. 130. [http://rgmia.org/papers/v18/v18a130.pdf].

S. S. DRAGOMIR, On new refinements and reverses of Young’s operator inequality, Preprint RGMIA
Res. Rep. Coll., 18 (2015), Art. 135. [http://rgmia.org/papers/v18/v18a135.pdf].

S. S. DRAGOMIR, Some inequalities for operator weighted geometric mean, Preprint RGMIA Res.
Rep. Coll., 18 (2015), Art. 139. [http://rgmia.org/papers/vi8/v18al139.pdf 1.

S. S. DRAGOMIR, Refinements and reverses of Holder-McCarthy operator inequality, Preprint
RGMIA Res. Rep. Coll., 18 (2015), Art. 143. [http://rgmia.org/papers/v18/v18a143.pdf] .

S. S. DRAGOMIR, Some reverses and a refinement of Holder operator inequality, Preprint RGMIA
Res. Rep. Coll., 18 (2015), Art. 147. [http://rgmia.org/papers/v18/v18al47.pdf].

S. FURUICHI, Refined Young inequalities with Specht’s ratio, J. Egyptian Math. Soc., 20(2012), 46—
49.

S. FURUICHI, On refined Young inequalities and reverse inequalities, J. Math. Inequal., 5 (2011),
21-31.

F. KITTANEH AND Y. MANASRAH, Improved Young and Heinz inequalities for matrix, J. Math. Anal.
Appl., 361 (2010), 262-269.

F. KITTANEH AND Y. MANASRAH, Reverse Young and Heinz inequalities for matrices, Linear Mul-
tilinear Algebra, 59 (2011), 1031-1037.

F. KUBO AND T. ANDO, Means of positive operators, Math. Ann., 264 (1980), 205-224.

W. L1AO, J. WU AND J. ZHAO, New versions of reverse Young and Heinz mean inequalities with the
Kantorovich constant, Taiwanese J. Math., 19 (2015), No. 2, pp. 467-479.

C. A. MCCARTHY, ¢, Israel J. Math., 5§ (1967), 249-271.
W. SPECHT, Zer Theorie der elementaren Mittel, Math. Z., 74 (1960), pp. 91-98.



ADDITIVE REFINEMENTS AND REVERSES OF YOUNG’S OPERATOR INEQUALITY 249

[14] M. TOMINAGA, Specht’s ratio in the Young inequality, Sci. Math. Japon., 55 (2002), 583-588.
[15] G. Zuo, G. SHI AND M. FUIll, Refined Young inequality with Kantorovich constant, J. Math. In-
equal., 5 (2011), 551-556.

(Received December 20, 2017) Silvestru Sever Dragomir
Mathematics, College of Engineering & Science

Victoria University

PO Box 14428, Melbourne City, MC 8001, Australia

e-mail: sever .dragomir@vu.edu.au

DST-NRF Centre of Excellence in the Mathematical and Statistical Sciences

School of Computer Science and Applied Mathematics,

University of the Witwatersrand

Private Bag 3, Wits 2050, Johannesburg, South Africa

Journal of Mathematical Inequalities
v .ele-math.com
jmi@ele-math.com



